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� G� S  !"� ������
���	�� G�
��#@$� S
��>���
��%$�� S �%� (b, v, r, k),�� b 
���	 v  �

���	 r"�&&����
���	 k "���
������ k > 2. �
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1��)� *	)! O’Nan-Scott�"�

Camina��/012@	0�% �3G 4526�7(268�
B *

��34 T �(268�	 T � G � Aut(T )� G
��@$��#
���
�� *
��B *1	 Camina�2�35 Spiezia� 20006478 T 99

�:;8� [4]. � 20036	Camina5 [5]478 T 99�2:�
;�� G = T

<	�<��' 1)[6−9] . 5;6=	; T � Lie70,8<	99:;� G�


��<>� T �
��
����B<>���=>
��=�?�	��4
781>���?

H�IJ � G�
��#@$����#
��� S = (P ,L)��<

@8�	� L(q) � G � Aut(L(q)), L(q)��#@ GF (q) �� LieA8�
?'

L(q)��B 3D4(q)," L(q)�
���	�@ q�C� p�AA


��B 1@D�2�35�EFGB8 G�3G� Lie7 1� *
�

<'348�2 Lie7 2� LieA8�	C? G2(q)� 2F4(22n+1). �CHI8

�/DD��JE� 3D4(q)�!"
�����/45�'


2 KLFMNOPQRS

EFEF��K;$G��/�B�#��"��J�DD
HB���

��I$1GJK??'X� Y �	��#�	" X · Y "��X L� Y ��

�HL
 X : Y � X ·Y  !"��I�(�IHL
 X × Y "� X � Y �M

M
JK [m]"�	� mJ�	1 Zm 7NK8#m"�J m�NO�
�

���	�"��2JK�ÆT�
LO��$ FixΩ(K)"� Sym(Ω)�Æ�K

P� Ω���
�
� G"����
��$JK e(G)"� G�H����


� G����#�
?' H �� G�M���G���Q	"� H �C

!P� (subnormal). �� G N8� (quasisimple),?'R�(O� (Q G = G ′)

� G/Z(G)�8�	�@ Z(G)"� G���


� G� A��#�	 Ω����#
�
��PST (A, G, Ω)� �C

O� (exceptional),?'R�QU%1�R?
(1) G� A�!PÆ�R
(2) A� G�� Ω����U6�R
(3) A� G� Ω × Ω����STV� Ω × Ω��HS	Q {(α, α)|α ∈ Ω}.

���PST (A, G, Ω) � WXCO�, ?' A ���Æ� B �� G, ��

(B, G, Ω)�CO�	�� B/G�NO�
; A���<@8��)U6�<	

Guralnick5 [10]U�8R�� �
Y!#	; Soc(A)� Lie798B 2<	�

1>�Z�?

VJ 2.1[10] � G���<@8��)�	� L � A � Aut(L)E L�(2

1) Spiezia F. Simple groups and automorphisms of linear spaces. Ph.D. thesis, Norwich: University of East

Anglia, 1997
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68�
��]� A�Æ� B � G,�� (B, G)�CO�	�� G� A��!

P�	B/G�NO�
�M � A����P�Æ�
[ L� Lie798B 2�

L �= Sp4(2)′ ∼= PSL2(9)," M ∩ L���Æ@�	Q��J \C� r�@>�
����>Æ
N]�^#

(i) r �= p (�@ p�@�Yc);

(ii)?' r = 3," L� Sp4(q)A�� q�^�R

(iii)9]� Aut(L)P�� rJS� L_Y�

d�HI�B� 3D4(q)��/3��e

Kleidman[11]/�8 3D4(q)�`aÆ�
VJ 2.2[11] � 3D4(q) = H0 � H � Aut(3D4(q)),�@ q�C�AA
��

M � H �9�� H0 �`aÆ�	"M0 = M ∩ H0 f H0 _YB" 1�Æ�g
�?

b 1

_c`d _cÆ Ze
[q9] : (SL2(q3) ◦ (Zq−1)) · d q12(q6 − 1)(q − 1) d = (2, q − 1)

