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#E A it #3E PH (Pythagorean hodograph) # £ — X 7Lk OR # %4 (curves with rational
offsets) Y& 7%, OR AR AR A EHNANEFELN — K58 &, £ CAD #HA) ZH K
Fl. AXKRASHE LM EHETHX, REF RSB EANEX 2B E, ¥4 PH th X IR OR
Mo AWMERA, Forle X HRE ATk EEE C EENMBEGT, Bl e —
MNEHESHRFEMER L. AXH—FERT XANAEEESHNLAEX. & TEK OR #k
REENWE R, X TE Rk, FRATUELEIRE T LA MBI E, B DUF 8008 %5
EHEHEABE TWEI, MY TE AL, FRAEHEATHEENTZ B EEEH.

KPEiR]  Bézier th %, FI W&, Lk, E4, Hermite #HE

il

1 35

WE R TFISEML P(t) = (x(t),y(t), WA TFIZHLER R d f— 2K T LARIRON P (t) =
P(t) + dN(t), HH N@t) = (—y'(t),2'(t))//22(t) + y2(t) ZMEER P = P(t) LRRALEER,
e P,(t) BN P(t) M—F55FEL. #5— %Mk P(t) BT — SOV AR 20X, AR iZEiZE N OR
Mk (curves with rational offsets).

EAR Bézier MR AETHENUBI BT SiE (CAD/CAM) F BA T2 (8 ) (B3 % — 4% Bézier
it 2 I AN KA A B SRR B IR I 1 — SR B L& 1T 7 ik it 98 AR B2 Rl 7
— IR BRI 2, XS 2 A TREN T RAT VR A0, B, e AT I AT A
i TS B 2 T AT (AR B, G T R EE AR e S, AR KR R TV 2 R i TR
R (61 BRI E AR 2 B AL BRI BRI . BN T Bk i i v 4.

Un SR — 21 2 W 2R 1 — B 3 B BREGEHOY — AN sk 2 T, WIFRZ #1208 Pythagorean
hodograph (PH) #14k [7. T2, —% PH #iZm)S5IZ& v IRR NG B, NI LAE CAD R4t

SRR Ak, FEEE. —2HK OR MG k. hEEE:: F 8, 2017, 47: 1694-1704, doi: 10.1360/N112016-00240
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ks T BT, C@A WL KT PH HZRMA I LAE, A EE PH fhZk B, Minkowski
PH £k 10, 23[8] PH fh£i DL mdE PH 2k M, 5555 Ak, R A A PH #Z03E1T Hermite fi{H
i BT R A TR P28 T 2 AR DL S AT DA S 25 SR [19~21].

SR, A A ESEFEL S HUl A — 2 & PH Ik, —XEUSHUFRSEMNEREH
PRARRE h 2, = HACS Hadm i 26 R Ve ECP 07 i S S ARG AN 22 R, PH fhiZk 7 &2 OR
) —3. Ty A Rt Hr s OR HhZk, BIF 7871008 W 2K B 0 A D772 [22: 280 L [0 e i Y (24,25
AT

HT Bézier 2| 21 0R M T — Rl L EML A5 sORME B S Bt £k, CAD A (1 2 T 2K h £k
W KM Bernstein BT RN, (HA2, BAA ML 2 B0 2 1 QBRI % AN B8 EDW
W R FERIZ AT TR A R A, R, 58T OR 2RI LA BT K 44y 3t 75 vk (R AIT 58 A AN I e
. Farouki 5§ [T fb4 7 =k PH #HZERJUATRRAE, B2 62 I ) = 2610 5 Lok 2 B A A
HSE, IXARFESS =k PH HZRIR Ot T — Mg S B LT IE ik, S8, DOk PH 2R
JURHRAERIBETE 201 45t 7 —F G* M R &G 7k R OR &L THEZ K
H B, AT DA SE R 2R, KRR K PHOINZR MR I 7R R 55 [12,18,18,27~29] - Fapg
S B R T AT O Hermite IR HI75IK PH IIZR MG 771, Jiistler BY 451 7 Gk PH Hh4k
[¥] Hermite ffifH /7%, Zheng &5 132 %22 7 IENA-EX PH MR JUFARAE S AE J7 7%, (H2, XFTHF
PH #HZH) OR MHZAIAR W TE AR B, Jok, Lu 55 B3 HF 50 7 4F PH #HIZRA—2K =/ OR Hh
2R LA Jo A R A3 T3 k.

