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A New Phase Definition of Quaternionic Analytic Signal
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Abstract The definition of anulytic signal and the computation algortthm for instantaneous frequencies and instantaneous
amplitudes have important significance in signal processing domain. The quaternionic analylic signal is an appropriate
extension of 1D analytic signal to 2D case. Whereas, the existing phuse delinilion of quaternionic analytic signal isn’t fit
for extracting instantaneous frequencies of images. According to the properties of quaternionic analytic signal, a novel phase
definition of quaternionic analytic signal is propused in this paper and two decompesition tools are utilized to test the
effectiveness of the definition. The experimental results of synthetic and natural textures indicate that the new definition is
more coincident with image intrinsic characters and advuntageovs for image analytic feature extraction and classification.
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BT IEE, 5IA 2 4 EMD 4+#% (EMD: empirical
mode decomposition ) 773 F1 G 70 4L Gabor JEE 48 4
EERESABEIAUREATHEEE XHER

- AR ERNENRBEREHAHNT
BB ESHUEXRAESMHNERR, A E
HEmAmE L BB 2 EHERFSHER
FHIE .

2 2EMTESHEN

2.1 ®4E AM-FM @&k
£ AM-FM BfFEsHA Y RK 2 Rl
SEHBETHETRT -BWESTBRZMMWER,
HbE-1EA4B () BENTER:
t(x) =A(x)explip(x) ]
=A{x){cos p(x) +isin p(x)) (1)
Kb, (x)=[x,5), 6t RoC,A:RR=[0,0),
@ RoRoA(x) B BMIEHAMHE R, ¢ (x) R
B BB AR,V o(x) RIES B WHER
it
N EBEE W f(x) AT LRR D TR
WK RESHRBEE):

flx) = ZM(I)er[iqv,(x)] (2)

B EARE, R () MRS RER S 3 4
R B R ER A () BEFER ¢, (2) =
dp(%)/ax,, KFHE g, (x) = dg(x)/in,, H U
RARES MR, BFEIRARGIY
AMPMEETS R o B8R 407 10 T 02 0O 3 A
517
2.2 Hilbert T 564 2 RBITEBE L
2.2.1 14 Hilhert T 5 1 i {EE

{2 B S AR o D AR 1 B R
WA, RF 1R f(x) R R, AR EE
fu(5) :R—C R HBR fCx) A ET f(x) 9 Hilbort
TR, o
[ulx) =f(0) + fu(s) = | Fy(2) | explid(x)

L p (0) = F(u) (14 sign(u)) (3)

BT R AR F ()RR S (1) B
Fourier ¥, F{u) X f(x) 8 Fourier &, sign{u)
B,

1 u>0
sign(u)={ 0 wu=0
-1 u<@
(%) R 1 455 89 Hilbert 5 (H IR %
HEEBR)

_ 1 _ 1 &)
folw)=fx)+ = —V. p.lx b (4)

Hep, V. p. 27 F{H ( Cauchy principal value) , ¥t
T1HERES (=), H f, () 1) Hilbert T ¥ h
-flx), ATEEFETRAEME R, EEMNER
R BRI S R BB AR R R e R A B
TS et .
2.2.2 2 % Hilbert ¥ 54558 2 @5 E
MF2HERES f(x) RP-R EH EHFR2
# Hilben By X1,

£08 Hilben . £, ()
L o fley
)= Ve [ i G e ©

F7 n 69884 Hilbert 2585 /7 (x) -
FLE)— P () = —iF(a)sign(a” < n)  (6)
01, F(u) % f(x) B Fourier 84,2 = [uy,u,] "

B0 SR B HET 2, 2, SFTHIT
54y Hilbert A8t , MAT

fﬂniﬁplf§%@”f=nz (7)

B X R 2 4 Hilbert THWEXLTHEEN3
B2 BRI B L, 4B %

BT EE £.(x)

