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2 >Æ4?
@< 2.1 � G (���� OC- 
, � |Z(G)| = 2 �M G (RS
.

AB T% G �(RS
. �U p ∈ π(Z(G)), V y ( Z(G) ���� p- �, W.
o(y) = pe GH. �� G �RS, $",UI x ∈ G − Z(G), W. o(x) = qr + p �= q. -
#, xy, xy−1 ∈ G − Z(G) + o(xy) = o(xy−1) = peqr, *(� g ∈ G, W. (xy)g = xy−1, J
xgy = xy−1. &K yqr

= (xgy)qr

= (xy−1)qr

= (y−1)qr

, J y2qr

= 1, "# y2 = 1, o(y) = 2,

�L Z(G) �)"5* 2- 
. � Z(G) �( 2 �
, 3 a1 � a2 ( Z(G) ������
� 2 ��, � xa1 � xa2 ( Z(G) Æ������, *(� g ∈ G, W. xga1 = xa2, �N
a1 = (xga1)qr

= (xa2)qr

= a2, XM, N |Z(G)| = 2.

@< 2.2 � G ( OC- 
, � G/Z(G) (��
.

AB #�+ x ∈ G − Z(G), �,� m  o(x) $�, � x  xm ( Z(G) Æ����
��, �L.OY/P"� G �
/. �<- G ���Æ���!��,&K G �"��,
Q'( ���Æ!U��R. 'O�, #�+ χ ∈ Irr(G/Z(G)), χ � G−Z(G) Z!U��
R, �L G/Z(G) ��,Q'( !��, &K G/Z(G) (��
.

@< 2.3 3 G ( q- ,�
, V (S[��,Q E[G]- \, E ('(� q ��
T, �
��S[��,Q'( χ ∈ Irr(G), W. χ(1)|dimE(V ).

AB $"/P D = EndE[G](V ) (QR E ��
T, S e = |D : E|. *( V (T�"
* dimE(V )/e�]#�,Q D[G]-\. U V ��U D-U^ C� G �]#�,Q D-0:
Λ. V R (��T��V�,�W, U R �GH�V M , W. M � qR. *( F = R/M ('
(� q �V�XT, ,� D _C F �8T, *( Λ Y� G �S[��,Q F - 0:, �`Z
abS� ΛF . V γ (#W* ΛF ��,Q Brauer '( . � G ( q- ,�
, . Fong-Swan

%� (�� [5, %� 10.2.1]), �� χ ∈ Irr(G), W. χ(x) = γ(x) #�+ q- X�� x ∈ G. '
O�, � χ(1) = γ(1) = dimE(V )/e, &K χ(1)|dimE(V ).

7[Z,���WYZ%Z�c,d1��S[�,Q� χ ∈ Irr(G),W. χ(1) < dimE(V ).

@< 2.4 3 q > 3 (��, r, a (X,�+ r > 1. � qr − 1 ,[ 2a · 32 · 5 · 7, � r = 2.

AB � r = 2t · s, 4� s > 1 �.�, V d = (q2t

)s−1 + (q2t

)s−2 + · · · + q2t

+ 1, �
qr − 1 = (q2t − 1)d + d �.�. �L. qr − 1|2a · 32 · 5 · 7 . d|32 · 5 · 7, [e\0,.XM. N
r = 2t, +. qr − 1 = (q2t−1

+ 1)(q2t−2
+ 1)(q2t−3

+ 1) · · · (q2 + 1)(q + 1)(q − 1) ,[ 2a · 32 · 5 · 7
. t � 3.

f�\, ] q > 3 c, T3 r = 2t = 4 � 8, �]� q4 − 1 = (q2 + 1)(q + 1)(q − 1) ,[
2a · 32 · 5 · 7. � q − 1 = 2c, � c = 2 � c � 4, Lc q4 − 1 = (22c−1 + 2c + 1)(2c−1 + 1)2c+2, &
K (22c−1 + 2c + 1)(2c−1 + 1)|32 · 5 · 7, # c = 2 � c � 4 !(�, �. �� q + 1 )� ( 2

��R. �N, q2 +1, q +1, q− 1!R�.��8, +gM"R�.��8(�����, �L
q− 1 = 2c · 3, 2c · 5, 2c · 7 � 2c · 32. � c = 1, � q = 7, 11� 19, �� q4 − 1 �,[ 2a · 32 · 5 · 7,

XM; � c > 1, � q + 1 = 2 · 3, 2 · 5, 2 · 7 � 2 · 32, . q = 5, 13 � 17, �N,.XM.