[q11] : ((Zq3−1) ◦ SL2(q)) · d q12(q3 − 1)(q2 − 1) d = (2, q − 1)

G2(q) q6(q6 − 1)(q2 − 1) Liehf_

PGLε
3(q) q3(q3 − ε1)(q2 − 1) q > 2, 3|(q − ε1), ε = ±

3D4(q0) q12
0 (q6

0 − 1)2· q = qm
0 , m �= 3iÆ�

(q4
0 − q2

0 + 1)

L2(q3) × L2(q) q4(q6 − 1)(q2 − 1) 2|q
(SL2(q3) × SL2(q)) · 2 q4(q6 − 1)(q2 − 1) q a��ghc�ji[
(Zq2+εq+1 ◦ SLε

3(q)) · fε · 2 2q3(q3 − ε1)2(q + ε1) fε = (3, q − ε1), ε = ±
(Zq2+εq+1)2 · SL2(3) 24(q2 + εq + 1)2 ε = ±
(Zq4−q2+1) · 4 4(q4 − q2 + 1)

VJ 2.3[11,12] (i)?' q �^�	" 3D4(q)�
�H�_Y�	��(�
�H����>Æ�J q10(q2 − 1).

(ii)?' q�\�	" 3D4(q)V��H�_Y�	����H����>Æ
�J q4(q6 − 1)(q2 − 1).

VJ 2.4[11] � H0 ���� 7�`a “b”,$ Tj "��/`a “b”, (0 �
j � 6). Tj � NH0(Tj)/Tj ���?" 2K�


VJ 2.5 � q = qm
0 (m � 3)�C�	 ε = ±,"

(1) (q − ε1)29kj |3D4(q0)|,
(2) q2 + εq + 19kj |3D4(q0)|,

www.SciChina.com



1096 ���� A� �� / 36+

b 2

Tj Tj c`d NH0(Tj)/Tj

T0 Zq3−1 × Zq−1 D12

T1 Z(q3−1)(q+1) Z2 × Z2

T2 Z(q3+1)(q−1) Z2 × Z2

T3 Zq2+q+1 × Zq2+q+1 SL2(3)

T4 Zq2−q+1 × Zq2−q+1 SL2(3)

T5 Zq4−q2+1 Z4

T6 Zq3+1 × Zq+1 D12

(3) q4 − q2 + 19kj |3D4(q0)|,
(4)?'m�\C�	" (q4

0 − q2
0 + 1, q6 − 1) = 1.

VJ 2.6 H	��!k� a � 1,1>"k�c?

(1) (a2 − a + 1, a2 + 1) = 1.

(2) (a2 − a + 1, a4 − a2 + 1) = 1.

(3) (a2 − a + 1, a4 + 1) = 1.

(4) (a2 − a + 1, a8 − a4 + 1) = 1.

(5) (a2 − a + 1, a16 − a8 + 1) = 1.

ld���	�� G�
��� S ���>���
� G�
���	"

S �!"
���
���� S �%� (b, v, r, k),��QU%15d?

vr = bk, (2.1)

v = r(k − 1) + 1. (2.2)

�

b1 = (b, v), b2 = (b, v − 1), k1 = (k, v), k2 = (k, v − 1).

l�	

k = k1k2, b = b1b2, r = b2k2, v = b1k1.

��m [5]�	@D�J8�nC�	Rkj b m9kj v. 'o�BC�
\4L�$��epf� 1) �
��qT	
�� b2�CrÆ�����nC
�	r�
��9�gsh>�
����]��nC�


� L� S ����
	" GL "� G�P�
 L�P�Æ�

�@�
�����in$G�tj?B 1� G�	���H�� GL �

�M�H��_Y�
B 2�?' G����H�9P� S �	o�	" G�

���� [16],r�����
��H��ukP����


%1"k�GB
����
��>���<�(n�$�


1)lvmpnqr� 2 − (v, k, 1)o�psp�wqx�t�+yr��� 1998
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VJ 2.7[14] � G
��#@$�
��� S �
 K � G���Æ�

?'HB	�� L ∈ L�M� α ∈ P ,� K �� GL E K � Gα," NG(K) � Gα.

