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Abstract The  homotopy formulas of ( r ,  s )  differential forms and the solution of 3-equation of type ( r ,  s )  on 
local q-convex domains in Stein manifolds are obtained. The homotopy formulas on local q-convex domains have im- 

portant applications in uniform estimates of 3-equation and holomorphic extension of CR-manifolds. 
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As is well known, Stein manifold is an important manifold, where there exist many non-con- 

stant holomorphic functions. (Cn is a Stein manifold. It is natural that one wants to study complex 

analysis on Stein manifolds'']. In this paper by using Hermitian metric and Chern conne~tion[~-~ '  

we obtain the homotopy formulas and the solution of ?-equation on local q-convex domains in 

Stein manifolds. Local q-convex domain is an extension of piecewise smooth pseudoconvex do- 

main, so the homotopy formula obtained in this paper has its general meaning, which has impor- 

tant applications in uniform estimates of 3-equation and holomorphic extension of CR-manifolds. 

Moreover in this paper we discuss ( r ,  s) differential forms on Stein manifold, which is different 

from (0, s )  differential forms. In this case one cannot use Euclidean metric as in the case of C: 
since Euclidean metric is not an invariant under holomorphic transformation on Stein manifold. In 

order to overcome this difficulty, we have introduced Hermitian metric and Chern connection[21 

and constructed various integral kernels with respect to ( r ,  s ) differential forms under invariant 

metric on Stein manifolds, and thus obtained the above results. 

Assume X to be an n-dimensional Stein manifold. Here we still use the definitions and nota- 

tions in references [ 1-51 . 

Let D C C X  be a c") intersection. ( Un,  p l ,  ..., p ~ )  is a frame for D .  Let $ be a Leray 

map for the frame ( Ujj, p 1 ,  0 . .  , p~ ) . Then we set 

for K E P ' ( N )  and ( z , { , A ) E D x S K x A O K .  Note that 1 - i ( A 0 ) = 0  for A in theneighbor- 

hood A ~ K  \ AOK of A,, and therefore c/rOK is of class c ( ~ ) .  

Now for all K E P'(  N ) ,  we define Bochner-Martinelli kernel: 

B ( z ,  5 )  = ( -  1)n-1 / (27r )n(0 ' (~ ,  { ) ( S ,  D S )  A ( ( V " 5 ,  D S ) ) " - ' /  I S I:" 
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for all ( 2, 5, A ) E D x SK X AoK , and define Koppelman-Leray-Norguet kernel as 

where V "=a,.,, A"= (a,,, + d, ) ,  cp is a holomorphic function, v is a suitable integer such that 

B ( z ,  c ) , R $ ( z ,  5, A ) ,  L $ ( z ,  {,A) are of continuous 

Set 

d R $ ( z ,  5 ,A)  : = Q $ ( z ,  5.A), 
- 

( 5  

a Z , c B ( ~ ,  5 )  : = P ( z ,  5 ) .  ( 6 )  
Assume f to be a continuous ( r ,  s)-form on D . For all K E P'( N) , we set 

- 
Then, for every continuous ( r , s ) -form f on D , O< r , s< n such that a f is also continuous on 

D . We have the following classical Koppelman-Leray-Norguet formula[33 : 

In particular, if C ( T ( X X X ) ) = D * = O ,  then Q $ = o  and P = O .  We have 
- 

( -  1)'"f' = azBDf - BDJ, f + C ( L X f  + apfY - ~ $ 3 ~  f ) .  
K E P ' ( N )  

(13) 

1 A Leray map for local q-convex domains 

Let DCCX be a domain and p a real c ( ~ )  function on D .  Then we denote by L,( 5 )  the 

Levi form p at 5E D,  and by F p ( .  , 5 )  the Levi polynomial of p at 1;E D, i. e. 

Moreover, 

ReF,(z ,  5 )  = p ( 5 )  - p ( z )  + Lp(  < > ( C  - z )  + o([dis t(z ,  t ;)12).  

Denote by MO( 71, q ) the complex manifold of all n x n-matrices which define an orthogonal 
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projection from Cn to some q-dimensional subspace of 6 " 

Definition 1. A local q-convex domain, OGq<n - 1,  is a c ( ~ )  intersection D C C X  for 

which one can find a c ( ~ )  frame ( Uij , pl , ... , P N )  satisfying the following two conditions. 

