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The nuclear Chirality-Parity (ChP) violation, a simultaneous breaking of chiral and reflection symmetries
in the intrinsic frame, is investigated with a reflection-asymmetric triaxial particle rotor model. A new
symmetry for an ideal ChP violation system is found and the corresponding selection rules of the electro-
magnetic transitions are derived. The fingerprints for the ChP violation including the nearly degenerate
quartet bands and the selection rules of the electromagnetic transitions are provided. These fingerprints
are examined for ChP quartet bands by taking a two-j shell h11=2 and d5=2 with typical energy spacing for
A = 130 nuclei.
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1. Introduction the standard model [12], and have attracted a lot of attentions in
As a microscopic quantum many-body system, the atomic
nucleus carries a wealth of information on fundamental symme-
tries and symmetry breakings which are usually manifested in
energy spectra, electromagnetic transitions and their selection
rules. Although the observed states preserve the symmetries of
the nuclear many-body Hamiltonian, a variety of phenomena is
intuitively interpreted in the intrinsic frame in which the Hamilto-
nian usually has less symmetry than the original one, i.e., the spon-
taneously symmetry breaking. For example, the spherical
symmetry in atomic nuclei results in equally spaced vibration
spectra, and the deviation from spherical symmetry may lead to
a series of rotor-like sequences [1].

The reflection symmetry and chiral symmetry have broad inter-
ests in mathematics, physics, chemistry and biology. In nuclear
physics, the reflection symmetry [2] and chiral symmetry [3] have
been at the frontiers, and continue to be hot topics over the past
decades, see e.g., Refs. [4–11].

In pear-shaped nuclei, the spontaneous breaking of reflection
symmetry occurs and manifests itself by the occurrence of the
interleaved positive and negative parity bands or a pair of parity
partner bands [4,5]. The pear-shaped nuclei can provide a unique
probe to test the charge-parity (CP) symmetry violation beyond
both nuclear physics and particle physics.
In triaxially deformed nuclei, the spontaneous breaking of chiral

symmetry may occur and manifests itself by the appearance of chi-
ral doublet bands, a pair of nearly degenerate DI ¼ 1�h bands with
the same parity [3]. The coexistence of two or more chiral doublet
bands in a single nucleus, i.e., multiple chiral doublets (MvD) pre-
dicted by the microscopic covariant density functional theory
[13,14], has been observed in 133Ce [15], 103Rh [16], 78Br [17],
136Nd [18], 195Tl [19], 135Nd [20–22], and 131Ba [23].

The observation in 78Br, two pairs of chiral doublet bands with
opposite parity connected with strong electric dipole (E1) transi-
tions, provides the first evidence of MvD bands in octupole soft
nuclei [17]. This observation indicates that nuclear chirality can
be robust against the octupole correlations, which together with
the scenario in Ref. [6] encourages the exploration of the simulta-
neous chiral and reflection symmetry breaking in a reflection-
asymmetric triaxial nucleus.

A schematic potential energy surface with simultaneous chiral
and reflection symmetry breaking in the intrinsic b30;/ð Þ plane is
given in Fig. 1, with b30 the octupole deformation parameter and
/ the azimuthal orientation angle of the total angular momentum.
There are four minima corresponding to the orientation of the
nuclear distribution parallel or antiparallel with the intrinsic axis,
and of the angular momentum in the intrinsic frame. The symme-
try restoration in the laboratory frame results in both chiral and
parity splittings which give rise to four nearly degenerate states,
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Fig. 1. (Color online) A schematic potential energy surface in the intrinsic b30; /ð Þ
plane for a ChP violation system, with b30 the octupole deformation parameter and
/ the azimuthal orientation angle of the total angular momentum. The sign of b30

stands for the orientation of the nuclear distribution parallel or antiparallel with the
intrinsic axis. The sign of / stands for the right- and left-handed system.

