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� D � R
3 J:�s��+B�+���= D lB.7! @D �:�Lnp�+?!��

��zd� ui(x) = eikx�d ! D �B��F�ZX Helmholtz X*BEQ;e0�8>>>>><
>>>>>:

�u+ k2u = 0; x 2 R3 n �D;

@u

@�
+ �(x)u = 0; x 2 @D;

@us

@r
� ikus = O

�
1

r

�
; r = jxj ! 1;

(0:1)

}8 � ' @D BEVi�J�& u = ui + us 'fLB��� ui �c
B��� us /} (#

 P_ [1], H 2 &). �LLnW1 �(x) 2 L1(@D), ! @D ��//)Q =�(x) > 0, $ (0.1)

#4!H�) u 2 H1
loc(R

3 n �D)(# P_ [2], H 3 &).

QfLB��� ui(x), c
B����#2�$

us(x) =
eikjxj

jxj

�
u1(d; �) +O

�
1

jxj

��
; jxj ! 1; (0:2)

u1(d; �) (J���B�&q#�ÆPC]� u1(d; �) <$ @D Bq��Q;�(vJ

`t 0.1 �L�+�� D � R
3 �}�+LnW1 �(x) _K�

(i) D :� C2 s�B�+� R
3 n �D 'SAB�
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(ii) ^1z1 �(x) 2 L1(@D), Qh�-B �0 > 0, k�k < �0, =�(x) > 0,

$� fu1(d; �) : �; d 2 S2g <$ @D ��)'H�B�S2 �$ R
3 8B:O�d�

Q`WQ;Bhl9-�q�O^�}11����l(v�! �(x) = 0 } �(x) =1 B

?!Z�<$ @D BH�s(v P_ [3 � 5]; 11XV P_ [1; 6 � 8]. <'���B11

XVN'Awh;23A?B�Æ�}H�s(v`�RW��v @D �-�<$ �(x) BH

�s(v P_ [1,9], 11XV P_ [10,11].

Q�
 ROBIN �+?!Z<$ @D Bq��Q;�c
B(vÆ��}O^kJ!��

@D L-�
>5}�BLnW1L-��`WQ;B�y� @D } �(x) UdL-V�`Q;

!
��B<�s�'f]B�Q��> D, �Fm��7'F��B (�(x) = 0) 	'F��

B (�(x) = 1). Isakov !{^P_ [12] � ( Mathematical Reviews 93m: 35181) !$`WQ

;B)
`'H�B�`WQ;W}B234V P_ [13], 7P�� 3 d���Q
BGy

���23<$ @D } �(x).

ÆP,fW`WQ;)BH�s�fW Isakov!dGLB�6���,fBXV'l"s

B�TbA?W @D B�5#�(	NEB�A?W<$ @D 4	BW}4V�}�/|o


�Q�+�d @D B�;�nBL
�l"W @D B�dOQ� �(x) B�4z1 (indicator),

3RF�! �(x) L-B�IZ<$ @D. ÆP"�B(;8$XV�!KLB)h8B
�F

 P_ [14,15].

1 Z�X�~\qX�~
\%WQ;�&19 u1(d; �) A�J2&19� 91L
�d Dirichlet-to-Neumann �

��`��%PJWQ;B.�?!�

� 
 = B(0; R), ��L �D � B(0; R=2). C]L)Q;8>>><
>>>:

�u+ k2u = 0; x 2 
 n �D;

@u

@�
+ �(x)u = 0; x 2 @D;

u(x) = f; x 2 @
 :

(1:1)

�xGZX*O^-�Q f 2 H1=2(@
), (1.1) #4!H�) u(x) 2 H1(
 n �D). C]�

(0.1) #L
B u(x) ! 
 n �D �B1��v u(x) ! @
 �B1fL�$7_K�1Q; (1.1)

#�91FL
 Dirichlet-to-Neumann ��

�D;� : f !
@u

@�

����
@


2 H�1=2(@
):

ZdB(vf.W u(x) B�&19 (7'�-BW}.�) }�dL
B Dirichlet-to-

Neumann ��BrW�

`t 1.1 � R
3 n �D�B�& u_K (1.1)#�$ @u

@�

��
@

F� f(x)} fu1(d; �) : �; d 2 S2g

H�	L�

`LO�$����B�&q#FH�	L}2&q# (���>�+?!Ur).