AR A1 Bézier B2 EEUR A, 21 7 F PH B2 1Lk OR BHZRRIMIE TV, Bk, XK
fHH A AR A EL - O ot 2 (0 DR 20 R O AS R 0 S IR, AR S o3 Tl 2 X SR 265+ CF Hermite
VISR LA RGNS B A MG fh 2k, 7 A AMAE — NS HL 2SS HA T UK A
e ZIAR, TR D B WA A S i AE 2R LA

2 OR Hi%Zk
AL DI ARMA A RN P& Wl AR AR ROR SRR, | = -1 B, fE5FH C
i, — KPS EUNZE P(t) = (2(1),y(t) RIEEIE N P(t) = (t) +iy(t). XFEEIL R MRRTTE

X OR 2% (R 57 LA R AG I BIF 017 R T BROR AR 1 23261 — 2P 2 Bl 2k P(1), ¢ € [0,1]
SEPRZ A B SR B I S5 P/ (1) AT i R 22,

P'(t) = p(t) R(t)W?(t), (1)
Hrbop(t) &—MRT ¢t M2, R(H) M W(t) A~ Ris:
R(t) =M+ 1+iut, W(t) =u(t) +iv(t), (2)

e R, ut) Floo®t) KT ¢ AN ERMLZHA. B, 2 Rt) =1 I, iZihZh PH ik
(BT p(t) MMEREZIA, R(t) MERZEENT Rt) =1). BN R@t) A—ANE 20, ZhEA
HIZEREAAEE AL, R, nr 4

b= VOFIFTHE, o= VOTDET A2
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Br(t) = (1) (1 —t)" ', i =0,...,n, A Bernstein I, Fid — RIS HAH: 22,33,

B?(s) + (c— 1+ b)B2(s)
(c+1—=0b)B2(s)+(1+b)B?(s)+ (c—1+b)B3(s)’

t(s) =

L AR BRG] AR A B A, X2 A

2 2 2
(c+1—b)B3(s) + E=C="B2(s) 4 b(c — 1 + b)Bé(s)>
! .

(At +1)% + (ut)? = ( (c+1—b)B2(s) + (1 + b)B2(s) + (c — 1 + b)B2(s)

XZKAE PH HIZR ATk OR. b2k AR 7 v RN AR SR =5 B 7¢ H bk (2233), 25 AMERERIUEIE, T3¢
LR OR M ZRRIFE %S Hh k.
g EFI N HITNS P= 2 + iy, i =0, ..., 5,

P(t)=) PB5(t), 0<t<1,
=0

E X T VIl LR Bézier 2k, Mg il 2k th ] IRZSN Bernstein 22K

4
P'(t)=5Y APB}(t), 0<t<1, (3)
=0

K AP, =Py, — P

3 HR OR Hi%HIMNET X

AR TR OR BHEZRAVRFIEAN T2, BT MR IG5, i T 10k OR ek P(t) ISR
ek P(t) EVYRE, Bk (1) T8 p(t), R(t), W () FIRERT 433008 1, 1, 1 8% 3, 1, 0, B

P'(t) = [ag(1 — t) 4 t][z0(1 — t) + t][z1 (1 — ) + 2at]?, (4)

%
P'(t) = [ao(1 — 1) + 3a1 (1 — )%t + 3az (1 — t)t* 4+ t3][z0(1 — ) + 211], (5)

ai €R, z; € C, i =0,1,2. FHEZHIGEIXFRMLEFRNE —FKME LK HIR OR MLk, Hor kT
g,

XTI OR ik, #4 ¢ WHARAMSHE, WH ao = &5 Bk, Ha =00, H
P'(0) =0, RIFrF AISEUAN ¢ = 0 (B THEH 20 UM, X BAZEE P/(1) = 0 11EL);
Y ap > 0 B, AR A MSEEATEXT [0,1] H; BN, A ao < 0, R AMSHUATE (0,1) KN, HiZkE
WA —ANR. R, FAPE k € R, 13 21 = ko B, HBRIMLHSTH (5) BRI, B4R
& 2z, # kzs, Vk € R.

