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Abstract This paper investigates cluster synchronization of a class of multi-agent systems with a directed
bipartite graph topology, and presents a number of new results by using the neighbor’s rules for the following
two cases: I) there is competition among the agents of different clusters, and II) there are both competition and
cooperation among the agents. Firstly, for case I), a linear control protocol is designed for cluster synchronization
of multi-agent systems, and a method is presented to determine the final state with the initial conditions based on
state-space decomposition. Secondly, we study case II), and design a control protocol based on the information
of neighbors and that of two-hop neighbors (that is, neighbors’ neighbors). Finally, two examples are studied by
using our presented results. The study of illustrative examples with simulations shows that our results as well
as designed control protocols work very well in studying the cluster synchronization of this class of multi-agent

systems.
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1 Introduction

Recently, multi-agent systems have attracted a good deal of attention in the field of control and automa-
tion, partly because of their broad applications in many areas such as distributed formation control [1-4],
flocking [5-9], and congestion control in communication networks [10,11]. The cooperation among agents
plays an important role for the design of control protocols in many fields such as unmanned air vehicles,
computer network [12-15] and distributed data fusion in sensor networks [16-18].

However, there exists another case completely different from the cooperation, i.e., the relationship
among agents is not cooperation but competition with each other, or partly cooperation with some
agents and partly competition against some other agents. This relationship was introduced, but not
discussed deeply, in [19], where the authors believed that how to introduce competition to distributed
coordination to represent more realistic scenarios is both interesting and important. Actually, this class of
problems with competition exists extensively in reality such as the pursuer-invader problem, competition
among several species in a specified area, etc. One of this class of problems is that agents in a coupled
multi-agent system can realize cluster synchronization; that is, the system is required to split into several
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clusters so that the agents in the same cluster can synchronize, while difference of interest quantities
exists between each couple of different clusters [20]. To the authors’ best knowledge, most researches in
the literature are only based on local cooperation. Therefore, it is very meaningful and challenging for
us to study this class of problems with competition relationship.

In this paper, we investigate cluster synchronization of a class of multi-agent systems with a directed
bipartite graph topology, and present a number of new results by using the neighbor’s rules for the
following two cases: I) there is competition among the agents of different clusters, and II) there are both
competition and cooperation among the agents. The main contributions of this paper are as follows: (i)
a new method is presented to describe the competition among agents in a multi-agent network; (ii) based
on the competition among agents, two kinds of control protocols are designed for a class of multi-agent
systems with and without cooperation among the agents, respectively; (iii) a new method is obtained to
determine the final states of the systems with the initial conditions by decomposition of the state space.

The remainder of the paper is organized as follows. Section 2 is the problem formulation and prelim-
inaries. Section 3 is the main results of the paper. In this section, some properties on bipartite graphs
are provided first, and two control protocols are designed. In Section 4, we give two illustrative examples
to support our new results followed by the conclusion in Section 5.

2 Problem statement and preliminaries

In this section, we give the problem statement first, and then provide some preliminaries on algebraic
graphs, which will be used in the sequel.
Consider the following system with n agents:

xi(to):xgo), 1=1,2,...,n,

where z; € R is the state of agent 7, u; € R is the control input of agent i, and z;(ty) = JIEO)

condition of agent i, 1 = 1,2,...,n.

The objective of this paper is to design control protocols such that system (1) can realize cluster
synchronization in the following two cases, respectively:

Case I: The agents evolve on a bipartite graph only with a competitive relationship.

Case II: The agents evolve on a bipartite graph with both competition and cooperation among them.

is the initial

Remark 1. It is noted that a bipartite graph is a special topology structure. In this paper, for ease of
expression and analysis, we only consider the bipartite graph. In fact, for an arbitrary topology, cluster
synchronization can hardly be achieved unless some strong additional conditions are added.

In the following, we recall some fundamental knowledge on algebraic graph theory and matrix theory,
which will be used in the development of this research.

