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!" �����# Logistic $%
Ṅ(t) = (r + αḂ(t))N(t)

[
1 − N(t)

K

]
,

�&� N(0) = N0 � 0 < N0 < K 	
'��(�. �
�����)*��
�
���
����, +,-�$%�.�)�/�Æ0�.
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1 89
������������ Logistic �������

Ṅ(t) = rN(t)
[
1 − N(t)

K

]
, (1.1)

�� N(t) � t �����:���:���, r > 0 ��; ��, K > 0 ������.

May �!" [1] ��#$ (1.1) <��%&�'�. (�= #$ (1.1) )��*!��"#
K. �+#$ (1.1) �$�%�,, - &'��.(+>!*!��)/0�"), #�$
!" [2, 3]. 1+�2#$*!�>�"#����/3?�:@%���&*�,4+5'
�2#$*!�>�"#����(),-.A6����/0,-/�����!�)�
5'�A6B/0�.

�., :��2#$ �172��389�4* [4], +,5'389����5:;
:��2#$<-�51Æ-)�")6�Æ�-=2,-�(C.

.>#$ (1.1) ��� r =2?@,A�
�*7:

r → r + αḂ(t),

�� Ḃ(t) �389, α2 ��389/�B=��3894*�#$#<�?@�
��
Logistic ����:

Ṅ(t) = (r + αḂ(t))N(t)
[
1 − N(t)

K

]
, r, K > 0, (1.2)
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�� B(t) (t � 0) ��PEJ Brown Q7, B(0) = 0, FK N(0) = N0, B 0 < N0 < K ��
�
�Æ�. GH> N0 R B(t) IC.

� Itô /0@, �� (1.2) JD+
dN(t) = N(t)

[
1 − N(t)

K

]
(rdt + αdB(t)). (1.3)

� Strotonovich /0@, �� (1.2) JD+
dN(t) = rN(t)

[
1 − N(t)

K

]
dt + αN(t)

[
1 − N(t)

K

]
◦ dB(t). (1.4)

L 1.1 Mao J [4] 5'���389*7#$
dN(t) = N(t)[(a + bN(t))dt + αN(t)dB(t)], t � 0,

�� a, b, α > 0, N(0) = N0 B N0 �>��, ME�S���389�/� α > 0 K,T,

!LG1�)U�%MF, G����389VN!�MFW�A6�O.

����
������+HNFK����	
!,����#�X6IPY� �
O
0 Lipschitz ZJ, �K!" [5, 6]. �., �� (1.2) �#�IP
0 Lipschitz ZJLP
GIPY� �ZJ, 4+�� (1.2) �!#M�)U�%�6�MF.

Q![\'���� (1.3) >!����
���O	
���.�R, ST��� (1.4)

!�]A�UA. ^T��:&'��� r O α ������
��V, �N�")�E�
�����
�V��_W�. O.PQ, -)�`5'RS������
ab [7,8], Xc
d$25'
�TU7V#$�����
ab�!". ]�, WW�e#����
ab
�f	Gg�. XQY 2 Y��V, Q!Z5'�$�%� Logistic ��.

2 RSTUV[WXVYZ[\8V
KZ�� (1.3). [ N(t) ��� (1.3) ���!. ]�, N = 0 O N = K \��� (1.3)

�!. ?) N(t) �= 0 B N(t) �= K, 1 Ito \A,

d log
∣∣∣∣ N

K − N

∣∣∣∣ = d log |N | − d log |K − N |

=
[
dN

N
− 1

2N2
(dN)2

]
−

[
dN

N − K
− 1

2(N − K)2
(dN)2

]

=
K

N(K − N)
dN − (K − 2N)K

2N2(K − N)2
(dN)2

= rdt + αdB − (K − 2N)α2

2K
dt

=
(

r − 1
2
α2

)
dt + αdB +

Nα2

K
dt,

(2.1)

B��
�Æ� C = C(ω), Æ'
N(t)

K − N(t)
= Cert− 1

2 α2t+αB(t)+ α2
K

� t
0 N(s)ds,

]
N(t) =

K

1 + 1
C e−rt+ 1

2 α2t−αB(t)−α2
K

� t
0 N(s)ds

.

1+ N(0) = N0, B 0 < N0 < K, ] C = N0
K−N0

, B
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N(t) =
K

1 + ( K
N0

− 1)e−rt+1
2 α2t−αB(t)−α2

K

�
t
0 N(s)ds

(2.2)

O
K

1 + ( K
N0

− 1)e−rt+ 1
2 α2t−αB(t)

=: φ(t) < N(t) < K, t � 0. (2.3)

@`!)ME��� (1.3) �>!����
���O>!-	
���.