T8 R TIR OR MLk, AW &, 0= 0,1,2 A=IRSEZ T p(t) 19 3 MR, BHAREIEA
HRTH p(t) BADF— AR BRI &0 N— DR, M) & A & AWML N SR. T27

&0&1&2
(1—&)(1—&)(1— &)’

apg = —
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a = £0é1 . &8 n &0é2
(1-6)1—-&) (A—-&)1—-&) (1-&)(1—-&)
&o & &

1-& 1-& 1-&

Mag =0, H P0) =0, EDHEANAFFEE ¢ =0 &b (B TEZARE T UTHFRME, AR CAR
R P'(1) = 0 FITEDL). 24 ap > 0 B, FEIXH] (0,1) WA —ANEE =N, B0 a0 < 0 B, £
X T8 (0,1) WA MWAE A B0 A & 5 L Ak, BAAE ke R, 115 20 = k2 B, HHERIG A EZL,
ARSI IR 20 # k21, Yk € R.

2 LPTR, HAH IR, X FIR OR HIZE 2 B AMA. AT0K 2 5% RIX K FLIK OR
2R (LG I BRI 4A € O Hermite 25 1F ALK — NS4 oo #47 HIK OR HIZRHIHIE, B E 50 P,
i =0,1,4,5, L2 1) & 5 mAE S BOR BV o0 A s O, SRR A HI TR Py, Py, NS RIFF&
WILE AT OR. Hh£E.

Ay = —

3.1 H—FR OR phzk

ARATH &R —KTIR OR MEIHMETVE, BT P(t) 258K Tk OR MIZ MR B 12
THAE ag, 2, i =0,1,2, 1% (4) UKL, K (4) 2RI AT LATG 3]

P'(t) =apzozi(1 —t)*
+ [(ao + 20) 21 + 2a0z0z122] (1 — 1)t
+ [aozoz3 + 2(ao + 2z0)z122 + 27| (1 — t)*t?
+ [2z12122 + (ag + 20) 23] (1 —t)t3
+ z2t4,

55 (3) L% Bernstein 2 U 52450, A

“aoz0z = AP,
(2027 + ao (21 + 2202122)] = AP,

(2] + 2202122 + a0 (2025 + 22122) | = AP, (6)
[

20252 + 220212}2 + CLQZ2] APg,

[V

= AP,.

”‘“B\H%\HB\H‘“H
l\D

NRE—B IR, RGN 3 MBI Qi, i =0,1,2,

1

QO = P1 + 2020Z1 P2 20 (Zl + 220Z122)
1

Q1 = P2 + % (Z% + 2Z0212§2) = P3 — % (Z()Z% + 221Z2) s
1

Q:= P+ — 20 (2023 +2202122) = Py — ?Oz%
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1 (MEEAMFE) £—LIR OR BZLITHI DNV ERY: FES Qi, i =0,1,2, €15 APy : 4(Qo—Py) =
2(P: = Qo) : 3(Q1 — P2) = 3(Ps — Q1) : 2(Q2 — P3) = 4(Py — Q2) : APy, AR MHERNIFHE T HFRRNEHE
Figure 1 (Color online) A necessary and sufficient condition on the control polygon of a class I quintic OR curve: there are
points Q;, ¢ = 0,1, 2, such that APy : 4(Q0—P1) = Q(PQ—Q()) : 3(Q1—P2) = 3(P3—Q1) : 2(Q2—P3) S 4(P4—Q2) APy,

where the ratio determines the parameter value of the cusp

ik 1 R, BRI A RS 2 R IMEILE PiQo@Q1QePs. TH{EIE I, Agiid

A = 222,
B = zf + 22921 29,

C = zozg + 221 29,

D = z%,
g
A= AR =20(Qy - P,
0
20
B = C70(132 - Qo) =30(Q1 — P),
30
C= ;O(P3 - Q1) =20(Q2 — P3),
20
D= ;(P4 —Q2) = 5AP,,
0

Bl A, B, C, D 75l3n T Wi PoQoQ1QoPs i —2KIUHTIA]. [F]H ] LATS 21

4(Py — Qz).