VJ 2.8[15] � G
��#@$�
��� S �
?']���C� p,�

� p|bm p � v,"HBM� α ∈ P , NG(P ) � Gα,�� P � G� Sylow pÆ�

VJ 2.9[16] � G 
��#@$�
��� S �
HBM� α ∈ P , P �

Gα ��� Sylow pÆ�
?' P 9� G� Sylow pÆ�	"]���&&� α

�
 L,�� P � GL.

1>�Z��uWP�����<�(n�$�?

VJ 2.10[9] � G�@$� Ω�����	K � G���SC�_Y�

� x ∈ K , FixΩ(〈x〉)"�L 〈x〉P�� Ω���
�	"

|FixΩ(〈x〉)| = |Gα ∩ K| · |Ω|/|K|,
�@ α ∈ Ω. Y!#	?' G�s����H��_Y�	"�

|FixΩ(〈i〉)| =
e(Gα) · |Ω|

e(G)
,

�@ i� G��H�	 e(G)"� G��H����


34H�@$� P ��t6 .	��vd81>�Z�	����(n
�$�95d	��������47�u?];�@$?

VJ 2.11[17] � G 
��#@$�
��� S = (P ,L) �	 S �%��
(b, v, r, k). � i� GL����H�	�@ L� S ����

v f1 = |FixP(〈i〉)|
E f2 = |FixL(〈i〉)|,"�%1<B *=d?

(i)?' f1 = 07HBM�
 L, FixP(〈i〉) ⊆ LE k�^�	"� f2 = v/k;

(ii)?' f1 = 1," k�^�� f2 = (v−1)/k,7 k�\�� f2 = (v−1)/(k−
1).

(iii)?'9� * (i)� (ii),"� f2 > v/k.

VJ 2.12[17] � G 
��#@$�
��� S = (P ,L) �	 S �%��
(b, v, r, k).� i� GL����H�	�@ L� S ����

v f1 = |FixP(〈i〉)|,
f2 = |FixL(〈i〉)|. ?' S 9�gsh>� f1 � 2," v � f2

2 .

VJ 2.13 � G 
��#@$�
��� S = (P ,L) �	 S �%��
(b, v, r, k). � i� GL ����H�	�@ L� S ����

?' S 9�gs
h>� f1 � 2," v < |CG(i)|2

|CGL
(i)|2 .

^_ ��Z� 2.12���z"


\$��EF��� GillwwU��];�' 1) .

VJ 2.14 � G���@$����#gsh> S �	";x S ��� q

J� Desarguesianh>	� PSL(3, q) � G � PΓL(3, q),;x Gy� {


1) Gill N. Line-transitive linear spaces. Ph.D. thesis, Cambridge: University of Cambridge, 2005

www.SciChina.com
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3 `aMbcde

EF	��47%1 3�Z�


VJ 3.1 � G��#@$��#
� Ω�
��� G�]�`aÆ�H ,

��H � G�!PÆ�
?' H 9����	"HBM� α ∈ Ω,� Hα = Gα.

^_ ��]���SC g ∈ Gα m g /∈ Hα," G = HGα (H � G�`a

Æ�),r�

G/H = HGα/H ∼= Gα/(H ∩ Gα) = Gα/Hα,

B�

|G : Gα| = |H : Hα|.

