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1 Introduction

In the past decade, there were delicate investigations devoted to the size of the first sign change of Hecke
eigenvalues of holomorphic cusp forms (see [8,14,15,21,34]). Let g be a primitive holomorphic cusp form
of weight & for the Hecke congruence group I'g(NN) with trivial nebentypus, and Ay(n) be its n-th Hecke
eigenvalue. The eigenvalue A\y(n) is a real multiplicative function in n satisfying the Hecke relation

Ag(m)Ag(n) = Z Ag (ZZL) for (mn,N) = 1. (1.1)

d| (m,n)

Denote by n, the smallest integer n such that A\,(n) < 0 and (n, N) = 1. Write Q, = k?N. By using the
convexity bound of L(s,g) and some consequences of the Hecke relation (1.1), it is quite easy (see, for
example, [8, Section 3]) to get

ng < QLT (1.2)

regarded as the trivial bound for ny. Apparently the bound size in (1.2) will be reduced if one has an
improvement over the convexity bound—the subconvexity bound—for L(1/2 + it, g).
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Interestingly, Iwaniec et al. [8] sharpened (1.2) without using any subconvexity bound for L(1/2
+ it, g) but instead invoked some sieve techniques. Their result was refined by Kowalski et al. [15] and
Matomaki [21] subsequently. Matoméki [21] showed that

1

1
ng K Qg °, (1.3)

which remains the most effective approach to date. One of the ingredients required in this approach is
Deligne’s bound for A4(p):
[Ag(p)| <2 for any prime pt N (1.4)

when constructing the sieve function. In general this bound is not proved, though being anticipated, and
known as the (generalized) Ramanujan conjecture. Hence the method in (1.3) is not directly applicable
to Hecke-Maass cusp forms.

In this case (of Hecke-Maass cusp forms), one can prove the trivial bound as in (1.2) and there is an
improvement due to Qu [25] by adopting a subconvexity bound of the L-function. Qu proved

ny < QY (1.5)

where f is a Hecke-Maass newform for the Hecke congruence group I'g(IN) of the spectral parameter vy.
Here, ny denotes the smallest integer n such that the Hecke eigenvalue Af(n) < 0 and (n,N) = 1,
Qs = (3+ |vf|?)N and 4§ is a positive absolute constant. However, the value of § in (1.5) is unspecified,
which comes from the uniform subconvexity bound

L(; + it, f) < Q%f‘s

shown by Michel and Venkatesh [23]"). The sieving argument in [21] does not fit because of the absence
of Deligne’s bound for Maass cusp forms, i.e., (1.4) is not known for Maass cusp forms.

In this paper, we modify the sieve function (see Subsection 4.2) used in [15,21] to control the possible
exceptional Hecke eigenvalues (not fulfilling (1.4)) and work out a result in the more general context—for
the Hecke eigenvalues of an automorphic representation of GLa(Ag) (see Section 2). Consequently, we
improve Qu’s result (1.5) in the direction of an explicit bound exponent, though ~ 6.7% bigger than the
result in (1.3), without using the subconvexity bound for the L-function.

Theorem 1.1. Let f be a Hecke-Maass primitive form (newform) on T'o(N). Then there exists a
positive integer n satisfying
15
n<Q@; , (nN)=1

such that Af(n) <0, where § = 15.

2 Set-up and the main result

Let d € Nand m = @<
trivial central character?). The L-function associated with 7 is a Dirichlet series of the form

mp be an irreducible cuspidal automorphic representation of GL4(Ag) with

L(s,m) =Y Ae(n)n™* (Res>>1)

n=1

that factors into an Euler product [[,_, Ly(s,m) with

L,(s,m) = L(s,mp) == H (1—ar:i(pp~*)~' (p<o0)

1<i<d

1) Recently, Wu [33] gave the explicit value 13229 for 6, where 6 = 6—74.