Table 1
Parity P and chiplex B for the eigenstates of the RAT-PRM Hamiltonian. The chiture A
as well as possible R3 and Cp values under V4 symmetry is also listed.

P B A R3 Cp

þ1 þ1 þ1 0;�4;�8 � � � þ1
�2;�6 � � � �1

�1 �1 0;�4;�8 � � � �1
�2;�6 � � � þ1

�1 þ1 �1 0;�4;�8 � � � �1
�2;�6 � � � þ1

�1 þ1 0;�4;�8 � � � þ1
�2;�6 � � � �1
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i.e., chirality-parity (ChP) quartet states. The rotational excitation
on the ChP quartet states will generate four nearly degenerate
rotational bands, i.e., the so-called ChP quartet bands, as expected
in Refs. [6,17].

In this paper, the nuclear ChP violation, a simultaneous break-
ing of chiral and reflection symmetries in the intrinsic frame, is
investigated with a reflection-asymmetric triaxial particle rotor
model (RAT-PRM). In nuclear physics, PRM takes into account a
few valence particles moving in the deformed potential of the core,
and to couple them to a collective rotor which stands for the rest of
the particle. The energy spectra and electromagnetic transitions
will be investigated, and the possible fingerprints for ChP quartet
bands will be explored.

2. Ideal Chirality-Parity violation and its corresponding
symmetry

The ideal chiral system prefers a maximum triaxial deformation
and a pure particle-hole configuration [3]. The ideal reflection-
asymmetric system requires a static octupole deformation result-
ing from strong octupole correlations. In order to describe the ideal
ChP violation system, a RAT-PRM is developed for a core with tri-
axiality c ¼ 90� coupled with one particle and one hole in a two-j
shell with its orbital and total angular momenta differing by 3�h,
i.e., Dl ¼ Dj ¼ 3�h.

The Hamiltonian of the core is written as

bHcore ¼ 1
2J 0

bR2
3 þ 4 bR2

1 þ bR2
2

� �h i
þ 1
2
E 0�ð Þ 1� bPc

� �
; ð1Þ

where the moments of inertia for irrotational flow

J k ¼ J 0 sin
2 c� 2kp=3ð Þ are adopted, and bRk with k ¼ 1;2;3 repre-

sent the core angular momentum along the long, short, and inter-
mediate axes, respectively. In Eq. (1), the core operators are

rewritten as bRk ¼ bIk � ĵk, in which bIk and ĵk are the angular momen-
tum operators for the nucleus and the valence particles, respec-
tively. The second term describes the parity splitting of the

reflection-asymmetric core, with bPc the core parity operator and
E 0�ð Þ the splitting parameter [24,25].

The intrinsic Hamiltonian for the particle moving in a reflection-
asymmetric triaxially deformed potential can be written as [26]

bHs:p: ¼ ĥlj � �hx0r2
b22ffiffiffi
2

p Y22 þ Y2�2ð Þ þ b30Y30

� �
; ð2Þ
where ĥlj is the spherical single-particle Hamiltonian with l the
orbital angular momentum and j the total angular momentum,
�hx0 ¼ 41A�1=3 MeV, and b22 and b30 represent the quadrupole and
octupole deformation parameters, respectively. The intrinsic Hamil-

tonian for the hole can be obtained by changing the sign of bHs:p:[27].
The core Hamiltonian in Eq. (1) has good parity Pc and D2 sym-

metry, i.e., the invariance with respect to rotations by p about each
of the three principal axes.

The intrinsic Hamiltonian in Eq. (2) has V4 symmetry, i.e., the
invariance with respect to the reversion of the intrinsic 1 and 2
axes, while the octupole deformation breaks the intrinsic space-
reflection symmetry and D2 symmetry.