Let G = {V, &, A} be a directed graph of nth order with the set of nodes V := {vy,va,...,v,}, the set
of edges (i.e., ordered pairs of the agents) £ CV x V, and A : &€ — RT assigning a (positive) weight to
each edge such that if e;; := (v;,vj) € €, A(ei;) = a;;. The matrix A = [ai;]nxn is named the adjacency
matrix of the graph G. For any 4,5 € V, a;; > 0 if and only if j € N;, where N; = {j | e;; = (vi,v;) € E}.
For notational convenience, we just consider the case of simple graphs in this study, that is, e;; ¢ £,i =
1,2,...,n. The matrix D = [d;;] € R™"*" is the valency matrix of the topology G, and d;; is defined as

> an, j=i,
dij =  kEN;(t) (2)
0, j#i.
A directed tree is such a directed graph whose every vertex except the root, which has only children but
no parent, has exactly one parent. A spanning tree of a digraph is a directed tree that contains all the
vertices of the digraph [21]. The graph G is called a bipartite graph, if its vertices can be divided into
two disjoint sets U and V' such that every edge connects a vertex in U to one in V' (See Figure 1).
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Figure 1 A bipartite digraph with n nodes.

We say that { X1, Xo,..., Xk}, k> 1, is a partition of set X = {z1,z2,...,2,} if X; # 0, X; N X; =0,
and Ule X; = X. Thus, for any z; € X, there exists a unique subset X; in the partition such that
x; € X;. Furthermore, for z; € X, we use 7 to denote the index of the subset in which z; lies (that is,
z;€X;), 1< i <k. Obviously, if z; and x; are in the same cluster, then = j

Consider system (1), and assume that {X7, Xo,..., X} is a partition of all the agents. The following
definition is cited from [20].

Definition 1. Multi-agent system (1) is said to realize k-cluster synchronization with the partition
{X1, Xo, ..o, Xi} if limyyo [|@i(t) — 25 (2)|] = 0 for ¢ = 7 and limy_, o sup ||z, (¢) — z;(¢)|| > 0 for ¢ # j.

Remark 2 (See [20]). A similar concept “group consensus” of multi-agent systems was defined in [22].
The group consensus is weaker than the cluster synchronization defined here, because we require addi-
tionally that the differences between different clusters do not go to 0 as t — co.

3 Main results

This section studies cluster synchronization of multi-agent system (1) with a directed bipartite graph
topology (See Figure 1), and presents a number of new results for the following two cases: I) the agents
compete against their adjacent agents; IT) the agents compete against their neighbors and cooperate with
two-hop neighbors at the same time. Meanwhile, we give a method to determine the final state with the
initial condition by decomposing state space.

3.1 The case that agents compete against their neighbors

In this subsection, we consider the case in which there is only competition among the agents.

Consider system (1), and assume that its information topology is a directed bipartite graph which has
a spanning tree, denoted by G, and the adjacency matrix of G is A = [aij]nxn-

Motivated by competition models of Ecology systems [23,24] and cooperation model [1], we can use
(x; — x;) to express the cooperation relationship between agents ¢ and j, and (z; + x;) to describe the
competitive exclusion principle. Based on this, we design a linear cluster synchronization protocol for
the case where there is only competition among the agents as follows:

Uy = — Z aij(z; + xj), (3)

JEN;

where a;; is the weight between agents ¢ and j.
Substituting (3) into system (1) yields

iiz_z aij(z; +x5), i=1,2,...,n, (4)
JEN;

which can be rewritten as
z=—(D+ Az, (5)

where = [z1, 29, ...,7,]T € R", and D is the valency matrix of the graph G.
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To study the cluster synchronization of system (5), we now present a lemma on the properties of
bipartite graphs.

Lemma 1. Assume that G is a bipartite digraph with n nodes {vi,...,v,} and has a spanning tree.
Then, rank(D + A) = n — 1, and each non-zero eigenvalue A of matrix D + A has a positive real part,
where D is the valency matrix of G, and A = [a;j]nxn s its adjacency matrix.