( i  ) If K =  i k  l , . . . , k l \ E P ' ( N )  and u E : =  / z E  U ~ : p ~ ~ ( z ) = . . . = p ~ ( z ) I ,  then 

( d p r , ( z ) - d p k 2 ( z ) ) A . . . A ( d p k l ( z ) - d p k ~ ( z ) ) # 0  for all Z E  u;. 

( i i  ) There exists a C m  map Q :  Al...N+MO( t l ,  n  - q - 1 )  and constants a ,  A >O such 

that ReFpA(z,~)>,pA(~)-pA(z)+al~-zl2-~I~(~)(~-z)I2forall A € A   and z ,  5 
E  Uis, where p~ : = A l p l  + + ANpN. 

Now we construct the Leray map $ . Since pl , . . a ,  p ~  are of class c(') and defined in the 

neighborhood of Uij, we can find Cm functions a: ( v = 1, .-., N  ; k  , j = 1, 0 . .  , n  ) on Uij such 

that for all CE Uij, 

Set 
,b = ) \ lay  + ... 

A + ANa$ 
for 1 E A1...N . Then 

for all TE U D ,  t E  c'") and AEAl...,. Set 

" a p A ( 5 )  
P p A ( z ,  5 )  = 2C dj, ( 5 ,  - z j )  - X a l ; j ( ~ > ( c k  - zk>(c j  - 2,) 

, = 1  k , , = l  
( 1 5 )  

for ( z ,  r ,  A ) E G v  Uij x Then it follows from ( 1 4 )  and condition ( ii ) in Definition 1  
that 

~ e F ~ ~ ( z ,  5 )  D p A ( l )  - p A ( z )  + q [ d i s t ( z ,  5)12 - A I Q ( A ) ( T  - z )  l 2  (16)  

for all ( 2 ,  5 ,  A ) €  UD x  Uij x dl...,. Set 

z  A = , 5 + A I A - z  l 2  ( 1 7 )  

for all ( 2 ,  [, A ) E X x  Uij x  dl...,. Then it follows from ( 1 6 )  that 

Re'U(z ,  5 ,  A )  D ,D, (c)  - p A ( z )  + :[dist(z, < ) I 2  ( 1 8 )  

for all ( z ,  5 , A ) f  U n x  U j j x  A,...,. In particular, if ( z ,  5 , A ) € D x S K x A K ,  K € p f ( N ) ,  
then # ( z ,  5 ,  A)#O. 

From definition of !P( z ,  5 ,  A ) it follows that 'U ( z ,  5 ,  A ) is a c(')-function for ( z ,  5 ,  A ) 
E  D  x S K  X AK and has the following properties: 

( i ) Y ( z ,  5 ,  A )  is holomorphic in z  E  D,  

( i i  > ' U ( z , 5 , A > # O f o r ( z , 5 , A >  E D x  S K X A K ,  

( i i i  Y ( z ,  z , A )  = 0 ,  for all z E D .  (21 
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Therefore, by Corollary 4 . 9 . 4  of ref. [ I ]  we can find a T  " ( X)-valued c( ')-map S  * ( z ,  t;, A ) 
defined for ( z ,  5 ,  A ) E  D x S K  X AK such that the following conditions are satisfied: 

( 1 )  s * ( z ,  t ; , A > E T Z ( x )  for ( 2 ,  5 , A ) E D x  S K x n K ,  

( 2 )  S *  ( z ,  5 ,  A )  is holomophic in z E  D,  

By ( 2 0 )  P ( z ,  5, A ) # O ,  if ( 2 ,  r ,  A )  € D  x S K  X AK we have 

p ( z ,  5)s" ( z ,  5, A )  - - 
S *  ( z ,  r ,  A )  

( 2 2 )  
( S *  ( z ,  5 , A ) ,  S ( z ,  < , A ) )  q ( z ,  g 9 A )  

Therefore, ( S  " ( z ,  5 ,  A ) , 1 )  is a Leray section for ( D ,  S, cp) . If Stein manifold is 6" , then 

Set 

S "  ( z ,  
~ ~ ( 2 ,  < , A )  = ' A ) , ( Z ,  ; , A )  E D x  sK x  A,. K E P , ( N ) .  