^_ 2.1 H/S!FK N(0) = N0, B 0 < N0 < K, ��(1.3)����ai�>!
N(t) IP φ(t) < N(t) < K, �� φ(t) 1(2.3)A!0. ?) r > 1

2α2, B^ t → +∞ �,

N(t) → K a.s.

`a [\ME>!����. bÆ�j_
N(t) = K

ex(t)

1 + ex(t)
, (2.4)

B

x(t) = log
N(t)

K − N(t)
.

b�&' (2.1) A��V, �� (1.3) #Æ,�
dx(t) =

(
r − 1

2
α2 +

ex(t)

1 + ex(t)
α2

)
dt + αdB(t), t � 0, (2.5)

��FK x(0) = x0 =: log N0
K−N0

, B x0 O B(t) IC.

[
f(x) = r − 1

2
α2 +

ex

1 + ex
α2, g(x) = α.

]� f O g \�)cai�`�, BIP
0 Lipschitz ZJOY� �ZJ. 1!" [5] a
[6] #=�� (2.5) ����ai�! x(t) (t � 0),IPFKZJ x(0) = x0.

1 (2.4) A
dN

K
= e−x

(
ex

1 + ex

)2

dx +
ex − e2x

2(1 + ex)3
(dx)2

=
N(K − N)

K2

[
dx +

K − 2N

2K
(dx)2

]

=
N(K − N)

K2

[(
r − 1

2
α2 +

Nα2

K

)
dt + αdB +

k − 2N

2K
α2dt

]

=
N(K − N)

K2
(rdt + αdB),

] 0 < N(t) < K, B N(t) ��� (1.3) ���>�ai�!.

@`ME!����. [ N1(t) O N2(t) �W�IPFKZJ N1(0) = N2(0) = N0 O
0 < N0 < K �!. 1 (2.3) A#= 0 < Ni(t) � K(i = 1, 2), B

d(N2(t) − N1(t)) = (N2(t) − N1(t))
[
1 − N2(t) + N1(t)

K

]
(rdt + αdB(t)),

B

N2(t) − N1(t) =
∫ t

0

(N2(s) − N1(s))
[
1 − N2(s) + N1(s)

K

]
(rds + αdB(s)).
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[ Z(t) = N2(t) − N1(t). 1 Itô gb, #'
E[Z2(t)] � 2E

[∫ t

0

Z(s)
[
1 − N2(s) + N1(s)

K

]
rds

]2

+ 2E

[ ∫ t

0

Z(s)
[
1 − N2(s) + N1(s)

K

]
αdB(s)

]2

� 18r2E

[∫ t

0

|Z(s)|ds

]2

+ 18α2

∫ t

0

E[Z2(s)]ds

� 18(r2t + α2)
∫ t

0

E[Z2(s)]ds.

4+`�
u(t) = E[Z2(t)], t � 0

IP
u(t) � A(t)

∫ t

0

u(s)ds, A(t) := 18(r2t + α2).

[ w(t) =
∫ t

0
u(s)ds, B w′(t) � A(t)w(t), c.

w(t) � w(0)e
�

t
0 A(s)ds.

1+ w(0) = 0, B� t � 0dw(t) = 0, c. u(t) = 0. 4+d
P{|N1(t) − N2(t)| = 0, ∀ t ∈ Q ∩ [0,∞)} = 1,

�� Q ��))�d. ee t → |N1(t) − N2(t)| �ai�, )

P{|N1(t) − N2(t)| = 0, ∀ t ∈ [0,∞)} = 1,

���Mf.

cg, ME�� (1.3) �!�	
���. [ N(t) ��� (1.3) IPFKZJ N(0) = N0

B 0 < N0 < K �!. 1 (2.3) A= φ(t) < N(t) < K, t � 0.

1 (2.3) A, ?) r > 1
2α2, +, φ(t) → K a.s., ]^ t → +∞ �, ) N(t) → K a.s., +h

�2(+�P Brown Q7 B(t) ���fQ"):

d_ A (The law of iterated logarithm)

lim sup
t→∞

B(t)√
2t log log t

= 1 a.s.

L 2.1 [ N(t) ���(1.3)IPFKZJ N(0) = N0 O 0 < N0 < K �!. 1+
0 < N(t) < K, t � 0, 1(2.2)A#=

N(t) � K

1 + ( K
N0

− 1)e−rt− 1
2 α2t−αB(t)

.

