a4 3 b & 2000

54 11

: 1504 ~ 1510

I N vwww.scichina.com - csb.scichina.com

Oi SCIENCE IN CHINA PRESS

s 410083;

Theoretische Physik, Universitdt Tiibingen, 72076 Tiibingen, Germany

E-mail: jiangyimin@yahoo.cn

2009-01-14 ,2009-03-25
( : 10674181)
(hydrodynamic) ,
( s ® & i’ j’ k’ £ R [il,
op+VpV =0, (1) )
0V, +V 10, =0, @ -
4 )
Vi Si ( , (hypo-
) 10 , plasticity) ,
[5.6]1
C ’ :
s Janssen” “
> P> Vi, Cij, T ,
(incipient failure model)
C(T.p.0y: %V, 03V, 2.V, Vi) =0, (3)
Bl 20 ,
5 [Ei
C(T.p.0y: .V, 04V, 2.V Vi) =005 (4) . [10.11]
) Janssen s
, (

9 o

, 2009, 54: 1504~1510

Jiang Y M, Liu M. A granular constitutive relation derived from hydrodynamics (in Chinese). Chinese Sci Bull (Chinese Ver), 2009, 54: 1504—1510, doi:

10.1360/ 972008-2552




Boussinesq )

nz FPA(fixed
principle axes) .14
15.16
() (), ,
(
) ,
113 ER] [171
[ 2.17 [17.18] [19] 20]
21 (ferrofluid)22! 2]
3) @ c .
( )
[24] [25]
(Boussinesq )26l -
(response envelope) (flow rule)2?
’ Y

gi=pVt Gjj

(coarse-graining)

29~31

1
Haff 32]
27,33].
; nH @ .
05+V,(sv,—f,)=R/T=0, Q)
ow+V,.Q, =0 (6)
s w
5 R (?k . fk
1.1
( ) Uij[l_n. ,
[
dw =Tds + pudp +v,dg; —m;du;, (7)
H T
Ps g =pV;, S
(D, 2) 5, Ujj
(0, +ViV, Uy =V —U, Vv, —U, Vo,
(V% +Viy;)/2. ®)
V; E(Vivj +Vjvi)/2 ,
®)
17.20 .
> yi:(); (1)
(8) P Uij )
; P
il
Oy = PViV; +(§_1]@§ij 1y =20 —oy’, (9)
®=®(T,p,u;)=w-sT ( )
. ol
5 Ojj TCjj ,

1505



44 % & #& 2009 6 54 11
(5, & O fi, , (12) (13)
Yis oy’ v,T, ,
Vij, Vi Ty s , >
R Haff ,
R=fV,T+ O-i(jl)vij +YiVi Ty (10) (7~(11) )
> Qk >
Tds
Q= owY, +(W_PV2)V|< —Th —my Y. (11) ’
(6) (7) T2d527
(7)~(11) , ’ dw =Tds + udp +v,dg; —nijduij +T,ds,. (14)
Navier-Stokes ’ >
1.2 Haff T Ujj )
(3 Yi o,
Tij Yij:
(O +Vi Vi Uy =V =W Vv, —U, Vv,
: (T)~(11) —(Vi¥i+Viy; )/ 2+Yy (15)
> D 052)
’ (C)I
Vi(
) , vi o, O = PV +(%_IJ@6‘H +1y = 2u, g oy’ — o (16)
’ w
’ ®=®(T,p,u;.T,)=w—sT -s,T,.
’ ’ R (10) ,
s, T, Haff R=fVT +Gi(jl)Vij +y, Vi my +Yym + 17,0 (17)
B2 H
, (11) -T, £
Q. =oyV, +<W—pV2)Vk -Tf —m,y, -T,£2. (18)
fk(z) ) (Ti(jz) Rz, Sy
: (14)~(18)
0,5, +V, (s, — 12) =R, /T,, (12) , ( )
R, = f2V,T, +oy, —IT,. (13) ,
R, (13) -IT, =0. , S ’
Sy , S5 S 5 S2 #0 .
: 5. (13) IT, s, s R=0, (13) (17) 1=0.
: S S2 5
, Haff S (Vi) ,
’ ( [35D), «“
Maxwell B4, (athermal)”

1506



1.3
@(T,p.u;.T,)
> S 0§
Onsager
f, K, 0 0 0 0)V,T
o 0 7 0 ay Of vy
yol=lo o B o0 o|Vmn | (19)
Yij 0 iy 0 /lu-kl 0l m,
| o 0 0 o0 y)T,
£ 20 \(V,T,
AR O S
K,1... . a
, (19a) Onsager
fo=(x/T)VT, (20)
£0 =(x,/T,)V,T,, 1)
Y, ==fV, . (22)
(16)
oy +o :?nkkﬁ +a T AV + VS, (23)
M = M+ M = dma‘m{: ’7] 1Om (24)
ccyns
, Wy =my—m /3.
Y, = —%vkkéij . —uk;ﬁ—u—‘ (25)
T, =—U, U =
Uy +AS; /3 K, K, B,
a, a1, 8 7, T 9 ,