T ( z ,  5 , A )  
( 2 4 )  

Then $K ( z ,  t;, A ) is a Leray map for the frame ( UD, pl  , ... , pK ) . 

Definition 2 .  A map f defined on Stein manifold X will be called k-holomorphic if for 

each point E E X  there exist holomorphic coordinates h l ,  . . a ,  h ,  in the neighborhood of E such 

that f is holomorphic with respect to h -.. , hk . 

Evidently in 6: since Q ( A ) is an orthogonal projection, it follows that for every fixed ( 5 ,  
A ) €  U t , x A  ,...N map (23) and function P ( z ,  5 , A )  and for every K E P ' ( N )  and all fixed ( 5 ,  
A ) E  SK X A K ,  map GK ( Z ,  t;, A ) is ( q  + 1 )  -holomorphic in z  E  iC ". Similarly we have"] 

Lemmal.  ( 1 ) Forevery fixed ( 5 , A ) E  U t , x A l . . . N ,  the m u p S x ( z ,  5 . A )  und the 

function !P( z ,  t;, A ) are ( q  + 1  ) -hoLomorphic in z  E X .  

( ii ) Foreach K E P f ( N )  a n d u l l  fixed ( t ; , A ) E S K x A K ,  the mapc,bK(z ,  r , A )  is ( q +  
1 )  -holomorphic i n  z E D  . 

2 Homotopy formulas and the solution of 3-equation on local q-convex domains 

Let = BD + ): R t  and let L@ = BD + L$ 
KEP'(N) KEP'(N) 

Theorem I .  For n - q< s < n , and each continuous ( r , s ) -form f on D , such that 2 f 
is also continuous on D, then 

( -  1)"'f = S,T@f - Pa, f + ( -  1)""" ): Qh + P D f ;  
KE P'(N) 

( 2 5 )  

i n  particular, i f  C ( T ( X ~ X ) ) = D ~ = O ,  t h e n Q $ = 0 , ~ = 0 ,  w e h a v e  

( -  1)''" = = , ~ f  - p a ,  f .  ( 2 6 )  
Proof.  In view of the Koppelman-Leray-Norguet formulas ( 1 2 )  and ( 1 3 )  it is necessary to 

prove that for all K E P f ( N ) ,  L t  f = 0 .  
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Fix K E P ' (  N )  and denote by $ I K ,  ... , (/I;; the components of the map (/IK. Since by Lemma 

1( ii ), map + K ( z ,  t;, A) is ( q  + 1)-holomorphic in z ,  and since r>,n  - q ,  one has 
- 

&+*A(., 5 , ~ )  A ..- A 3,#;(z, { , A )  A dz l  A ... A dz, = o 
for all l< j l ,  ..., j,< 7 1 .  According to the definition of L$ f (see ref. [4 ]  ) 

($K, S )  A ((A"&, D S )  I n - '  

- - ( -  l ) n ( n - l ) / ~  I)"& A A"& (du,  + ( ( H - ' ~ H )  A u ) , ) ,  
& + J  

where u is assumed to be the local coordinate of S ( z ,  r ) ,  and the local coordinate of J[?K is also 

denoted by +K, by definition, Lf; f = 0. 

Now we replace the integrals over the manifolds SK in the homotopy formula (26)  by inte- 

grals over certain submanifolds rK of D . 

2 . 1  The manifolds rK[51 

For K = ( k l ; . . , k l ) E P ( N )  if k l ,  . .- ,klaredifferent inpairs, weset  

u8 = i r E u ~ : ~ ~ ~ ( t ; )  = = P b , ( t ; ) ~ ;  
otherwise, we set U# = 0 .  By condition ( i ) in Definition 1 each UE is a closed c(') subrnani- 

fold of Ut,. We denote by ,OK, K E P ( N ) .  The function on UE is defined by 

P K ( ~ ; )  = pb ( t ; ) ,  ( 5  E U;;V = l , . , . , L ) .  (27) 