.> r < 0 B r + 1
2α2 < 0, B^ t → +∞ �, N(t) → 0 a.s.

@`, KZ�� (1.4). �� (1.4) JD+ Itô /0@?@�
�����
dN(t) =

[
rN(t)

(
1 − N(t)

K

)
+

1
2
α2

(
1 − 2N(t)

K

)
N(t)

(
1 − N(t)

K

)]
dt

+ αN(t)
(

1 − N(t)
K

)
dB(t)

= N(t)
(

1 − N(t)
K

)([
r +

1
2
α2

(
1 − 2N(t)

K

)]
dt + αdB(t)

)
, (2.6)
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]
N(t) =

K

1 + ( K
N0

− 1)e−rt−αB(t)
. (2.7)

(�'2?@(+�� (1.4) >!����
���-	
����"):

^_ 2.2 ��(1.4)����ai>! 0 < N(t) < K, IPFKZJ N(0) = N0 B
0 < N0 < K, �� N(t) 1(2.7)A!0. ?) r > 0, B^ t → +∞ �, N(t) → K a.s.

3 efSghijkl
QYKZ������ K S!�g^@, h! Itô /0@�� (1.3) ��� r O α ��

����
��V. ij�Y 2 Y��Æ�j_ x(t) = log N(t)
K−N(t) , �� (1.3) Æ,���

(2.5), �� x(0) = x0 =: log N0
K−N0

, B x0 R B(t) IC.

� Δt > 0, KZ<Ji�%#j 0, Δt, 2Δt, . . . , nΔt kk��� (2.5) #'
xi − xi−1 =

(
r − 1

2
α2 +

exi−1

1 + exi−1
α2

)
Δt + α

√
Δt εi, i = 1, 2, . . . , (3.1)

�� εi ��� i.i.d. N(0,1) lj, B�l� i O εi LR {xj , j < i} IC. 1 (3.1) A#'
xi = xi−1 + (r + α2g(xi−1))Δt + α

√
Δt εi, i = 1, 2, . . . , (3.2)

�� g(x) = ex

1+ex − 1
2 = 1

2 · ex−1
ex+1 .

[ X0, X1, X2, . . . , Xn �1k� (3.2) '2�lmlj, B Fi−1 = σ(Xj , j � i − 1). �+
S!� Fi−1, Xi �ZJn���`��

f(xi | Fi−1) =
1√

2πα
√

Δt
· exp

{
− 1

2α2Δt
[xi − xi−1 − (r + α2g(xi−1))Δt]2

}
.

B�+S!� F0, (X1, . . . , Xn) �mWZJn���`��
f(x1, x2, . . . , xn | F0) =

(
1√

2πα
√

Δt

)n n∏
i=1

exp
{
− 1

2α2Δt
[xi − xi−1 − (r + α2g(xi−1))Δt]2

}
.

on��, ����`��
Ln(r, α2) = −n

2
log α2 − 1

2α2Δt

n∑
i=1

[xi − xi−1 − (r + α2g(xi−1))Δt]2. (3.3)

!����
∂Ln(r, α2)

∂α2
= 0,

∂Ln(r, α2)
∂r

= 0,

] ⎧⎪⎪⎪⎨
⎪⎪⎪⎩

α4
n∑

i=1

g2(xi−1)(Δt)2 + α2nΔt −
n∑

i=1

(xi − xi−1 − rΔt))2 = 0,

xn − x0 − α2
n∑

i=1

g(xi−1)Δt − nrΔt = 0.

(3.4)

'2�� (3.4) �!�⎧⎪⎪⎨
⎪⎪⎩

α2 =
2A

(n +
√

n2 + 4AB)Δt
,

r̂ =
1

nΔt

[
xn − x0 − α2Δt

n∑
i=1

g(xi−1)
]
,

(3.5)
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��
A =

n∑
i=1

[xi − xi−1]2 − 1
n

[xn − x0]2, B =
n∑

i=1

g2(xi−1) − 1
n

[ n∑
i=1

g(xi−1)
]2

.

4+, (�&'�� α2 O r ������
.

m�ST<n�
K��.�N"), <pqoopKR�
K. �� 1–3�, .> {εi}
rcEJ>2�s N(0, 1). �l�S!����opK (α2, r), qQ��T<tu “Size n”

��P���Y�jST, ���� 1 � (Δt = 1), qQ�Tc 50  p2 500, �� 2 �
(Δt = 0.01), qQ�Tc 10000  p2 50000. �
r�� (3.2) �
��������
s
R�\Kfvn, �wjT “α2-MLE” O “r-MLE” ��T. �����
���tx��
ASE �ST. � 1 O 2 uE��tx α2 O r \vq+H/S!�� α2 O r �qQ�T.

