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Figure 1 The schematic diagram of lensing system

2518



P A

AT A EQ2)). ROV, — P REE R T-E 5 -0
MR, I HALS IR -5 5 S A Bl i (U3 45
RSB RUE AR AR S AR/ M
ST, W 2R LI Lk I AR, T ARG 3 — e
RIEG T REAIA FiR Y G

AR SALHN 28— i 7 ARG A, A AR
FIHE S AR S 2 0L SCHR[22]. BAREBE BEX T (%
AR T AR R, RIS 7B AR LR A Y
B, BT ST A SEE T8, 58k T AR % Y
MV FE RIS TWAT (S WA/NTY). (eSS
PIF, BRI T ARAALE LTI
()77 e
p=0-a(0), (5)
o, BFNO5T 5 AR R 2 rhiR RS — 4 < i, Prdt
Ao R 3% 5 ST AR T IR A B DU

2.1 Hriifh

XEFRIFRS ] s, B RRGRU(S)) R —4E
T
B =0-a(0), (6)

ot BRI RA T SRS 0, = [ant ;Db

R IEA, Do Do FID 53 i 2 UL -5 . L]
H-EHEASEE-IRAEAES. Mg — off, B4NK
A 7 H i H A2 0, (1 FR

HEin - a(eEin) = 0 (7)

2.2 BB R

T E(7), BT LIS B2 R4 N 5 o i
M(<0g,) =nD05, ) . (8)
i I — R BB R, ] LI SRS | ) B A &
HraH AR, SR IR AE B R LIRS, AR T 2
R, AT LA ff EAREE B, A BN
BEl. 5l PR RERUE, I R R RS
WEE 51 1355 R GUIRRERIN & ok, a5
EEHED A B R (E BB 6.4/ ).

2.3 IRFHIEER

ARMR B RE AR A —FE, DRI (Al d A —
B SEABEGMLL, B MRERHEGER Az 34

BRI R MR B BB [ SER AL, = Az, — At

1 + DO DOS S
i ( 021) llgil()zl,zg )A¢iJ’ )
Horh, PR 22N, A5 T BL ] s, ik
AT LTSRS B A B LB (S UL 556.3/1Y).

W R B g | J A5 B AN, ITRIAEIR 8 5 T
FREA X, HETHAEL, M BRI LRI
FEPREL, 2(9) T = EARTE B A2 A SR [ EIR
BB (D) K

_ Do(z1)Dos(2)
Du= "D e 10
P AR IR B SR T — M-I C R, FILUIK
BT FHAWIT (S 6.2/ ).

2.4 OREBORE

MR EOTAE AR, 7 T ORISR BHR T (o).
TR A

At

10 = Geziay (an

Herp, HEn] HCARFEA(0) 5 5 7 Fk g

0
A(O) = %. (12)
2.5 wiAL

FEHELLE LT (ANEASS=0), HErT HLARRF(N(12))
175 X detd(0)=0, XA (112 R BRI A4S
Je, TR (0) /A TET5 K. XL e det4(0)=01 S5 7E
G- _E A B 2R (“critical curves”), HAT B
3(5), T LA S H 6 N A PR v A AR B 2R (“caus-
tics™). IR A )R PR R FR AT R H AR Ik AORI
T I EEE AR D (L. BARAR X A, T
SIS R AR B R G, TR TREAE3/ N i)
W 1 i sh ) e

2.6 51 lEBOR

I ] B0 5 | B AR R A M) A 5 | 714
SRR, kI 13 B T R

9i=%(ﬁi,/ﬂ2+49]§), (13)

S, BP0, = [AM o i

=
e
&
N




MG 8 & 2021578 H66% %2 H

LRI, B E . RGESAR, HARMEHOCR 510

_ ___1oJ 14
e =l =z (14)
WA A ) ZiE 3R Ay

202

At =4M(1+z) %-&-ln%]. (15)
T SRR R R DL R SR AT SRR, XA
TR 5 FE A
0.=p+0, (16)

Sl BT, — 20D g 5 2 o
o, 2. FARIRHOCR K

0./60
pe = Al =, ‘WL (17)

IR 2 2 (9) 5y
142, DD,

Atgg= e D, (93_9,2), (18)

A Z AR, BHEIER R ] A Ry

Atgs = 16874 (1 +2,)P2P10:70. (19)
v Ds 0E

3 SRR sl )it

PSSR, BERLAT LS B
g,uv = gli\]}g) + h,uv’ (20)
Hop, g ONRUEI, b, HEIITEARSS. E—F el
T, ik ire, i G M HZAPATRE30(S D6/ NY), Bif
5% A LA S btk 37 04 5 T3 D0 4% 1 28 2o 375 5 144 0% 8
ROV
h,, = de,, 1)
Horh, bt gttt ie

o[ €"eos)=0, (22

X, gltg, MATHI. LT B 5 U T 74k
AT AR S, BT AR n] LA R/ M P
.