Proof. For the detailed proof, please refer to Appendix.
Now, we consider cluster synchronization of system (5), and present the main result of this part.

Theorem 1. Consider the multi-agent system (1) with the bipartite digraph G. Then, the system is
stable and all the agents can realize cluster synchronization under control protocol (3).

Proof. Consider system(1). Since G is a bipartite digraph and has a spanning tree, according to Lemma 1,
rank(D 4+ A) =n — 1, and Re(D + A) > 0.

Denote by A1, Ao, ..., As and &1, &9, ..., &, the different eigenvalues and n linearly independent gener-
alized eigenvectors of matrix D + A, respectively. According to Lemma 1, the zero eigenvalue of D + A
is simple. Without loss of generality, let \; = 0 and

&=[1,...,1,-1,...,—1]"F (6)
—— ————
T n—r
be the corresponding eigenvector. We construct matrix T := [£1,&a,...,&,], and take z = Tz as a
coordinate transformation. Then, under the new coordinate transformation, system (5) can be changed
into
z=-Jz, (7)
where z = [21,22,...,2,]T € R", and J is the Jordan canonical form of D + A.
Define z. = [29,...,2,]T € R*7 L. Then z = [21,2}]T, with which closed-loop dynamics (7) can be

rewritten as

21 - 07 (8)
Ze = *Jezey (9)

where J. = diag{Ja, J3,...,JJs} € R(=Dx(n=1) * J. is the Jordan canonical block with respect to the
eigenvalue \;.

Consider subsystem (9). Since Re();) > 0 for all 4 > 2, it is easy to see that z, — 0. On the other
hand, #1(t) = 0 implies that 21(t) = 21(0). Thus, z(t) — [21(0),0,...,0]T as t — co. With this, noticing
x = Tz and the construction of T', we have

z(t) = 21(0)& (10)

as t — oo, where z(0) = [21(0), 22(0), ..., 2,(0)]T = T '2®, 29 is the initial condition of system (1).
Noticing &; is given in (6), we see that system (5) can realize the cluster synchronization, and the final
state is z1(0)&;.

Remark 3. The proof of Theorem 1 itself provides a method to determine the final state when the
system reaches cluster synchronization. The method contains the following steps:

1) Calculate the eigenvalues and linearly independent generalized eigenvectors of (D+ A): {A1, Mg, ...,
As} and {&1,&a,..., &}, where Ay =0, & is given in (6);

2) Construct matrix T := [£1, &, . ..,&,], and take z = T~ x;

3) Let «(0) = x(® = [21(0),...,2,(0)]", and calculate z(0) = T~ 2(0) = [21(0), 22(0), ..., 2,(0)]".
Then z1(0)&; is the final state.

Remark 4. Theorem 1 is also applicable to m-dimensional systems. In fact, if & € R™, then system (5)
will become & = —[(D 4+ A) ® I,,,Jz. In this case, we can choose z = (T~! ® I,,,)x to prove the m-
dimensional version of Theorem 1.
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3.2 The case that there exist competition and cooperation among agents

In this part, we consider the case where there exist both competition and cooperation among the agents,
i.e., each agent competes with its neighbors and cooperates with its two-hop neighbors at the same time.

Consider system (1), and assume that its information topology is a directed bipartite graph which has
a spanning tree, denoted by G, and the adjacency matrix of G is A = [a;j]nxn. Motivated by [1,23,24],
we design a control protocol as follows:

U; = — Z aij |:(IL'Z+SCJ)+ Z ajk(:ri 7SC]€) s 7 = 1,2,...,Tl, (].].)

