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PRMNARAE: B s 4 R v i U0 R S0 P Sl I ) AL A

K, RS EE HME T R EE G, XEE S IR AE SERIUREE BRI LA EXER KK &
B BTG, 458 AARE S RIRBREEACT k, R g MR T LR Y PR oA M ME L0 A
AL

min{ly — Az| : [|lzflo < k}. (1.1)

XMy = Ax* +n FRMEL R, n e R™ KRS, A (1.1) B E45EH (compressed
sensing, CS) HFIRFIRE A Fe AN mT Bk (AR AY 2 — 55 H At — S0 3 B 4 1) R 25 DI AH O, s 4
J&HN (quantized compressed sensing, QCS) 1626421 AN 1. BAKHL, S T4 BRAE B B0 RO
A TR S, QCS 1 H Az W& 2 & fhiih H A5 5 > e R™,

y=9QAx" +n+r71), (1.2)

o() REMTTE (VWS 3.1 /M), 7 e R™ RIS EZ).

RE B Rg B b R B LR LA J& NP (non-deterministic polynomial) ¥ i) @1 (301 {H'g
AT bR bR DTS e — 2 v ) B2 DR = R S (2 I ST (4,10, 15-17,29, 44, 45)). fif iz 21a)
R AT AT S8 B 2 =2 IR A T v 010,451 | e X vk 1160290 FRIME Ay vk [T 44 SR
/2%@%%&&%1%*5’3*%*@%‘&75/2, EHAIH Donoho #1 Johnstone [2°] T%'Eb', TS 5 22 i
R AR B S PR, BME SR BETT Loy S SR R 017 18, 22,390 g g ] (4517 23] 4
SRR A 7 P G 1 e R e DR SR A SR R S A R R R R B AR B iR A B (iterative
hard thresholding, THT) 5yZ; [24 FOf B {EIEEF (hard thresholding pursuit, HTP) 57 (2324 JHodp
A JUMATAS Y, Wadk THT B2,y HIERB K THT BY A4 RAEVCALE B (compressive
sampling matching pursuit, CoSaMP) BY. MEUE M RE ) A R, FE T R B 7 1 SR AR FE
Hi RIK PR EAIRS 2, I HAUMESS RAR W AT MR B B2 18 £ E R UK. D 1 So iR TR
EST S E A GEA, Zhao U4 $2 I T —FB M BRME S 1, FROVRA &k BER T, ST 00 H T35
R R E S

N T R AE G R BB DT A AR A & BUE T, FATIIA—LR5. F R™ F0R n 4k Euclid 778,
M 0! IR n 4k Euclid A HJRAER. H] e RoRnum 2N 1 AR, 58 —MaE 2 € R, lH
BT Hi(z) RE 2z PAMERKE kDR, PR HERDPERN 0. HE - MEESC{1,2,...,n},
H S| RS S HEE, H S={1,2,...,n}\S /R S BFME. 45E A& o fM—DMER A, 27
AT R « M A B E, H supp(x) Ko & SCEES. F (zllo < k, MAKFE © e R™ 2 k-
Wi B ).

Blumensath fl Davies [ ¥l RAEHE T Hi(z) SEAMUTRZERE |y — Ax|3 FIBSE L Gl
K, P TR (1.1) B — AR S AR THT Bk, A W R RE AP R

Pt = Hp(xP + AT (y — AxP)).

M IR INE YR, BIINTE THT i€ B SRR B i/ METR 22 R 3L, Foucart 231 $2H1 7 —F THT #n
HARAS, FROVBERMEIEER (HTP). JA10, £ K2 B A eh, EATRIL R 2w 5 B E D BRI e 5%
P, X FECT IHT H2 HTP KA Zhao M $2H1 T — Mk AUTs %8 EBIME P IR AT TR0 2 B
MUk AMLE,

w(u?) = min {|y — A(u” © w)[|3,e"w = k,w € {0,1}"},

344



HERE HeE 55k M2 M

Hr w? = xP + AT (y — Ax?), © FIK Hadamard 3, I HALH 2P = w? 0 w(w?) #47 K&
EANFIEEFRN A BR{E (optimal k-thresholding, OT) &%, HAE w (uP) WL LA IBE D IR
I EIER N B AL BEIE R (optimal k-thresholding pursuit, OTP) &%, A T iH LS T4, Zhao
B 0 < w < e B w e {01}, IHHF T EARNFATARA, BIFA bR BIME (relaxed optimal
k-thresholding, ROT) SiEAI A st i A BB R (relaxed optimal k-thresholding pursuit, ROTP) 5iyk.
BAT AIESRE 1 2 RgG .