Ful) =f(E) +ify (x) ——s

Foluy =F(u)[1 - isign(e, }sign(u,}] {8)

Flil n SR S0 ()

FT
Fow(X) =f(x) +ifp(x) ———

2F(u) (u'+m) >0
Puuw) =lFwy (6 m)=0 (9
0 (" m) <0
HA LRI Fourier iX M MMTEY £, () :
o (£)— L F, (u) =

F{u) (1 +sign{u,}) (1 +sign(w,)) (10)
VLB 2 BMBT 55 B R o B A Fourier
AR & Fourier R8RS, SE47 155 1Y 52 S B
HIE(ES & Hilbert Z58, i X BT 5 S5 7 1L
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SATHS A E XA EE MR, X2
SETESHENSARL HEXAT2FE 1
BEWNESENE2 S LGRRE, RSN
TR ESHH T ENHRRD

2.3 MaHR¥ENIEERES

V9 75 8 { Quaternion ) ¥ & B Hamilton F 1843
ERAMEBRED EFRBGHNRATRAERE S
1321
2.3.1 WA

BB H R HE FREE:

H= {a +ib +jec +kdl a,b,c,d € R} (11)
Hep ik @y, Wl s MEFRE
BEEENEXINT

=i =k"= -1,ij= —ji=k
o= —kj=iki= ~ik =] (12)
EHETEMREAFSTHRE, Mt g=a+
ib +jo + kdBYILHE ¢85 [ o | MBS o HOSE LA R K
g=a-1ib-je-kd

¢l = /a7 = /o' +5 7 +d”
¢ =iflql’

Mt HSdH 34 %% (Involution ) B
¥[2,3]:

o (g) = -igi, e, (g) = - jgj. e (g) = —kgk  (14)
hixteBE Tl LAE 7T 45 59 Hermite 3
BT — AL R H B Y A2, ,5) BT
% Hermite X R0, IR fx, .0, )W .

flx, —%) =aifle,0,)
FC-5,5,) =, (f(x,,%,)), (x,,%,) R (15)
(=5, -2,) =0, (f(%,,5,))
HeAh, 2 R, @ KB A
e’ = cos(P) + psin(P)
2.3.2 HEETHBHES

KM 2 BETRYE f(x,,x,) ¥ ILE Fourier
A (QFT) F*(w, uy ) : R'— H FI U JCH Fourier 5
T (IQFT) 23 Bl LA

[/FQ(U’I , uz) — J’fefiznumf(x‘ X, )ekjhuﬂﬂdxldxl
Ri

i2muga 2rugny
(x,,xz):U-g Y 2 TRTI T du, du,
RR

(13}

(16)

(17)

XH AR, K EREEAFHE. OFT
IQFT YA 38 i3 43 25 #Y) Fourier 4 5 7 Fourier AF
HE™, Bulow ZAEH T 2 L BB QFT % £

P4 Hermite X8R 805 X, B ok 2 4 S R BB BT
F QFT {5 B ol i — M FRAY QFT F R 4B .
AL, 5255 I SEHK Fourier 57 i 1R (B £ X T
AN AT FRO . TR RS Ax, 0, ) BT
BT ES fL (a8 R-H Mg,