� H����� us(x) ' Helmholtz X*B\�)�p us(x) ! jxj > R=2 �F�

fu1(d; �) : d; � 2 S2g H�	L (# P_ [1] LO 2:14 � 2:16).  �

G(x� y) =
eikjx�yj

4�jx� yj
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J Helmholtz X*B
Æ)�Q�	fLB y 2 R3 n �D, L
 E(�; y) 2 H1
loc(R

3 nD) J8>>>>><
>>>>>:

�E + k2E = 0; x 2 R3 n �D;

@E

@�
+ �E = �

�
@G

@�
+ �G

�
; x 2 @D;

@E

@r
� ikE = O

�
1

r

�
; r = jxj ! 1

B)�

HS��F�,f�Q x; y 2 @
 , E(x; y); @
@�(x)

E(x; y) } @
@�(y)

E(x; y) F�� fu1(d; �) :

�; d 2 S2g 	L�

% ����mny� R, 6�F�L 0 �' �+ k2 ! 
 �B9*1�p feikx�djd 2 S2g

! L2(@
) 8',cB (P_ [1], LO 5.5), �1Q�	qLB y 2 @B(0; R1)(R1 > R), 4!w

X f�nj (y); d
n
j (y)g, "A! n!1 ��X

16j6mn(y)

�nj (y)e
ikx�dn

j
(y)

! G(x� y)

! L2(@
) �)Q�Y�Xd���
P

16j6mn(y)
�nj (y)e

ikx�dn
j
(y) } G(x � y) ! 
 �>_K

HelmholtzX*��P_ [1]LO 5.4(l� DirichletQ;B(Ls) -�wX
P

16j6mn(y)
�nj (y) �

eikx�d
n

j
(y) ! 
 B�	0���5*T� G(x� y) (�K}e&>1), 3R n!1 ���

@

@�(x)
+ �(x)

� X
16j6mn(y)

�nj (y)e
ikx�dn

j
(y)

!

�
@

@�(x)
+ �(x)

�
G(x� y)

! L2(@D) �)Q��� us(x; d) _K8>>>>><
>>>>>:

�us + k2us = 0; x 2 R3 n �D;

@us

@�
+ �us = �

�
@

@�
+ �

�
eikx�d; x 2 @D;

@us

@r
� ikus = O

�
1

r

�
; r = jxj ! 1;

3R�+��Q;Q�1BSx�Ls�Q y 2 @B(0; R1), = n!1 ��X
16j6mn(y)

�nj (y)u
s(x; dnj (y)) ! E(x; y)

! R=2 < jxj < 2R ��5)Q�p�H��B(v-Q y 2 @B(0; R1) } R=2 < jxj < 2R,

E(x; y); @E(x;y)

@�(x)
}

@E(x;y)

@�(y)
F�� fu1(d; �) : �; d 2 S2g 	L�Z R1 ! R �A6�B(^�

H���F)LO 1.1BO�,f�Q R=2 < R0 < R;x0 2 @B(0; R0),� GD = GD(x; x0) =

G(x � x0) +E(x; x0), � Green j#� GD ! @D �B�+?!-�

u(x0) =

Z

n �D

(GD�u� u�GD)dx =

Z
@


�
GD

@u

@�1
� f

@GD

@�1

�
ds;

�1 '�� 
 n �D �+BEVi�! @B(0; R0) �Q u �Vi>1�Z R0 ! R, �O&!�+

�B&�s7 [2] A�

1

2

@u(x0)

@�1(x0)
=

Z
@


@GD(x; x0)

@�1(x0)

@u(x)

@�1(x)
ds(x)�

@

@�1(x0)

Z
@


f(x)
@GD(x; x0)

@�1(x)
ds(x):

('�dr� @u(x)

@�(x)

���
@


BHSM Fredholm �ZX*��Xd�� (1.1) #BH�F)s-`

�ZX*�4!H�)�Y�Xd��HS�B(v-�Q x; y 2 @
 , @GD(x;y)

@�(x)
;
@GD(x;y)