A, US = U;U; T2 )
D . >
B b )
@zﬁf1+—\/Z<2A2+3uf)——°p(l—£J T2, (26)
m 5 2 P
fi=fH(T) m
, D Uij
s
5 (l_p/pc )71
(oc )[3_61
: (26) (1-p/p.)"s
a=0 by ,B )
p ( ;
T, Uy )
, (20)~(26)
2
Uij. 5
(15) Yi Ujj s
25 ,
Vi | Ty
Uy = 7 (I_O!S)Vij +? ?(1_O!V)_Ts (1—053) 5!1 (27)
(16) Uij,
[37]
(16) , op =
-VipVy 0,8 =0,pV; ==V, 0y,

1507



a4 38k

2009 6 54 11

ataij =VV;V, oV, -V, 0,

1 (1) ) )
+(IP =KP)oT +(39 —K)aT,
v,
- (Ji(f) - Ki(j3) + Do Vo ﬁjvkp\/k

+( I — K)o,

v 1
i | =V ViV +V. | —V,.0. ||
un |:,0 K PV [,D K k):| (28)

—VijO'ik

Mijmn nijmnatvmn >
J(1*4)
. K(174) Vij
( )-
(28) ,
s=-0@/aT s, =
—o0/aT,,
o'® o'® o'®
05 =-2 8T -2 T, +——V, pV,
oT oToT, dTop
on
+a—_||_k6tu|k , (29)

o’D o oD T o’D

0,8, =— - + V.oV
ST ot O T M T argp K
an”(
+a—_|_28[u,k, (30)
oT oT,

0T =3%V, pv, +30u, +3”0,s,—J
oT, =37V, pv, + 300U,

Je-1n

(%), (12) (13) 9s, 0:S,,

J198,s, (31)
+3%0,5-313;s,, (32)

(28)
o, U;

t-ij o

R,
-V,V,oy +AY R+Aff)
T T,

APV, (s~ )= APV, (sv — 12)

3)
+ Ajji [Vlk =V,V Uy —2u, Vv, =V

0,0y =-V;V o

Y +Ylk]

Vi
+|:A(4) _ﬂljmnvn pi| kpvk

v 1
~ TTijmn |:_nvmvkpvk +Vi, {_vko-kn H (33)
P p

A(1-4)
(16) Uij,
R, R,

(49)~(52)
s=-0@/T,
s, =—0@/0T,, (17), (13)

1508

, (33)
(33)
(20)~(26)
30689 KO AD —0 Aﬁl _
............ > ij ij
Jiﬁz - Kﬁfk) . 5
(33) ,
( ).
» 0,0
atUij ~ (J.ﬂfﬁ Kiﬂfﬁ )(Vlk +Yyi ) (34)
, fi~T.
Ji =9 Ai(jz)ZO. 271
(34)
3
Vi
5 TZ' T2
( ) )



© 0O N O U B~ W N

= e
= o

12
13

14
15

16

17

18
19
20
21
22
23
24
25
26

27
28

(33)
s s Jaumann
( [5D), Dienes  ( [38]).

, (33) ,

v, >0
) u; >0 ,
> ,  Haff
L61
, Navier-Stokes s s

>

Landau L D, Lifshitz E M. Fluid Mechanics. 2nd ed. Oxford: Pergamon Press, 1987
Landau L D, Lifshitz E M. Theory of Elasticity. 3rd ed. Oxford: Pergamon Press, 1986
de Gennes P G. Soft matter. Rev Mod Phys, 1992, 64: 645—648[DOI]
. . : , 1983
Kolymbas D. Introduction to Hypoplasticity. Rotterdam: Balkema, 2000
Wu W. On high-order hypoplastic models for granular materials. J Eng Math, 2006, 56: 23—34[DOI]
Janssen H A. Getreidedruck in silozellen. Z Ver Deutch Eng, 1895, 39: 1045—1049
. . : , 2000
de Gennes P G. Granular matter: A tentative view. Rev Mod Phys, 1999, 71: S374—S382[DOI]

Wittmer J P, Cates M E, Claudin P. Stress propagation and arching in static sandpiles. J Phys | France, 1997, 7: 39—80[DOI]
Bouchaud J P, Cates M E, Claudin P. Stress-distribution in granular media and nonlinear-wave equation. J Phys | France, 1995, 5: 639

—656[DOI]
Redeyllet G, Clement E. Green’s function probe of a static granular piling. Phys Rev Lett, 2001, 86: 3308—3311[DOI]

Wittmer J P, Claudin P, Cates M E, et al. An explanation for the central stress minimum in sand piles. Nature, 1996, 382: 336—

338[DOI]
Watson A. Searching for the sand-pile pressure dip. Science, 1996, 273: 579—580[DOI]

Savage S B. Problems in the statics and dynamics of granular materials. In: Behringer R P, Jenkins J T, eds. Powders and Grains. Rot-

terdam: Balkema, 1997. 185—194

Cates M E, Wittmer J P, Bouchaud J P, et al. Jamming and static stress transmission in granular materials. Chaos, 1999, 9: 511—

