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Wavelets associated with Hankel transform and
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Abstract The Hankel transform is an important transform. In this paper, we study the
wavelets associated with the Hankel transform, then define the Weyl transform of the
wavelets. We give criteria of its boundedness and compactness on the ����� spaces.
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1 Introduction

The Weyl transform was introduced by Weyl in ref. [1], then studied by many people.
Remarkable papers include refs. [2,3]. Weyl proved that the Weyl transform is a Hilbert-
Schmidt operator when the symbol is square integrable. In 1966

� �
�
Pool considered the

situation for the symbol belonging to � �����! #"$ &%�' , in this case the Weyl correspon-
dence is bounded, moreover the Weyl transform is also compact. For the case of ")(*% ,
Simon, in 1992

� +,�
, obtained the result that the Weyl correspondence is not bounded. All

these results may be found in ref. [4], in which Wong also studied some other important
properties of the Weyl transform. Nowadays, the Weyl correspondence has found many
applications to time-frequency analysis, the theory of differential equations, linear system
theory and etc. And the Weyl transforms under other background have been studied. In
ref. [5] Jiang studied the rotational invariance of the Weyl correspondence. In ref. [6],
Rachdi and Trimeche defined the Weyl transforms associated with the spherical mean op-
erator, then studied its properties. In ref. [7] Peng and Zhao studied the wavelet and Weyl
transforms associated with the spherical mean operator. We defined the Weyl transforms
of wavelets and discussed the problem of their boundedness in ref. [8]. As well known,
the Fourier transform restricted on the radical function is the Hankel transform. In this
paper we study the wavelets associated with the Hankel transform and the Weyl transform
of the wavelets.

An important transform relating with the classical Weyl transform is the Wigner trans-
form. In order to get the unboundedness of the Weyl correspondence, Simon changed the
problem into the unboundedness of the Wigner transform. In fact, the boundedness of the
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Weyl correspondence is equivalent to the boundedness of the Winger transform. In our
case, the problem is transferred into the boundedness of the wavelet transform. We obtain
the following result: in the case that the symbol belongs to � � ���. /"0 1%�' , the Weyl
correspondence is bounded and the Weyl transform is also compact; in the case of "2($% ,
the Weyl correspondence is not bounded, i. e. there exists a function 3.45� � such that the
Weyl transform 687 is not a bounded operator.

For the function 9 defined on :<;>=�?A@ % , as in ref. [10], the spherical mean operatorB
is defined by B 9 �DC�'FE G�HJI�K�L 9 �MCONP'RQ 3 �SNP' =

where TU;	VXW is the unite sphere in :Y; and 3 is the normalized surface measure on TZ;	VXW .
And we knowG�HJI[K�L]\ V-^ _,`ba c Q 3 �DNP'dE G�HJI�K�L�\ ^ _fe `Je c L Q 3 �DNP' gXCh($i =kj54l: ;>m
Denote n�o �DC�'�E0p H I[K�L \ ^ _ o c L Q 3 �SNq' =�rY= Ch(si . Thenn�o �MC�'�E t � ; � 'u v t ��wyx W� ' G!z{ \ ^ _ o�|D}R~[������� ;	V �X� Q � E t�� ? %Y�!�

I�K��� �MC r ' � C r%��
��KOI� =�R� m �O'

where ��� is the Bessel function (see ref. [11] or ref. [12] ) defined by� � ����'�E ������%�' �u v t ��wyx/����%�' G!z{ \ ^ � |M}�~�� ����� � � � Q � = wl(�� �% m
By expression (1.1), we can generalize the half integer or integer index w�E ;	V �� to

all the real number wl(�� W� . Then we obtain the generalized function and denote it by the
same symbol.n�o �MC�'�E t ��wyx/��'u v t ��wyx W� ' G!z{ \ ^ _ o-|M}R~[������� � � � Q � E t ��wyx���' � � �MC r ' � C r% � V � m