2) See [1, p.92], [3, Definition 3.2] or [7, Definition 5.1.14]; we reserve p for (usually finite) primes/places.
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1 s

for some complex numbers o ;(p). Hence the reciprocal L,(s,7)”" is a polynomial in p~° of degree at
most d with constant term 1. The coefficients A (n)’s (n € N) are the Hecke eigenvalues. The L-function
L(s,m) accounts for the finite part and is completed with the local factor Loo(s, 7). At p = oo, the
local representation 7, is given as a Langlands quotient and the local factor Ly (s, ) is expressible as a
product of gamma factors (see [30, Appendix A.3]),

Loo(s,m) = L(s, 7o) = H Tr(s + pr)

1<i<d

for some p,; € C, where T'r(s) := 7~%/2I'(s/2). Readers interested in (a broader class of) these L-
functions are referred to [5] for a recent comprehensive account.

The completed L-function Lo (s,7)L(s,7) extends to an entire function which is of finite order and
bounded in vertical strips, and it satisfies the functional equation

& *Loo(s,m)L(s, ) = w(m)g' /2L (1 — 5,7)L(1 — 5,7), (2.1)

where 7 is the contragredient of 7, w(mw) € S! is the root number and ¢, > 1 is an integer, called the
arithmetic conductor of 7. Note that « is ramified at every prime p dividing ¢, and unramified at any
other finite primes, ¢z = ¢» and Ly(s,m) = Ly(5,m) for all p < oo (hence {az;(p) : 1 < i < d} =
{ar:i(p) : 1 < i < d} as multi-sets). If 7 is self-dual (i.e., 7 =~ 7), then A;(n)’s are real. Define the

analytic conductor Q(t) of ™ by
Qn(t):=ar [ 1+ it + prsl)

1<i<d
and set Q := Q(0)%.

We confine to the case where d = 2. The classification for 7, is known, and for the irreducible cuspidal
automorphic representation 7 with trivial central character, we have®

o discrete series: {fir 1, tr 2} = {m — %,m + %} for some m € N;

e unitary principal series: {fix 1, ttr 2} = {v + 9, —v + ¢}, where v € iR and ¢ € {0, 1};

e complementary series: {fir 1, pr2} = {v +6,—v + 8}, where 0 < v < 1 and 6 € {0,1}.

At finite prime p, an infinite-dimensional irreducible admissible representation of GL2(Q,) must be
either principal series, special or supercuspidal®). Since the central character is trivial, we infer from the
known classification (see [20, p. 1182]) that

e principal series: [[,_, , axi(p) € {0,1};

e special: a.1(p) € {£p7 2}, ara(p) =0;

e supercuspidal: o, 1(p) = ar2(p) =0.

When 7, is unramified, it is a principal series by [7, Proposition 11.7.3] and

H aﬂ,i(p) =1

i=1,2

The representation 7 is unramified at all but finitely many primes p (dividing ¢, for finite p). The
generalized Ramanujan conjecture (GRC) asserts that |a, ;(p)| = 1, which is only settled for the case of
discrete series (see [31, (9)]). The current known result towards the GRC is

lom,i(p)] <p° with 0 =7/64 (2.2)

obtained by Kim and Sarnak [12]. Under the GRC, 6 = 0 and |A(p)| < 2 for p < 0.

3) See [22, Lecture 1].
4) By [7, Theorems 11.14.2 and 11.16.1], 7oo is Boo(X1,X2) with x1(z) = |z|“1sgn(z)’! and x2(x) = |z|’2sgn(z)%2
(v1,v2 € C, 81,82 € {0,1}), or a discrete series representation in Boo(x1,x2) With x1(z) = |o|(™+1)/2+itsen ()™ and

xa2(z) = |¢|~(m+1)/2+it (m € Ng). As the central character is trivial, we have x1x2 = 1; thus v2 = —v; and &; = d2 in the
former case, and ¢ = 0 and m € 2Ny in the latter case. (Note m = (m — 2)/2.) By [7, Corollary 9.5.10], 7 is unitarizable.
The unitaricity implies that v = it (t € R) or v € (—1, 1) (see [7, Proposition 9.4.5]).