X�, �>2�s�.>@, �����
KOopK@%r)E]sw, PB�
K α̂2 O
r̂ �y.

Æwm=, ^ Δt → 0 �, kk�� (3.2) �!tu+ai�� (2.5) �!, ]^ Δt

PzT�, (�#<{�� (3.2) ^b�� (2.5). xpn, k� (3.2) �lmlj#<�
X0, Xk, X2k, . . . , Xmk B kΔt = 1, n = mk. m�, (�ST<n�
K��N"). ��
3 �, qQ�T� m = 500, Δt = 0.001, k = 1000. � “α2-MLE” O “r-MLE” ���, jT�
��� (3.2) v�R
��fvn������
. +�uE��tx α2 O r \vq+S!
� α2 O r �qQ�T. X�, �>2�s�.>@, �����
KOopK@%r)E]
sw, PB�
K α̂2 O r̂ w�y.

x@Q, KZ Strotonovich /0@�� (1.4) ���������
.

| 1 y}y4~:Bz{|�, Δt = 1

True Aver ASE

(α2, r) Size n α2-MLE r-MLE α2 r

50 0.1085 0.1047 0.0002 0.0015

(0.1,0.1) 100 0.1013 0.1028 0.0002 0.0010

500 0.1019 0.1003 0.0001 0.0002

50 0.2904 0.2046 0.0029 0.0055

(0.3,0.2) 100 0.2937 0.1981 0.0015 0.0054

500 0.2992 0.2016 0.0003 0.0005

50 0.5020 0.3894 0.0108 0.0098

(0.5,0.4) 100 0.4997 0.4064 0.0060 0.0064

500 0.4928 0.3964 0.0009 0.0007

50 0.7313 0.6167 0.0178 0.0341

(0.7,0.6) 100 0.7003 0.6142 0.0075 0.0107

500 0.6977 0.6093 0.0014 0.0012

50 0.9059 0.7869 0.0323 0.0124

(0.9,0.8) 100 0.9118 0.7981 0.0083 0.0027

500 0.8978 0.8085 0.0033 0.0014
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| 2 y}y4~:Bz{|�, Δt = 0.01

True Aver ASE

(α2, r) Size n α2-MLE r-MLE α2 r

10000 0.1008 0.1001 0.0000 0.0010

(0.1,0.1) 20000 0.1011 0.0979 0.0000 0.0009

50000 0.1004 0.1044 0.0010 0.0001

10000 0.3024 0.2041 0.0000 0.0017

(0.3,0.2) 20000 0.3019 0.2107 0.0000 0.0012

50000 0.3000 0.1957 0.0000 0.0002

10000 0.4968 0.3978 0.0001 0.0018

(0.5,0.4) 20000 0.5004 0.4089 0.0000 0.0023

50000 0.4987 0.4015 0.0000 0.0008

10000 0.6993 0.6027 0.0001 0.0052

(0.7,0.6) 20000 0.6996 0.6140 0.0000 0.0028

50000 0.7001 0.6027 0.0000 0.0005

10000 0.9018 0.7994 0.0001 0.0082

(0.9,0.8) 20000 0.9022 0.8191 0.0001 0.0035

50000 0.8967 0.8137 0.0000 0.0023

| 3 y}y4~:Bz{|�, 1000Δt = 1

True Aver ASE

(α2, r) Size m α2-MLE r-MLE α2 r

(0.1,0.1) 500 0.0916 0.0902 0.0001 0.0001

(0.3,0.2) 500 0.2949 0.1667 0.0000 0.0011

(0.5,0.4) 500 0.4371 0.4444 0.0040 0.0020

(0.7,0.6) 500 0.6815 0.5863 0.0003 0.0002

(0.9,0.8) 500 0.9228 0.7915 0.0005 0.0001

bÆ�j_
x(t) = log

N(t)
K − N(t)

,

�� (1.4) Æ,�
dx(t) = rdt + αdB(t), t � 0, (3.6)

BIPFK x(0) = x0 =: log N0
K−N0

, B x0 R B(t) IC.

KZ1 (3.6) Akk���, )

xi − xi−1 = rΔt + α
√

Δt εi, i = 1, 2, . . . , (3.7)

�� εi ��� i.i.d. N(0,1) lj, B�l� i, εi R {xj , j < i} IC.