BE 1 b RRI{ERE (ROT)
N WEIERE A, WE y, Rk, OSSP P
Bt AR 2

1: ¥4 p =0, €, 1, and x°.

2: repeat

3 uP =aP +nAT(y — AxP),

4 w(uP) = argmin {|ly — A(u? © w)||32,eTw =k, 0 < w < e},
5 Pt = H, (;up O w(uP)),

6: p=p+1,

7: until p > P or ||a? — P12 < e.

B 2 MibmMMBEEBEREE (ROTP)
WA EFERE A WE g, HEE k, BRKIEASH P
Hidh: ATAER o

1: ¥R p =0, &, n, and 0.

2: repeat

3wl =aP +nAT(y — AxP),

4 w(uP) = argmin {|ly — A(uP @w)”%,eTw:k,ng <e},
5 v = H(uP C?)u'u.y('u?’))7

6:  SPT = supp(v),
7o @t = argmin {|ly — |3, supp(x) C 571},
8 xT
9:

p=p+1,
until p > P or ||zP — P12 < e.

T BN HE B35 A2 A2 BRZEFE M (vestricted isometry property, RIP) FIRT$HE R, Zhao 44 X ROT Al
ROTP MWSIPEREAT 1408, (H2, BT RIP WSUME ) 32 228k U B 0iE R IR JF AEA PE . &K
FORER IR B AR R, BT S, FIRIX SO0 5 B IR 7 AT B AR N S5 BB - IS TR 23 #7, 3
TE MR 5E 22 0 HP R BB A DG IR AT b A 7 B2 (2 ILSCHR [12,33]). Oymak %5 B3 231 7 K 45 B0
W R AR BB - B EBLET; Chen A1 Liu M2 ZIiH 1 7EIX Gauss 55 FF T 5 4B A TP B2 ES
FE N R RNER B - RS, FERBE 5 VK B, I — A ¢ TAE M I& 1 Mgk & n) /i 1)
Kl - B DA AT 1114331 7 2 1 I 1] R AT AR AT AR DGR 7L (2 LSk [7,11)).

N7 R IR ER A ASCEXY ROT 1 ROTP #5371 — Rl MU s 704, FE3 4t 7 7EIR Gauss
&R EVER B - AU, AT T AR A T 2 & i ) ROT AT ROTP HER)
s - WA, BEAR TR, 4 I O A ASOR N, B8 U R BB 8 N, RS EE A P 7 )k
ARIRECRH L FI982>. F HL, 25400 5 LR R 40 B AT A e i S R R B 0N K log(n/k), HELAGAHXT
BRI B, Sk TT DLk & H FRAS . Beah, e3R8, fETCME S ST R, S92 AT DAAE R 4 ek
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S SEILZ M SR .

RCETHABERGERIT. 55 2 TAH—28G H e XS, 09 Gauss B 444 Gauss %
FERIRES DA B 22 A5 20, 28 3 18U THRHE A (1.1) B9 ROT SEA ROTP HkM B /4
(RS - RIS, FER AT R B A R 4 B AR 430, 56 4 158 ROT &L ROTP H
R T EE SIS, R T IR ARG ) R S BRI B R BT, B, R 5 AR AR
AR TAE.

2 F&EIiE

ARG T JUA E O3S, Xy R PR N A ERAEH. B A e SCER AT BAFE S
Mk [38] H R
2.1 ENX

WARBENA R o BAAHRIIR Gauss 10k, WAKHN Gauss A5,

. 2
[%[[, = inf {t >0:Eexp (tz) < 2}.

Gauss &\ Bernoulli 48 8 AIH FFEHLAL &2 AR Gauss Z .