@�(y)
F�
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� fu1(d; �) : �; d 2 S2g 	L��1 @u
@�

��
@

F�� f(x) } fu1(d; �) : �; d 2 S2g 9�0�ZX

*	L�LO,��

g9�0(v��WQ;A�J�fLB Dirichlet-to-Neumann ��

�D;� : f !
@u

@�

����
@


2 H�1=2(@
)

<$ @D. c
� D = ;, �1 Dirichlet-to-Neumann �� �0;0 : H
1=2(@
) ! H�1=2(@
):

�0;0 : f !
@v0

@�
(x)

����
@


;

}8 v0(x) 2 H1(
) _K 8<
:

�v0 + k2v0 = 0; ! 
 8;

v0(x) = f; ! @
 �;
(1:2)

� k B�L� �0;0 ]
�L
��OQ� (@D; �(x)).

`t 1.2 � u(x) 2 H1(
 n �D) } v0(x) 2 H1(
) Z�' (1.1) } (1.2) #B)�$�'1

C = C(k;R; �0), "A

ku� v0kH1(
n �D) 6 Ckv0kH1(D)

Q�� f 2 H1=2(@
) )Q�

2 �Vdb
`� 2.1 Q�	Sx�a c = fc(t)j0 6 t 6 1g, �v_K (i) c(0); c(1) 2 @
 ; (ii) c(t) 2


(0 < t < 1); $( c J 
 lB�g) (needle).

`� 2.2 Q 
 lB) c, (

t(c;D) = supf0 < t < 1 : c(s) 2 
 n �D; 0 < s < tg

J���e�G (GIP). �v c �u? @D ����J�$� t(c;D) = 1.

91L
-��v) c u? �D, $ t(c;D) < 1 � t(c;D) ',2uB���

�� 
 n �D 'SAB�]
�

@D = fc(t)jt=t(c;D); c '); t(c;D) < 1g; (2:1)

�1JW=L @D, 3�3 Dirichlet-to-Neumann ��=La�g)B GIP.

\f. Helmholtz X*B Runge �2LO [16].

�t 2.1 � � ' @
 8B�	A���f t > 0, 4! H1(
) 8BwX fvngn=1;2;��� _

K Helmholtz X*���_K supp(vnj@
 ) � � }

vn ! G(� � c(t)), ! H1
loc(
 n fc(t0)j0 < t0 < tg)8:

]
 vnj@
 �L� c(t), �J vnj@
 = fn(�; c(t)), }8 fn(�; c(t)) 2 H1=2(@
) � supp(fn(�;

c(t)) � � .

QfLB c 2 
 } 0 < t < 1, l"�*z1 (indicator)

I(t; c) = lim
n!1

h(�D;� � �0;0)fn(�; c(t)); fn(�; c(t))i; (2:2)

}8 h�; �i ' @
 B L2 l��

ZdB(v�f <I(t; c) (< �$ �) F���4 GIP.
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`t 2.1 QfLB c(t) 2 
 , 0 < t(c;D) < 1 B+�?!'

lim
t!t(c;D)

<(I(t; c)) = �1; (2:3)

� I(t; c) Q�� 0 6 t < t(c;D) 4!�j<(I(t; c))j < +1 Q�� 0 6 t < t(c;D) )Q�

� QfLB) c, ��O 2.1 -4! fvn(x)g � H1(
), _K8<
:

�vn + k2vn = 0; x 2 
 ;

vn = fn(�; c(t)); x 2 @
 ; suppfn(�; c(t)) � � ;
(2:4)

vn ! G(� � c(t))! H1
loc(
 n fc(t0)j0 < t0 < tg)8; n!1: (2:5)

� un(x) 2 H1(
), _K 8>>><
>>>:

�un + k2un = 0; x 2 
 n �D;

@un

@�
+ �(x)un = 0; x 2 @D;

un(x) = fn; x 2 @
 ;

(2:6)

$�LO 1.2 - kun � vnkH1(
n �D) 6 CkvnkH1(D), R vn 2 H1(
), p wn = un � vnj
n �D 2

H1(
 n �D), �_K 8>>>><
>>>>:

�wn + k2wn = 0; x 2 
 n �D;