K% H � Ω�����	�x58zy

VJ 3.2 � G 
��#@$�
��� S = (P ,L)�
?' H � G �

!PÆ�� |G : H | = s, s�C�	mH 9�
���	";x (G, H,P)�CO

�	;x S ���gsh>

^_ r H 9�
��	� H � G�`aÆ�	K%�Z� 3.1,��

�G GL = HL. �
B�9?
��H@$� S������	α� β� P�
��
� L�&&�
��

��

r Gα,β � GL� Hα,β � HL,"� Gα,β = Hα,β . A�G |Gα : Hα| = s,

z���%z=	HK��H {α, β}, |Hα : Hα,β | < |Gα : Gα,β |. L�A>	34
G H � G� P ��U6�	 H � Gs����ST�HS�
l���R�

�9�GPST (G, H,P)�CO�

�� H @$� S �9�����
� Frattini"k	HK�� P ∈ Sylp(H),

� G = NG(P )H ,�@ p�kj |H |�	�C�
[ NG(P ) � Gα," G = GαH ,

r1H �����	�f��zy
r��Z� 2.9, P � Gα, P ∈ Sylp(H)��

? P � GL. d�v bH = |H : HL|E vH = |H : Hα|. ?' pkj |H |m9kj
vH ," Hα ����H �� Sylow pÆ�	r� P � HL,B� p � bH . {g	kj

bH �C�|�� vH �rÆ
N]�^ b = sbH E v = svH (�Z� 3.1,A�G
GL = HL � Gα = Hα),r�kj b�C���� v �rÆ	l19]��nC
�	r1 S ���gsh>


1>�"k���J�
HBf;���47(n];?
VJ 3.3 � G = T : 〈x〉�
��� S = (P ,L)��
���	" T @$

� P �����

^_ ?' S �gsh>	"�Z� 2.14,� PSL(3, q) � T ,r� T � P �

����
?' T � S ��
���	"��m [1]q T �����
B���

�� S 9�gsh>� T 9�
���
� o(x) = n > 1E s� n�CrÆ	
"]��� G�!PÆ� H ,�� |G/H | = s� H 9�
��� (}"$ H ~

SCIENCE IN CHINA Ser. A Mathematics
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| G).� y = xn/s. " G/H = 〈yH〉. �Z� 3.2,qPST (G, H,P)�CO�
r

���m [10]�Z� 3.3,�G y��P� P ����	� α. 34 x@$� P
�t6 .	��vdj8 αO	 x9P� P ��2	���
}"f y��

P� P �����zy	r� x ∈ Gα � G = TGα,���? T @$� P ��
���


H�IJg^_ r T = 3D4(q) � G � Aut(3D4(q)), �%�� G = T :

〈x〉,�� x ∈ Out(T ), Out(T )� T �O>���
� q = pa, a�!k�	p�C

�
�%�� x���@>��
� o(x) = m," m|a.

�� T @$� S �9�
���
N]�^�� G���J\8�
��
�	r�]���Æ� H ,�� T � H � G, � |G : H |���C�� H 9�


���
�Z� 3.2, (G, H,P) �CO�PST
�Z� 3.3, T �����	r

� x��� Gα g�m9��� GL �
}�Z� 2.7,�G NG(〈x〉) � Gα. r 

GF(p)���L xP��@	K% 3D4(p) � CT (x). �Z� 2.2,�� 3D4(p)�Æ
�V�Æ@�	r�HM�k� dE q = q′d,� CT (x) ∼= 3D4(q′),l1 GF(q′)�

L xKP��GF(q)�Æ@	'{�~	xP�GF(q′)�K��SC	r� dk

jm. d� 3D4(q′) � Gα ∩ T = Tα,K%�Z� 2.2,� Tα = 3D4(q0),�@ q = qc
0

� c | d�

v =
q12(q6 − 1)2(q4 − q2 + 1)
q12
0 (q6

0 − 1)2(q4
0 − q2

0 + 1)
.

� i� T ����H�	 I "� i� G����_Y�
?' q �^�	

"| i ��(��H�	'{�~	 i9��� T �	� Sylow 2Æ����
g�
r��Z� 2.3, ; q  ^�<	 |CG(i)| = q10(q2 − 1)m; ; q  \�<

|CG(i)| = q4(q6 − 1)(q2 − 1)m.