522[DOI]

Martin P C, Parodi O, Pershan P S. Unified hydrodynamic theory for crystals, liquid crystals, and normal fluids. Phys Rev A, 1972, 6:

2401—2420[DOI]
de Gennes P G, Prost J. Liquid Crystal. Oxford: Oxford University Press, 1993
Landau L D, Lifshitz E M. Electrodynamics of Continuous Media. 2nd ed. Oxford: Pergamon Press, 1984

Temmen H, Pleiner H, Liu M, et al. Convective nonlinearity in non-newtonian fluids. Phys Rev Lett, 2000, 84: 3228—3231[DOI]
Liu M. Rotating superconductors and the frame-independent London equation. Phys Rev Lett, 1998, 81: 3223—3226[DOI]

Liu M. Fluid dynamics of colloidal magnetic and electric liquid. Phys Rev Lett, 1995, 74: 4535—4538[DOI]
Jiang Y M, Liu M. Dynamics of dispersive and nonlinear media. Phys Rev Lett, 1996, 77: 1043—1046[DOI]
Jiang Y M, Liu M. Granular elasticity without the Coulomb condition. Phys Rev Lett, 2003, 91: 144301[DOI]
Jiang Y M, Liu M. Energetic instability Unjams sand and suspension. Phys Rev Lett, 2004, 93: 148001[DOI]

Braeuer K, Pfitzner M, Krimer D O, et al. Granular elasticity: Stress distributions in silos and under point loads. Phys Rev E, 2006, 74:

061311[DOI]

Jiang Y M, Liu M. From elasticity to hypoplasticity: Dynamics of granular solids. Phys Rev Lett, 2007, 99: 105501[DOI]
Goldenberg C, Atman A P F, Claudin P, et al. Scale separation in granular packings: Stress plateaus and fluctuations. Phys Rev Lett,

1509


http://dx.doi.org/10.1103/RevModPhys.64.645�
http://dx.doi.org/10.1007/s10665-006-9040-7�
http://dx.doi.org/10.1103/RevModPhys.71.S374�
http://dx.doi.org/10.1051/jp1:1997126�
http://dx.doi.org/10.1051/jp1:1995157�
http://dx.doi.org/10.1103/PhysRevLett.86.3308�
http://dx.doi.org/10.1038/382336a0�
http://dx.doi.org/10.1126/science.273.5275.579b�
http://dx.doi.org/10.1063/1.166456�
http://dx.doi.org/10.1103/PhysRevA.6.2401�
http://dx.doi.org/10.1103/PhysRevLett.84.3228�
http://dx.doi.org/10.1103/PhysRevLett.81.3223�
http://dx.doi.org/10.1103/PhysRevLett.74.4535�
http://dx.doi.org/10.1103/PhysRevLett.77.1043�
http://dx.doi.org/10.1103/PhysRevLett.91.144301�
http://dx.doi.org/10.1103/PhysRevLett.93.148001�
http://dx.doi.org/10.1103/PhysRevE.74.061311�
http://dx.doi.org/10.1103/PhysRevLett.99.105501�

i % 5 & 200 6 54 11

29
30
31
32
33
34

35
36

37
38

2006, 96: 168001[DOI]
' : . , 2001, 46: 802—805
' , b . , 2003, 33: 251—260
, Shen H H. - . , 2006, 51: 255—262
Haff P K. Grain flow as a fluid-mechanical phenomenon. J Fluid Mech, 1983, 134: 401—430[DOI]
Jiang Y M, Liu M. Granular solid hydrodynamics. Granular Matter, 2009, 11: 139—156[DOI]
Hou MY, Liu R, Zhai G J, et al. Velocity distribution of vibration-driven granular gas in Knudsen regime in microgravity. Microgr Sci
Tech, 2008, 20: 73—80
, . () , 2004, 33: 629—635
Bocquet L, Losert W, Schalk D, et al. Granular shear flow dynamics and forces: Experiment and continuum theory. Phys Rev E, 2001,
65: 11307[DOI]
Jop P, Forterre Y, Pouliquen O. A constitutive law for dense granular flows. Nature, 2006, 441: 727—730[DOI]
, 1990, 22: 1751—1754

A granular constitutive relation derived from
hydrodynamics

JIANG YiMin! & LIU Mario?
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Employing the hydrodynamic approach, normal elasticity theory is generalized in a natural way to
account for granular media. The result is a set of partial differential equations that can be used to
calculate all relevant physical quantities, including stress, deformation, energy, energy flux and heat
production. Especially, a constitutive relation appropriate for granular media and expressed in
thermodynamic quantities—something of great engineering significance and not yet fully
established—is deduced from the theory. This constitutive relation is complex and nonlinear,
containing gradients of stress, velocity and density, even for the simplest possible input of a free
energy expression and transport coefficients. This amply demonstrates the difficulties of arriving at
an appropriate constitutive relation starting directly from experimental data.
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