@wn

@�
+ �(x)wn = �

�
@vn

@�
+ �(x)vn

�
; x 2 @D;

wn(x) = 0; x 2 @
 :

(2:7)

Y�Xd�� (2.5) #-�Q c(t) 2 
 n �D, vn ! G(� � c(t)) ! H1(D) �)Q�p� Helmholtz

X*L)Q;Q�+?!BSx�Ls�= n!1 ��

wn ! w (2:8)

! H1(
 n �D) 8)Q�}8 w _K8>>>><
>>>>:

�w + k2w = 0; x 2 
 n �D;

@w

@�
+ �(x)w = �

�
@G(� � c(t))

@�
+ �(x)G(� � c(t))

�
; x 2 @D;

w(x) = 0; x 2 @
 ;

(2:9)

(3�@	?

kwn � wkH1(
n �D) 6 C





@(vn(�) �G(� � c(t)))

@�
+ �(�)(vn(�) �G(� � c(t)))






H�1=2(@D)

6 Ckvn(�)�G(� � c(t))kH1(D)

�F�Y�H 4 'B�4-

�h(�D;� � �0;0)fn(�; c(t)); fn(�; c(t))i

=

Z

n �D

fjrwnj
2
� k2jwnj

2
gdx+

Z
D

fjrvnj
2
� k2jvnj

2
gdx

+

Z
@D

f��jvnj
2
� �jwnj

2
gds�

Z
@D

(� � ��) �wnvnds: (2.10)
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� n!1 A

�I(t; c) =

Z
D

fjrG(� � c(t))j2 � k2jG(� � c(t))j2gdx+

Z

n �D

fjrwj2 � k2jwj2gdx

+

Z
@D

f��jG(� � c(t))j2 � �jwj2gds+

Z
@D

(�� ��) �wGds: (2.11)

�� c(1) 2 @
 , R 0 < t < 1 �� c(t) 2 
 n �D, Æ�~,

lim
t!1

<I(t; c) 6= �1; j<I(t; c)j < +1; 0 6 t < 1:

�v t(c;D) < 1, $Q 0 < t < t(c;D) � c(t) 2 
 n �D, � x0 = c(t(c;D)) 2 @D. F�M3��0

,f-�= 0 < t < t(c;D) ��j<I(t; c)j < +1. Q I(t; c) B�5#�4A

�<I(t; c) >

Z
D

jrG(� � c(t))j2dx� k2
Z
D

jG(� � c(t))j2dx� k2
Z

n �D

jwj2dx

+

Z
@D

<�[jG(� � c(t))j2 � jwj2]ds� 2

Z
@D

=�=[wG(� � c(t))]ds: (2.12)

g9Q x0 2 @D �� w(x; x0) } G(x� x0) B~sZV ( ZdLO 3.1 } 3.2) � (2.12) #A

(2.3) #�LO,��

9LO 2.1�ALO 0.1r�<$ @D BH�s�4V�% ���� t(c;D) F�� ��;D

H�	L�p @D 9L
�7H�	L���<$ @D B�>�Z�

(i) ��&19 fu1(d; �) : d; � 2 S2g �4 Dirichlet-to-Neumann �� ��;D ;

(ii) QfLB) c �4wX vn } fn(�; c(t));

(iii) �4 h(�D;� � �0;0)fn(�; c(t)); fn(�; c(t))i;

(iv) �4 I(t; c) O:A

@D =
�
c(t0) : j<I(t; c)j <1; 0 6 t < t0; lim

t!t0�
<I(c; t) = �1

	
:

�0<$ @D B4V ^'�d<�RJkBQ;�}kJ!�11 ^8B7�4

V} Green z1B�2z1 vn B:>l"��''bKWQ;8B�dUV��BkB^

j�Q�'���B! Dirichlet �+?!ZB-�B11hP P_ [17]. 1A�:B'�q

��Q;B�dO2BhP [18] :iW�d�nBFrBl"C5��Aw�dH�Mas�

ZX*B� Green z1 G(� � c(t)) J�PBQ
��Bx% 1=n BOkg)PJ vn, 1Rl

"23B Green z1�1Q;+!|68�

3 kei	gl
Æ',fLO 1.2 �f. kwkL2(
n �D) Bo��

`t 1.2 ]� � p(x) = u(x) � v0(x)j
n �D, �- p(x) _K
8>>><
>>>:

�p+ k2p = 0; x 2 
 n �D;

@p

@�
+ �(x)p = �g; x 2 @D;

p(x) = 0; x 2 @
 ;

(3:1)

}8 g(x) =
�
@v0
@�

+ �(x)v0
�
j@D .
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Q g 2 H�1=2(@D), \,f (3.1) #4!H�)�C] g = 0 B�q�� Green j#-�Z
@D

=�(x)jpj2ds = 0:

�� =� > 0, 3R pj@D = 0,  � p ! @D �B�+?!- @p
@�

���
@�

= 0, �1� Helmholtz X*

Cauchy Q;)BH�s-! 
 n �D � p = 0, p (3.1) #B)'H�B�Y�Xd����Q;

B�CXV [2], (3.1) #F��J�dHSMB�ZX*�� Fredholm S#�LO})BH�

s�A)B4!s�

91� Green j#	 (3.1) #m)�ZB�q#���-4!H�B p 2 H1(
 n �D), "A

Q�� ' 2 V = f' 2 H1(
 n �D); 'j@
 = 0g �Z

n �D

(rpr' � k2p')dx �

Z
@D

�p'ds =

Z
@D

g'ds = hg; 'j@Di

)Q��1�xGZX*�)o�B�CO^- (P_ [19], H 3 & 12 '),

kpkH1(
n �D) 6 CkgkH�1=2(@D) = C





@v0@�
+ �(x)v0






H�1=2(@D)

:

1o��F��
BD�pX*���+Q;B(vA? [20]. Y�Xd�	 v0 `6! D ��

�� v0 _K 8<
:

�v0 + k2v0 = 0; x 2 D;

@v0

@�
+ �(x)v0 = g1; x 2 @D;

(3:2)

p�
LO- kg1kH�1=2(@D) 6 Ckv0kH1(D), LOA,�

`t 3.1 4!OQ� D B'1 C, "A kwkL2(
n �D) 6 C )Q�

� \L
 v(x) _K 8>>><
>>>:

�v + k2v = w; x 2 
 n �D;

@v

@�
+ �(x)v = 0; x 2 @D;

v(x) = 0; x 2 @
 ;

(3:3)

3R�

kvkH2(
n �D) 6 CkwkL2(
n �D): (3:4)

�� 
 n �D � R
3 , H2(
 n �D) F���? B1=2(
 n �D)(21J 1=2 B H�older H�), 3R�

kvkB1=2 6 CkvkH2 , 1RA kvkB1=2 6 CkwkL2 , 91�E#�8<
:

jv(x) � v(y)j 6 Cjx� yj1=2kwkL2(
n �D); x; y 2 
 n �D;

kvkL1(
n �D) 6 CkwkL2(
n �D):
(3:5)

Y�Xd�� v } w B�)BL
��Z

n �D

jw(x)j2dx =

Z

n �D

(� + k2)v(x) �w(x)dx

= �

Z
@D

v(x)��(x) �G(x� c(t))ds �

Z
@D

(v(x) � v(c(t)))
@

@�0
�G(x� c(t))ds

�v(c(t))

Z
@D

@

@�0
G(x� c(t))ds: (3.6)
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3R� (3.6) #A

kwk2
L2(
n �D)

= �

Z
@D

v�G(x� c(t))ds �

Z
@D

(v(x) � v(c(t)))
@

@�0
�G(x� c(t))ds

�k2v(c(t))

Z
D

�G(x � c(t))dx: (3.7)

@	? c(t)! @
 ��Z
@D

j �G(x� c(t))jds;

Z
@D

jx� c(t)j1=2
���� @

@�0
�G(x� c(t))

���� ds;
Z
D

j �G(x� c(t))jdx

N'�+B�3R� (3.5) } (3.7) #A kwk2
L2(
n �D)

6 CkwkL2(
n �D), LOA,�

`t 3.2 � x0 2 @D, Qh Æ > 0, c(t) 2 
 n �D \ @B(x0; Æ), }8 B(x0; Æ) ' x0 Jo��

5J Æ BA��$Q+ZkB Æ 4! C > 0, "AZXo�)Q�Z
D

jrG(x � c(t))j2dx >
C

Æ
;