LO�Z� 2.13,� v < |CG(i)|2
|CGL

(i)|2 ,l� |CGL(i)| � 2,z v < |CG(i)|2,B�	

q12(q6 − 1)2(q4 − q2 + 1)
q12
0 (q6

0 − 1)2(q4
0 − q2

0 + 1)
< q20(q2 − 1)2m2 7 q8(q6 − 1)2(q2 − 1)2m2,

k��G

q12(q6 − 1)2(q4 − q2 + 1) < q20(q2 − 1)2m2q28
0 7 q8(q6 − 1)2(q2 − 1)2m2q28

0 .

���z=

q2 < aq14
0 ,

Q

p2a(c−7)/c < a,

�@ c > 1� c|a, r����G c = 2, 3, 4, 5, 6, 77 c = a = 8� p = 2. N]�

^	; c�C�<	��m [10]q c � |G2(p)|,r� cV�9� 4, 5, 67 c = a = 8

� p = 2.

www.SciChina.com
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 8(�f;���47	V;}j c = 4, 5, 6� c = a = 8� p = 2� 

*Q�


(1); c = a = 8� p = 2<	��� q = 28 = 256, q0 = 2E m + 8,B�

v =
284(2128 − 2112 + 296 − 281 + 265 − 249 + 232 − 216 + 1)

632 · 13
.

�Z� 2.3,; q  ^�<	 |CG(i)| � 283(216 − 1);�Z� 2.13,� v < |CG(i)|2
|CGL

(i)|2 ,

�B |CGL(i)| � 2,z v < 1
4 |CG(i)|2. B�

284(2128 − 2112 + 296 − 281 + 265 − 249 + 232 − 216 + 1)
632 · 13

<
2166(216 − 1)2

4
.

k��G

(216−632 ·13)2112+(632 ·13−215)297+(216−632 ·13)280+265−249+232−216+1 < 0.

�1 216 = 65536 > 632 · 13 = 51597 > 215 = 32768,l��d9�c	zy


(2)r Tα = 3D4(q0), q = qc
0,�@ c = 4, 5, 6,K% Gα = Tα : 〈x〉9�� G

� Sylow pÆ�
r��Z� 2.9, Q0 � GL,B� Q0 � T ∩ GL = TL,�@ Q0 �
3D4(q0)� Sylow pÆ�
�Z� 2.2,��qT� TL_YB 3D4(q1)7D� T �

M�`aÆ��Æ�	�@ q� q1 �AA� q0 kj q1.

�� TL = 3D4(q1). �<� |CTα(i)| � |CTL(i)| � |CGL(i)|,"�Z� 2.13,�

G v < |CG(i)|2
|CGL

(i)|2 < |CG(i)|2
|CTα(i)|2 . Q

q12(q6 − 1)2(q4 − q2 + 1)
q12
0 (q6

0 − 1)2(q4
0 − q2

0 + 1)
<

(q10(q2 − 1)m
q10
0 (q2

0 − 1)

)2

7
(q4(q6 − 1)(q2 − 1)m

q4
0(q

6
0 − 1)(q2

0 − 1)

)2

,

k��G

q4 < 2a2q4
0 .

B�

p2a <
√

2p2a/c · a,

��~� c = 1,����zy
��zy~7H	� q1 E q0 | q1, TL 9�9�

� 3D4(q1). LO	r q12
0 kj |TL|,K% TL99�" 1�\$
���Æ�


(i) ; c = 5 <	� K "� Tα ��J q4
0 − q2

0 + 1 �NO�	"�Z

� 2.5(4) �Z� 2.2 �� K � Zq4−q2+1 � K �� GL. B��Z� 2.7, ���

Zq4−q2+1 � NG(K) � Gα,m�fZ� 2.5(3)zy


(ii); c = 4<	���

v = q36
0 (q2

0 + 1)2(q4
0 − q2

0 + 1)(q4
0 + 1)(q8

0 − q4
0 + 1)(q16

0 − q8
0 + 1).

� b = |G|
|GL| = |T |m

|TL|m1
= |T |a1m

|M|m1
. �@ M  T �`aÆ�	 |T | = |TL|a1. v

|T |
|M| = b′," b′kj b.