Now, for all K E P ( N ) ,  we define 

rK = i r ~  U ; : , o j ( t ; ) < , o K ( t ; > < ~ f o r j  = I , . - . , N \ .  (28) 
Then i t  is easy to see that all rK are c ( ~ )  submanifolds of D with piecewise c ( ~ )  boundary, and 

that 

D = r1 u ... u rN (29) 

a r ~  = SK U ~ K I  U ... U rKNI K E P ( N ) .  (30) 
N  

~ e m m a 2 .  a r k  = s ~ - C ~ ~ , ,  K E P ( N ) .  
] = I  

  em ma 3 .  ( -  l ) ' K ' a ( r K  A,) = D x A,, + C ( -  1) IK ' sK  x - C f i  x 
K E P ' ( N )  K E  P'(N) KEP'(N) 

LK.  

2 . 2  The function @ ( z ,  t ; ,A) and themap ? ( z ,  <,A)  

Then it follows from (18)  that Re@(z ,  t;, A) 2- pA(t ; )  - p A ( z )  + %[dist(z,   for all ( z ,  
2 

5 ,  A > E X  x Utj x Al...N, where a > O  is a constant from condition ( ii ) in Definition 1. In par- 

ticular, @ ( z ,  {,A)#O if ( 2 ,  ~ ; , A ) E D ~ D ~ A ~ . . . N ,  andwecandefine and map as 
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Note that 

1 ( z , < , A )  = S * ( z y C . A )  i fAo  = 0.  
@ ( z ,  <,A) ' (35) 

Furthermore, we notice that, by (24), (31) and ( I ) ,  for all K E P'(  N )  we have the relation: 

q ( z ,  <,A) = #oK(z,  < ,A) ,  if ( 5 , ~ )  E S K  X A O K .  (36) 
From Lemma 1 one immediately obtains the following lemma. 

Lemma 4.  For fixed ( <, A ) x UB x A l . . . N ,  the function @( z ,  f;, A ) is ( q + 1) -holomor- 

phic in z E X, and the rnap I( z ,  5, A) is ( q  + 1) -hoLomorphic in z  E D .  

2.3 The kernels G ( z , < , A )  and H ( z , r , A )  

For all ( 2 ,  5, A ) E D x D x A O l . . . N  with z  f < we introduce the continuous differential 

forms : 

G ( Z ,  { , A )  = .F'(z, C)(I(Z, 5 . ~ )  A D 1) A ((A"v(z. 5 , ~ ) .  D S ) ) " - ~ ,  (37) 
n ! (27ri) 

H ( z ,  {,A) = 
1 

n !  (27ri) 
.9"(z7 <>((AN1(z,  C,A), D S ) ) * .  (38) 

Lemmas. I ~ C ( T ( X ~ X ) ) = D ~ = O ,  then (forproofseeLemma2.2inref.[6]) 
dG = H .  (39) 

By (33) and the definition of Bochner-Martinelli kernel (2)  there is 

G  l D x ~ x A o  = B .  (40) 

By (36)  and the definition of Koppelman-Leray-Norguet kernel ( 3 )  i t  follows that for all 

K E P ' ( N ) ,  
G I D ~ S , ~ A ~ ~ ,  = ( -  l ) IK 'RK.  (41) 

We omit the simple proof of the following lemma. 

Lemma6. D e n o t e b y [ G ( z , 5 , ~ ) ] ~ ~ ~ ~ = ~ a n d [ f i ( z , f ; , ~ ) ] ~ ~ ~ ~ = k t h e p a r t s o f t h e f o r m s  

G  ( z ,  5, A ) and H ( z ,  5, A ), respectively, which are of degree k in A. Then the following 

statements hold : 

( i ) The singularity at z  = 5 of the form [ G ( z ,  5, A ) IdegA = a  is of order <2n - 2k - 1. 

( ) The singularities at z  = f; of the first-order derivatives with respect to z  of the coeffi- 
cients of [ G ( z ,  5, ~ ) ] ~ ~ ~ ~ = k a r e  of order <2n -2k .  

( ill > The singularity at z  = 5 of the form [ H  ( z ,  5, A ) Idegl = is of order <2 n - 2k + 1. 

Lemma 7 .  