5) See [7, Theorem 6.16.1].
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Theorem 2.1.  Let w be a self-dual irreducible cuspidal automorphic representation of GLa(Ag) with
trivial central character. Write Az(n) for the Hecke eigenvalue and Q. for the analytic conductor at
t = 0. Then there exists a positive integer n satisfying

1_
n< Qi (ngr)=1

such that Ax(n) < 0, where § = 15.

Remark 2.2. We have not used the subconvexity bound of Michel and Venkatesh [23] or Wu [33] to
further refine the value of 4.

Specialization.  Let I'o(N) C SLy(Z) be the Hecke congruence subgroup and H be the upper half-
plane. A holomorphic (resp. Hecke-Maass) newform f is a modular form of weight & € 2N (resp. a Maass
cusp form with the eigenvalue A = i + VJ% € C*) such that f is a common eigenfunction of the family
of Hecke operators {T}, : (n,N) = 1} and lies in the orthogonal complement of the space of oldforms
(see [9, Subsection 14.7]). The multiplicity-one theorem implies that f is a common eigenfunction of all
the Hecke operators T,, (n € N), and thus its associated L-function L(s, f) factors into an Euler product.
The analytic conductor of L(s, f) is < k2N (resp. |A|IN) for holomorphic (resp. Hecke-Maass) f. The
function f is lifted to a square-integrable function f in L?(GL2(Q)\ GL2(Ag)) and associated with a self-
dual irreducible cuspidal automorphic representation 7y of GL2(Ag) with trivial central character. Their
L-functions are identical, i.e., L(s, f) = L(s,7y), and in particular A\y(n) = Az, (n), where T, f = A¢(n)f
for (n, N) = 1. Theorem 2.1 implies Theorem 1.1.

3 Preliminaries

This section is devoted to preparing some tools for the proof of Theorem 2.1.

3.1 Number-theoretic tools

We collect some results from Liu and Ye [19], Lau et al. [16] and Matomaki [21].
Lemma 3.1. Let

be absolutely convergent for o > o,. Let

foro > o,. Then forb>o,, ©>22,T>2 and H > 2,
1 b+HiT

Zanzﬁ - f(s)“jds+o( > an>+o<””€FB(b)).

n<x T—HF<n<z+

This is a modified version of Perron’s formula in [19, Theorem 2.1].

Lemma 3.2. Let k > 0 be a constant, N € N and write
Dy n = (log(w(N) + 3))"+2,

There is a positive constant C,, depending on k such that uniformly for x > exp(CrxDgx N),

b 1I D
wn) _ N,k rk—1 r,N
Z K —F(K) z(log ) {1 +OK< ﬁogw)}’

n<a
(n,N)=1
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where I'(+) is the Gamma function and
N)\"® 1\"
Oy = (90()) H (1 - ) (1 + K) > (loglog N)™". (3.1)
NN p p

This is [16, Lemma 4.1] (see [15, p.398] for a more precise result).

Lemma 3.3. Let U € [1,00) and M, N € N. Define hy(n) to be the multiplicative function supported
on squarefree integers such that

_27 Zf p> Y,

7T 1 1
2cos | —— |, if ymFT < p<ym for some integer m < M,
hy(p) = <m+1> f y™FT <p<yw f g

m 1
2 if p <y,
s (s )s # <t

Uniformly for exp(Co(logw(N) + 3)*0t4) <y and U~ < u < U, we have

Zb hy(n) = (oam(u) + OM,U(l))HN’X0 (log y) X0y,

n<yt
(n,N)=1
where Cy = Co(M,U) is a suitable large constant, opr(u) is a continuous function, xo = 2 cos(n/(M+1)),
[(-) is the Gamma function and Iy, is defined as in (3.1).
In particular for M = 100, we have the following: the lower bounds for oipo(u) are 0.0924, 0.0718,

0.0445 and 0.008 foru =4, u="5 u=2 and u =3,

respectively.
This is a special case of [21, Lemmas 6 and 8 and Remark 7]. Note that ops(u) is the function o(u)
given by [21, (2.3)] and the lower bounds of o199(u) in the above table is evaluated by a C++ program

provided by Professor Matomaki.

