CrossMark
&click for updates

SCIENCE CHINA
Information Sciences @

January 2021, Vol. 64 112207:1-112207:13
* RESEARCH PAPER - https://doi.org/10.1007/s11432-019-2821-x

Asymptotic multistability and local S-asymptotic
w-periodicity for the nonautonomous fractional-order
neural networks with impulses

Yonggui KAO" & Hui LI

Department of Mathematics, Harbin Institute of Technology at Weihai, Weihai 264209, China

Received 2 August 2019/Revised 12 October 2019/Accepted 2 December 2019/Published online 24 December 2020

Abstract This paper focuses on the investigation of asymptotic multistability and on local S-asymptotic
w-periodicity for nonautonomous fractional-order neural networks (FONNs) with impulses. Several criteria
on the existence, uniqueness, and invariant sets of nonautonomous FONNs with impulses are derived by
constructing convergent sequences and comparison principles, respectively. In addition, using the Lyapunov
direct method, some novel conditions of boundedness and local asymptotic stability of the FONNs discussed
are obtained. Also, the sufficient conditions for local S-asymptotic w-periodicities of the system are pre-
sented. Finally, a discussion using two examples verifies the validity of our findings, which imply that global
asymptotic stability is a special case of asymptotic multistability.
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1 Introduction

Many researchers have focused on neural networks (NNs) owing to their extensive applications, such
as image processing, signal processing, pattern recognition, optimization control, argument estimation,
and artificial intelligence. Such applications not only rely on the existence of equilibrium points, unique
equilibrium point, and on the qualitative properties of stability, but also rely on dynamic behaviors, such
as periodic oscillatory behavior, nearly periodic oscillatory properties, chaos, and bifurcation. Recently,
on the basis of fractional-order calculus [1-3], a large variety of fractional-order neural networks (FONNs)
have been established and investigated [4-7]. The FONNs have better infinity memory and heredity
than integer-order neural networks. As is well known, the traditional concepts of integer-order periodic
solutions cannot be applied to fractional order (FO) differential equations because of the absence of
periodic solutions of FO differential equations [8]. In the existing literature, there are some results
on lasymptotic w-periodicity, local S-asymptotic w-periodicity (SAP) and near-periodicity (see [9-11]).
However, there are only a few reports on the SAP for FONNs. The global SAP was considered by Chen
for nonautonomous FONNSs in [12] and for the nonautonomous FONNs with time-varying delays in [13].
Wan and Wu [14] discussed local SAP for the FONNs. However, they did not consider impulsive effects.

In fact, impulsive perturbations exist widely in various fields, such as economics, electromagnetic wave
radiation, electronics, and telecommunications (see [15-22]). Stamova and Henderson [23] studied the
practical stability of the FONNs with impulses. Yang et al. [24] proposed Mittag-Leffler stability for those
FONNs with delays and impulses. Wang et al. [25] explored global asymptotic stability for complex-valued
FONNs with delays and impulses.

Some reports on the multistability of NNs have emerged in [26-28]. This multistability is important
for a deeper understanding of NN dynamical systems. Wang and Chen [29] have proposed the p-stability
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for NNs with unbounded time-varying delays. Cheng et al. [30] explored multistability for NNs with
delays via sequential contracting. Liu et al. presented multistability for nonmonotonic NNs with un-
bounded time-varying delays [31] and for nonmonotonic NNs with mixed time delays [32], respectively.
However, there are no reports on the asymptotic multistability and local SAP of FONNs with impulses
and nonautonomous parameters.

Motivated by the above discussion, we consider asymptotic multistability and local SAP for nonau-
tonomous FONNs with impulses. Section 2 presents the FONNs, some definitions and lemmas. Invariant
sets and boundness are explored in Section 3. Section 4 discusses asymptotic multistability and local
SAP. Two examples are presented in Section 5. Section 6 completes this paper.

Notations: In this paper, a given vector z = (z1, 22,...,2x) ", in which the “T” represents the trans-
pose, and ||z]] = vazl |zi|. Cy([T0,00), R™) represents the space consisting of continuous and bounded
functions [19,00) — R™ with || - ||oo, which are uniformly convergent. Additionally, C" ([, 00), R™) rep-
resents the space which contains r-order continuous differentiable functions [y, 00) — R™. Besides, N
denotes the natural number. Let F = {7} : 7, € [0,00), 7 < Tp41,k =0,1,2,...,limg_, 7, = 00} denote
the set of all strictly monotonically increasing and unbounded sequences. PC = PC[R*,RN] = {9 : Rt —
R™, ¥ is continuous except for 7, 7 € F, ¥(r, ) and 9(r;") exist, ¥(7, ) = I(m)}. PCy[RT,RY] denotes
the set of all continuous functions which are piecewise bounded, which is a subspace of PC[R*, RY].