APy,  2(P,—Qo) 3(P3—Q1)

0= 4Qo—P) 3Qi—P) 2Q:— P

755 C' Hermite 2544 LA SESEL ag HHATEHE 28Tk OR MIZkmityid, B C &N Py, i = 0,1,4,5,
DL ZE 8T S0 S 5UE, RIE Py, Ps. TEREXMET, Qo, Q2, A, D ZWATAN, 1 Q., B, C ZARHI
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1. H AP, + AP, + AP; = P, — P, \UAS 3R T B fl C BI771E:

1 3ag + 2 2a9 + 3 ag
—A B cC+’D=pP, - P, 9
20T 60 T 60 T30 o (9)

KFHIER S —R TR OR IR, B (7) "I A 22 = D(%)Q, zoz122 = A2, 2120 = DZL, 2023 =

z

A(2) Ik, #F e =2, W (7) TUBEIXT « P
Di2 +2Ax = B,
r
oD 4+ A2 - C.
r
x £ 0, A A — AN i = T R AL

2Ax® — Bx?>+ D =0,
Axz® — Cx+2D =0.

AN E o ME LB, SFAEAET o, F2] DI X5

Bz? —2Cz + 3D =0,
3Ax> — 2Bz + C = 0.

WBZITIEHM MK T o M x? B J0—IRDT R4, AT K AR 2

_ BC -9AD
T B2 _3AC)
, C?-3BD
=

B? _3AC

PRLE, M3 2 B8 — 2R Tk OR B HAL KR T 2, i = 0,1,2 WTRR4L (7) WIMAFEAE, RO 2
LU S
4AC® +4B*D — B*C? +27TA*D? — 1SABCD = 0. (10)

&, T AR D 2, EITRE (9) /RN (10) "TLMREIET B (88 ©) —~— ok T L,
MAKSEA EH M B (3 ©) LR 4 AME. MBI RFAE B A1 C B B EAMN (8) AT LI E
Q25 U RIEHITT S Py, Py, PTG BIRF & 25400 4 2558 — 28 ALK OR k. ikt PR s 5 oy 5
1. BRI SZPR AN F R ek SRS R 2R R i 2R 5 ) 2 1A TR O TS B, Farouki 45 (34
FEH RNPRIE SR SEPRB A, THEARZE e RAZANLEIN THRALR) 102 — 10° %, B e =~ 1.11 x 10716, K
AL IR SR A ARG FE R

B 2 BT 52Tk OR BZH) C! Hermite #HE R, &E Py = 0, P, = —1 + 2i,
Py =10+4i, Ps =8+1i, ap = 2, BI& R FE M B A ¢ = 2. BIERARH (9) M (10) HHI TR,
BIHen T 4 25 —28 K OR #hiZk. Jorp, b B e 2k i 422 M iy, i g B i it 2 0

I, Ferb A R TR I & 3 . BRI, 58 ao 1B — D E BS3, WA TR OR
fih £2.
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p, »
3
P, Ps
P, P,
P, P,
P P;

P

P, 0
! (a) » (b) P,

4
P 1
Py P,
P 0
© P,

P,

2 (MEIFE) F—XFX OR #i%k C' Hermite IHERIRA, AE Py =0,P = —1+2i, Py = 10+4i, Ps =
8+i, ap = 2, KIRBE: (a) P, ~ 1.18745.650i, Ps ~ 7.1254-6.050i; (b) P> ~ 2.858+8.064i, P ~ 8.079+7.429i;
(c) P2~ 10.193 — 3.358i, Ps ~ 12.271 4 0.903i; (d) P ~ —2.470 — 3.361i, P5 ~ 5.035 + 0.901i

Figure 2 (Color online) C'' Hermite interpolation using class I quintic curves with rational offsets. Given Py = 0, P; =
—14-2i, Py = 10+4i, Ps = 8+i, and ap = 2, we get four class I quintic OR curves: (a) P> &~ 1.187+5.650i, P3 ~ 7.125+6.050i;
(b) P> = 2.858 + 8.064i, P3 =~ 8.079 + 7.429i; (c) P> ~ 10.193 — 3.358i, P3 ~ 12.271 + 0.903i; (d) P» ~ —2.470 — 3.361i,

P3 = 5.035 4+ 0.901i

(b)

3 (MEMFE) B8 a0 HHEETTLURARIFHEENE—LTR OR MK

Figure 3 (Color online) Selection of the parameter ag can be used to adjust the shape of the resultant class I quintic OR

curve

3.2 FTHFHX OR Lk
XF2E 2R AR OR ik, B FRMLMRIER (5) BITH

Pl(t) :a020(1 — t)4
+ (a0z1 + alzo)(l — t)st
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&% 1 Construct class I

Input:
BHAFRSHIPR R T Py, i =0,1,4,5
| i%i& ag.

Output:

SRR 4 AEHTA PO, PO i=o0,...,3.