WHRMNTEER y € R, (x,y) #FAIK Gauss 1, MBEHLIE = € R® HAEFR IR Gauss A&,
FHRITEHCE XN |||y = SUPycon—1 [{Z, Y) [, - RN E = W2 Elze™] = I, NERER
(1), AT T 1 Gauss E MW E CH

A(T) = B[ suplig, @)l

HHARTE T M Gauss FEEEHE N

w(T) = Eblg(%@],

Hr g ~N(0,1,). 3CHR [13] K LIRPAS = B A M E IR
%(w(T) + lyll2) < (T) <2(w(T) + |lyl2), VyeT. (2.1)
2.2 EX

B 2.1 GEMEMEAZER BT & A R moxn FBEUEERE, HAT {A07, ZBar. b
s FERIK Gauss . X TAEEARTEDCR Al t >0, A%

SungAwllz — Vm|z|s| < CK*[y(D) + ¢ - rad(D)]
xTe

FER/D 1 — 2exp(—t?) KIMEFR T EOLET rad(D) = sup,p ||2]l2, K = max; | Agl|y,, JFH C > 02—
A HHL
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X 2.2 (b BRI Gauss B M) & Dy ={y e R" | |lyllo <k, |lyllz = 1}, M'EH Gauss 9

WE IR
w(Dy) < ¢y /klog %l.

FATRE I BILLR A S SORIE I 2L R
BEX 23M HaxeR 2Nk MERAE,S 2 o WXHEE & wP e R" ZEE 1 B 2
5 A DR N EATHE, v = He(u? © wP) € R™ & —DEA SIS sprt iy, U i AL
AT
[ — vz < [[(u” © w? = @)gpr1us]l2 + [[(u” © w” — @)gpe1\s]l2-

B 2.4 Lk M EABNMER, R OOKE<E A weW ={w:eTw =k we {0,1}"}
NEASHEE S i, S HHAME. & S BAEAMMAZH X S;, i =1,..., 7, JFH 2 LT &k
X T i=1,2.... 01,0 |Si| <k JHH |Sq| <k < k;
o S; & wg M i A k MRARSEMRIIE.
W oo & w EXHEE S, ERRKGE. TEA

Za(i) SZ—%<2.
=1
2.3 EE5|HE
NT ITAEY ST, e e FHE B, fESSE 2.1 th, & D e 0! Ml t = y(D), 4G
PR L
SI38 2.1 B A RWEHESL 2.1 FATE X — m x n WBENUERE. D e ot fl t =~(D), N
$SFEE ¢ eD, A%
vm —2CK*y(D) < [|Az|y < v/m 4 2CK*4(D)
PLEAD 1 — 2exp(—y2(D)) HIMEZ AL
TR A 5 LR 2l B 32 B SRR
SITE 2.2 ¥ A RFEE 2.1 TPE XD mx n KIEEHUERE. % Dy = {y e R" | ||lyllo < k,
lylla =1} WL C{l,...,n} B MNEEEE I MWEIIE K [z 2 OB HRETEE L o0&
HEHA P EETMHRENRE. & o &2 —MEE gm <1 DK, BATT LIS R T 4S5
(a) X TEEM k- FbiFE v € R, A%
I[(I — nAT A)v]L|l2 < max{s1, s2} - [Jv]|2

FDFE 1 — dexp(—2(Dr + D)) FIMER T RRAL, Horf

) \/m—GCK2’y(Dk+Dl) o — 3OK2’y(Dk+Dl) 3CK2’7(D1€+]D)1) 11):
vm b2 vm 2v/m ’
(b) X FAERE © e R™, A%

AT L2 < [|l2]l2(v/m + 20K>y(Dy))
Z/DAE 1 — 2exp(—2(Dy)) BIMER R RLAL.

s1=1—nm
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513 2.3 WD, ={yeR"||ylo<k |yl =1}, WA
(a) v(Dag) < 29(Dy);

(b) v(Dy + Dy) < 2v(Dy);

(c) X TAEE k <1, Dy C Dy, 4(Dy) < y(Dy).