3.2 Tools from Rankin-Selberg L-functions

We start with the theory of the Rankin-Selberg L-function discussed in [22] and some important results
on symmetric power L-functions due to [6,11,13].

Let m and 7’ be automorphic representations of GL4(Ag) and GLg (Ag) as in Section 2 (and keep
using the notation therein). The Rankin-Selberg L-function L(s,7 x 7’) is given by an Euler product

Ls77><7r HL s7r><7r

p<oo

where L, (s, mxn')~! is a polynomial of degree less than or equal to dd’ in p~¢. The L-function L(s,mxn’)

extends to either a meromorphic function on C with two simple poles at s = 0 and s = 1 or an entire
function according as 7’ ~ 7 or not. It satisfies the functional equation

02 Loo(s,m x 7)L(s,m x 7') = w(m x 7)¢"' 7 Log(1 — 5,7 x #)L(1 — 5,7 x 7,

where grx~ € N, Jw(m x 7')] =1 and

Lo (S7T><7T H FR5+N7r><7r z])

1<i<d
1<5<d’

Suppose that 7 is unramified at p. Then

Ly(s,mx7') = H (1 — ari(p)a ;(P)p~*)"" (if p < 00) (3.3)
1<i<d
1<j<al
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and
{prasnriji1<i<d, 1<j<d}={piri+pr,;:1<i<d, 1<j<d}

if p = co. The arithmetic conductor satisfies (see [2])
d d
Grxnr < 4 Qr [ (@rs G- (3.4)

Lemma 3.4. Let m be a self-dual irreducible cuspidal automorphic representation of GLg(Aqg) with
trivial central character, and 0 < § < 1 be arbitrary but fived. Write Qrxr for the analytic conductor of
L(s,m x7) at t =0.
(a) We have
Q'n'><7r <4 Qid_l H (1 + |/’L7T,i + M’“’J')Q
1<i,5<d

and

r 1 1

(b) For any 1 < 0 < 3 and t € R, there exists an absolute constant C > 0 such that

1 X
(0 —1)L(o +it,7 x 7) < exp (Clogoigcgfw)
and !
Lo +it,m x 7)™ < (0 — 1) exp (Cbgoig&)

where the implied < -constants are absolute.
Proof.  As 7 is self-dual, the L-function L(s, 7 x ) has a simple pole at s = 1 and

Arxr(n) 2 |/\7T(7’L)|2 = Ar(n)?. (3.5)

(a) We follow the proof of [9, Proposition 5.7]. The Hadamard factorization theorem for the entire
function gives

$(1 — 8)Loo(s,m X T)L(s,m x w) = e2Fbs H (1 - f))e;,
p

where p runs over all zeros of the left-hand side. Note that

r 1 1 1 L' 1 1
_f(s,ﬂ'xﬂ') = a1 _g‘f'ilogqﬂ—xﬂ-—i—z(s,ﬂ'xﬂ')—b_; (S—p+p>
Asin [9, (5.29)], we have
Reb = —Fe Zp‘l.
P

With Stirling’s formula

FI

f(s) =logs+O(]s| ™), l|args| <,
we obtain

r 1 1
—f(1+5,7r><7r):(5 +§10gQﬂ—Xﬂ——%€Zm+O(l)

p

The result follows with the observation

1

p

(b) The first assertion follows from [18, Theorem 2] with the facts: for 1 <o < 3 and t € R,

L(o,mx7) >0
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and
|L(o +it,m x )| < L(o,m X 7)

by (3.5). As the Euler product of L(s,7m x 7) is absolutely convergent for ¢ > 1, we infer from (3.3)
and (2.2) that for o > 1,

log L(o +it,m x ) = Z |>\ +O<Zp (0=26) 4 Z ) (3.6)

Ptar Planx

where the sum over all the primes p in the O-term is O(1) by (2.2). Hence,
[log L(c + it,m x w)| < log L(o, 7 X 7) + O(w(¢x)),
where w(q) = Zp RS The proof is completed with the asserted upper bound and

log|L(s,m x m)|7' = —Relog L(s, 7 x 7) < |log L(s, 7 x 7)|. O

The Rankin-Selberg theory produces L-functions of higher degree from two automorphic L-functions®.