@< 2.5 � G (�+�

, � G/Z(G) ���3h��
.

0-b�� [6, p. 94, ^� 58].

@< 2.6 � G (���� OC- 
, � G �(RS
.
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AB _3 G (��G_�����RS OC- 
, $"``�a\k��XM.

DE 2.1 G ( 2- 
.

7[ZbV H ( G �Xc 2-,, -# H/Z(H) (��
 G/Z(G) �[�8, N H/Z(H)

��. a+I����.��
� (��
, �L H = Z(H), *( G = P × H , 4� P (
�5* 2- 
. bb P (���� OC- 
, . G �G_c. G = P .

DE 2.2 |Z2/Z| = 2, 4� Z = Z1 = Z(G), Zi+1/Zi = Z(G/Zi).

2/]3 exp(Z) = 2k, G = G/Z.

.Z� 2.2, G/Z (�� 2- 
, "# Z2/Z ()"5*
. � |Z2/Z| = |Z2| �= 2, V
ai ∈ Z2, W. o(ai) = 2, Gi = 〈ai, Z〉, i = 1, 2, 3, � Gi (5*
+ 2k � exp(Gi) � 2k+1. �L
�� x, y, z ∈ Z, W. {a1x, a2y, a3z} �d�����d��� 2k � 2k+1, &K�����
�� G �
/, �e��P"� G ��f)
/, XM, �L Z2/Z ( 2 �
.

DE 2.3 Z2 − Z ���!( 2k+1 ��.

_3 Z2 − Z ����!( 2k+1 ��, �. exp(Z) = 2k, Z2 − Z �� 2k �� x. V
y ∈ G − Z2 && y2 ∈ Z2, J yZ2 ( G/Z2 �#1. -# yZ2 ������� e` 2k+2.

� yZ2 �� 2k+2 ��, � Z2 − Z �� 2k+1 �� x1, Lc x1Z = Z2 − Z ���
�!( 2k+1 ��, XM. � yZ2 ���� t, W. o(t) � 2k, � tZ �d� 2k �� u +
u ∈ tZ ⊂ tZ2 = yZ2. .OY. u  x � G �
/, -#XM.

�#"� G/Z2 �#1 yZ2, 4���!( 2k+1 ��, �"��g y  Z3 − Z2 �l�
f%� 2k+1 �� t 
/, &K G/Z2 ��#1!
/, *( G/Z2 (hW
��3h��
.

.Z� 2.5, G/Z2 �hW
, gLc G/Z 5*, &K Z2 = G (5*
, XM.

DE 2.4 exp(Z) = 2.

_3 exp(Z) = 2k � 4. V x ∈ Z2 − Z, �.hi 2.3 / o(x) = 2k+1. .Z� 2.5, $",
UI y ∈ G − Z2, W. y2 ∈ Z. a+I y �  Z2 − Z ���
/, "#.hi 2.3 ��
o(xy) � 2k. .�� [6, i 3 j, Z� 1.3] .

1 = (xy)2
k

= x2k

y2k

[y, x]2
k−1(2k−1) = x2k

[y, x]2
k−1(2k−1) = x2k

[y2, x]2
k−2(2k−1) = x2k

,

XM.

DE 2.5 Fj�XM.