3 MMERMRESEXNKE - FERE

ROT HyEA1 ROTP Sy AT PAE SR H U LR — L4 55 s 4 Ja 0 AH 5% R Ffs 7 EE 40 1) R, ik
JESE A, AR XEIR Gauss W& T P EA LS A+ ROT HyEM ROTP Hykdb T 75 - i) (a]
U3 AT

3.1 =EXE4ERH

FE R A i 4 A oK BE. SRTM, ZESEhRB T, D& 200 8 0 2 A BRRS A
Bt e 2642 BGpE R R R (1.2). B TR O() BILMIER (S Wk [6,26,27,
32,36]), A ERE R R T 5 B R pros:

(a) (B21EAN) W TEADHE A > 0, BUETHN Q@) = A(LZ] + 3), BENLES) + kA
7 EU(-AJ2,A)2);

(b) (—HHFEAL) O(x) = sign(x), HoH sign() RS BEEL

A BTG BN SR S k. fEBFR o BB T, QCS H RIS A T DL
O (1.1). MRE ROT HEM ROTP Hikrml 555 1 A 2 M. 7R85 B RSk 3 2k
SRAE B2 AT, EAEEHIERT (1.2): y = Q(Az* + n+ 7). EXPANAE

y=Ax"+n, r=QW+7)-y-T, (3.1)
WARARL (1.2) AT RAEE &I N
y=9(y+7)=Ax"+r+7+n. (3.2)

MR SCHik (28], FTLAASH (3.1) B T r IRMIESI A0, B e U(-AJ2,A/2), i =1,...,m. FIt, B
HRHLEWABENLE S QCS 7T LA N A B 2 M S AR dE CS. AR LA H LR 6T QCS
h ROT A ROTP Bkt 3 Bk S s

3.2 INEMER

EIE 3.1 W A RAWSIE 21 PHTE LM moxon B, () RIS 4y =
QAz* +n+ 1) Fok k BT o € R* IR, JHF n e R RS RE, © RHEHISH
B 4 e 0 (3.) FHTEN g WL gm = 1 BB K. BATE LT EEAER: mENEE m L0
K, R ym = GCK2y(Day), o ¢4 > 51, Wi ROT E IR FH (2P} HALLALL iR 27
1 — cexp(—y2(Day)) ML TIEALT 2>

w1
L—p1

l* = 2P|[2 < pFlla* — a2 + [n+7+ 7|2, (3.3)
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Hr

_48(¢1+1)

L 6CF412¢ + 8
PG —2)

<1, w= m, (34)

>0 ML
WEBR FIH w? = xP + nAT(y — AxP) Ml y = Ax* +t, HF t =r + 1+ n, TA1HEE
x* —uP = (I —nATA)(z* — xP) —nATt. (3.5)
% w(uP) BN ROT 1E55 p JGOEARI A0 o 2 i) fig
min{|ly — A(w’ ©w)|3: e"w =k, 0 <w < e}. (3.6)

Tk 2Pt € Hy(uP © w(uP)) BATEH. 4 SPH RIS Al 2Pt il xr SRR
52 2.3, 155

[* — a2 < [|[u? © w(u?) — g2 + [[[u? © w(u?) — 2 sprus]lo- (3.7)
Bt (3.7) AERALE I BN 2,06 =0 M w! €[0,1),i=1,...,n, FTLlAH
[[u? © w(uf) — x*]spinsll2 = [[[u? © w(uP)]sp+1\s]l2
= [[(u? — ) © w(uP)]sp+1\s]l2
= [[[(nATt — (I —nAT A)(z* — x")) © w(uP)|spr1\sl2
<ll[A Esernsll2 + I[(T — nAT A) (@ — 2P)]ge1\s ]2, (3.8)

KA =AFRIET (35). & v=a"—aP € Dy, M L =5PH\S, I 2.2, LA TH BB A
AP AT TR R Dy = D, AT

I[(I = nATA)(@" — &”)|goenslle < max{ri,ro} - |2 — 2”2 (3.9)
Pl
I[A  tlsps1\sl2 < [[Ell2(v/m + 20Ky (Dy)), (3.10)
o
=1 — - Vm — 6C K%y (g, + Dk)7 ry — 3CK?y(Dgx + Dy) <3CK2W(ID)2;€ +Di) 1)
vm vm 2y/m

HH 5 EE 2.3(b) F1 2.3(c), B v(Dag +Dy.) < v(Dap, + Do) < 2v(Dog). EFFSHEAMWAKIEE T, HE r,
M ory HHFHN

Vi — 12C K2 (Dyy,) 6C K2y (D) [ 3CK2y(Dyy)
T nm NG » T2 NG Jm + (3.11)
454 (3.8)-(3.10), AIfE
[[u? © w(uf) = & Jspri\gll2 < max{ry,ra} - 2" — 2|2 +l[tl|l2(vVm + 2C K>y (D). (3.12)
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T (3.7) AEALHEE ZT. 4 D = Dy, G2 2.1, AT ASEK

