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Abstract A remark on complete Lie algebras is given. Since the theory of complete Lie algebras
is still developing, this remark cannot be complete.
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IT is well known that, in the theory of finite-dimensional Lie algebras, the simple (semisimple) Lie alge-
bras, solvable Lie algebras and nilpotent Lie algebras have been the object of concern all the way. Among
them, the theory on simple (semisimple) Lie algebras is the perfect.

In recent years, more and more attention has been paid to complete Lie algebras; i.e. the Lie alge-
bras with trivial center and only inner derivations. The conception of complete Lie algebras is the corre-
sponding conception of complete groups. The conception of complete groups, whose center is unit and all
of whose automorphisms are inner, arose in the 1930s. But the conception of complete Lie algebras ap-
peared in the 1940s'"* . From the 1940s to the 1950s, many famous scholars on Lie groups and Lie alge-
bras had been studying these Lie algebras and obtained some important results corresponding to those of
complete groups. For example, the semisimple Lie algebras over a field of characteristic 0 are complete.
Over any field, the Lie algebras with nondegenerate Killing form are complete. But at that time, few com-
plete Lie algebras were known except these complete Lie a.lgebrasu: . So people could not understand com-
plete Lie algebras and their importance very well. From the late fifties to the beginning of eighties papers
relating to complete Lie algebras were few, but many results on complete Lie algebras were included in the
studies on derivation algebras. Because of the close relationship between the automorphism groups and the
derivation algebras, the latter is always regarded as a major subject in the study on Lie algebras[3_6] .
Since the late 1980s, the study on complete Lie algebras has been more and more active and some interest-
ing results have been achieved!" %" ,

1 Range of complete Lie algebras

Over a field of characteristic 0, complete Lie algebras include all finite-dimensional semisimple Lie
algebras, some solvable Lie algebras and some other Lie algebras which are neither solvable nor semisim-
ple.

Because nilpotent Lie algebras have nontrivial center and some outer derivations, they are not com-
plete. But complete Lie algebras have close relations with nilpotent Lie algebras.

Let g be a Lie algebra. Set

b(a) = g + Derg,
and define the bracket in H{(g) by
[x1 + Dyyxy + Dy] = [xy,2,] + Dy(x) - Dy(5)) + [Dl,Dz],
where 2,,%,€ @, D,, D,€ Der g. It is easy to prove that (@) is a Lie algebra which is called the
holomorph of g.
. It is clear that all finite-dimensional complete Lie algebras over a field of characterisitic O are the sub-
algebras of the holomorphs of some nilpotent Lie algebras.

Over a field of characteristic p( > 0), it is different. The sample Lie algebras may not be complete,
and it is not clear whether a complete Lie algebra is a subalgebra of the holomorph of some nilpotent Lie
algebra, but we know that the simple (semisimple) Lie algebras with non-degenerate Killing forms are still
complete.

2 Direct sum decomposition of complete Lie algebras

Killing-Cartan theorem shows that, over a field of characteristic 0, the finite-dimensional Lie algebras
are semisimple if and only if they can be decomposed into the direct sum of their simple ideals and this de-
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composition is unique up to the order of these ideals. This theorem makes us reduce the study on semisim-
ple Lie algebras to that on simple Lie algebras. But the proof of this theorem is dependent on the fact that
a Lie algebra over a field of characteristic 0 is semisimple if and only if its Killing form is non-degenerate.
So the method of proving of Killing-Cartan theorem does not work at these Lie algebras with degenerate
Killing forms. Especially, the semisimple Lie algebras over a field of characteristic p( > 0) have not cor-
responding result. We cannot reduce the study on these semisimple Lie algebras to that on simple Lie alge-
bras .

In the late 1980s, we proved the result that any complete Lie algebra over an arbitrary field can be
decomposed into the direct sum of simple complete ideals and this decomposition is unique up to the order
of these ideals. A complete Lie algebra is called simple complete if it is indecomposable; equivalently,
anyone of its non-trivial ideal is not complete. Now we can also reduce the study on complete Lie algebras
to the study on simple complete Lie algebras.

Compared with the proof about the existence of the decomposition, the proof on uniqueness of the de-
composition is much more difficult. In order to prove this, we introduce the notion of g-endomorphism. An
endomorphism ¢ of g is called a g-endomorphism if

adx - ¢ = ¢ -adx Vazx € g.

In other words, $ is not only an endomorphism of g but also an adjoint g-module endomorphism.

Using the properties about g-endomorphism, we can prove that if a Lie algebra with trivial center can
be decomposed into the direct sum of its indecomposable ideals, then the decomposition is unique up to the
order of these ideals. From this, we obtain the uniqueness of decomposition of complete Lie algebras. Be-
cause all of semisimple Lie algebras over a field of characteristic O are complete, the uniqueness of the de-
composition of semisimple Lie algebras can be easily obtained from this!’*® .