?' M ∼= [q9] : (SL2(q3) ◦ (Zq−1)) · d, [q11] : ((Zq3−1) ◦ SL2(q)) · d, G2(q),

PGLε
3(q), L2(q3)×L2(q), (SL2(q3)×SL2(q)) · 2,7D (Zq2+εq+1 ◦SLε

3(q)) · fε · 2(ε =

SCIENCE IN CHINA Ser. A Mathematics
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−1),; q = q4
0 <� q2

0 − q0 + 1 � 3kj q2 + q + 1. B� q2
0 − q0 + 1kj b′, Q

kj b. �Z� 2.6, q2
0 − q0 + 1 9kj v. B�]���C� s kj q2

0 − q0 + 1,

�� s | b m� s � v. v S  T � Sylow s Æ�
�Z� 2.8, NG(S) � Gα. 0

S � Tα � Gα, m� S �� TL(}" S � TL � M , z s � |T |
|TL| , zy), B� S �� GL,

l1�G NT (S) � Tα. �B q2
0 − q0 + 1kj q3 − 1," Zq3−1 � NT (S) � Tα,Q

q3 − 1kj |Tα| = |3D4(q0)|(q = q4
0). l�zy


?' M ∼= (Zq2+εq+1 ◦ SLε
3(q)) · fε · 2(ε = 1), �Z� 2.4, v K = Zq3

0+1 ×
Zq0+1 �3 D4(q0),m�K �� (Zq2+εq+1 ◦SLε

3(q)) ·fε ·2,z�Z� 2.7,HM� α ∈ P ,

� Zq3−1 × Zq−1 � NT (K) � Tα. B� |NT (K)|kj |Tα|,Q (q3 − 1)(q − 1)kj

|Tα| = |3D4(q0)|(q = q4
0). l�zy


(iii); c = 6<	���

v = q60
0 (q2

0 +1)2(q4
0 −q2

0 +1)(q6
0 +q3

0 +1)2 ·(q6
0 −q3

0 +1)2(q12
0 −q6

0 +1)2(q24
0 −q12

0 +1).

; q ^�<	�Q1 Tα� Sylow 2Æ�
l�9� T � Sylow 2Æ�	z
Q1 � TL. � i TL�����H�	"Q1��� TL�	� Sylow 2Æ����
g�
B�Q1 � CTL(i),z� |CTL(i)| � q12

0 .�Z� 2.3, |CG(i)| = q10(q2−1)m =

q60
0 (q12

0 − 1)m. �Z� 2.13, v < |CG(i)|2
|CGL

(i)|2 < |CG(i)|2
|CTL

(i)|2 . B��G%195d?

v <
q120
0 (q12

0 − 1)2m2

q24
0

,

k��G

q2 = q12
0 < q15

0 < m2 < a2,

Q q = pa < a,�B p = 2� a � 6,z�d9�c	zy


; q  \�<	 |CG(i)| = q24
0 (q36

0 − 1)(q12
0 − 1)m. �Z� 2.13, |CTL(i)| <

|CG(i)|√
v

, �G |CTL(i)| < q2
0a. ?' TL �]���J (q3

0 − 1)(q0 + 1) �NO�

K ," q4
0 < (q3

0 − 1)(q0 + 1) < |CK(i)| < |CTL(i)|. z� q4
0 < q2

0a,Q pa < a3. �B

p � 3� a � 6,z�d9�c	zy
?' TL�9]���J (q3
0 − 1)(q0 + 1)

�NO� K , �Z� 2.7, NT (K) � Tα, B� Zq3−1 � Tα. Q q3 − 1 kj |Tα| =

|3D4(q0)|(q = q6
0). l�zy


h�KI	��(�8f;���47


ij �7:k 13M=lNmOPnQOM2����
Ro Saxl pSq
%&Ars>tT�uU
=vw SaxlpSxVWXyY	FHZyY Gillz
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