[ X0, X1, X2, . . . , Xn �k� (3.7) �lmlj, B Fi−1 = σ (Xj , j � i − 1). ]�

α̂2 =
1

Δt

[
1
n

n∑
i=1

(xi − xi−1)2 −
(

xn − x0

n

)2]
,
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r̂ =
1

nΔt
(xn − x0). (3.8)

Wq(�}&'��� α2 O r ������
.

+z, 1+lj {εi} i.i.d∼ N(0, 1), (���{&'��������
�~O�OO|
W� [9].

4 nopqrst
����������% Logistic ��()?@,A:

Ṅ(t) = rN(t)
[
1 −

(
N(t)
K

)θ]
, r, K, θ > 0. (4.1)

(e&Y#<��!" [10, 11]. b��, KZ|}+�� (4.1) �
����
Ṅ(t) = (r + αḂ(t))N(t)

[
1 −

(
N(t)
K

)θ]
, r, K, θ > 0, (4.2)

P'�/�� α2 ��!����
���-	
���. ��^ t � 0, B(t) ��PEJ
Brown Q7�, B(0) = 0, IPFK N(0) = N0, B N0 �IP 0 < N0 < K ���
�Æ�.

GH> N0 R B(t) IC.

� Itô /0@, �� (4.2) JD+
dN(t) = N(t)

[
1 −

(
N(t)
K

)θ]
(rdt + αdB(t)). (4.3)

� Strotonovich /0@, �� (4.2) JD+
dN(t) = rN(t)

[
1 −

(
N(t)
K

)θ]
dt + αN(t)

[
1 −

(
N(t)
K

)θ]
◦ dB(t). (4.4)

KZ�� (4.3). [ N(t) ��� (4.3) ���!. ]� N = 0 O N = K ��� (4.3) �
!. ?) N(t) �= 0 B N(t) �= K, ee Itô \A,

d log
∣∣∣∣ Nθ

Kθ − Nθ

∣∣∣∣ = d log |Nθ| − d log |Kθ − Nθ|

= θ

[(
r − 1

2
α2

)
dt + αdB +

(θ + 1)α2

2Kθ
Nθdt

]
,

B

N(t) = K

(
1 +

[(
K

N0

)θ

− 1
]
eθ[−rt+1

2 α2t−αB(t)− (θ+1)α2

2Kθ

�
t
0 Nθ(s)ds]

)−1/θ

, (4.5)

B

K

(
1 +

[(
K

N0

)θ

− 1
]
eθ[−rt+ 1

2 α2t−αB(t)]

)−1/θ

=: φθ(t) < N(t) < K, t � 0. (4.6)

bÆ�j_
N(t) = K

(
ex(t)

1 + ex(t)

)1/θ

, (4.7)

B

x(t) = log
Nθ(t)

Kθ − Nθ(t)
.
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�� (4.3) #<Æ,�
dx(t) = θ

([
r − 1

2
α2 +

(θ + 1)α2

2
ex(t)

1 + ex(t)

]
dt + αdB(t)

)
, t � 0, (4.8)

FK x(0) = x0 =: log Nθ
0

Kθ−Nθ
0
:

b�+!) 2.1 �ME, (�)<@"�:

^_ 4.1 H/S!FK N(0) = N0, B 0 < N0 < K, ��(4.3)����ai>! N(t)

IP φθ(t) < N(t) < K, �� φθ(t) 1(4.6)A!0. ~ r > 1
2α2, B^ t → +∞ �, N(t) → K

a.s.

@`KZ�� (4.4), �JD+@` Itô /0@�
�����:

dN(t) = N(t)
(

1 −
(

N(t)
K

)θ)([
r +

1
2
α2

(
1 − (θ + 1)

(
N(t)
K

)θ)]
dt + αdB(t)

)
, (4.9)

#'
N(t) = K

(
1 +

[(
K

N0

)θ

− 1
]
e−θ(rt+αB(t))

)− 1
θ

, (4.10)

B)<@(+�� (4.4) >!����
���O	
���!):

^_ 4.2. H/S!FK N(0) = N0, B 0 < N0 < K, ��(4.4)����ai>!
N(t), IP 0 < N(t) < K,�� N(t)1(4.10)AS!. ?) r > 0, B^ t → +∞�, N(t) → K

a.s.

L 4.1 ^����� K O θ > 0 S!�, #<�RY3Y|g��V&'�� r O α2

������
.
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