Z
D

jG(x� c(t))j2dy 6 C;

Z
@D

jG(x � c(t))j2ds 6 Cj ln Æj;

Z
@D

jw(x; c(t))j2ds 6 C

Z
@D

jG(x� c(t))j2ds;

}8B'1 C F�'�BB�

� � T (x0; @D) �$ @D �J x0 B�zd�� Green z1�5#�-

jrG(x � c(t))j
2
= O

�
1

jx� c(t)j4

�
; jG(x� c(t))j

2
= O

�
1

jx� c(t)j2

�
: (3:8)

�v Æ > 0 +Zk�$ @D \B(x0; Æ) 23� T (x0; @D) \B(x0; Æ), 3RQ+ZkB Æ �Z
D

1

jx� c(t)j4
jdx >

Z
D\B(x0;Æ)

1

jx� c(t)j4
dx >

Z
D\B(x0;Æ)

1

(2Æ)4
dx

=
1

(2Æ)4

Z
D\B(x0;Æ)

dx >
1

(2Æ)4
1

4

Z
B(x0;Æ)

dx =
C

Æ
; (3.9)

pA?H 1 do��H 2 do�']
B�

Z c(t0) 2 
 n �D _K c(t0) 2 @B(x0; Æ), � c(t0)� x0 00� T (x0; @D), $4! C > 0, "A

jx� c(t)j > Cjx� c(t0)j Q+ZkB Æ )Q�pZ
@D

jG(x � c(t))j2dx 6 C

�Z
@D1

+

Z
@D2

�
1

jx� c(t0)j2
dx; (3:10)

}8� @D1 = @D \ fx : jx� c(t0)j2 > 1=j ln Æjg; @D2 = @D \ fx : jx� c(t0)j2 6 1=j ln Æjg.

H 1 �Zf�J Z
@D1

1

jx� c(t0)j2
ds 6 j ln Æj

Z
@D1

ds 6 Cj ln Æj: (3:11)

QH 2 �Zf���

@D20 =

�
x : x 2 T (x0; @D); jx� x0j

2
6

1

j ln Æj2
� Æ2

�
;

= Æ +Zk�23� @D2, p�Z
@D2

1

jx� c(t0)j2
ds 6 2

Z
@D20

1

jx� c(t0)j2
ds =

Z
@D20

1

jx� x0j2 + Æ2
ds

= 4�(j ln Æj � ln(j ln Æj)) 6 Cj ln Æj: (3.12)
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� (3:10) � (3:12) #�AH 3 do��H 4 do�'�)BG8�ZV�/A?B�`�w

]�,fY'%YET� 1).

4 �D;� _S[~

Æ'f. (2.10) #B,f�� v(x) 2 H1(
 n �D). � (2.6) #B�) un BL
-

0 =

Z

n �D

v�undx+

Z

n �D

k2vundx

=

Z
@


v
@un

@n
ds�

Z
@D

v
@un

@�
ds�

Z

n �D

(runrv � k2vun)dx: (4.1)

C]? un B�+?!�!1#8� v = �vn A

h�D;�fn; fni =

Z

n �D

(runr�vn � k2un�vn)dx �

Z
@D

�un�vnds: (4:2)

M3FA

h�0;0fn; fni =

Z



(rvnr�vn � k2vn�vn)dx: (4:3)

�� wn = un � vn � (�un � �vn)j@
 = 0, pZ

n �D

(jrwnj
2
� k2jwnj

2)dx�

Z
@D

�jwnj
2ds

=

Z

n �D

(rwnr �wn � k2wn �wn)dx �

Z
@D

�wn �wnds

= �h�D;�fn; fni+ h�0;0fn; �fni+

Z
@D

(� � ��)vn�unds

�

Z
D

(jrvnj
2
� k2jvnj

2)dx�

Z
@D

�jvnj
2ds: (4.4)

I��0� un = wn + vn �F)W,f�

�� �u{d1cS2PY%(�6m:�)k�u{d1cOH'i5i" M.

Ikehata =WtM/_L9(pnXG�
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