Define the measure Q�w��MC�'�E W�R����� ��� W�� C � �f� W Q�C on : � E���i =[� ' . Let � ����Q�w�' be the
space of measurable function on : � E ��i =[� ' satisfying¡ 9 ¡ � E � G2¢{ £ 9 �MC�' £ � Q�w��MC�' � W�¤ �¦¥ ��= �§ l" ¥ �/=¡ 9 ¡ ¢ E ess

�k¨]©_kª � {k« ¢ � £ 9 �MC�' £ ¥ ��= "lE � m
For C 4 ��i =[� ' the translation operator ¬ _ is defined on �­W ��Q�w�' by¬ _ 9 ��®O'�E t ��wyx/��'u v t ��wyx W� ' Glz{ 9 � u C � x#® � �A%JC�®Y¯�° � � ' ����� � � � Q � m

Then, we define the convolution of 9�=R±²45� W ��Q�w�' by9´³µ± �MC�'�E G ¢{ 9 �
®O' ¬ _ ± ��®O'�Q�w��
®O' m
The translation operator is commutative and it has the following properties.
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Proposition 1.1
� ¶,�

.

1. ¬ _ n�o �
®O'dE n�o �DC�' n�o �
®O' m
2. p ¢{ ¬ _ 9 �
®O'RQ�w��
®O'dE p ¢{ 9 �
®O'RQ�w���®J' = for all C 4�· i =[� ' m
3. If 9¸4A� ����Q�w�' = �h ."� � , then for all C 4/· i =f� ' , the function ¬ _ 9 belongs to� ����Q�w¹' , and £º£ ¬ _ 9 £�£ �  £º£ 9 £º£ � m
4. For 9245�­W ��Q�w�' =R±�4!� � ��Q�w�' = �§ ²"! � , the function 9´³µ±�4»� � ��Q�w�' , and£º£ 9¼³µ± £�£ �  £�£ 9 £º£ W £�£ ± £�£ � m
Now we can introduce the definition of the Hankel transform on �½W ��Q�w�' .¾ 9 � r '�E G2¢{ 9 �DC�' n�o �MC�'RQ�w��DC�' m

In fact, it is the Fourier transform restricted on the radical functions for w�E ;	V �� =]? (�% ,
and ?¿4*À . Similar to the Fourier transform, the Hankel transform has the following
properties.

Proposition 1.2
� ¶,�

.

1. For 9245�­W ��Q�w�' such that
¾ 9»45�­W ��Q�w�' , we have the Hankel inversion formula9 �DC�'�E G2¢{ ¾ 9 � r ' n o �DC�'�Q�w�� r ' = a.e. C 4�· i =[� ' m

2. For 9X=R±²4!� � ��Q�w�' , we have the Parseval equality¥ 9X=R± (ÁE ¥ ¾ 9�= ¾ ± ( m
3. Given 9245�qW ��Q�w�' , then for all ® 4�· i =[� ' , we have¾ � ¬bÂf9 '�� r 'dE n>Â � r ' ¾ 9 � r ' m
4. If 9X=�±�4»�qW ��Q�w�' , then¾ � 9´³µ± 'Ã� r 'dE ¾ 9 � r ' ¾ ± � r ' m
5. If 9 belongs to � ����Q�w�' = �h 8"¸ s% , then

¾ 9 belongs to � �fÄ
��Q�w¹' , where "¹Å is the
dual index of " , and £�£ ¾ 9 £�£ � Ä  £º£ 9 £º£ � m

In fact, the Hankel inversion formula is essentially a Fourier-Bessel integral, which is
described in detail in ref. [11].