F €T ,m:ﬂ-ﬁ‘éﬁ"'(l.al W, ) (1 +sign{u, D{1 +sign(u, )
(18}
FiCx 2, THH QFT EX R IQFT 2 8. M
THENESRUEN 2 AR ESHAREXE
MAa 1 ERTEESREXE2ELHEMR™Y,
KR ERESHS () AER I TFRBRD,
filx) =f(x) +ify (x) +ifh(x) + k(%) (19)
Hoe, fulx)  falx) 5y 810 f(x %) 7E x, %, B4R
B 15 B ER A Hilbert B8, £, (x) 28 f(x,,1,) BB
fh Hilbert 254, T 72 (X)) EH T f(x) . falx),
oA £ () BfE B
Bilow & AR 3 S NE S 5 R MOTim
M XEEL T RO THEERERE
g= |qe*e™e” (20)
B, (¢, 0,8)el -m @) x[ -w2,m/2) x
[ —m/4,m/4 ] NI TTH g HHAIRE, o HTH
g B
MFqeH, & O(q) =¢.0(9) =0,¥(q) =¢.
Wl Bulow % A XA NITHE ¢ WM ITR N iE
nF:
(1) AN TTH q: 7 =9¢/ql =a +ib +
je + kd;
(2) RELPGHE g MAL o 7 BE:
= — aresin{2(bc - ad)) /2
(3) ME = /4, W% 6=0,i8 ¢’
¢’ =atan2(2( —cd +ab) ,a’ - b - ' +d*) 2 (22)
X atan2(y,x) WK y/x B RES) & E
WL HE ' 6.
¢ =atan2{2(cd +ab) 0’ -6 +¢' —d*)/2 (23)
f=atan2(2(bd +ac) a8’ +b° - —d*) 2 (24)
(4) R e = -, ME
¢ =(¢'+m) smod 27

(21)

HMo=¢'
Hit (msmod n={((m+n/2) modr) -n/2)),
it FETEBRATES 1 (x,5,) R~ H R,
G0 BN (e x) MIRETEE, (6,0,9)
o) SO OR S - 8
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X2 GRBB S ELES
fz) =gl{x ) h(x,)

Bitlow X T 55 7 89 DU ST HUR A7 15 7 BRI €
XEERHRPER, o Mo RTTERGBS 1 W5
HoRKEEBNEMLSKFBRNEAL, ¢ BF
T 0.

D(fi(x,%,)) =atan2 (g, (x,},g(x,))

A(fI(x,,x,)) =arctan(hy(x,) /b (%)) (25)

V(S (x),7,)) =0
He gy (w) Ay (a) o814 g(x,) h(x,) Y Hilbert
ik 8

—RELT, W BT E S g RS
RSB R BN AL, - ERK L RRE
FEAMRARVEFSHER. RMERHEET
ABRFESHOTERTIESEL s AEM o 4 R
HREHBHIENL

3 FHNETHBRESHEEN

i Y PO TR ER AT f S A 0 L E RS S f i
RPARAEIFIRE HRRR. dEHEEGRBERT
PEL, BNREGFESHERAGESENS—BEY
RERHEN, 2FSTEH, T EMR 5 5F
Bf(x) =g(x,) +h{x,) WIMTH IR /5,
%, ), Bilow I L HIHIFE 5 B 0 7 B AL F R
55 1 #ir B4 B 0% BRI A A7 5K T B et 48
b A R—THE, B HRENE LEHRKKE
PR JmEAITHE. NEEASHITHEBI TGS
HEHE ERELT Mol rESHAN 3 1

HBEEZEESEGEENRENER TR R,
B KRR,

MT2HERFS ()M CBBENES
filx) sl AR R AR
Folx) =a,(x)exp(ig(x)) + A, (x)exp(jO(x)) + -

Ay (xyexp(ky(x)) (26)
Hob A, (x) A, (x) A () BEB A0, o ) KBRS
BESEWEG BB, o (x) 0(x) o (x) BESER
(-, w) ROBRET A2 08 i 8. B8 o (x) . 0(x)
BEETTIZ M R OIS 5 1 B 1 S5 K S I R A
MER.¢(x) BIERFES R 4y AR E, EH
SR REEEAEEMFEFS. XEHES
MM E X b,

Ba(x) b(x).c(x) d(x) R 2 FELEE, TTE

LX) FME £, () —BBA.
fa(x) =a(x)+ib(x)+ je(x)+ kd(x)
=f(E)+ () + A0 + K (x)  (27)

FEFERA(26) 27K FRHENTEE
B E MR A ARE N TR BN E NSRS S
Hilbert 54 j9 4% R T I T B3

(1) %t b(x) KRB x, FE[1,0]" A4 Hilbert
A by (x)

(2) 3 e(x) KRB v, FE[0,1]" B4 Hilbert
E# o (x);

(3) Bua (x)exp(ip(x)) = ~by(x) +ib(x),
Hho(x) =atan2(b(x), - b (x))

A (x) = /(b (e + (b(x))

(4) BLa (x)exp(jlx)) = =y, (x) +jc(x),
Hrh,p(x) =atan2(c(x), -5 (x))

A (x) = (G () + (e(x)?