When d = d’ = 2, the Rankin-Selberg L-function L(s,7 x ') is known to be automorphic by Ramakr-
ishnan [26, Theorem M]. In addition, for 1 < r < 4, the r-th symmetric power L-function L(s,sym"x) of
a cuspidal automorphic representation m of GLy(Ag) is automorphic, corresponding to an automorphic
representation of GL,41(Ag), by the work of Gelbart and Jacquet [6] (r = 2), Kim and Shahidi [13]
(r =3) and Kim [11] (r = 4). At the unramified prime p < oo, the local factor L,(s,sym") is

L,(s,sym"r) = H (1= ar1(p) " ‘ara(p)p®)~"

0<i<r
(see Section 2 for ay ;(p)). The L-functions L(s,sym’w) (r = 2,3,4) are entire, unless 7 is a solvable
polyhedral”, and satisfy a functional equation of the form (2.1). For our purpose, we need a good

estimate for gsymrn for a self-dual irreducible cuspidal automorphic representation m of GL2(Ag) with
trivial central character.

Lemma 3.5. Let m be defined as in Theorem 2.1. Write qsymr~ for the arithmetic conductor of
L(s,sym"n) and Q, for the analytic conductor of L(s,sym"n X sym"w) at t = 0. For r = 2 (resp.
r=3,7=4), ¢symrr is at most @ (resp. qF, q}?). Also we have the following bounds for Q,: the upper
bounds for Q. are Q3, QY , Q2 and Q1% forr =1, r =2, 7 =3 and r = 4, respectively.

Proof.  As sym"r is an automorphic representation of GL,1(Ag) for 1 < r < 4, the following Rankin-
Selberg L-functions are well defined and factor with the known identities into

L(s,m x 1) = {(s)L (s, sym®n),
L(s, 7 x sym?n) = L(s, ) L(s,sym>r),
L(s,sym?7 x sym?n) = ((s)L(s,sym?n)L(s,sym*7)

(see [24] and [29, p. 194]). Let p be a ramified prime (of 7) and f, be the exponent such that p/" || gsymr -
It follows from (3.4) that

3fi = fo, 3fi+2fe—min(fi,fo) = fi+f3, Sfo>fotfa
and Gsymrrxsymrr < qs;r—glw Hence gsymrrxsymr= i at most ¢3, ¢1%, ¢* and ;% forr=1,r=2,7r=3
and r = 4, respectively.

6) An automorphic L-function is the L-function associated with an automorphic representation.

7) That means 7 is dihedral, tetrahedral or octahedral. The L-function L(s,sym”) is entire for r =2, r =3 and r = 4
if and only if 7 is not dihedral, tetrahedral and octahedral, respectively. The representation 7 is dihedral if 7 is monomial
attached to a character of a quadratic extension K/Q (or 7w admits a self-twist by a quadratic character), and = is tetrahedral
(resp. octahedral), if sym?7 is not monomial attached to a character of a cyclic cubic (resp. non-normal cubic extension
E/Q) (or sym?7 (resp. sym37) is cuspidal and admits a non-trivial self-twist by a cubic (resp. quadratic, character))
(see [27,28]).
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The gamma factors of L(s,sym”m x sym”7) can be computed by the local Langlands correspondence
for GL4(R) (see [17, Section 2], [4, Subsection 3.1.1] and [32, p. 205]). For the discrete series representa-
tion meo With {ptr 1, pr2} = {m —1/2,m + 1/2}, we have