2 Admissible wavelet transform

Let 9 4&� � ��Q�w¹' . The dilation ÆÈÇ ��É�(Êi�' is defined by Æ¼Çb9 �DC�'�EËÉ �f� W�9 ��É�C�' .
Now we can introduce the conception of the admissible wavelet (compared with ref. [13],
pages 24 and 25).
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Definition 2.1. Ì/4!� � ��Q�w�' , not identically zero, is called an admissible wavelet if
it satisfies G»¢{ G2¢{ £ ¥ ÌÁ=�Ì Ç « _ ( £ � É � �f� W Q�É�Q�w��DC�' ¥ �/=
where Ì Ç « _ ��®O'�E ¬ _ Æ Ç Ì �
®O' m

In fact, we haveG2¢{ G»¢{ £ ¥ ÌÁ=�Ì Ç « _ ( £ � É � �f� W Q�É�Q�w��DC�'E G ¢{ G ¢{ £ Ì¸³PÆ Ç Ì �DC�' £ � Q�w��MC�'RÉ � �f� W Q�ÉE G ¢{ G ¢{ £ ¾ Ì � r ' ¾ ÆÈÇ Ì � r ' £ � Q�w�� r 'RÉ � �f� W Q�ÉE G ¢{ G ¢{ £ ¾ Ì � r ' £ �dÍÍÍÍ ¾ Ì � r ÉU� ÍÍÍÍ � É V �k� �f� W�� Q�w�� r '�É � ��� W Q�ÉE ¡ Ì ¡ � G2¢{ £ ¾ Ì � r ' £ �É Q�É m
So the admissible condition in the above definition is equivalent toÎPÏ E G2¢{ £ ¾ Ì � r ' £ �É Q�É ¥ � m

Let AW denote the space of all admissible wavelets, define the normal on AW by£º£ Ì £º£ Ð¹Ñ E � G2¢{ £ Ì �DC�' £ � Q�w��MC�'Yx G2¢{ £ ¾ Ì ��É-' £ � Q�ÉÉ �
L� m

The wavelet transform associated with an admissible wavelet Ì is defined byÒ Ï 9 ��É = C�'�E ¥ 9�=�Ì Ç « _ ( = 9»4»� � ��Q�w�' m
Easily, we obtain the Moyal’s formulaG2¢{ 9 �DC�' ± �DC�'RQ�w��MC�'�E �ÎPÏ G2¢{ G2¢{ Ò Ï 9 ��É = C�' Ò Ï ± ��É = C�'�É � �f� W Q�É�Q�w��DC�' = ��% m �O'
for all 9�=R±�4»� � ��Q�w¹' m Formula (2.1) can be read as9 �
®O'dE �ÎPÏ G2¢{ G2¢{ Ò Ï 9 ��É = C�' Ì Ç « _ ��®J'RÉ � �f� W Q�É�Q�w��DC�'
with convergence of the integral in a weak sense. A special case of (2.1) isG2¢{ £ 9 �DC�' £ � Q�w��MC�'�E �ÎPÏ G2¢{ G»¢{ £ Ò Ï 9 ��É = C�' £ � É � ��� W Q�É�Q�w��DC�' = 9245� � ��Q�w�' m
This means the wavelet transform

Ò Ï
maps � � ��Q�w�' into � � ��Ó �� = É � �f� W Q�É-Q�w��MC�'�' m But the

image space
¾ÔÏ

is a subspace, not all of � � ��Ó �� = É � �f� W Q�É�Q�w��DC�'k' m For any ÕÖ4 ¾ÔÏ , there
exists a function 9245� � ��Q�w�' such that Õ E Ò Ï 9 . By (2.1), we have
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Wavelets associated with Hankel transform 397Õ ��É = C�'�E ¥ 9X=�Ì Ç « _ (×E �ÎPÏ G2¢{ G»¢{ Ò Ï 9 ��É Å = C Å ' Ò Ï Ì Ç « _ ��É Å = C Å 'RÉ Å � �f� W Q�É Å Q�w��MC Å 'E �ÎPÏ G2¢{ G»¢{ Õ ��É Å = C Å '�Ø���É = C = É Å = C Å '�É Å � �f� W Q�É Å Q�w��DC Å '
with Ø���É = C = É Å = C Å 'FE Ò Ï Ì Ç « _ ��É Å = C Å 'PE ¥ Ì Ç « _�=�Ì Ç Ä « _ Ä<( m The above shows that

¾ÔÏ
is a

reproducing kernel Hilbert space.