(5) Bl A, (x)exp (kg (x) =a(x) +b,(x) +
éa(x) +kd(x) HH g (x) =atan2 (d(x) ,a(x) +bj (x)
+ch(x),4,(x) = J(a(x) +b(x) +c5 () + (d(x)’,

LA BANBIT S AR S R 2 RS
FR) A7 A A B e ORI . & T R AT A3
B8 f(x) =g(x) +h(x,) A (19) JBH

folx)=g(x) +h(x,) +ige(x,) +jhy(x,) (28)

M T gy (x ) 8 x, K [ B34 Hilbert 45 # 4
—g(x,) by (x,) W) =, J5 1] B4 55 4 Hilbert ¥ 8 R
-h(x,), LA E SR MBI E SR E& T

fisr B

d(x)=atan2(g,(x,),8(x,))
#(x)=atan2{h,(x,) h(x,)) (29)
Pix)=0
B E LTS BNAIT A BES KA
WER, SETEMETLEN ¢ (x) =0,6(x)
O(x) SRR TR VET B80S HMHNM
HAFHEA. W o) EHIRBFITREAN
l6] A5 ORI I A5 2 8 0 ) B Bl AT, X O ()
HACEF R RKE T M LB EFS K
P el £ B e A
X TR EES f(x) =g(2)h(x,), [
RETTAS O 1y W TR A S B
Julx) =gl h{x,) +ig, (x,)h(x;) +
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ig(x Yhy (xy) +kgy(x ) hy(x,)  (30)

Hi g,y (%) h(x,) 8 x, J7 B 89 &84 Hilbert 28
BR -e(x)h(x,),8(x ) hy (%) 1] %, J7 KRS
Hilbert ¥y - g(x, ) h(x,) , BT LA (S 5 1 D9 o8
BmiFfEs eI RER

d(x) =atan2(gy (%, ) h(x,) ,g(% }h(2,))
6(x) =atan2(g(x, )by (%,) ,(x ) h{z,)) (31)
Yix) = atan2(gy (2, ) hy (%), —g(x, ) h(x,))

] LR AR i B SCIRIRE BT LR S 2 e e 2
AHBESHEEIESKEIENMEMEE. B
flg(x) RAREEE, RERBFESHT -ER
E. BEERAELFFESULENBNERAE, N
7 ST E AT L) HETR b B BR B B LA S A A G R n
M AR, LR ML L Bk iR R
NEAEEREXETAAE, BT LU#SFBH
AXMIEESBEH B E L R8T
B,

AR, i TG S B M E e, BT
JE{5 5 3Rk BUR T 15 5 T 458 A% 8% Asf 18 (50 0 R s R 4
HHRUFEANNEREESEZEL. hTH?2
HE (5543 W T B4 B DA F IO OU 3 47 15 5 RO e
WA, R T R TR e A SR L B 2 4
EMD 534 Ji 3 A0 763K Gabor 3B 2% ik .

4 2HTHEEMD 45 NUT R
ifs S a9

EMD 7 52 2 SR AR 3h Y, 7T DL H A8 1N e 0
¥odlt oy i@ 1 B IMF (IMF; intrinsic mede function )
MEZBBIMN M, K&~ IMF ZREZIEMER
B S THIERTH S BEERS ., REHE
FRIVEBYAGAEY 2 4 EMD 3 I ik "l F it
BRMAREREFAEHATERMA.