V |G/Z| = 2a. �� G/Z �hW, "#� M � G, W. G/M ( 4 �)"5*
, �N
kG(G − M) � 3. kk G �lm�lmbb kG(M − Z) � a− 2. �N kG(G − Z) � a + 1, &
K.OY�� G − Z ����� t, W. o(t) � 2a+1. �� exp(Z) = 2, "# tZ ( G/Z �
2a ��, *( G/Z hW, XM.

@< 2.7 3 N ��5*
 G �Xc8
+ |G/N | = 2. � kG(G − N) = 2, �
|CG(x)| = 4 #�+ x ∈ G − N .

AB V G − N = aG ∪ bG. . |G/N | = 2 . o(aN) = o(bN) = 2, �L o(a) � o(b) �
n�, &K |CG(a)| � |CG(b)| �n�. ��

|N | = |G − N | = |aG| + |bG| = |G|/|CG(a)| + |G|/|CG(b)|,
"# 1/|CG(a)| + 1/|CG(b)| = 1/2, d� |CG(a)| = |CG(b)| = 4.
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3 G?HIJ
;< B KAB om0-%��OY#*
 G/N no. -# G/N p(��
, V

G/N = G. �U x � y ( G ������.���. �p3 x � y kO( xN � yN �
G �F_��.��. � o(x) = o(y), � x � y ( G- 
/�, &K x � y ( G- 
/�.

� o(x) �= o(y), ���.�� p, W. o(x) = pbm, o(y) = pan, 4� a < b + p � mn. V
x1 = xmn, y1 = ymn, *( o(x1) = o(y1). a+I xpb−a

1 � y1 ��!(.� pa, *(P" G-


/, &K xpb−a

1 � y1 ( G- 
/�, .L�� o(x1) = o(y1) = o(xpb−a

1 ), N o(x1) � o(x) (
p′- �, �N x ^�( xN �F_��.��, XM. &K0-�%�OY#*
no.

n�,#T3 O2(G) = 1, k0- G ∼= 1, S3, S5, W � [L3(4)]〈β〉.
DE 3.1 G �o��G_Xc8
.

� G ������G_Xc8
 N1 � N2, V Ai � G, W. Ai/Ni = O2(G/Ni), 4�
i = 1, 2. .qq G/Ai

∼= S3, S5, W � [L3(4)]〈β〉. a+I N2 �-* G/N1 ���G_Xc
8
+ N2 �( 2- 
, N�� N2 (N1 �N) ( 3 �
� A5 � 32 �)"5*
� L3(4).

� N2
∼= A5, ���
 G/CG(N2) ∼= S5. .* G �.�����!
/, � CG(N2) (

{3, 5}′- 
, �L G/N2 ( 3′- 
. g.qq G/A2
∼= S3,S5,W � [L3(4)]〈β〉, !� 3||G/N2|, X

M.

�N2
∼= L3(4),���
G/CG(N2)�-*Aut(L3(4))���8
,.�� [7], G/CG(N2)

∼= [L3(4)]〈β〉. �r*Z/���, ,.XM.

� N1 � N2 ( 3 �
� 32 �)"5*
, a+Is�OYpt G � 3 ����� G-

�u/, -#XM.

DE 3.2 V N ( G �o��G_Xc8
, � N �,�, � G ∼= S5 � [L3(4)]〈β〉.
� N (�,��, V N = N1 × N2 × · · · × Nk ( k ��-r
 Ni �[s. U x ( N1

����.�� p ��, bb xG ⊂ N1 ∪ · · · ∪ Nk. � k > 1, V y ( N2 �� p ��, �
o(xy) = o(x) = p, &K xy  x ( G- 
/�, -#XM, �L k = 1, N (�5*r
.

. N �o�G_Xcc, �� CG(N) = 1, *( G � Aut(N). .�� [1] �%� B, �
N �-*2/�r
q�:

An, PSp4(3), Sp6(2), O+
8 (2), L3(4), PSU4(3).

� N ∼= An, a+I An �(��
, N� G ∼= Sn �M G � Aut(A6). a+I] n > 6

c, Sn rv��� 3���, XM. .�� [7], � n = 6, G ��� 3���, XM, N G ∼= S5.