H [up © w(uP) _ w*]SP+1uS
[[u? © w(ul) — x*]gpr1s]|2

> Vi - 2CK2(Das) (3.13)
2

FEED 1 — 2exp(—*(Dox)) HIMBER T RROL. TRAGE

[Alu? © w(u”) —x*] -t
Af? © w(w?) — 2 ]sr10s + Al? © w(w?) — 2 ]5rerms —
|Afw? © w(w?) — 2 srrsls — Al © w(w?) - sl — il
|[u? © w(uP) — 2 ]srrusl2(Vim — 20Ky (Day))

— [A[w” © w(u?) — 2" |grg 2 — (12, (3.14)
Hp 2 —MEXMEH T y = Az* + ¢, FH—IAFEXMH 7 =2maA%K, &5 —PAEXET (3.13).
BAL it

1

Vm = 2C0K?y(Da)
Kb T = AP ow(u?) —a*]grglle. @ w e WH = {w: eTw =k w € {0,1}"} 2 o* = z* 0w,
TR

[[w” © w(u?) — & spr1usla < {ly — Alu” ©w(uP)][ls + T+ [}, (3.1)

ly — Alu? © w(w?)]2 < [ly — A(u? © W)
= ||Az" +t — A(uf O W)||2
= [[[A(z" — uP) © W] + t[|
< [lAf(2" —u?) © @]l + |t
< (Vm + 2CK2(Dy))|[(z* — u?) © w2 + [[¢])2, (3.16)

HAZE—ANMAERET ww?) B, 58 - AMAEXEH T ZAA%, FEERE DA
T H# 2.1 (/7\ D = Dy). HFEHE o —uP = (I —nATA)(z* — xP) —nATt F5|H 2.2, GIE=

[(x* —uP) © w2 < [|[(I —nATA)(z* — 2P)] © |z + 7| [ATE] © W],
< max{ry,ro} - [|[2* — 2P|z + n(v/m + 2C K2 (Dy))|t||2, (3.17)

Horfr ey Ay 7E (3.11) 458, S5 (3.16) A1 (3.17) TR

ly — Alu? © w(w?)]|l2 < (Vm + 20K?y(Dy)) max{ry, 72} - 2" — 2P|l
+ [n(vm + 20Ky (Dy))? + 1]1t]- (3.18)

AR 5, BT (3.05) 09 T, BT @t = 0, BiBL T B F L
T = Al © w(u?) - " gerglle = AW — &) © w(u?) gl

ATy, i=1,2,....7 BN SPHTUS FIAFAS T4, 39 2 LR HE:
e M THH i=1,2,...,7 F |T=Fk H Ty =k <k
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o T; J& w(uP)grs HEE i 4K k MR BRI,
AR, [SPHTUS| = (1 — 1)k + k. RIEXFERRISY, (v — 2*) © w(uP) |5 T AE K

n

(! — ") © w(w!)grgg = D _[(w? — %) © w(u?)r,.

B T AT LA A
= %) © w(ul)r,
2
< Z |A[(u” — 2*) © w(u?))r,||2
< (Vi + 20K (D) 3| — &) © w(wh)x, 2 (3.19)

A (3.5) M=FMAZEX, XTI ||[(w? —2*) © w(uP)]r, |2, 7

l[(uw? — 2*) © wu)]z, |2 = |[(I - nATA)(* - a?) © w(u’) — nATt O w(w’)r, |2
< = nATA)(z" —aP) O w(w?), |2 + nl[ATE O w(u?)]r, |-

5E X o £ max{(w(uP)); : j € T;}, T/

I[(w” — 2*) © w(uP)]r, |2 < oul[[(T — nAT A)(@* — @P)]n, |2 + nos || [A ], |2,
< oy max{ry,ra} - ||l2* — 2P |2 + na; (vVm + 2C’K2'y(]D)k))||t||2,

oy B org 78 (3.11) 255€, BlIL
le ") © w(u)]r, |2 < Zazmax{ﬁﬂ} (B *$p||2+nzaz\ﬁ+2CK2 (Dg))I[2]2-