Loo(s,sym”m x sym"n) = T'r(s + 1)EH g (s) =5 H Te(s+j(2m — 1)) 7+,
7=0

where I'c(s) := I'r(s)I'r(s + 1); for the principal series representation {ir 1, r 2} = {v +96,v — ¢},

Loo(s,sym”m X sym”"m) = H Tr(s+2(a+b—1r)v).
0<a,b<r

The result follows by the direct check. O

Lemma 3.6. Let 7 be as in Theorem 2.1 and 1 < u < % Set y = Qi, where Q := Q.. As QQ — oo,
we have

Z (max{0, A (p)] — 2})®p ! < udg + Bglogu + o(1),

y<p<sy"
piax

where the constants Ag and Bg are less than 131 and 138, respectively.

Proof.  Observing (z — 2)8 < 2% — 625 for z > 5/2, we infer that if x; := max(0, ), then

31
(z—2)% <a®—62° +E+7 (3.7)

for all > 0. [10, Lemma 11] gives that for R € N,

R
= Z aR,j)‘sme(R*ﬂﬂ-(p)’
Jj=0

(49

for 1 < j < R. Using the automorphicity of sym"n, 1 < r < 4 and

where aro =1 and

r

r r o 27
sym’m, @ sym’m, = @sym I,
i=0

we may replace Agymerr(p) by

>\sy1112r7r (p) = >\sym7'7r Xsym” (p) - )\sym"* I xsymr—1m (p) )
where Agymorxsymor(p) := 1. After a little computation, we obtain

4

Ar ( ) —6)\ Zb4j sym*—Jmxsym*— J‘fr(p)v
7=0

where b4,0 = 1, b471 = O7 b472 = —11, b4,3 = —16 and b474 = 10. Set Bg =10+ 37/16 + 1/28 =137.69---
By (3.7) and the positivity of Agymirxsymix(p), it follows that

Yo =257 < Y0 Agmitnxsymia(@)pT +Bs Y p7!

'y<1){><y“ y<z;<y“ y<pLyY
pP1qmw rPidm

= Y(y,u) + Bslogu + o(1),
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where

E )\sym47r><sym4 (

y<p<y"
ptarx

log p
log Y Z )\sy1n47'r><sym4 ( )p1+5

for any § > 0, by Rankin’s trick. Using the known bound for the Ramanujan conjecture, we may
replace the sum over p by —L—/(l + 4§, sym*7 x sym*m) up to a term of O(1) whose implied O-constant is
independent of its (analytic) conductor Q4. Suppose log Q4 < flog Q. Let

By Lemma 3.4, we get

du

Y(y,u) < fé@ (6—1 + glogQ + O(1)> < ue? </2\ + f) +0(1)

as @ — oo. By Lemma 3.5, we may take f = 108. Our result hence follows with

Ag = eM? (i + f) < 131.

The proof is completed. O

4 Proof of Theorem 2.1

Define

n<e
(n,qn)=1

recalling the sum Zb ranges over squarefree integers n.
4.1 The upper bound
We derive an upper bound for S;(z). Via the Euler products of L(s,7) and L(s, 7 x 7), we have
> Ax(n) Ar(p)\ _ L(s,m)¢(2s)
= 1 = D,
Z ns H < * p* L(2s,7 x 7) ()

n>1 P1gn
(n,qn)=1

for e s > 1, where D, (s) is the Dirichlet series given by

L,(2s,m x )

Dr(s) = H (1—p2) 1L, (s, ) H 1+ A (p)p™ + O(p*=7)).

plar Ptar

Let £ > 0 be any sufficiently small number. The Euler product defining D, (s) converges absolutely in
the half plane Res > 1 + ¢, and D, (s) <. Q% uniformly for Res > § +e. With (3.5), we infer from
Lemma 3.4 that for 0 = Res > 1 + ¢,

L(s,m) < L(o,7m x TT) < Q5.

