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Birkhoff’s conjecture and almost periodic
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Abstract The relation between rotation number and almost periodic motion for almost all C* systems on T2
which have no critical points is established. The result that every solution of such systems is a Liapunov stable and al-
most periodic motion is proved.
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1 Main results

Birkhoff'!! first introduced the concept of recurrent motion, and conjectured the existence of

an analytical differential equation that has recurrent motions but has no almost periodic motions.

Ding[”

constructed a system on T2 of the following form:
du _ 1
dt = F(u,v)’
dv _ _ &
dt  F(u,v)

(1)

that verifies Birkhoff’ s conjecture affirmatively. Here, we may call number A a Birkhoff number.

More precisely, A is a Birkhoff number if there is an analytical function F such that system (1)

on T? has recurrent motions but no almost periodic motion. On the other hand, it is well known

that if the C? system on T?

= g(u, ),
2 = g(u, ) f(u, )

has neither critical points nor periodic motions, then every motion of (2) is recurrent.

From the above, it seems natural to ask the following questions:

(2)

(i) How many Birkhoff numbers are there ? What is the relation between Birkhoff number
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and Liouville number!’?

(ii) Almost periodic motion, as the motional form between periodic motion and recurrent

motion, exists widely in smooth systems (2) on T?, doesn’t it?
In this paper, we prove the following theorems.

Theorem 1.  For almost all real numbers A (in the sense of Lebesgue measure), if f, g
€C%, g#0 and the rotation number pu(f) of

du

L1

d 3

;
T flu,v)

is A, then every motion of (2) is Liapunov stable and almost periodic .

Theorem 2. A Birkhoff number must be a Liouville number, and the set of Birkhoff
numbers is of Lebesgue measure zero.

Remark. A real algebraic number is not a Liouville number!®!, so it is not a Birkhoff num-
ber either.

2 Proofs of main results

Lemma 14, Suppose M is a compact minimal set of a dynamical system on M. Then a
necessary and sufficient condition for M to be an almost periodic minimal set is that every mo-

tion in M is Liapunov stable for M.

Lemma 2561, [ff, g€, g0 and u(f) ER\Q, then T? is the minimal set of (2)
and (3).

Let v=H(u;p) be the expression for the orbit of (2) and (3) passing through a point p
=(u, v). From ref.[7], we know that there exists a unique function (mod 1) A :R —R which
is continuous, increasing, such that for all », v, p,

h{v+1) = h(v) + 1, (4)
koo H(1;(0,v)) = A + A(v), (5)
H(u;p) = Au+h - HO;p) + W(u,du + h - H(0;p)), (6)

where A =u(f) and W(y, z) is periodic 1 in y, z, in fact
W(y,z) = H(y:;(0,n ' (z = 2y))) ~ =.

Define the subsets of irrational numbers A, D;s and D as follows:

1) A real number A is called a Liouville number(®!

))\+—2)<—1‘;.
q q

if for every integer §2>1 there exist integers p and g with ¢ >0 such that



No. 3 BIRKHOFF’S CONJECTURE & ALMOST PERIODIC MOTIONS 281

-1
A= ‘A’ lim lim sup|| >, log(1+ a;)|| >, log(l + a;) ] =0,
Ny=+o Ny=+e =N, ISiSN,
1<i<N,

where [ag, ay,°** ] is the non-terminating continued fraction of /\t;

Ds = IA' 3C = C(A)(> 0) such that

A+ f‘} q% for all integers p and ¢

with ¢ > 0, where p, g € Z are relatively prime

.
b

D=nDa.

8>2

Lemma 381, (i) A is a subset of D, and the Lebesgue measure of R\ A is zero;
(ii) For n==3, 6>1 and p(f)E A, hisof class C* 9.

Lemma 4. Suppose 2>1, A€ Dsand k(8)=[8]1+1+[2{8}], where [8] and {8} de-
note the integer part and the fractional part of 8, respectively. If F(x, y) is of class C*(k =
k(8)) and periodic 1 in x, vy, then

]
lim )JO[F(x+s,y+As)—F(x0+s,y0+As)]ds =0 (7)
Yo

(x.y)-’(xo,
uniformly for 6ER .

Proof. By the definition of £, we know that 222, 2(8 — k)< —1, therefore

2 n |20 <4 oo, (8)
n3%0
ZZI"|2(6—k)|m|_2<+°°- (9)
m#0 n#0

171 ,
Denote a,,, = f f F(z,y)e ™(m+m) q,dy. Then!®!
0J0

Zzyamnmlnk_llz <+o00, 1 =0,1,-,kF. (10)
Since
Z G4m0 | _ Z’amomk“ m |—(k+1)
m0 | 1 m#0
1 1
< z|am0mk‘22 . Z | m |2+ D 2,
m0 m#0

> > L ap, 112 127
m n
= D> D a1 a 12 =D lag, a5 D> L ap, 11 a7l

m n#F0 n#0 m#0 n#0
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1
2 | n'|2(8~1—k)} 2

nFE0

1
E: k|2
g laonn

n#Q

S0 apemnt 1.2] SYSV | 72 g 20 w)
m#*0 n#Q m#0 n#0
and
Qmn — a_mg + mn
(momz@.0 7t An mz#o m 22#0 m + An
amo o1,
<,,,Z¢o - C(A)Z:"ZMI“"’"”"'
using (10), we have
S0 <+ oo, (11)
m#0 m

using (8)—(10), we have
D amal [0 <+ 0o, (12)

and using (11) and (12), we get
A

il R (13)