.�� [7], � N ∼= PSp4(3), O+
8 (2), Sp6(2) � PSU4(3), G ]������.���, X

M. � N ∼= L3(4), � G ∼= [L3(4)]〈β〉.
DE 3.3 #2]T3 N ( G �o��G_Xc8
, + N ( qr(q � 3) �)"5*


, A/N = O2(G/N). $"hi:

(1) G � N tkw, *(�� G �8
 H , W. G = HN , H ∩ N = 1;

(2) (|N |, |H |) = 1, + CG(N) = N , qr − 1 ,[ |H |.
7[Z, � N � Φ(G), � q||G/N |. �� O2(G) = 1, � O2(G/N) = 1, &K A = N ,

G/N ∼= 1, S3, S5, W � [L3(4)]〈β〉. �� N − {1} ( G �"� q ����� G- �, "#
(|N | − 1)||G/N |.
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8s 3.3.1. G/N ∼= S3.

Lcbb N ( 3 �
, &K P ∈ Syl3(G) ( 9 �hW
. -# P � G, �L P − N � G

�"� 9 ����� G- �. V x ∈ P − N , � |xG| = |P − N | = 6, |CG(x)| = 3, XM.

8s 3.3.2. G/N ∼= S5.

Lc q = 3, 5. � q = 3, a+I G � 10 � Sylow 3- 8
, t.OY. G − N �� 3- �
!( 9 ��+(�� G- � uG, � 10(3r+1 − 3r) = |uG|, &K |CG(u)| = |S5|3r

10(3r+1−3r) = 6, � 
o(u) = 9 XM. � q = 5, �.�r���,.XM.

8s 3.3.3. G/N ∼= W .

Lc q = 3 + |N | = 3 � 9. V H ∈ Syl2(G), P ∈ Syl3(G), � H ∼= Q8, P � G. � |N | = 3,

�� G �� 3 ��!
/, � G ��o�� 3 �8
, �N P dhW, g W � Sylow 3-

8
�hW, XM. � |N | = 9, � |P | = 81 + P − N � G �"� 9 ����� G- �. V
x ∈ P − N , � |xG| = 72, &K |CG(x)| = 9. xÆ, # u ∈ N − {1}, �� N − {1} = uGb"#
|CG(u)| = 81, &K CG(u) = P . �L H u�uv�CY� P Z, a+I 2||H |, "# P d�
5*
, �N |CG(x)| � 81, XM.

8s 3.3.4. G/N ∼= [L3(4)]〈β〉.
Lc q = 3, 5, 7. V M � G W. M/N ∼= L3(4).

� q = 5, �. qr − 1 ,[ |G/N | = 27 · 32 · 5 · 7 . |N | = qr = 5, 52. ] |N | = 5 c, bb
N � Z(M), �� L3(4) � Schur w8( {2, 3}- 
, d� M = N × L3(4), Lc G � 5- ��
������, XM. � |N | = 52, �� M/CM (N) � GL(2, 5) + GL(2, 5) y�8
(�5*
r
, N CM (N) = M , �N� M = N × L3(4), XM.

� q = 7,  Zx���N,.XM.

� q = 3, �. 3r − 1 ,[ 27 · 32 · 5 · 7 . |N | = 3r = 3, 32, 34. � |N | = 3, �r*8
s 3.3.3 ����,.XM. � |N | = 32, �� GL(2, 3) (,�
, "# N � Z(M), �N N

�� 3 ������ G- ��, XM. � |N | = 34, � |CG(x)/N | = 23 · 32 · 7 # x ∈ N − {1}.
*( L3(4) ∼= M/N ���� 23 · 32 · 7 � 22 · 32 · 7 �8
, .�� [7], �(�, �.