( i ) l f  f E  cO,,,(D), n - + l<s<n. then j f ( C >  A e ( z ,  5.A) = 0. 
( 5 . A ) E r K x A K  
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Proof. Denote by [ G ( z ,  5 ,  A ) 1,' the part of G ( z ,  5 ,  1 ) which is of degree r with re- 
spect to z and degree s with respect to 2 .  1f f € c:, , ( D  ), K E p ' (  N ) ,  then 

On the orther hand, when A. = 0 ,  by Lemma 4 I( z ,  {, A ) is ( q + 1 )  - holomorphic in z ,  but by 

assurnpt ions) ,n-q+1,  therefore, [ ~ ( z , c , h ) ] , ' _ ~  = 0 ,  ( z , t , ~ )  E D x r K  x A K ,  and 

( i ) holds. 

Similarly, when A. = 0 ,  ( z ,  {, A ) is ( + 1 ) - holornorphic in z ; therefore a , [ G ( z ,  5 ,  
A ) ] ; - , - I  = 0 ,  ( z , r , A >  E D x  rK x A,, and ( i i )  holds. 

2.4 Operator H 

Let f E B!, . ( D ) ,  O<P<l.  Then, for all K € P' (  N ) ,  we define 

It follows from Lemma 6(  iii ) that these integrals converge and the so-defined differential forms 

HK f are continuous on D . We set 

for f E B!, . ( D ) , o  < p < 1 .  

Now let f E B! , , (D) ,O<p< 1 , 0 < r ,  s <  n . Since H ( z ,  {, A )  isof degree2n andcon- 

tains the monomials of degree r in z ,  and since dirnarK x AoK = 2 n + 1 such that H ( z ,  5 ,  1 ) 

only contains monomials of degree 2n  + 1 - r - s ( O <  r ,  s< n ) in ( 5 ,  A ), only monomials of 

fi ( z , 5 ,  A ) of bidegree ( r , s - 1 ) (OG r , s < n ) in z contribute to integral ( 4 2 ) .  This implies 

that H&=O, if s=O o r 2 n  + I -  r - s <  ( K (  =dimEdOK 

Hence for f € B f , , ( ~ ) ,  O<P<1, O G r ,  s < n ,  we have 

Hf = ( -  I ) ~ H K ~ ,  
K C  P ' ( N )  

lKI<Zn+l-r-q ( 4 4 )  

H f  = 0 ,  if s = 0 ;  H f  E CO,, , - l (D),  if 1 < s < n .  

Theorem 2.  Assume D C C X to be a local q-convex domain ( O <  q < n - 1 ) in Stein 

manifold, C ( T ( X ~ X ) ) = D ~ = O .  Let ~ t -q<s<n ,O<P<l .  Then,  foral l  f E B ! , , ( D )  
such that 3 f € BP, ( D ) , we have homotopy formula : 

f = a,Hf + ~ 2 ,  f on D .  
- ( 4 5 )  

In particular, i f  a f = O  on D ,  then 

f = 2 = ~ f ;  ( 4 6 )  
that is, 
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is a continuous solution of 3 u = f on D . 

Proof. First we consider the case of closed domain D . Let g E c:, , ( D ) , O <  r ,  s < 
Then by (39) 

d c J g  A G )  = d g  A G - 3 z ( g  A G )  + ( -  l ) rCSg A H, 
and it follows from Stokes' formula (which can be applied in view of Lemma 6 )  that 

for all K E P'( N )  . By Lemma 3 this implies that 

Taking into account (40) and (41)  as well as the definitions of p and H ,  this can be written as 

NOW we consider a form f E cO,,,(D), n - q<s<n  such that sf is also continuous on D .  Set- 

ting g =a  f and taking into account Lemma 7( i ), we obtain 

Setting g =  f in (48 ) ,  applying 3, to the resulting relation and taking into account Lemma 7 
( it ), we obtain 

This implies that 
- 
a , p f  - p3,f = ( -  i>r t"3z~f  + H S , ~ ) ,  

and hence by (26) of Theorem 1 we have 

f = 2 , ~ f  + HS,f on D.  (49) 
Finally for the general case of local q-convex domain D C C X ,  it may be proved by utilizing 

the preceeding result for closed local q-convex domain D C C X  and the limiting process[51. 
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