The Perron-type formula in Lemma 3.1 gives

Zb )\f(n) _ i /1+E+iT MDN(S)ﬁdS

~ 21 Jy .ip L(2s,m x 7) s
(n,qm)=1
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1+e)e
T TEQLH
+O< > E /\ﬂ(n)|) +O(T )
r—g<n<lzt+g
The first O-term is < 2'*Q% /v H. To see it, we apply Cauchy’s inequality to get
Aa(m) ) *
T x(n
Y. < \/ﬁ< > n1+a) ;
r— & <n<z+§H z—F<n<z+3

where a = (logz)~!, and observe the bound (using (3.5) and Lemma 3.4(b))

3 A=) < 3 Anxi (1) SLA4a,7mx7) < (2Qr)°.

n1+a n1+oz
z—F<n<z+E rz—F<n<z+E

For the integral, we shift the line of integration Re s = % + ¢ and then

/1+6+1T L( ) (28

)
1+e—iT L(ZS ™ X 71-)l)ﬂ( ) ds

_ /2*6*” L(s,m)G(2s)

Lye—iT L(2s,m x 7)

1
xl-‘rEQE .’E%+EQ§+6
d (0] T
() s+ ( T + T )

14+e e
< x%+e(QﬂT2)i+g + T TQTI’

Here, we have used D, (s) < Q%, Lemma 3.4(b) and the convexity bound
1 . 14 1.,
L §+€+lt,ﬂ' <L Qx ([t +2)2

Altogether we get
1+5Qa 1.1+5HQ5
S (z) < (2T)3+Qi™" + LA T
(@) < GT)FQl + T T

Taking
H=T3 and T =z

we obtain
1 1
Sp(z) < z2tEQETT 4 g1 -3e e, (4.1)
4.2 The conditional lower bound

We evaluate a lower bound for S, (y*) under the condition of positive A;(n)’s. Suppose

Az(n) 20 foralln<y and (n,¢;)=1. (4.2)

1
By the argument in [8, Section 3|, we know y < %+E when @ is sufficiently large. For our purpose, we

consider y > QW, and Theorem 2.1 is obviously true for the other case. Hence we assume

1
y=Qz, wherel <u< 3
To get the lower bound of S;(z), a multiplicative function is constructed to approximate A (n). For

the case of holomorphic cusp forms, Matomaéki [21] introduced the function h,(n) defined as in Lemma 3.3

and showed that .
Se(y") > Y hy(n)

n<yY
(n,N)=1
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for which the Deligne bound (1.4) is utilized.

The GRC is still open for Maass cusp forms, so we need to get around this condition in Kowalski-Lau-
Soundararajan-Wu-Matomaéki’s approach. We refine their construction and consider the multiplicative
function wy (n) supported on squarefree integers with

—[A=(P)l; if p >y,
i . _1 1 .
wy(p) = 2 cos (m—|— 1), if ymtT < p <ym for some integer 1 < m < M, (4.3)
2 cos (Mz-l)’ if p< yﬁ.
1
Lemma 4.1.  Let M > 4 be an integer, y = Q2* (1 < u < %) and define wy as in (4.3). Uniformly
forl<u< %, we have
° > —(A Be<1 %I % quXo 1 xXo—1, u
> wy(n) > four(u)  (Asu-+ Bslog ) 1(w)F + o(1)} =5 logy) 'y,
n<y®
(n,am)=1

where the notations oa(u), Iy, o, I'(x0), As and Bs are defined as in Lemmas 3.3 and 3.6, and

I(u) ::/ (u—t)%(xo_l)@.
1

t

Besides, the upper bounds for I(u) are 0.017439, 0.02227, 0.02936 and 0.040324 foru = 1L, u =

9
and u = %, respectively.

o

)u:

NS

Proof. In view of (4.3) and (3.2) (with N = ¢,), we see that w,(n) = hy(n) when the largest prime
factor P(n) of n is less than or equal to y. Thus for 1 < u < 3/2,

b b b
Z wy(n) = Z wy(n) — Z [Ax(p)] Z wy(n)
n<y n<y® y<p<y¥ <u¥
(n,qr)=1 P(n)<y (p,ax)=1 (:; §7=1

Il
]
=
S

+

[N}
]
1,
=
S

|

]
¥
S
1
=
S

n<y y<p<Ly¥ u y<p<Ly®

where S; denotes the first summation and

So= S ()= 3 hyn).