.* N ∩ Φ(G) = 1, �L G � N tkw, &K�� G �8
 H , W. G = HN ,

H ∩ N = 1, +.OY���.���!
/�� N ( G � Sylow q- 8
. � CG(N) �= N ,

� N < CG(N) = CH(N) × N , �� CH(N) ( G ����Xc8
, � hi 3.1 XM, �
L CG(N) = N . xÆ. |N | − 1 ,[ |G/N | �J�� |N | − 1 ,[ |H |.

DE 3.4 � q = 3, � G ∼= S3 � W .

� q = 3, .qq H/O2(H) ∼= 1, S3, S5, W � [L3(4)]〈β〉, t. H ( 3′- 
. H ( 2- 
,

J H/O2(H) = 1. n�. 3r − 1 ,[ |H | / 3r − 1 ( 2 ��R, z/Lcd� 3r = 3 �
3r = 9.

� 3r = 3, Lc G/N � Aut(N) �� G ∼= S3.

� 3r = 9, Lc 2- 
 H �-* Aut(N) = GL(2, 3) �8
. a+I GL(2, 3) � Sylow

2- 8
 P ( 16 �yz/v
, P�(��
, �L H < P . �� 8 = qr − 1 ,[ |H |, *(
|H | = 8. �� N − {1} (. G �"� 3 ��UY��� G- �, &K G ( Frobenius 
, L
c��
 H d( Q8.

2/�0- q �= 3 (� Y��.
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DE 3.5 q = 3, &K%�Y�.

_3 |N | = qr, q �= 3. .hi 3.3, G = HN , H ∩ N = 1, N ∈ Sylq(G), CG(N) = N +
qr − 1 ,[ |H |. +.qq., H/O2(H) ∼= S3, S5, W � [L3(4)]〈β〉.

� r = 1, Lc H �S[�wc'( , "# H (hW
, &K��
 H ( 2 �
, L
cd� q = 3, XM. "# r > 1, .hi 3.3, qr − 1 ,[ |H |, $� |H | "�, �8s, ]�
qr − 1 ,[ 2a · 32 · 5 · 7. *(.Z� 2.4 . r = 2. .Z� 2.3, ��S[� χ ∈ Irr(H), W.
χ(1)|2. � χ(1) = 1, � H hW, &K��
 H ( 2 �
, Lcd� qr = q, XM. �L,3
χ(1) = 2.

� χ ��x, � H �y�� 2 �Xc5*8
 T , &K H/O2(H) ∼= S3. Lc G (,�
��
, &K |N | = 52. �� N ( G �o�G_Xc8
, 5*
 T S[CY� N Z, z/
Lc� y0 ∈ N , W. CT (y0) = 1, �� N − {1} (�� G- �, "##"� y ∈ N − {1} !�
CT (y) = 1, �N T ^u�uv�CY� N Z, �L T (hW
 (�� T ( Frobenius 
 TN

�5*� Frobenius ,). a+I |yG
0 | = 24, � |T | = 12 � 24. ] |T | = 24(� 12) c, T ��

24 �� (� 12 ��) � (�� H- � (���N���� H- �l( 2), &K H �(��

, XM.

� χ ( H �S[��x'( , .�� [8, p. 260], H/Z(H) ∼= A4, S4 � A5. �1$"
�qqT3. H/Z(H) ∼= S4, Lc G (,���
, )� |N | = 52. a+I Z(H) (hW
,

�L#��
 H Ki, |Z(H)| � 2, t. χ ��xc. Z(H) > 1, �L |Z(H)| = 2, |H | = 48.

f�\ H ( Out(N) = GL(2, 5) � 48 �8
, $"�� H ∼= GL(2, 3), g.�� [9, E11.8],

GL(2, 3) �(��
, XM. %� B 0{.

LM 3.1 ��

 G �, ��+��������
/, � G ∼= Si, i = 1, 2 � 3.