JGNZ k‘GN]

where the term (z; + ;) stands for the competition between agents i and j, and the term Zke/\/] a;i(z; —
x) describes the cooperation of agent ¢ with its two-hop neighbors.
Substituting (11) into system (1) yields

i=— ) ai {(% +ai)+ D aj( *“)}

jENq k‘GN]

== > ai(zitw) = Y ay Y ag(e — )
JEN; JEN; keN;

= — Z aij(IL'jﬁ*IL'i)* Z Z aijajk(l'ika), i:1,2,...,ﬂ. (].2)
jENq ke./\[j jENq

Let A% := [aij]nxn, and H = diag[hi, ho, ..., hnlnxn, where h; = 2?21 a;j. Then, system (12) can be
rewritten as

t=—-(D+Ax— (H—A?)x=—-(D+A+H— Az, (13)

where = [z1,29,...,7,]|".
To study cluster synchronization of system (13), we give some lemmas first.

Lemma 2. Assume that G is a bipartite graph with n nodes {vy,...,v,}, and A is its adjacency matrix.
Then the matrix A2 is quasi-diagonal under a suitable labeling of nodes.

Proof. Since G is a bipartite graph, the matrix A can be expressed as

A= 07'><7' Al
Ay O(nfr)x(nfr)

under a suitable labeling of nodes. Thus, the matrix

R A A, 0
0 AxA; |

which implies that the matrix A2 is quasi-diagonal under a proper labeling of nodes.

For convenience, in system (13) we denote the matrix D + A + H — A% := B = [b;j]nxn-
Lemma 3. Assume that G is a bipartite digraph with n nodes {v1,...,v,}. Then, the matrix B defined
as above has the following properties: a) by = >_.; [bijl; b) D25 bij = D25, bij; ¢) Furthermore, if
G has a spanning tree, then rank(B) = n — 1, and Re(A(B)) > 0.
Proof. For the detailed proof, please refer to Appendix.

Now, we are ready to study cluster synchronization of system (13). Based on Lemma 1, Lemma 3 and
Theorem 1, we have the following theorem.

Theorem 2. Consider multi-agent system (1) with the bipartite graph G. Then, all the agents
can realize cluster synchronization under control protocol (11), and the final states are determined by
the initial conditions, that is, lim; oo (t) = 21(0)&1, where z1(0) and &; are the same as those in
Theorem 1.
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Figure 2 A bipartite graph.

Proof. Notice system (1) is changed into (13) under control protocol (11). Let B := D+ A+ H — A2.
Then system (13) is expressed as @ = —Bx. From Lemma 3, rank(B) = n — 1 and Re(A(B)) > 0. The
next of the proof is similar to that of Theorem 2, and thus is omitted.

Remark 5. The cluster synchronization problem was first studied in [25], where several interesting
results on the local synchronization of the reputation degrees were presented for Virtual Organizations.
Compared with [25], our results are global ones, that is, all the agents reach cluster synchronization even-
tually, while the results of [25] can only guarantee some of the agents/entities to realize synchronization.
Besides, this paper adopts a kind of control protocol of not only cooperation but also competition among
the agents to realize cluster synchronization, and the used technique is different from that of [25].

4 Illustrative examples

In this section, we give two illustrative examples to show how to use the results obtained in this study in
designing control protocols for cluster synchronization of multi-agent systems.

Example 1. Consider the following 4-agent system:

T = Us, 1= 17273747 (14)

whose topology is shown as Figure 2 and initial condition is given as 2(0) = [z1(0), 22(0), 23(0), 24(0)]* =

8, —3,6,—2|T.
Now, we apply Theorem 1 to design a control protocol for cluster synchronization of the 4 agents only
by using the competition among them. From Theorem 1, the desired protocol can be designed as

U, = 72(1‘1 + IL‘3) - (ZL‘1 + .704) = —3x1 — 223 — X4,
ug = — (2 + x3) — (2 + x4) = —2x9 — T3 — X4,
(15)
Uz = —2($3 + $2) — ($3 + 1]1) = —x1 — 229 — 323,
ug = —(r4 + 1) = —11 — 24.
On the other hand, we readily have
D+A = (16)