FIFHEHES 2.4 (w = w(uP),S=SPTTUS) M1 S; =T, A LAFS%
T < 2max{ry, 72} (vVm + 2CK*y(Dy)) - [|&* — 2P[|2 + 2n(v/m + 2CK*y(Dy))?([¢]]2- (3.20)

454 (3.20), (3.15) Al (3.18), A3

[[u? © w(u”) =z ]ser1ugll2 < [|[(w” — %) © w(w?)]gerrus2
< 31113.}({7‘1,7‘2}(\/% + 2CK27(Dk)> ||£B* o pr
= Vi — 2CK2~(Day) 2
3n(v/m + 20K 2(Dy))? + 2 il
Vim — 2CK?y(Dar,) .
gis FIREER . (3.7) Al (3.12), AR
&% — 2P lo < ermax{ry, o }|2* — 2P|z + col|t]2, (3.21)
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Hrp
4ym + 40Ky (Day)  3n(y/m + 20Ky (Dy))? + 2 )
S 20K (Da) P i 20Ky VM T 2K (D).
4 p1 = cy max{ry, o} 24 E A 2
Vm = GCK?*y(Day)
I, Hrb ¢ > 51, W43
48((1 + 1)
ST
n=a-2 °
G y(Dy) < (Do) IS
LB H126+8 5
\rCl(Cl —2) a
A 02, 87 = o5, SR (3.21) ATBAfRIf N
&* — 2Pty < AT 2 — 202 + HtHz (3.22)
TIF . 0

FIE 3.2 R S HEAE LAE R 3.1 FATA. 2 n O ROTP SLEH R, I nm = 1.
n R R

Vm = GCK?y(Day),
FHH ¢ =53, W ROTP ARHHERFH] {xP} #HELIMER 1 — ¢ exp(—y%(Day)) W2 N HIAE:

w
lz* = 2"|l2 < phlla* — 2"l2 + 2,) [+ 7+ 72, (3.23)
- P2

2412 2
_ 48(C2 + 1) <1, e 6C5 +12¢2 +8 4 G+ _ (3.24)
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B ORPE R 3.1, 3.2 Ak 3.0 R EZELE R, AMEERH ROT 8L ROTP HRCIh 1% & Al 7 1 4
5 klog(n/k) A MEIRIH.

3.3 EH 3.1 fRIET A ap WEKEILL o AT BN on + e+ 7o BIARERE, Mo
ROT W ¢ = - ROTP ' ¢ = {22 F§jlith, HEABAR (n = 0), FRAN cy/mA.

p2’

¥ 3.4 FIFIEHE 3.1 M1 3.2, % (3.3) F1 (3.23) I ||n + 7 + 72 BACH |n|2, 52

w1

lz* —2P[l2 < pilla* — a2 + T ]2, (3.28)
w2
lz* — 2P[l2 < phlla* — a2 + 1_p2||t||2~ (3.29)

AT T LIS BIFE R 48/ 50 ROT HEM ROTP HEM F WA 1. R, LA MEIE T,
ROT ST LLSEBLANE ISR, U, 243 2 — %€ 26 AF I, ROTP 5530t T PAS I 2k M S
4 HESH
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Data-time tradeoffs for optimal k-thresholding algorithms in
quantized compressed sensing

Jialiang Xu & Yunbin Zhao

Abstract Relaxed optimal k-thresholding (ROT) algorithms are designed as a new thresholding technique in
compressed sensing to efficiently recover a k-sparse signal from a small number of noisy linear measurements, which
overcome the shortcomings of traditional hard thresholding algorithms caused by the oscillation of the residual
function. In this paper, we carry out a novel data-time tradeoff analysis to characterize the tradeoff between
the number of measurements and the number of iterations under any fixed recovery accuracy for the relaxed
optimal k-thresholding algorithms in quantized compressed sensing. Both the analysis and numerical results
from synthetic signal recovery demonstrate the data-time tradeoffs of ROT algorithms in sparse reconstruction
problems. Furthermore, the theory presents the order of the number of measurements required for successful
recovery in compressed sensing, quantized compressed sensing, and corrupted sensing.

Keywords compressed sensing, quantized compressed sensing, sparse reconstruction problems, relaxed
optimal k-thresholding, data-time tradeoffs
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