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Let g, b € N. In this note we study the solutions of the Diophantine equation

ax™~1
abx—1

b 24m>1 (1)

with elementary method of Pell’s equation''!, and the results we get is generalization of the
studies of Ljunggren ? (a=b=1)and Sun Qi et al. ¥ (p=1).

Theorem 1. If a. beN.then the Diophantine equation (1) only has solutions in post
tive integers x=y=1 (when a>1, b=1) and m=4s+1, x=3, y=3"+2 (when a=
1

T (357'41),b= 1), where s is a positive integer.

For the Diophantine equation

ax+ 1
abx+ 1

= 2k m>1, (2)

we have
Theorem 2. If a. b € N, then the Diophantine Eq.(2) only has solutions in positive
integers x=y=1 (when b=1) and m=4s+3, x=3 y=3%*'-2 (when a=*{l‘—(32‘—l),
- b=1),where s is a positive integer.
From Theorems 1 and 2, we have
Corollary. If a € N, then the Diophantine equations
ax"=axy” +y'~1, 2 fm>1, n> 1,

- axX"=axy" ~y'+ 1L 24m>1 n>1
only have the solution x=y=1, respectively.
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Proof of Theorem 1. Suppose (m, x, y) is any positive integer solution of (1). Then
(1) gives

ax™—b (abx—1)y=1,

and so

(ax”‘+b(abx—1)yz)2—4abx(abx—l)(xﬂ_21 y)i=1. (2)

Since &=2abx—1+/44px (abx—1) is the fundamental solution of Pell’s equation
w#—4abx( abx—1)vV=11", thus (2’) gives

ax™+ b(abx—1)yl= fn—g—?’""— a1, (3)
moi —F
X7y e : (4)

- 2\ dabx (abx—1)

where £=2abx—1— \/4gpx(abx—1) +neN.

First, we suppose 2\n. Put n=2/,/eN. Then by (3), we have
l =
2av—1= EFEL (»83—?— )2—1,

2 2
and so ax=x3 (x,eN), _s’jz;é’_ =x'm—2_l‘ - x,. From (4),we have
mt gy ¢-F mel ¢-7
X 2 y-—-2 > 2\/_ =2x Xy —2\/—_—, (5)

where /' =\/44px (abx—1) - Clearly, (5) gives x|y, and so x;=1 by (1). Thus
ax=x}=1, y=0 which is impossible.

Next, we suppose 24n. From (3)and (4),we have x=p=1 when b=1, g>1ifn=1.
If n>1, and let p be any prime divisor of n, then n=pl, 24/ eN. Put é=a+b. /" ,
§’==a,—b,\/* . Then (3) and (4) give respectively

p p _
2axm—1=af,’+(2>a;"2(bh/‘ )2+"'+<p-1 )a,(b,\/—)p \ (6)

m=1 P -
X2 y=b,[< . )a"’[l +( g )a’,’&(b,f )2+--~+(Z)(b1\/~ ) 1]- (7)
Since g+ b/ =d=(-1)"+1(~1)"'/" (mod x),thus by 24/ we have

aq=-1(mod x), b= (mod x). (8)

If phx, by /~ =0 (mod x) and (8), we have
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- p . P . 2 )/
A a '+ 3 a7l ) e » (b~ ) =(x,p)=1,
m—1 m—1
and thus, (7) gives x 2 |b,, and so b,>x 2 . However, p>3 and g,> 1, by (6) we have
p P2 2 2 2
. 2ax"—1> 5 | (b )>bf - dabx(abx—1)>hb} - 2ax—1,
1. €. b,2<x’"‘ !, which is a contradiction since b,;xﬁz——l,
If plx, and let x=pf - x,, pt x;» B>0, then (6)and (7) imply p=3 as follows.
Suppose p>3, we have m>3 in (6). Thus for (7) take modulus pz:
0= pb(mod p*),
and so h,=0(mod p). Let p#lly;,a> 1. By p>3, we have
(7 Joreee ()]
— al e+ (b ! 1= 1(mod x).
p [( A AN
— m—1 ml
Thus, (7) gives ~m—2-—1— f=a+1, xz—z_lb,, and so bh=p - x; 2 . Now, by p>3
b=p - xzﬂlz;l', from (6) we have
P ,
2ax"—1>( A )a,”'“bf\/— ‘>apt - @b >4pt - D - @b
which is impossible since 40>20+2=(m—1)f# and x=p* - x,.
Hence p=3. Since p is any prime divisor of n, thus n=3*, uei, and so (6) and (7)
give respectively
2a)("—l=al3+3a,(b1\/_ )2’ (9)
X y=b,(3ai+ bt ), (10)
where J=3%"' and 3lx. If u>1, then 3|b, by (8). Thus 3[1(3a’+b} - / 7). Let 3lx,
h .ot m-1_ P el
x=3f - x5, B=1, 3kx,. Then x; 2 (5,3#77 !l b, and so b=3"" C Xy 2 =
—;~ xﬁzﬂ_ . However, from (9) and g,>2, we have
1
2ax"—1>3ab;’ - 4abx (abx—1) >3a = o X" dab(abx—1)>2ax",
which is impossible. Hence u=1, [= 3u-l=1, gq,=2abx—1, by=1, and by substituting /=1,
- a,=2abx~1, b;=1 into (9) and (10),we have

20v—1=2abx—1)*+3(2abx—1) - 4abx(abx—1), (11)
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x5 y=3(2abx—1)*+4abx(abx—1). (12)
From (12), x{3. Hence by 3Ix we have x=3, and by (11)it is verified that
2a-3"=(6ab—1)*+3(6ab—1) - 12ab(3ab—1) +1
=2q - 3’ (484°b’ — 24ab*+ 3b)
=2a- 3% b(162°b*—8ab+1),
i.e. 3" =p(4ab—1)% Let b=3" 0<s,<m—3. Then
3m3ITn=(4q - 37—1)2. (13)

Clearly, (13) implies m~3—5=0 or 5=0, and (13) is impossible if m—3 -5 =0.
m=3
Thus 5,=0, and (13) gives 4a—1=3"2 ., m=1 (mod 4)and b=1. By (12),we have

355 y=3(6a— 1)+ 12a(3a—1) =3(482~ 16a+1)

el =
=3[3(4a—1)*+2(4a~1)] =3 ? (3 3" 42 )

m—1
which gives y=3"7" +2. By m= 1(mod 4), m>1, we have m=4s+ 1, seN, and thus,

1 . .
a= (3*7'+1),b=1, x=3, y=3%+2. It is easy to prove that these are the solution of

Eq. (1). Q.E.D.

Proof of Theorem 2 repeats completely the process of the proof of Theorem 1.
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