The RAT-PRM is constructed in the laboratory frame and its
Hamiltonian consisting of the core and intrinsic parts has good
total parity P, good angular momentum I, and V4 symmetry. More-
over, if the two-j shell for the particle and hole is the same and the

lj dependence of the corresponding ĥlj in Eq. (2) is neglected, the

total Hamiltonian is invariant under the operation Â ¼ R̂3
p
2

� �bCp̂,
with R̂3

p
2

� �
the rotation by p

2 around 3-axis, bC the exchange of par-
ticle and hole, and p̂ the intrinsic space-reflection. For the
reflection-symmetric system, the intrinsic Hamiltonian has good

parity, the corresponding operator Â becomes R̂3
p
2

� �bC , which has
been discussed in Ref. [28] together with the characteristic of the
electromagnetic transitions for the chiral doublet bands.

The operation Â plays a role in the exchange of the right-
handed system with left-handed system by the exchange of the
particle and hole. The corresponding quantum number A is named
as ‘‘chiture”, in analogy to the signature quantum number for the
rotational operation R̂ pð Þ. Similar to the simplex operator

Ŝ ¼ R̂ pð ÞbP , a new operator B̂ ¼ ÂbP is introduced and the corre-
sponding quantum number B is named as ‘‘chiplex”.

3. Selection rules of electromagnetic transitions

For a given angular momentum I, the total RAT-PRM Hamilto-

nian bHcore þ bHs:p: is diagonalized numerically in the strong coupling
scheme as in Ref. [24]. The eigenstates of the RAT-PRM Hamilto-
nian can be characterized by the total parity P and the chiplex B,
as shown in Table 1. The corresponding chiture A is given in the
third column. The V4 symmetry of the total Hamiltonian requires
the projection of the core angular momentum R3 to be even inte-
gers. For A ¼ þ1; Cp ¼ þ1 or �1, and the corresponding R3 are
0;�4;�8; � � � or �2;�6; � � �. For details, see Table 1. The states with
same parity P but different chitureA constitute the chiral doublets,
and the states with same chitureA but different parity P constitute
the parity doublets.

The eigenstates of the RAT-PRM Hamiltonian with different
angular momenta I are connected by electromagnetic transitions,
including E2 and M1 transitions between same parity states, and
E1 and E3 transitions between opposite parity states.
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The E2 transitions can be calculated from the operator,

M̂ E2ð Þ ¼ P
l¼0;�2q̂

cð Þ
2l. As the intrinsic part of M̂ E2ð Þ is neglected,

it connects states with the same C and p, i.e., DC ¼ 0 and Dp ¼ 0.

For c ¼ 90�, the operator q̂ cð Þ
20 / b2 cos c does not contribute and

thus the matrix elements between states with same R3 vanish.
Therefore, the E2 matrix elements occur only between states with
different A and same Cp, or in other words with different B and
same Cp. The M1 transitions can be calculated from the operator,

M̂ M1ð Þ ¼
X

l¼0;�1

ffiffiffiffiffiffi
3
4p

r
e�h
2Mc

gp � gR

� �̂
jp1l þ gn � gRð Þ̂jn1l

h i
: ð3Þ

If the effective gyromagnetic factor gp nð Þ � gR is set equal to 1 for
proton and �1 for neutron [3], the M1 transitions are contributed
from the matrix elements between states with the same p and dif-
ferent C. Furthermore, the M1 operator changes R3 by DR3 ¼ 0;�1.
Therefore, the M1 matrix elements occur only between states with
different A and Cp, or in other words with different B and Cp.

The E3 transitions can be calculated from the operator,

M̂ E3ð Þ ¼ q̂ cð Þ
30 . As the intrinsic part is neglected, one has DC ¼ 0

and Dp ¼ 0. For the core, with the operator q̂ cð Þ
30 / b30, the contribu-

tions are from the matrix elements between states with same R3.
Therefore, the E3 matrix elements contribute only between states
with same A and Cp, or in other words with different B and same
Cp.

There is no E1 transitions here. For c ¼ 90�, the collective E1

operator q̂ cð Þ
10 / b2b30 cos c vanishes [24]. The intrinsic part does

not contribute because the model space is limited to a two-j shell
with Dl ¼ Dj ¼ 3�h.