_ o= O W
= T

0 2
2 1
2 3
0 0

It is easy to check that the eigenvalues of the matrix D + A are 0, 2, 2, 5 and the corresponding
eigenvectors are & = [1,1,—1,-1]T, & =[0,1,—-1,1]%, & = [1,0,-1,1]T, & = [8,3,7,2]T. According
to Theorem 1 and Remark 3, multi-agent system (14) can realize cluster synchronization under the
protocol (15) and the final states are

Row, (T *x(0))€&, = [0.6,0.6, —0.6, —0.6] ",

where T = [€1, &2, &3, &4], and Row; (T~1x(0)) stands for the first component of T-1x(0).
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Figure 3 The state responses in Example 1. Figure 4 The controls used in Example 1.

To show the correctness of the above conclusion, we carry out some numerical simulations. The
simulation results are shown in Figures 3 and 4, which are the swing cures of the states and control
signals, respectively.

It can be seen from Figures 3 and 4 that the states of the 4 agents eventually realize cluster synchro-
nization under the protocol (15) and the final states are the same as the theoretical analysis. Simulations
show that our method is very effective in analyzing cluster synchronization of multi-agent system (14).

Example 2. Consider the multi-agent system (14), whose topology is shown as Figure 2 and initial
condition is given as x(0) = [8,—3,6,—2]T. Assume that there are both competition and cooperation
among the agents.

Now, we apply Theorem 2 to design a control protocol for cluster synchronization of the 4 agents.
From Theorem 2, the desired protocol can be designed as

ur = =2(z1 +x3) — (21 + 24) — (x1 — x2) = —4a1 + 2 — 223 — T4,
ug = —(x2 +x3) — (w2 +24) — (22 — 1) = 21 — 3w2 — T3 — T4, (17)
Uz = —2(1’3 + 112) — (1]3 + $1) — 2($3 — $4) = —x1 — 2x9 — 5x3 + 214,
Uy = —(114 + 111) — ($4 — $3) = —x1 + T3 — 224,
which implies that the matrix B (see Theorem 2) is given by
4 -1 2 1
-1 3 1 1
B = . (18)
1 2 5 -2
1 0 -1 2
It is checked that the eigenvalues of B are 0,3,5,6 and the corresponding eigenvectors are & = [1,1,

—1,-17T, & =12,3,-1,3|T, & = [4,-1,1,1]%, & = [1,0,1,0]*. According to Theorem 2, the multi-
agent system (14) can realize cluster synchronization under the protocol (17) and the final states are

Row: (T~ *x(0))é; = [0.6,0.6, —0.6, —0.6]T,

where T = [£1, &2, &3, &4, and Row; (T 'x(0)) stands for the first component of T~ 1x(0).

To show the correctness of the above conclusion, we carry out some numerical simulations. The
simulation results are shown in Figures 5 and 6, which are the swing cures of states and control signals,
respectively.

It can be observed from Figure 5 and 6 that the states of the 4 agents eventually realize cluster synchro-
nization under the protocol (17), and the final states coincide with the theoretical analysis. Moreover,



Wang Q, et al. Sci China Inf Sci January 2014 Vol. 57 012203:8

8
X, 10
6 ———,
L
4t
- —x
= 2t
=
= u,
0 PRSI
‘/‘ _______\----—-——— v——U,
-
-2 // CUs
4
- =y
—4 . . . —-40 - - -
0 0.5 1.0 1.5 2.0 0 0.5 1.0 1.5 2.0
Time (s) Time (s)
Figure 5 The state responses in Example 2. Figure 6 The controls used in Example 2.

comparing Figures 5 and 6 with Figures 3 and 4, we observe that the 4 agents reach cluster synchronization
much faster than in Example 1. Simulations show that the protocol (17) is very effective in analyzing
the cluster synchronization of the multi-agent system.