LB EMD ML B2, FA2
SRR R EARENE AW R | £
BOEMRI 2 4%, HETRE T ESME R IMF, %
FTEAEHBRRENS S, CERESH (8 ,5,),
2 =1, Ky =1, X, W 2 SE0T 90 B EMD 4y
fRELERINT .

(1) otk ry(n,,%,) =f(x,,%,),i=1;

(2) FEEEHIEE j A~ IMF;

© Btk (x,2) =r (,5,),i=1;

@ #E k(5 x,) B LS T RERLEINE.

(a) ARRE A, (2,%) B—THREBRA
EFF, F AR B E RS b, (2, x,) BT
R R RET I 1 BEE FRFEEN L%
HRME R B Aoy (210%, ), EIERAE B (2),2,)
BHWRBENMFIELHESIGS TRES
BHEEEFE bosower (%) 22 ) 5

(b) 3R b 2 & o A {5 A1 F 4 % b A E 1
P
Moia (%1 3%2) = (Prigengper (%1382 ) + B (%1122 3) 725

() S AHRE m, (x,,%,) B—FIHMRHEX
EFF A AR REEBEX m, (5 ,2,) 85
A P AR RE 7 5 1 A, HELF S 1 L ik
B A, (6 ,5,), FEBA m, (2,2} B0
i AMEF SR E BRI T QBER b, (2,
%)

(d) REEREHTRENFHEERE.

my_ (xy,5) = (B (5 ,%,) + Ry (x,,%,)) 72

@k (x,,%,) =h,_(x,,5) -m,_ (% ,%,);

@ HELERESDHT2HEESHRE
BT L 8455, BN DAL 78 2 4 EMD 43R #4450
FEEEVLRABMAHEW, Bom,_, (x,2) BHE
AR (2,/2,2,/2) R EKAR AN T & 70 4 (¥ 48 3 B 1) B
KEH Max,,, FIERE R B &S 6 5B (2,72,
%, /2) [T S TR MBI EHA R K Max,,,, . iTH

= Moz, /Max,, (32)

@ MR TAFHERTRE (L00.03) WFH
imf,(x,,%,) =h,_ (x5, JHHP imf, (2, ,%,) TRE
PEIMF, B4 i=i+], %E)@;

(3) r(%,5) =1, (%,,5,) —imf(2,,2,);

(4) & r(m,m) B EBHEADTHA
B AL A sl 0 MR AT A5 i IMT 80 H 2R s B R,
Sj=i+ 1, B BHE2,;

(5) BRRE2HEGESH EMD A B REE
XA

fx, %) = Zémj}(xl7x1) +r,(x,%,) (33)

Hb,n ARTHER ., (5,5 RRKRED.

Fxt RMB G HAE T AT 2 4 EMD g,
R AL RN E I LS g O A
SCER BT B SR BRI R 0.006 x w, KA
200 x 200 &) .

Flx,2) =fi0 (2,5:) +f o (5,,2,) +

Jiwe (%,23,) (34)
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Fig.1 Synthetic sum-type texture and its components
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e %7 1%, ) =50c0s(17x, ) +30cos(14x,)

i

g (%1 5%2 ) =40e0s(60x, ) +40cos{40x, )
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Siow (21 ,%, ) =190c0s{0. 3x, ) +190cas(0. 2x,)
B 2 BAHE S 17 2 4 EMD 4y #0945 R, 5
BT IMF, 0] LR 45 R SRR R BT,
xR $iE b 8 IMF 2 BB oo ARG S,
TOF R s S B A 2 S SR B A R R B T
SEEME 3 B (RS A B e
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178
=170
%lb,’-