H A= %APO, D = 5APy;

c MERT B M e W nlUIR TR (10);

c WEXRT B € I on— kT g (9);

o FHBUESRARTT IR R AR (9) F1 (10) MR AESAMETTREA, KRARBE] BO fl c®, i=0,...,3;
RN (8) kF PO PO =0, 3.

—+ (a121 + CLQZO)(]. — t)ztz
+ (a2z1 + Zo)(l — t)tg
+ Z1t4.

WiTE (3) i REASH|

1
gCLoZO = AP(),

1
%(aozl + 3(1120) = AP,

1
%(3(1121 + 3a2z0) = AP, (11)

1
2*Q(3CL2Z1 + ZQ) = AP;,

%Zl = AP4.
AXERIL, BH 20 M 20 BE T PERIAIITT 1], HAEEH 20— %0 M2 e &b 4.
JH:? ;i![é/ﬁ\% ao, -PL" 1= 07174a5 Hﬂ-v EH%E‘%D 20 = 5APO7 zZ1 = 5AP47 ﬂu%af@]*/l\%? ai }FD a EI(J

L IRE T TE:

3z°2‘:)2z1 a 2z02+03z1 ag + 2 zgozl L P —P, =0 (12)
3 REZ T REI SEER S RS, vl LA B — AN —on—IRSET R, NI zg # kzy, VE € R, KL IRAF
1EME—fiRR.

55K FK OR MAHIEITFL 150 2 % . 2218 4 b, RIS 2 MR Hermite V4 552
B oag, 152 T ME—R)—2655 " 2RTIK OR HHZR. B8 ap > 0, (HEP R ZR B BB T /N a5 .
ARV, M5 2Tk OR HiZk, A7 S S EUE A (A& AR 5 i g 2, Wl gEs
25 SR N FH 7 SR AN

4 #ip

AICWETE T —283F PH #ZL A TLK OR MIZRIIMIET i, XTI OR L& SEHn MK, 18
Z5E C' IESE) Hermite HIUG AT LK —ANSES R, IXPIR 2R KA 3 1] 20 R e 9 — AN DU
TR —A> oo — R R ISR R AL TR, AR SCas R A B T 9e B, B BRI #RPEE. BAR
KRR OR R AR NI £k, (ERARSCES AT i m] DA ot P ] ih 2k Be b I BLA 5 (0 1
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P,

B4 (MERFE) LR RX OR #i%k C' Hermite fHERS. HAEE P, i =0,1,4,5, URESH a0, BE
NE-—FHFEFHMNELIR OR MLk

Figure 4 (Color online) C! Hermite interpolation using class II quintic OR curves. Given P;, i = 0,1,4,5, and a real
parameter ag, there is a unique quintic OR curve meeting the condition

&% 2 Construct class 11

Input:
BHEAORK PR TS Py, i=0,1,4,5,
—MSESHL ao.

Output:

FERRHERTUS Py, Ps.

T 20 = 5ﬁ:° , 21 = BAPy;

M T IRE TR (12);

TR (12) BOSCHAEE AR, 18 76— SRR a1, o
AN (11) RBERIT A P, Ps.

=W N

UL PR, SR AR SEBR TAR AT SRR AP RN . RN, AEAA) I IR v, S 2 H0mT DU R 3 ) i
LT IR, A RO R AR BEAT 12, th2e AN -E . X T2 38 £, % SE S HdE
SE S FLEHAE T A A I S U

P 2R I R RS TR O AT B ER 2 (M S ROt 2 BRI ST 4R A1 7R R TR, R A
SCHEGE TAERIHERE. ASCHRH MG T OR M2k MBEIS ROVEW N4 a0 B A B PR 1) 2 H it 22
HRBEIRWI IR AL T — L5 K. St — B IR PH #HiZk. OR #hzk. LA R A BRI LA
Bt 28 (R PR SN 3 5 VR IR T A

S
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=W N =
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Abstract

In this paper, a method for constructing a class of quintic curves with rational offsets is presented.

Although this class of planar curves does not include PH curves, such curves are widely applied in CAD because

they have rational offsets. A complex variate model is employed to deduce the proposed method. The quintic

OR curves are first classified into two classes according to the different factorization of their hodographs, and are

then discussed. With the given C'' Hermite data, the curves are determined by specifying a real parameter. This

real parameter can be used to adjust the shape of the constructed curves, and affects the parameter values of the

cusps.
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