Remark 6. From the study of these two examples, we know that protocol (11) can make agents reach
cluster synchronization faster than protocol (3). Protocol (3) needs less information of agents but has a
relatively slow convergence, while protocol (11) has a faster convergence but needs more information of
agents.

5 Conclusion

In this paper, we have investigated cluster synchronization of a class of multi-agent systems with a directed
bipartite graph topology, and presented a number of new results by using the neighbor’s rules. For the
case where there is only competition among agents of different clusters, a linear control protocol was
designed, and a new method was presented to determine the final state with the initial conditions based
on state-space decomposition. When there are both competition and cooperation among the agents, a
control protocol was designed based on the information of neighbors and that of two-hop neighbors. It has
been shown that such a protocol could make the multi-agent system achieve the cluster synchronization
faster. The study of illustrative examples with simulations has shown that our results as well as designed
control protocols work very well in studying cluster synchronization of this class of multi-agent systems.
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Appendix The proofs of Lemmas 1 and 3

(1) The proof of Lemma 1.
Since G is a bipartite graph and has a spanning tree, we assume that {U, V'} is a partition of the nodes, where
U=A{v1,...,v-} and V = {vr41,...,0n}. Then, the adjacency matrix A can be expressed as

0 xr A
A:: X 1

As O(n—r)x(n—r)

and the last column of matrix A; is not equal to zero. Without loss of generality, we denote the vertex v, by the
root vertex.

Letting

according to the definitions of matrices D and A, we have (D + A)&; = 0.
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Next, we prove that there exists an (n—1)th order block matrix M of matrix D+ A such that rank(M) = n—1.
Let o B

M = Dr xr Ay

T A2 D(2>

(n—r—1)x(n—r—1)

be the (n—1)th order principal minor matrix of matrix D+ A, where A, is a matrix obtained from A; by removing
the last column, A, is obtained from A, by removing the last row, and D™ and D are the corresponding
parts in D. Since G has a spanning tree, and v, is the root node, there is not a zero row in the matrix M thus,

forany 1<i<n—1,d; + Z] 1 @ij 7 0. On the other hand, since G is a bipartite graph, there exists at least
1<t<r such that d; > Z] i1 @ijs and d; = Z; 1 @ij holds for 7 +1 <7 < n — 1. Let A be any eigenvalue of
M, and y = [y1,...,yn—1]" be the corresponding eigenvector, that is, My = Ay. Letting |yr,| = (Jnax {lyil },

we now prove A # 0 by the following three cases:
Case 1: |y1] = |y2| = -+ = |yn—1|. In this case, A # 0. In fact, if A = 0, according the definitions of D + A
and M, forr+1<ro <n—1, My = Ay = 0, which implies that

y==+[1,...,1,-1,...,—1]".
—— ————
r n—1—r

However, from the analysis as above, there exists at least 1 < ro < r such that d,, > > e +1 @ryj, which implies
that My # 0, and this is a contradiction. Thus, A # 0.
Case 2: 1 < ro < r. In this case, it is easy to obtain

(A —dr)yr, = Z ArojY;- (A1)

Jj=r+1

Since dr, + 27 1 Groj # 0, if Z;:ll Urgj = S22 arg; = 0, then A\ = d,, # 0; if not, (A1) implies that

j=r+1
n—1 n—1 —
IA = dro|lyro | = Z Aroj¥Yi| < Z aro; |ly5| < Z arg; ([Yro| < drglYrol-
Jj=r+1 Jj=r+1 Jj=r+1

Thus, we have |\ — dr,| < dr,, which implies that X # 0.
Case 3: 7+ 1 < rg <n— 1. In this case, we have

(A —dr)yr, = Zarojyj

From Case 2, it is easy to know that if >°7_, ary; = 0, then A = d, # 0; if not,

s ™ ™
E QrojYj E Qroj E Qroj
j=1 j=1

Jj=1

A = drg llyro | = ly;] < [Yro| = dig|yro |

<

which implies that A # 0.
Summing up these three cases, we have rank(M) = n — 1. Therefore, we have rank(D 4+ A) = n — 1. From
Gerschgorin theorem® | each non-zero eigenvalue of matrix D + A has a positive real part.

