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M(q) = (Ur,g(0))*79, Aalg) =e 7 —p—",
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1 s 1 T
f/(r) = _EHU)HQHT + - /RN U/\)q In U)\7qdl‘. (2.3)

HAUHL, B (2.3) B Lebesgue BHUMCIUE TR, 5 FAER r € (p.p"), //(r) WEBLPTE, T, ELBEF
HATA
2

2 r r 1 r
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WAESES {r € (p,p*) | f/(r) <O} L, f/(r) Rk RN RY. DRI, BARHe (1.3) A4,
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T /RN U{{qu + w /IZQN U{I,qu =+ /RN Uﬁq IHUqu.’,U

q N 1 ln)\ 1
= \Na—p p 77/ U? dx+7/ U? d:p+—/ Ul InU d:r).
( ¢ Jen M1 qq—p) Jan 1 q Jan ta M

T, B0 < X< Xlg) B, flg) <0, Ho N(g) B (1.6) AH. 24 0 < X < Xo(p) W, XFAE
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re = inf{r < q | f'(r) <0} € (p,q) &REXK. HIIH 2.1 7750, f'(r) ££ (p,p*) WAEZELER. H
e, B o, B SR f/(r) WESEMERT AL £/(r) = 0. 8 f"(ry) > 0. TIIXE r, BESCTE. B, 2
0<A<Xo(p) B, WFALE r € (p,q), HA f/(r) <O. GHEERS {r € (pp*) | f/(r) <0} L f/(r) 2
FEAG B RIS IE AT, WS (1) A2 RO

FERIEWINT S (i), 5 EHEE (1) BUERLL, B (2.3) M Xo(q) BIEX (W, (1.6)) FIA,
A > No(g) B, f/(g) > 0. Bk, 4 r > ¢ FFHAEERE g B, 15H f(r) > flg). XEWT
ro =sup{r > q | f(r) > f(q)} R REXIH. B, HE ro =p*, WKIE (i) BIL. R ro < p*, WH
f/(r) BRI, DA f(ro) = f(q). XK T f'(ro) < 0. M f"(ro) > 0. B f/(ro) = 0, WH
Taylor AR H], 2 r > rg HADFEIE ro B, 771E 0 € (ro,r) 813 f(r) = f(ro)+f"(n)(r—r0)? > f(ro).
MXY ro MEXFE. KB, f(ro) < 0. B f/(r) BHESEYERTEL ri = min{r < ro | f/(r) < 0} /2
RENWH r € (q,r0). BT f(q) >0, Wl f/(r) PEESEMEREN, f/(r) = 0. {BIE [r1,ro] LEE
f"(r) > 0. Fk, H Taylor AzUATHL 24 r < vy BRI 7 B,

fr)y =) + f(r)(r =) +o(r —r1) < f'(r1).

MiXY v B2 X7 JE. WS (i) 2RO

HH T & A0, ZELL R IAMETE T, Uy € Mo,

() r € (0,q) H 0 <A< Xo(q):

(b) 7 € (g,p*) H A > No(q),
o 1 A

Mg =L e W@ Sl - 2l > o},

S

- VULl "
T([ffi]ip)HUA,qHZL p(N ) )‘”U)\q”p

W R AT 2.0 EA R I (SIS A), 7113 Us g limt, € Par. 2R, U, WM
Pohozaev {HZER:

N-—p 1 A
pN on |VU/\’q‘PdJ) = AN (qu\I’q — pr\],q) dl‘, (24)

P,

N

(VU 4lI2) %
NGRS N0 7 = 82510 15) 7
L|Uxqllg - Am&mﬁi-

1
—nvwgp(q
N ? %HU/\JIH: 1)7\||U>\aQ||P

N
MA®<mwuw—mUMW>pl
U\ L0 ollz = 2101

5>\7T(U>\,q |t:t'r) =

&, i (2.2) /T,

1 A N_4

LU 17 = 2| UsqlE\ >

m(A’q)GII qll? i|| qllz) S m(A ).
FUNgll7 = S1Ux gl
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M T S AT, LE (a) BUE (b) FITETE R, 1HA m(), q) > m(\, ). Bk, @2 1.1(1) Al 1.1(2) HOL.
A RIEHZE W (3). T 4R (3) LEHHE’W O AR S UE B SCRR [15, B3 1.1(2)] B 2880, ik, 1%
RSy HAE A £ 2D, DUE T & F . AP A,