Izeﬂg"‘m‘
W06~ o0 200
x o 0 x

(n) imfy B A7 [ 45 22

(b) imf, ATy 1) 4 48

AR EEEFRLE, RERS=5), MARMNT
BARAT(E B M A ST E W IMF B 3y () B B
MR ¢ S BRENSGRENE 4 TR, Hilbert
TR SHEAZMILINEE, STRE
BRI B AR RS . BLRERET
LA I SO AR B 4 B BB S p et
MELST e, mREE X BMBESHE
K,

(ﬂ) Wfl

(b) imf,

(e) BE

B2 RBRNEET2EEMD SRR
Fig.2 Experimental results of 21} separable EMD

for synthetic sum-type texture
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Fig,3 FExperimental results of Fig. 2(b) computed by our phase definition
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Fig.4 Vertical instantaneous frequency and o compaonent

of fig. 2(b) computed by previous definition
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BN ESHELD RETWES TN R
EHfE S R E %, EMD 2 xt T15 S8 ¥
WERM B EMR NGRS T EH, b
T B RO SR R A, BT R RE#EAT
PES T X IR R A imf, G 3R A 302 LR B
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Fig. 5 EMD experimental results of D106
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Fig.6 Experimental results of fig. 5{a) and fig. 5{b) computed by our phase definiticn

5 WM Gabor B 5 M i
MEE 9

Gabor MK {BEM B A HMALNERLR, &
SUBSHREE WA QB EE R
FIGETHARAE 1T 240 F R — BN B
FEXTECRES MR, 55 f Cabor JRIEA RIFHI=
WA R, BRI (58 8 LR,
SIA I TERIR M) Gabor 38 85 (QGH) ™
R(x, ,x,) =g(x) 2} exp(i2nU,x, Yexp(j2ml,x,)

(35)
(2],%) ={{x,cos{a) +x,sin(a), —z,sin{a) +x,c08{a))
(36)
glx,3,) = ° p( &) (37)
() 20

HP,e £ 24 Caussian REMBEINL, 0 ERES
RPNk ERBEFETA, o BIEHE S FHIE
x MR FESNAE, (0L U RRESHD
OHE AN V/ERRE. BESPLAETR
fp=arctan(U,/U,). —Ma=8,6=1, QCF i

P 7% Fourier R T 200
H(uyyuy) =expl =200 [ (u) - U + () - US)2 /e ])
(38)
i, (ul,u) (UL U K (o) (UL U E
ACOMAYUNEREL ZHAEDLRN 0. TR
QGF W QFT XL B S HABRE MBEBR
[ Gaussian BRET .,
2HRTFESE QF BERNAERFETE—FR
HR—MEHS 3 NETWHARM MO BESR
UL L 2 A5 5 HH B B S0 3 KR DO TR AR (5
SRR EMERD . WA FHRTEE,
T LAKE QG 1y v 32 43 B I B 345 51 QFT 4
EEF1RRAEHAE YR ERES, BRSE
B TR B R R A I R AR R IR AR B R LB B
PO G B0 AR S L TR HE A S0 SR S R AT
B A5 4 o BERTE 3 M Ad s Ay B P (A AL 2 LT BR
HfrEmEmH, RE T EERNRESH o=
3 M2, 5 ey o)
?\/T(Ul +U3) s
N QGF X 2 e e A 5 A5 S A7 A .
WNE 7 i, B2 BRI S A
S(x,,5,) :fhigh(xl .Xy) +fmidd]u(xl ) (39)
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Frigh (%1 2%,) = c0s(60x, ) cos(40x, )
s " e (%, %, } = cos(17x, Jeos{14x,)

R R4 QCF ¥ 38 i 45 R ) S0 5 5 4 R A9 440
BHE ERWE S i, TR LMAETEX
HRFEA S WRERERRUA RF KBS
Weo TR UAR 0 R A A8 TR 4 R A A R
SEE-EMRE.
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BT ARRHEAGSSEMBSRRES QFT MikE

Fig. 7 Synthetic product-type texture, its components

and the QFT spectrum
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Fig.8 FExperimental results of fig-7(a) computed by

our phase definition
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