(2) The proof of Lemma 3.

a) Since G is a bipartite graph, without loss of generality, we assume that {U, V'} is a partition of the nodes,
where U = {v1,...,vr} and V = {vr41,...,0n}. According to Lemma 1, Lemma 2 and the definitions of D and
H | it is easy to know that

B = @)
A, D>+ Hs — A2 Ay As B

(n—r)x(n—r)

D1 —|— H1 - A1A2 Al :| L |: B7("1><)'r Al

where D = diag[D:, Ds], H = diag[H,, Hs], BY = D; + H; — A1 A2 and B® = Dy + Hz — A3 A;. Then,
we consider the foliovving two cases:

Case A1: 1 <4 < r. In this case, bi; = di; + hii — a”—Z]# aij + Z] 1 Gij = Zj# [bij].

Case As: 7+ 1 < i <n. Inthis case, by = 357, aij + D005, 1y o Qi = D [bil-

1) Horn R, Johnson C. Matrix Analysis. New York: Cambridge University Press, 1985
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Summing up these two cases, we have bi; = >, [bi;]-

b) Based on the definition of matrix B and a), we consider the following cases:

Case Bi: 1 <i <. Inthis case, bis =37, Gij + >0 4 Gij = — Z]#Z ij + D i— g Dij-

Case Bo: r+1 <z n. In this case, b;; —Z; 1a” +Z] T_H]#Za” —Z] 1 big —

Summing up these two cases, we have Z bij = jerp1 Di

¢) From b), it can be seen that B = 0, where &1 is given in (6). Thus, rank(B) < n — 1. Now, we prove that

there exists an (n — 1)-th order block matrix IN of matrix B such that rank(IN) =n — 1.

Since G has a spanning tree, without loss of generality, we let the node v, be the root node, and choose IN as
the (n — 1)-th order principal minor matrix of matrix B. Then N is expressed as

Za ri 1,54 Vid

o[ B, i
T AQ B(Q) ’

(n—r—1)x(n—r—1)
where Ah A, are the same as in Lemma 1, and B® is the corresponding part in B®®. By Lemma 1, we have
27.171 bij # 0, for any 1 < ¢ < n — 1. On the other hand, according to the properties of matrix B, there at least
exists 1 < i < n — 1 such that b; > Zﬁsl |-
Let p be any eigenvalue of the matrix N, and let y = [y1,...,Yn— 1]T be the corresponding eigenvector, that

is, Ny = py. Letting |y,,| =  Joax {lyi|}, we now prove u # 0 by the following two cases:

Case C1: |y1| = \y2| = =|yn—1]. In thls case, according to the analy51s above, for the matrix N, there at
least exists 1 <4 < n— 1 such that bi; > 377 L bijl, that is, bis|yi| > ZJ# |bi;||y;|, which is a contradiction with
Ny = 0. Thus, M#O

Case Ca: There exist 1 <4,j < n — 1 such that |y;| # |y;|. In this case, it is easy to obtain

(1t = brorg)yro = Z broiYs- (A2)
J#ro

Since 3777, Lbiy #0,if S0 ¢TO broj =0, it = bryry > 0; if not, (A2) implies that

n—1
< Z brgj |

J#T0

n—1
Z broj

J#To

n—1
> bros¥s

J#T0

‘yj‘ < yro‘ < broro‘yro"

|FL = brorg Hyro‘ =

Then we have | — bryro| < brory, which implies that p # 0.
Summing up these two cases, we have rank(IN) = n — 1. Therefore, we have rank(B) = n — 1. On the other
hand, from Gerschgorin theorem, each non-zero eigenvalue of matrix B has a positive real part.