(q = p)(|Vullz + Nu|B) 77

m(X, q) = in =
weW L (RN)\ {0} apl|ul| &7
_ (@=pP)(IVUx g5 + AT 4l5) 7> (2.5)

apllUnqll§ "

&

p(p—v) w(v—p)
p<v<p<p. WH Holder AERATHL (Upall < [Unallp” " 1Usalla"" - S AME R
(2.5) Al1%

S

&

v —p) (VU A2 + MUy A|[2) 77 pu—v) -
m(A,V):( p)([IVUAID VH AllP) >A(me)u(v p)m(A,u). (2.6)

U Al v(k =)
& Fl = AT st B4k, Flo )=1. D, i ) BUTHTER > v, 5 Pl > 1.
p<pu<pt ATEL f(p) = —(pf(“)) (B=2 _In \). #0249 X > eV I, M TAEE p, fH5A f(u) >0 TR4
N> ok B TALE o, 54 Fu) > 1 BEE, % ) > of FUEEF, m(hq) fF9 o MIERHUE 0.
1t (2.6) Ff# /| Pohozaev 1HZER (2.4) W18, W THEE p<v<p<p', H

p(u—v)
y pv WM(V —p)
mh) > (pN — (N p)VA> v(p—p)
NT BRI, B (2.7) BALEMEE f(n). B, f(v) = 1 ARE A > eX. B m(h.,q) BN
q [P RREUR Tk B R B I T, BT AT LA g € (p,p*), dm(d’\q*’q) HF1E. id %Aq*’q) N mg(A, q).
B (2.7) 1, XL g € (p,p*), AR my (A, q) BT
m(Ae,r) —m(As, q)

r—qt r—q

m(A, p). (2.7)

= —f'(@)m(\e,q)

U —pp)2 <q;p - (,,N_fﬁ_p)q) —In X‘)m(/\*,q) (2.8)

N

B (1.4) AT m(X, q) = (%)q P~ rm(A, q). W

q

my(X, q) = (Q)H_g <ln (; ><q’;) m(As, q) +mq()\*,q)>.

2 9(a) = (%) g=hrmAs, @) +mg(As, @), W (2.8) AIAL XLTALAER g € (p,p7), A

& ailg) = o' PY-OR ST X (g) = o7 NEmo N T ) nin(N,g), A
JH:XT?EE' q € (p, ), fEA Mg < 0. T9&, 2 X > M(q) B, XWILTRLH » € (¢,p7), BEH
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Global behavior of the ground state energy of the nonlinear
scalar field equation

Yuanze Wu & Zhi-Qiang Wang

Abstract We study the global behavior of the ground state energy for the nonlinear scalar field equation
(including the p-Laplacian version), and give a complete description of this energy in terms of nonlinearity power.
More precisely, let Ex q(u) = %(HVqu + AMu||b) — %Hqu be the energy functional in WP (RY), where A > 0,

1<p<N,p<qg<p:= A’,’fp, and p* is the critical Sobolev exponent. It is known that £y 4(u) has a unique
radially symmetric mountain-pass critical point Uy 4, which is called the ground state solution to the corresponding
nonlinear scalar field equation and whose energy Ex 4(Un,q) is called the ground state energy m(}\, q). We show
that there is a decreasing function A\o(g) defined in g € [p, p*] with Xo(p) = 1 and Xo(p*) = 0 such that m(A,r) is
strictly increasing for r € (p,q) with A € (0, Ao(q)) being fixed, m(\,r) is strictly decreasing for r € (g, p*) with
X € (Mo(g),1) being fixed, and m(A,r) is strictly decreasing for all » € (p,p*) with A € [1,400) being fixed. We
also deduce the precise asymptotic behavior of Ao(q) as ¢ — p and ¢ — p*. This is done by establishing a relation
between power-law scalar field equations and logarithmic-law scalar field equations, which is of the independent
interest.

Keywords scalar field equations, ground state energy, global behavior
MSC(2020) 35J20, 35B25, 35B38, 35B40
doi: 10.1360/SSM-2022-0034
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