(m, n)#(0,0)

On the other hand

)
JO[F(x+ s,y + As) — F(xg+ s,y0 + As) ]ds

[
[eZﬂ’i( mx+ny) _ e21ri( mz -+ nyo) ]J e27ri(m+ln)xds
0

mn

— Amn [ezni( mr+ny) _ eZwi(m10+ nyo) ] [e2ni(m+/\n)0 _ 1] '
(m 5200 2n(m + An)
_1_ Amn 2ri(mr+ny) _ 2=i{mx,+ny)
< —zr | le e o ™o
T (momz.0lm + An
and
|e21(i(m.z+ny) _ eZni(m.zO+ny0) ‘< 2’ lim leZKi(m1+ny) _ eZni(mzo+nyo)| - 0’

(I,y)—'(zo,yo)

hence, using (13), we obtain the lemma.

Proof of Theorem 1. By Lemmas 1—3, we only need to prove that system (2) is Lia-
punov stable for T? and for A€ A.

Denote (U(¢3;p), V(z;p)) the motion of the system with (U(0;p), V(0;p))=p»

Hence we have
V(t;p) = HU(t;p)5p), (14)

) 1
"glu, vt W(u, v

and by Lemma 3, we have g(u, v) =
(6), (14) and Lemma 4, we have

3) is C* and periodic 1 in u, v, so by
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1
glu+ s, H(u + s;p))

= g(u+s,A(u+s)+he°H;p)) (15)

and

o 1 ~ 1 B ,
<,;.5)1»H<I}0,50>J0[g(ﬁ+S,H(ﬁ+S;P)) g(ﬁo+s,H(ﬁo+S;Po))]ds_0 7
uniformly for §€R, where po="(ug,vg), p=(u,v).

Let T(8;p) be the time along the orbit of the system from point p = (u, v) to point (u +
9, H(u+85p)). Obviously, we have

T(U(t;p) —asp) =1t (16)
for all p€ T?, and
6
_ 1
T(O,p)—jo g(ti+s,H(ﬁ+s;P))d5' a7
Thus, by (17) and (7°), we have
L p) — . 1 _
| T(8,5p) T(%J’)l}ml% 0], (18)
T
lim | T(8;5p) — T(8;p0) | =0 (19)
p—p,
uniformly for §€ R, and by (16) and (18), we have
| U(tsp) — U(tsp0) |
<|u—uo‘+ ’[U(t;p)—;]— [U(Z;Po)—uo]‘
<‘u - u0'+ m%x\g\ . \T(U(t;p) —uspo) — T(U(t;5p0) - u();Po)l
T
= I; - ;0‘+ma2x|g'- 'T(U(I;P) - ;;Po) - T(U(z;5p) - ;;P) ’
T
therefore we have
|UCtsp) - UCt;p0) ]
<|u - &0|+m§xlgl- | T(U(t50) = usp) — T(U(t30) = uspo)|. (20)
T
Hence, by (19) and (20), we have
lim | U(¢59) = U(tsp0) | = 0 (21)
2,
uniformly for t €R, and by (6), (14) and (21), we have
lim | V(t5p) - V(t5p0)| =0 (22)

P2y
uniformly for t &R . (21) and (22) indicate that every motion of the system is Liapunov stable
for T2. The proof is completed.

Remark. For Y «€(0,1), the smoothness of f and g can be reduced to C** and C*, re-
spectively.

Proof of Theorem 2. Let Ay be a Birkhoff number, i.e. there exists an analytical function
Fo(u, v) (#0) such that for system
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de _ 1
dt = Folu,v)’

(1)
dv Aq

dt - Fo(u, ’U)’

T? is a minimal set but not an almost periodic minimal set. We prove that Aq is a Liouville num-
ber. Suppose that A4 is not a Liouville number, then there exists a number 8, (==1) such that A,
S D;, . Similarly to the proof of Theorem 1 (here A{(z )=z, W(x, y)=0, Fy analytic), we

can prove that system (1") is Liapunov stable for T?. Using Lemma 1, this implies that the sys-
tem has T? as its almost periodic minimal set, yielding a contradiction to the fact that the system
has T? as its non-almost periodic minimal set. Similarly, we can prove that the set of Birkhoff
numbers is a subset of R\ D. So by Lemma 3, we know that the set of Birkhoff numbers is
Lebesgue measure zero. Now the proof is completed.

Let X be any system on T2 of class C*"( n=>2) with no critical points. From refs. [7, 10,
11], we know that X is C"-conjugate to system (2), where g7#0. We call ( f) a rotation num-

ber of X. Since T? is compact, one can easily prove that:
(1) if (2) has T? as its minimal set, so does X;
(ii) if (2) has a motion which is Liapunov stable for T?, so does X.
By Theorem 1 and the above, we get the following theorem.

Theorem 3.  For almost all real numbers X (in the sense of Lebesgue measure), TZ is the
almost periodic minimal set of system X, where X is of class C"(n==5) with no critical points
and X is a rotation number of X.
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