BN, ATHIEIR N M5 I E AR IE G Cx, )=
¢ (x)e AR TS| 15 PR IR (2 A ] ).

2520

3.1 sty

TES T SRR, A5 3T BBAR I (f, )
(f < DAY G2 E N Z A2 fE. B
BB 73 ¥R W FH Nakamura FlDeguchi 5 iof #7214
Gy I EAR B SR AT R ARG

§°(N =FOS(), (23)

Hrp, FOf)RTCHABCR AL, s g e g flg
eI B AR S B AR IR R,
RGP SR, FEUDE 2T LT, f— oot

W«ﬁ#zgh@ﬂ
2y \X(ej)x(ek)‘l/z cosw®(0),0,) ~mAn ), (24)

i<k
Hrh, @0, 0,)5%% KL RSO E B R 2(0)H
JEEEORFRGER(1), R, HOCERORF N IRIFBOR
(n=RAHFMATNETIT); Any=nin,, n=0. 12811, 43
XTI B B SRR Y B/ N AR B ORI R R R O
CFTMAME, n.=0, n=1/2). (24)%— IRl 2 (&) B
B LA GG i, 55 I REE T B sh ik, BIJLME
PIRTIRICR. X TGS S, WRARE, f— o, B
TR A T ok, — A BRI AR R T DA
XA TWRCR. XT3 070, X IR 140

(S W4/,

A0 5 I (WL T, R SR A 2 R B A T
RS, TE A S B=OME, BRI A
F(f.8=0) = 2o (25)

B — 0P L)IT, |F(F,A=0) — 1. XIERBLT
W B ATEEON AT RSz /N T K A P RS £
XoF I A4 s AT AT S

{EAF—HRAY S, XA SRR AR =0 AN — i 1
A RICIE, PR 1 P83 A, JERE
TR AT e AR B, (A5 LR S5 B
PR RGNS AR AL, S48, BoEEwhF
B BRI B AREHS R, HNIAGEH TR
]SRRI R, RS AR
ULPR). WFAbSE:, AbFRAG 3 AR R I ol R v g, AT
Dol B — P 43 .



P A

3.2 smissty
AL PR s 5 R — R . T AR
T A o T i
w L _
D(r.0.6) = =3 O & X (0.0, (.1). (26)

1=0 m=—1
i, y BRI SR, ERR BRI, REHES AN

1
I+5

L @7

b= w

PRI, 430 T LA AERE B X FRRp g A G, 385, 25X
I A QO T 1/ (15 | 135 vt A,
RGBT AR AL I — LA B8R A ()8, LE U glory B4R,

Pt AR [ G (o, ) TG AR REE T R . B
i, 121 R E— A T BME 77 B (confluent Heun
equation), HAT 247 UM AR, e AT LA
e i BARIE . Sibe Jr B i S Ze A A TR
ST, Zhang ST WKBIT UL KA IR H-f
9% (Fresnel half wave zone method)f5%] T JSHIFIZE
5 > VAR, REHBAL B T 1IE A ST B A F
BE(6=0)ln) 8.

4 51EBAS DI THERE

A, AF R IR T BT AR B 2 R 3, 1%
AT, D OUR 5 | 730 AT 7 e ] )25 1A 1
A, AEISHER IR (I AR A K, 5| 1
BB PIAR PR, 72 BT
B WIS AR A K, AERHB Lig 2t Bl
B[E%[N,ZS]'

oo, Floy 591 A3 105 5 Sk HRIZR 1 £
W, ¢ Mg, R BN TR AR AR

_0itw,
¢ = o) ¢

_$1tés
2 (28)

w, = w1;w2,¢b _ ¢1;¢2_

X FE B R T R A B, B RIE R AR /DN,
Wo, ~ @, BHAES T LUE IS o, 1 H7 4.
BEERI AL, ofEK, o,/ 0; < oK, AL
“HEEIHA. FR2RR T — S EBHRSE N Lk
11A.