Denote � � ��Q�É§Ù)Q�w�' as the space of measurable functions on Ó �� satisfying¡ Õ ¡ � E � G2¢{ G»¢{ £ Õ ��É = C�' £ � É � �f� W Q�É�Q�w��MC�' � W�¤ �Ú¥ ��= �Û !" ¥ �/=¡ Õ ¡ � E ess
�k¨]©Ç « _kª � {k« ¢ � £ Õ ��É = C�' £ ¥ ��= "²E � m

By the definition of the wavelet transform and (2.1), we have the following theorem.

Theorem 2.1. Let Ì×4sÜÛ6 . Then for any 9/4s� � ��Q�w�' , Ò>Ï 9/4$� ����Q�ÉhÙ�Q�w�' ,%Ý l"! � and ¡ Ò>Ï 9 ¡ �  ¡ Ì ¡ Ð¹Ñ ¡ 9 ¡ � m
3 Weyl transform of wavelet

3.1 Weyl transform with symbols in � ����Q�É§Ù)Q�w�' , for �§ l"! A%
The rapidly decreasing function space Þ ��Ó �� ' is the space of infinite differential func-

tion satisfying ��¨]©Ç « _kªOß]à £ ���Fx)É � xAC � '�áãâåä �-æâ É ä â C æ 3 £  Î á « ä « æ =
where ç8=�èF=�é¸45À»= and

Î á « ä « æ is a constant only depending on ç�=kèP=Ré m It is easy to see
that Þ ��Ó �� ' is dense in � � ��Q�ÉÛÙ)Q�w�' for �§ l" ¥ � .

Definition 3.1. Let 384lÞ ��Ó �� ' . We define the Weyl transform 687 by¥ 9X=f6 7 Ì (ÁE G ß]à G ß]àÝê3 ��É = C�' ¥ 9�=�Ì Ç « _ (sÉ � �f� W Q�É�Q�w��DC�' = ��ë m �O'
where 9»45� � ��Q�w�' =�Ì$45ÜÛ6 m

From (3.1), we get the expression of the Weyl transform6.7	Ì ��®O'�E G ß¹à G ß¹à 3 ��É = C�' Ì Ç « _ �
®O'RÉ � �f� W Q�É-Q�w��MC�' m ��ë m %�'
Using Theorem 2.1, we have the following proposition.

Proposition 3.1. If 384²Þ ��Ó �� ' , then 6.7Èì�Ü§6îíï� � ��Q�w�' is a bounded operator,
and for �§ l"! ¸% ¡ 6.7 ¡  ¡ 3 ¡ � m

By the density of the rapidly decreasing functions, we can extend the Weyl correspon-
dence 35íð6.7 to � � ��Q�ñ§Ù)Q�w�' .
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Theorem 3.1. For " 4ò· � = %Oó , there exists a unique bounded operator 6 from� � ��Q�ñÚÙ#Q�w�' into ô � Ü§6¸=k� � ��Q�w�'�' ì]38íõ6.7 , such that for all Ì�42Ü§6�=f9¸48� � ��Q�w�' ,
we have ¥ 9X=f6.7JÌ (ÁE G ß]à G ß]àÝê3 ��É = C�' ¥ 9�=�Ì Ç « _ (sÉ � �f� W Q�É�Q�w��DC�' =
and ¡ 6.7 ¡  ¡ 3 ¡ � m

Theorem 3.2. For 3#4¸� � ��Q�ÉÚÙsQ�w�' , " 4/· � = %Jó , the operator 687 from Ü§6 into� � ��Q�w�' is a compact operator.