Starting from the yrast and yrare states, i.e., the lowest and the
second lowest states, for the positive and negative parity at given
I0, two pairs of chiral doublet bands are organized with the allowed
E2 transitions between DI ¼ 2�h states. They constitute the ChP
quartet bands, as shown in Fig. 2. The sign of the chiplex B between
chiral partners is opposite, which is also true between parity part-
ners. As the E2 transitions occur only between states with different
B;B changes the sign every 2�h in a band and there is no interband
E2 transitions.

In Fig. 2, between states with different chiplex B, the allowed
M1 transitions with DI ¼ 1�h, and the allowed E3 transitions with
DI ¼ 3�h are also shown. The intraband and interband B M1ð Þ for chi-
ral doublet bands exhibit staggering behavior. The alternating
interband E3 transitions with spin between yrast+ and yrast�
might serve as a fingerprint for ChP quartet bands. Similar alternat-
ing interband E3 transitions between yrast+ and yrare�, between
Fig. 2. (Color online) The ChP quartet bands organized by two pairs of chiral doublet band
yrast� and yrare�. States with B ¼ þ1 �1ð Þ are denoted by solid (dashed) lines. Allowed
yrare+ and yrast�, and between yrare+ and yrare�, are also
expected.

The allowed and forbidden E2; M1, and E3 transitions for ChP
quartet bands by chiplex B and parity P discussed above are sum-
marized in Table 2.
4. Chirality-Parity violation in two-j shell h11=2 and d5=2

The schematic energy spectra and electromagnetic transitions
for the ChP quartet bands in Fig. 2 are based on the symmetry anal-
ysis, which is for the ideal case, i.e., c ¼ 90�; E 0�ð Þ ¼ 0 MeV, the
intrinsic configuration includes one particle and one hole, and
the two-j shell is degenerate.

It is interesting to examine the ChP quartet bands, including
their energy spectra, electromagnetic transitions and chiral geom-

etry, if the restriction for a constant ĥlj in Eq. (2) is released.
For nuclei in A = 130 mass region, the two-j shell with

Dl ¼ Dj ¼ 3�h near the Fermi surface is h11=2 and d5=2, and their
energy difference is taken as 0.89 MeV [29]. The other parameters
adopted in RAT-PRM include the moment of inertia

J 0 ¼ 18�h2
=MeV and the parity splitting parameter E 0�ð Þ ¼ 0

MeV for the core, and the deformation parameters b22 ¼ 0:3 and
b30 ¼ 0:1 for the intrinsic Hamiltonian.

Diagonalizing the RAT-PRM Hamiltonian, the energy spectra
can be obtained. In Fig. 3, the calculated ChP quartet bands are
given for 14�h 6 I 6 20�hwhich corresponds to the region of the sta-
tic chirality, where the doublet bands are nearly degenerate in
energy and their electromagnetic transitions and angular momen-
tum orientations are similar. For both the positive and negative
parity, the splitting between the chiral doublet bands is less than
200 keV. The splitting between the parity doublet bands is rather
small (less than 20 keV) since the core-parity splitting E 0�ð Þ ¼ 0
MeV.

The electromagnetic transitions follow the features in Fig. 2. The
intraband B E2ð Þ is about one order of magnitude stronger than the
interband one. Both the intraband B M1ð Þ and the interband B M1ð Þ
exhibit staggering behavior. The alternating interband E3 transi-
tions with spin between yrast+ and yrast� appear, in consistent
with the fingerprint for ChP quartet bands. Similarities for B E3ð Þ
between yrast+ and yrare�, between yrare+ and yrast�, and
between yrare+ and yrare�, are also shown.