AB {b.I�'��OY#*
(no�+G (��
,�L.%� B, G/O2(G) ∼=
1, S3, S5, W � [L3(4)]〈β〉. a+I S5 �� 2 � 2 ���
/�, W � [L3(4)]〈β〉 ��� 3

� 4 ���
/�, �L G/O2(G) ∼= 1 � S3. � G = O2(G) > 1, .OY, � G ���o
�� 2 ��, &K G (hW
��3h��
, Lcbb G ∼= S2. � G/O2(G) ∼= S3, V
exp(O2(G)) = 2k, .OY, O2(G) QR� G �"��� 2i ��, 4� 1 � i � k, �L#"
� 2- �� x ∈ G − O2(G), o(x) = 2k+1, *(-Y�� G- �, 4�l |xG| = |G|/2, �L
|CG(x)| = 2, *( k = 0, &K O2(G) = 1, J G ∼= S3.

;< A KAB _3 G (������ OC- 
, $"k�XM.

.Z� 2.1 � 2.6, G �(RS
g |Z(G)| = 2, &K G (��
+&&%� B �OY,

�L G/O2(G) ∼= S3, S5, W � [L3(4)]〈β〉. V M � G, W. O2(G) < M < G + |G/M | = 2.

#�+ x ∈ G − M , V x = yz, 4� yz = zy + y ( 2- �, z (.���. bb
y ∈ G − M + o(z) (f%����. 7[Z, ] G/O2(G) ∼= S5 � [L3(4)]〈β〉 c, o(z) = 3; ]
G/O2(G) ∼= S3 � W c, o(z) = 1, J G − M ��!( 2- �.

V P ∈ Syl2(G), P1 = P ∩ M ∈ Syl2(M), exp(P1) = 2k. .OY��� 2- � x ∈ G − M

� 2- � y ∈ M − Z(G) W. o(x) = o(y). a+I kG(G − M) > 1, |� G (# M �+�
Frobenius 
,  Z(G) > 1 XM. 2/k P − P1 ��#1�u#1�z8sk<-.

8s 1. � P − P1 �u#1.

#�+ x ∈ G − M , � x � 2- �, � o(x) = 2k+1; � x �� 2- �, � o(x) = 3 · 2k+1, &
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K kG(G − M) = 2. .Z� 2.7, |CG(g)| = 4 #�+ g ∈ G − M ,  G − M ��� 2- �XM.

8s 2. � P − P1 ��#1.

.OY/ P1 − Z(G) �u#1, �L P1 (hW
��3h��
.

� P1 hW, � G/O2(G) � �-* S5 � [L3(4)]〈β〉. ] G/O2(G) ∼= S3 � W c,

πe(G − M) = {2, 2k+1} + kG(G − M) = 2, g�c. P1 hW�� P hW, -#XM.

� P1 (�3h��
.

(2.1) � G/O2(G) ∼= S3 � W , Lc πe(G − M) = {2, 2k+1} + kG(G − M) = 2. .Z�
2.7, |CG(g)| = 4 #�+ g ∈ G − M , �L 2k+1 = 4, P1 ()"5*
, XM.

(2.2) � G/O2(G) ∼= S5. �� P1 (�3h��
, "# O2(G) ( P1 �y�� 4 �hW
8
, + CM (O2(G)) > O2(G), &K O2(G) = Z(M). -# M ′ = M(|� P1 �, (�3h
��
), N O2(G) ( A5

∼= M/O2(G) � Schur w8. Lc M = SL(2, 5), G ( A5 � Schur }
~
 2.A5.2, gLc G − M � M �!� 6 ��, XM.

(2.3) � G/O2(G) ∼= [L3(4)]〈β〉, � M/O2(G) ∼= L3(4), �� P1 (�3h��
, $�
L3(4) � Sylow 2- 8
, b.XM.

u'�� [1] � [2] #���"0-�%� B, ��� Syskin ��![e�|e�YI
�
r
k�%�.

NO # Syskin ��(|�����{}*k�%��0-?

PQ RS��T!UVWXYZ[\�]�, ^_`, ab 2.1 �cdefgh�,  
ijklmRS�nophqr�st, muvwxyz{.
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