WSRPAME S| F15A5 5 1T LATRI S B EMIER, h(H)=
hy(ty+hay() T LAFIR R

J
h= ,u+[A+cos(co t+¢,)+A sin(ow + ¢1)} +,u,[A+cos(a)2t +¢,)+ A sin(w,r + ¢2)]

A" cos(wt + ¢ )cos(wyt + ¢y, ) + A cos

T
wft+¢f_§

= I cos(a)bt+¢b)]

+uy|A " cos coft+¢f+% cos wbt+¢b—;—[ +4"cos(wt + ¢ )cos

wa+¢b—%]], (29)

o, AR BN RS PR, pm e pe
XL, O PR B8 ] R BORH ), LR B e
BB IES0L6.1.3 /NS,

EH 25 5 Bk X (29) ik 5 5 5 i sy #2 45 H
P LAnE RIGR Q) BSAE 52— 200, AR
AF SR

O = A+ 2+ 2 pucos(enf A [y (D], (30)

Ho, (N RARBGE ALY IO L e, Wl I
), SeAE SR, BRG] AE S R IRIEBICR
T u MECE R TR B M ZARIE, FrLliE
WD (EOE SRR T 248, 51 BRI 2
SRR E R, Ik, WRAEIEE GO,
W RAG 5 | D BR A RE R RS . 20 9) TR T —

A R O RO RS SR 2.
5 B 1M ALk R hERy

FSCTR A HULAE T 31 AR I (= 1) i)
2| 1B B, 20 T RALK e, 5 1L, HOET
WAL I W B WA S L A = D, TR,
PHE LML 3K fibe,, B9 S fL AT S TERY. 20 FLIA
(O S, R R LIRS, R TAE LD
i, AT DL 15 5 e, P RS . 7
L2 T 5 R R RO . s U R
G, OKBl I TN, L3I b, HLs Lkt
1, ITHEMZE ST RUON IR . 3B, T SO
SIS 716 5 YA fi . TSR 13 | RIS T,
FrEADEE L. BABEE, ARSI Y

2521



MG 8 & 2021578 H66% %2 H

t(s)

B2 (MR G)5 1 i e MR R BIEL () PIFIEIIIERAE S (b) MF IR &

Figure 2 (Color online) The schematic diagrams showing the strains and the beat pattern in the time domain. (a) Two strains in time domain; (b)

superposition of two strains in time domain
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Figure 3 (Color online) Geometry of a Schwarzschild lens
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Lensed gravitational waves: Scattering and applications
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The direct detection of gravitational waves from stellar-mass compact binary merger by ground-based laser interferometer
gravitational wave detector LIGO/Virgo has verified the prediction of general relativity and opened a new chapter in
gravitational wave astronomy. Up to now, a total of 50 gravitational wave events have been detected and published in
GWTC-1 and GWTC-2 catalogue. In the near future, the third-generation ground based gravitational wave detector, such as
the Einstein Telescope (ET), will be constructed with sensitivity improved by at least a factor of 10. Tens of thousands of
gravitational wave signals are expected to be detected per year in the third-generation detector era. These gravitational
wave signals will inevitably overlap with foreground massive celestial bodies (such as black hole, galaxy and galaxy
cluster), thus leading to lensed gravitational wave signals which will undoubtedly be another important test of general
relativity once detected. Furthermore, strongly lensed gravitational wave signals by galaxy from massive binary black hole
could possibly be detected by future space detector, e.g., LISA and DECIGO. Since the wavelengths of gravitational waves
are comparable with the size of some lens, the lensed gravitational waves play a unique role in studying the phenomena of
wave nature, e.g., interference and diffraction.

Lensed gravitational wave-electromagnetic wave system will have a wide range of applications in fundamental physics,
cosmology and astrophysics when a series of lensed gravitational wave events and their corresponding electromagnetic
counterparts have been detected. The most obvious advantage of lensed gravitational wave-electromagnetic wave system
lies in that gravitational wave could provide time delay information with high accuracy, and electromagnetic wave could
provide Fermat potential difference with high precision because a relatively complete arc of light could be obtained by
electromagnetic wave observations and this is the most important step in measuring the Fermat potential. Thus, by
combining the information from both approaches, lensed gravitational wave-electromagnetic wave system could be applied
to study the speed of gravitational waves, constrain cosmological parameters, explore the substructure of the dark matter
halo and investigate the lens model and so on.

In this paper, we will review in detail how to use geodesic equation, lens equation, as well as wave equation to tackle the
stationary scattering problem of lensed gravitational waves, and introduce how lensed gravitational wave-electromagnetic
wave system could be applied to study the tensor properties, interference and diffraction effects of gravitational wave, as
well as its applications in gravitational wave velocity, Hubble constant, cosmic curvature, lens mass, substructure and so
on.

gravitational wave, gravitational lens, diffraction, cosmology
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