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1. The purpose of this note is to give the proof of some results in my preprint!",

For a real quadratic irrational number f, let

k
Y(B)= ¢ /-
' 0, if k odd,

where f§ has a development of the simple continued fractions

ﬁ:[ &0!"' vassaly e 9ak ]
with the basic period a,, --- ,aq, .

We call ¥ (f)the Hirzebruch sum of S.

The following three theorems have been stated in [ 1].

Theorem 1. Let both d>1 and —k < —1 be the fundamental discriminants such that
g c.d. (2d, k)= 1. Then we have

48J - h(—~k)h(—kd)

b+
=0, W4 W.yy >, > x(a) Y z.(am+bm+ c)‘l’(*ni (m+ 'Tﬁ )) ,

4 nu=k m(mod n)

b
{4=la. ; 1 nouzl

where J is a positive integer such that the least solution of the Pell’s equation x*— dk*y*=4 is

g’ with the total positive fundamental unit €. of the real quadratic field Q(\/ 7 ); h(x)de
notes the class number of the quadratic field Q(\/y ); a. b and c are integers such that
‘ b+

d
d=b’—4dac,|bl<a<-candg c.d(a, b, c)=1;A=|a —— | runs through a com-

plete set of representatives of the (wide) ideal classes in Q(\/ 7 );
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{ Lif Ne)=—-1l,ie.e,=¢",
2,if Ne)=1l,i.e.e.=¢,

with the fundamental unit ¢ of Q(\/'g ); x,and x, are real primitive characters mod u and
mod n respectively; and finally for a negative fundamental discriminant — D,

2, if —-D<-4,
W_p,= ¢ 4 if —D=-4,
6! f _D:_30

Theorem 2. Let both d>1 and — k< — 1 be the fundamental discriminants such that 4 || k
and g c.d.(d, k)=1. Then we have

487 - h(=k)Vh(—kd)=3,W_, W_,,

b+ g
x y (Z ula) Y g4, (am? +bm+c)‘l’(4u (m+%))

b+Jd dnu=k m (mod dn)
{a=1[a. > 1} muzl
b+\/d
+ 3 qw(@) Yy, (am*+bm+c)| ¥
dnu=k m (mod n) :
mouzl

{3 S (e )

where all notations are the same as those in Theorem 1.

Theorem 3. Let both d> 1 and — k< — 1 be the fundamental discriminants such that 8 || k
and g. c. d.(d., k)= 1. Then we have

887 - h(=kh(—kd)=8,W_, W_,

b+
X ) ( Y xJla) Y Xs,.(am2+bm+0)‘l’(8—l; (m+ Tﬁ))

(4=l a. bi-:'} 0 im:;fcl m(mod 8n)
1 2 u m b+ \/E
* 7 Bnuz=k xu(ﬂ?nim%ﬁn)xsn (mn +2bm+4€)tp (‘X (_5“ * 20 ))
muzl
b+a
+ Y xsu(@) ) Xn(am2+bm+c)(‘l‘(-2— (m+ —))
3nu=li m (mod n) H 2a
o=

(o2 (o 5 )

where all notations are the same as those in Theorem 1, and both the compositions of y,,and y, »
or iy, and y, are y which is the real primitive character mod k with y(—1)= —1,
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Example. Let p= 1(mod 8) be a prime such that / (p) = 1. Then we have 3k (—4p) =
‘}’(\/TP ), which is similar to a result due to F. Hirzebruch? : If p= 3 (mod 4)is a prime
>7 such that h(p)=1, then we have 31 (-p)=¥(/}, ).

2. We are going to give the proof for Theorem 1. Firstly, under the assumption of Theo-
rem 1, we have

Y r@ Y pa.lam’+bm+c)= % yla)uln)y,(a)= g (a)y p(n)=0, (%)
nu=k

m(mod n) nu=k nlk
mouzl muzl

by using the following identity (cf. [3] )

i, (an?+ bm+ ¢)=pu(n)y, (a)

m (mod n)

where y is the M obius function.

According to (*), Theorems 2,5,6’ in[3] and the case (1. 18) of the theorem in
[4], it is not difficult to know that for proving our Theorem I, we only need to show that

g.c.d. (2am+ b)k, (an?+ bm+ ¢)dku/n » akn/u) =1, (1)
' nu=k and g.c.d.(u.a)= g.c.d. (n, am*+ bm+c)=1.
Since k has no square factors, hence the left hand side of (1)is
g.c.d.((2am+ b)um, (am*+ bm+ ¢ Ju*, an*)
= g.c.d. Qam+ b, am*+ bm+c,a)= g.c.d. (a, b, ¢) =1,
which proves (1). Therefore the proof of our theorem 1 has been completed.

3. Theorems 2 and 3 of the present note can be proved by using a similar method.

4. For example, we take k=4 and d=p in Theorem 2, and consider that all Hirzebruch
sums which are involved in the example are zero except ‘P(\/}; ). So we get the statement
of the example.
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