Proof. We only need to prove the conclusion for 3#4¸Þ ��Ó �� ' . Let the space T Eö Ì÷4×� � ��Q�w�' ì £º£ Ì £º£ H Eø��p ß]à £ ¾ Ì ��É-' £ ��ù ÇÇ ' W�¤ � ¥ �sú . We know ÜÛ6 E T and¡ Ì ¡ H  ¡ Ì ¡ Ð¹Ñ , so if we prove that the operator 687 is compact according to the normal
of T , then it is also compact according to the normal of ÜÛ6 . In the following, we will
prove the operator is compact on S. By (3.2), we have¾ � 6.7	Ì 'Ã� r 'ÚE G ß]à G ß]à 3 ��É = C�' n _ � r ' ¾ Ì � r É � É V � V�W É � ��� W Q�É-Q�w��MC�'E G ß]à ¾ 3 � ��É =fr ' ¾ Ì � r É � É � Q�ÉE G ß]à � r ÉU� �f� W ¾ 3 � � r É =fr � ¾ Ì ��É-' Q�ÉÉ =
where

¾ 3 � ��É =fr ' denotes the Hankel transform of 3 with respect to the second variable.
Then ¡ 6.7 ¡ �û H � H « ü � � E G ß]à G ß]à ÍÍÍÍÍ � r É � ��� W ¾ 3 � � r É =fr � ÍÍÍÍÍ

� Q�É£ É £ Q�w�� r 'E G ß]à G ß]à £ ¾ 3 � ��É =fr ' £ � É � �f� W Q�É-Q�w�� r 'E G ß]à G ß]à £ 3 ��É = C�' £ � É � �f� W Q�É�Q�w��MC�' ¥ � m
This means that the operator is Hilbert-schmidt operator. So, the operator is compact.

3.2 Weyl transform with symbols in � ����Q�É§Ù)Q�w�' , for % ¥ " ¥ �
In order to consider the property of the Weyl transform with the symbol in � � = % ¥" ¥ � , we first define the Weyl transform for 3.4lÞ ÅM��Ó �� ' m
For 384lÞ Å ��Ó �� ' = and Ì$45ÜÛ6õýÈÞ ��Ó � ' = we define the operator 6.7 � Ì ' on Þ ��Ó � '

by ·þ627 � Ì ',ó,� 9 'dE 3 � ¥ Ì Ç « _ =f9 (ÿ' 9»4lÞ ��Ó � ' m ��ë m ë�'
Obviously, 6 7 � Ì ' belongs to Þ ÅM��Ó � ' m

Theorem 3.3. For % ¥ " ¥ ��= there exists a function 3 in � � ��Q�ÉÁÙ�Q�w�' such that6.7 , defined by (3.3), is not a bounded linear operator from ÜÛ6 to � � ��Q�w�' m
Copyright by Science in China Press 2004
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The theorem is a consequence of the following two lemmas.

Lemma 3.1. Suppose that for all 3 4�� � ��Q�É²Ù&Q�w�' , % ¥ " ¥ ��= the Weyl
transform 6 7 , defined by (3.3), is a bounded linear operator from Ü§6 to � � ��Q�w�' m Then
there exists a positive constant C such that¡ 6 7 ¡  Î ¡ 3 ¡ � = 3.45� � ��Q�ñ§Ù)Q�w�' m ��ë m � '

Proof. Suppose that for all 3.4»� ����Q�É§Ù�Q�w�' = % ¥ " ¥ � m There exists a positive
constant

Î 7 such that for all Ì�4!Ü§6¡ 6 7 Ì ¡ �  Î 7 ¡ Ì ¡ Ð¹Ñ m
Let 9 4&Þ ��Ó � ' =�Ì 4*Ü§6 ý.Þ ��Ó � ' such that

¡ 9 ¡ � E ¡ Ì ¡ Ð¹Ñ Eð� . Consider the
bounded linear functional � Ï « � ì�� ����Q�É§Ù)Q�w�' í Î

defined by� Ï « � � 3 'dE ¥ 627	ÌÁ=f9 ( m
Then �k¨]© £ � Ï « � � 3 ' £  Î 7]= 3.45� � ��Q�ÉÛÙ#Q�w�' =
where the supremum is taken over all functions 9�=�Ì satisfying the previous conditions.
By the uniform boundedness principle, there exists a positive constant C such that��¨]© £º£ � Ï « � £º£  Î = � m ��m ��¨�©eþe 7 e e ���åW £ ¥ 6.7	ÌÁ=f9 ( £  Î m
So, £ ¥ 627	ÌÁ=f9 ( £  Î £�£ 3 £º£ � £º£ Ì £º£ Ð¹Ñ!£º£ 9 £º£ � =
for all 3*40� � ��Q�ÉÈÙ0Q�w�' = and 9�4�Þ ��Ó � ' =�ÌÊ4/ÜÛ6 ý»Þ ��Ó � ' . Thus, we prove the
lemma.