Whether acting as Lie algebra endomorphisms or as module endomorphisms, the set of all g-endomor-
phisms of a Lie algebra @ forms a monoid, which is worth studying. But in some sense, the study on this
monoid still remains untouched up to now.

If we apply the idea of g-endomorphism to other algebra systems, the uniqueness of decomposition of
the algebras with “trivial center” can be proved. So the notion of g-endomorphism goes beyond the Lie al-
gebras .

3 Structure of complete Lie algebras

Let g be a finite-dimensional Lie algebra over a field of characteristic 0, then g has the Levi decom-
position § = 841, where & is a Levi subalgebra of g and t the radical of g. On the other hand, let g be
a complete Lie algebra; then for all D in Derg, the semisimple part D, and the nilpotent part D, in the
Jordan decomposition of D are also in Derg. So any x in g can be decomposed into the sum of its
semisimple part x, and nilpotent part x,.

From this, we can obtain the Levi decomposition of any complete Iie algebra g over algebraically
closed field of characteristic 0, i.e. g =8+ 1t4 1, where 3, T =t4 n, 1 are a Levi subalgebra, the
radical and the nilpotent radical of g respectively. Because all complete Lie algebras are algebraic Lie al-
gebras, the above decomposition can also be obtained by the theory on algebraic Lie algebras[g] .

Moreover, we know that n is an 8 4t module and certainly it is completely reducible. Let g be the
Cartan subalgebra of 8; then h) + t is the maximal toral subalgebra of g, and g has the root spaces decom-
position with respect to g4 1:

g=04t+ Xa.,
a€ A

where Qa satisfies [h + t,2)=a(h+t)x,Vh+tEH+t,xEq,.

It is clear that this decomposition of complete Lie algebra is very similar to the root spaces decomposi-
tion of semisimple Lie algebra with respect to its Cartan subalgebra. As in the theory on semisimple Lie al-
gebras, we can obtain many delicate results by the decomposition. So the decomposition is one of the most
important results on complete Lie algebras.

For example, although the Killing form of a complete Lie algebra may be degenerate in general, but
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its restriction to a maximal toral subalgebra is nondegenerate. So we can identify the maximal toral subal-

gebra with its dual spaces, and the restriction of Killing form to the real space generated by root system is
(10,11]

positive definite. Using these, we can obtain a criterion of simple complete Lie algebras
Now we can say that the theories on algebraic Lie algebras, nilpotent Lie algebras, reductive Lie al-
gebras and their representations are all very useful in the study on complete Lie algebras.

4 Some complete Lie algebras

During some period, the study of complete Lie algebras was dormant. One of the reasons is that peo-
ple knew very few complete Lie algebras except the semisimple Lie algebras. With the development of the
theory on Lie algebras, it was not until the late 1980s that more and more complete Lie algebras were
known, and the general theory on complete Lie algebras has been set up along.

First, it has been proved that all the parabolic subalgebras of complex semisimple Lie algebras are
complete, and they are simple complete if and only if they are the parabolic subalgebras of some simple
Lie algebras”'lz? .

Secondly, some metheds of constructing complete Lie algebras were found at the beginning of the
1990s. Using these, we have constructed many complete Lie algebras siich as complete Lie algebras whose
nilpotent radical is abelian Lie algebras or the direct sum of some abelian Lie algebras and some Heisen-
berg algebras, solvable complete Lie algebras with maximal rank and some solvable complete Lie algebras
with non-maximal rank-7+'0"127197

Thirdly, we have constructed some complete Lie algebras from generalized Kac-Moody algebras and
their subalgebras, Virasoro algebra and so on-?%'%!-

Fourthly, from the derivation algebras, holomorphs and the derivations of these holomorph algebras of
some Lie.algebras, we have also obtained some complete Lie algebras: 135

Some basic problems on the theory of Lie algebras have been understood very well through the study
on complete Lie algebras; for example, we have known that all the derivation algebras of simple Lie alge-
bras are simple complete. We can find a simple Lie algebra over a field of characteristic p( >0) which is
not complete but its derivation algebra is simple complete; further, we show that this derivation algebra is
semisimple but not simple. Therefore the study on semisimple Lie algebras over a field of characteristic
p(>0) cannot reduce to that of simple Lie algebras'? .

In a word, among the theories of Lie algebras, the theory of complete Lie algebras is an important
branch with abundant contents. Many important results on complete Lie algebras have been obtained. We
can expect great progress in the studies on the structure, classifications, realization, representations and
subalgebras of complete Lie algebras and on the relationship among complete Lie algebras, Lie groups and
differential geometry, even though the theory on complete Lie algebras is far from perfect.
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