The chiral geometry for the chiral doublet bands is usually ana-
lyzed by the composition of the angular momentum [30,31], the K-
plot [31], the effective angles [32–34], as well as the azimuthal plot
[34–36].
s with positive parity denoted by yrast+ and yrare+, and negative parity denoted by
E2; M1, and E3 transitions are denoted by arrows.



Table 2
The electromagnetic transitions for the ChP quartet bands. The allowed transitions are denoted by ‘‘

p
”, the chiplex forbidden transitions are denoted by ‘‘�”, and the parity

forbidden transitions are denoted by ‘‘�”.

E2 M1 M1 E3 E3
I ! I � 2 I ! I � 1 I þ 1 ! I I ! I � 3 I þ 1 ! I � 2

Intra-band yrastþ ! yrastþ p p � � �
yrareþ ! yrareþ p p � � �
yrast� ! yrast� p p � � �
yrare� ! yrare� p p � � �

Inter-band yrastþ $ yrareþ � � p � �
yrast� $ yrare� � � p � �
yrastþ $ yrast� � � � p �
yrareþ $ yrare� � � � p �
yrastþ $ yrare� � � � � p
yrareþ $ yrast� � � � � p

Fig. 3. (Color online) The ChP quartet bands in RAT-PRM respectively denoted by yrast+, yrare+, yrast� and yrare�. The transitions E2; M1, and E3 are denoted by arrows and
the thicknesses of the arrows stand for their strength. For M1 transitions, gp nð Þ � gR ¼ 1 �1ð Þ is adopted.

Fig. 4. (Color online) The azimuthal plot, i.e., the probability profile for the orientation of the angular momentum on the h;/ð Þ plane, for ChP quartet states at I ¼ 16�h in RAT-
PRM.
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The azimuthal plot provides the probability profile for the orien-
tation of the angular momentum on the h; /ð Þ plane, with h the
polar angle between the angular momentum and the intrinsic
3-axis and / the azimuthal angle between the projection of the
angular momentum on the intrinsic 1–2 plane and the 1-axis. For
c ¼ 90�, the intrinsic 1, 2, and 3 axes are the long (l), short (s),
and intermediate (i) axes, respectively. Accordingly, h plays the
role of / in Fig. 1.

In Fig. 4, the azimuthal plot for ChP quartet states at I ¼ 16�h in
RAT-PRM is shown. The probability profiles for the ChP quartet
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states peak at (/ � 45�; h � 35�) and (/ � 45�; h � 145�), demon-
strating the static chirality for the chiral doublets and the near
identical distribution for parity doublets.
5. Summary

In summary, the nuclear ChP violation, a simultaneous breaking
of chiral and reflection symmetries in the intrinsic frame, is
investigated with a RAT-PRM. The ideal ChP violation system cor-
responds a maximum triaxial deformation, a pure particle-hole
configuration, and a static octupole deformation. The RAT-PRM
Hamiltonian for the ideal ChP violation system has good total par-
ity P, good angular momentum I, and V4 symmetry. A new symme-

try, chiture Â or chiplex B̂ ¼ ÂbP , is derived for c ¼ 90�. The
eigenstates of the RAT-PRM Hamiltonian can be characterized by
the total parity P and the chiplex B.

The selection rules of the electromagnetic transitions for ChP
violation are revealed, and E2; M1, and E3 transitions are found
to link the states with different B only. Starting from the yrast
and yrare chiral doublets at I0 for the positive parity and negative
parity, the ChP quartet bands are constructed with the E2 transi-
tions between DI ¼ 2�h allowed. Both the intraband B M1ð Þ and
interband B M1ð Þ exhibit staggering behavior. The interband E3
transitions alternate with spin.

The fingerprints for ChP quartet bands including the nearly
degeneracy in energy and the selection rules of electromagnetic
transitions are examined by taking a two-j shell h11=2 and d5=2 with
typical energy spacing for A = 130 nuclei. The static chirality for the
chiral doublets and the near identical distribution for parity dou-
blets are demonstrated by the azimuthal plot.
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