Lemma 3.2. For % ¥ " ¥ ��= there is no positive constant C such that (3.4) holds.

Proof. Suppose that there exists a positive constant C such that (3.4) holds. Then¡ ¥ Ì Ç « _O=f9 ( ¡ � Ä E ��¨]©� 7 � �	�åW ÍÍÍÍÍ G ß]à G ß]à 3 ��É = C�' ¥ Ì Ç « _ =f9 (sÉ � �f� W Q�É-Q�w��MC�' ÍÍÍÍÍE ��¨]©� 7 � �	�åW £ ¥ 6.7JÌÛ=�9 ( £ ��¨]©� 7 � �	�åW ¡ 627	Ì ¡ � ¡ 9 ¡ � Î ¡ Ì ¡ Ð¹Ñ ¡ 9 ¡ � =
for all 9»4lÞ ��Ó � ' =�Ì$4!Ü§6 ýÔÞ ��Ó � ' .

Let 9 4&� � ��Q�w¹' =�Ì 4�ÜÛ6 . Then, we let
ö 9�
Oú ¢
 �åW be a sequence of functions inÞ ��Ó � ' and

ö Ì�
Jú ¢
 �XW be a sequence of functions in ÜÛ6øýlÞ ��Ó � ' such that 9

Èí 9 in� � ��Q�w�' and Ì 
 í Ì in ÜÛ6 as ��íõ� . It is easy to prove that
ö ¥ Ì Ç « _
 =f9 
Ú( ú ¢
 �åW is a

Cauchy sequence in � � Ä ��Q�ÉÛÙ#Q�w�' and its limit is equal to
¥ Ì Ç « _ =f9 ( . Then,¡ ¥ Ì Ç « _ =f9 ( ¡ � Ä  Î ¡ Ì ¡ Ð¹Ñ ¡ 9 ¡ � ��ë m�� '

for all 9»45� � ��Q�w�' =�Ì$45ÜÛ6 .
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Take
¾ Ì � r 'PE r ä�� � {k« W � � r ' with è (/i , where � � {�« W � � r ' is the character function of

[0,1], Ì is an admissible wavelet. And we have
¡ ¥ Ì Ç « _O=�Ì ( ¡ � Ä ¥ � m ButG ß]à G ß]à £ ¥ Ì Ç « _ =�Ì ( £ �fÄ É � �f� W Q�É�Q�w��MC�'@ G ß¹à � G ß]à £ ¾ ¥ Ì Ç « a =�Ì (�� r ' £ � Q�w�� r '�� � Ä� É � ��� W Q�É

E G ß¹à � G ß]à £ ¾ � ÆÈÇ�Ì '�� r ' ¾ Ì � r ' £ � Q�w�� r ' � � Ä� É � �f� W Q�É@ G»¢W � G W{�£ É V � V�W�V ä r � ä £ � Q�w�� r ' � � Ä� É � ��� W Q�ÉE G W{ r � ä � Q�w�� r ' � Ä� G2¢W É V � �f� W � ä � � Ä É � ��� W Q�ÉE G W{ r � ä � Q�w�� r ' � Ä� G W{ É � �f� W � ä � �fÄ É V � � V + Q�É m
Therefore, if we choose è such that ��wyx���'Ã� " Å �A%�'Yx è " Å � � ¥ �¦� , thenG W{ É � ��� W � ä � � Ä É V � � V + Q�ÉÈE ��=
which is contract to

¥ Ì Ç « _ =�Ì ( 45� � Ä ��Q�É¦Ù)Q�w¹' .
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