(prgm)=1 P
(n,qx)=1

Since, in Sa, 0 < hy(n) < X‘g("), we may bound Sy as follows:

b
Sz < § ([A=(p)| —2) § hy(n) < S2.1 + S22,
y<p<y", (p,an)=1 n< ¥
[Ax(p)[>2 STp
(n,qn)=1

where for any Z > 1,

Si= Y (-2 S g

y<p<y“/Z ne ¥
(pram)=1, [Ax(p)[>2 Sp
(n,qx)=1
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and

Sa= Y el Y 6™

yU/Z<p<yY

u
(pram)=1 n<H

(n,qm)=1

Take Z = Z(y) so that
log Z = o(1)(log y) X0 ~1/8)/ (xo+7/8)

with the term o(1) — 0 as y — oco. By Rankin’s trick, we see that

Ae(p)] =~ x5
Saa <yt Y >
y%/Z<p<y? p n<Z n
(prgr)=1
1/8
<y <logZ>Xo+7/8( 5 mp)g) /
(1Ogyu)7/8 Yy /Z<p<y" p
(prax)=1

= o(1)y“(log y)**~*,

where we have bounded the sum over n by [[,,(1 + xo/p) and applied Holder’s inequality to the sum
over p with Lemma 3.6. As y < p < y*/Z, Lemma 3.2 can be applied to Sz 1:

R TR DI e (5 R

y<p<y“/Z
(p,ax)=1

where z; := max(z,0). We apply Holder’s inequality to the sum over p and deduce that

S << 3 ;<logf)§<ml)>7/s( 5 (/\7r(2®|—2)§>1/8.

y<p<y“/Z y<p<Ly“ y<p<yY p
(p,ax)=1 (prgr)=1

By the prime number theorem,
u §(X0*1) u
1 7 dt
Yy o <log ip > = (14 0(1))(logy)* o= / (u—t)$00-1 &
1

t
y<p<y“

Together with Lemma 3.6, we infer that

7
1 “ dt\ 11
52 < (1+0(1))(UA8 +BS 10gu)8</ (u—t)%(XO*l) > Myu(logy)xofl.
1 t ) T(xo)
Inserting it into (4.4), we obtain the required inequality with Lemma 3.3. O

Remark 4.2.  One may keep h,(n), in lieu of Xg(n)

the integral

, in the inner sum over n in S5 ;. This will lead to

/ on(u—t)37dt/t
1

in place of I(u), which is manageable though being more complicated. The saving is however not enough
for us to take u = 9/7 in the next section.

4.3 Completion of the proof

Let y be the largest positive integer for which (4.2) holds. Under the positivity condition (4.2), we have

)‘Tr(pj) 20
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for any 1 < j < m and any prime p { ¢, with y%ﬂ < p < yw. If, moreover, Ar(p) < 2, the arguments
in [15, Section 2] (based on the fact that A, (p”) is given by a Chebyshev polynomial of the second kind)

will

give
Ar(p) = 2cos

- (4.5)

m
If Az(p) > 2, clearly (4.5) will also hold. In view of (4.3), we have the following:

b
Sr(y") = Z wy(n) subject to (4.2).

n<y
(n,qx)=1

Next, we invoke Lemma 4.1 with M = 100. Since op; is continuous, we take u = % + &’ for some
sufficiently small &’ > 0. Then

and

o100(u) — (uAg + Bglogu)/8I(u)™/® > 2.5 x 1073

w 1
Yy < Spy?) < yEH0eQATT 4yt

by (4.1). This implies

5 +10e

2
Yy < Q2 < QZ

by taking e = &’/100. The proof is now completed.
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