2 Preliminaries
We consider a nonautonomous FONN with impulses as follows:

CDB2i(r) = —ai(r)a(r) + 32 iy (Vs (7)) + i), 7 £ 78 720,

= (1)
Azi(k) = 2i(1) — zi(7) = ban(zi(7)), k€ Z4, i=1,2,...,N,

H“

where N stands for the number of neurons. Z stands for the set of positive integer. z;(7) represents the
state variable of the neuron. a;(7) corresponds to the rate with which the ith unit resets its potential
to other states in isolation when disconnected from network and external inputs. c¢;;(7) presents the
strengths of the jth neuron in the ith neuron; h;(z;(7)) stands for the neuron activation function. d;(7)
is the external input vector. The neuron states z;(7x) = 2(7, ) and 2z;(r;") are the states of the ith
neuron before and after an impulsive perturbation at time 7y, respectively. b;; is the abrupt change
of the state z;(7) of the ith neuron at the impulsive moment 7. The initial conditions satisfy that
2i(70) = zi0,t = 1,2,...,N. Eq. (1) can be rewritten as the following matrix expression:

{CDBZ(T)A(T) 2(1) + C(1)H(2(7)) + D(7) = G(7,2(7)), 7# T, @)
Az(m) = 2(r) — 2(7y ) = Bi(2(7y,)), k € Zo,

where 2(7) = [21(7),...,2n(7)]" € RV, H(2(7)) = [l (21(7)), -, (v (D)7, C(7) = (¢i5(7)) oo
;)4(7'])T: diag [a1(7),...,an(7)],D(7) = [di(T),...,dN(T ] ,20 = [210, 220, - - - ,ZNo]T, By = [bik, b2k, - - -,
Nk -

Definition 1 ([1]). For the function f € AC"([rp, +<),RY)(n —1 < B < n), the 8 order Caputo
derivative is defined as follows:

C B _ 1 T fM(s)
TODTf(T) - F(TL — 5) /TO (T _ S)ﬂ—n+1d87 T 2 70,

where AC([m0, +00), RY) denotes the absolutely continuous functions on ([rg, +oc), RY) and AC"([ro,
+00), RN) is the function space of f, where f € C"!([rg, +00), RY) and (=1 € AC([ry, +00),RY).
Lemma 1 ([2]). For the function f(7) € AC"([r, ), RY), we have

© D2 (GD7%) 1) = £(r) and D37 (GD2) ) = ) — 5 L= oy,

1=0

where n — 1 < < nand 7 > 7.
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Definition 2. The function 2(7) € PCy([r9,00), RY) N Urey AC (75, Tit1], RY) is a solution of (1), if

(1) satisfies DP2(r) = G(r,2(7)) for 7 € [10,00),7 # Tk, k € Z4 and impulsive conditions z(7;") =
2(7 )+ Bi(z(7,), k € Zy..

Lemma 2 ([3]). For § € (0,1) and a continuous mapping g : [19,00) — R, the function z(7) is the

solution for the following equation:

Zo + r(lg) fTTO T—5)""g(s )ds T € [70,71],
2(1) = q %0 + Zz 1 Bi(z(7;7)) + I 5) Zz 1Jr 1(Ti — )7 g(s)ds
F(B) ka: )B ' g(s)ds, 7 € (Tky Tht1), b € Zy,

if and only if z(7) is the solution of
CDﬂZ( ) g(T)v T#Tka kGZJra (3)
Az(ty) = 2(1Y) — 2(r,) = Bi(2(7,)), k € Zs.

Definition 3 ([10]). Function h(7) € PCy([10,00), RY) N Urey AC' (7, Tit1), RY) is S-asymptotically
w-periodically piecewise continuous in [y, 00), if it satisfies lim;_, o |h(7 + w) — h(7)| = 0, where w > 0
is the asymptotical period of k(7).
Definition 4 ([14]). Suppose D C RY is a positive invariant set. If the solution of system (1) with
2(70) = 20 € D converges to z,(7) € D, system (1) is locally asymptotically w-periodic, and z,(7) is a
w-periodic function.
Definition 5 ([26]). If the solution z(7) for (1) with z(7y) = 29 € D satisfies z(7) € D for 7 > 79, then
the set D is called an invariant set of (1).
Definition 6 ([33]). Let D C RY denote a positive invariant set and let 2*(7) € D stand for the
equilibrium solution of (1). System (1) is

(a) locally stable, if (V7o € R™)(Ve > 0)(35 = d(70,¢€) > 0), (V7 = 79) : ||2(7; 70, 20) — 27| < €

(b) locally attractive, if lim, o 2(7; 70, 20) = 2™;

(c) locally asymptotically stable, if and only if it is locally stable and locally attractive.

When D = R, system (1) is globally stable, globally attractive and globally asymptotically stable,
respectively.

In this paper, the following assumptions are true.

(H1) Let h;(2) be continuous function and there exist two constants p;, ¢; satisfying p; < hi(2) < g;.

(H2) ¢;5(7),ai(7) and d;(r) are all continuous and bounded on R* and sup,, . > i~ i (7
. Ehy
DA A(s)|ds < 0 < 00,8UpP,, 00 Z;’;l r:J,l(Tj — 1) YC(s)||ds < 0 < 00,8UpP,;, 00 Z;’;l rTjJ,l(Tj _

1)5’1|\D(s)|\ds < 0 < 00,¢; = My <reoo Cij(T), € = MaXr <r<oo Cij (T), di = Miny <reoodi(7),d; =
maXro<r<oo d; (T)

(H3) There exist constants —oo < 3(0) < r(o) < 3(1) < 7“51) < e < S(Diil) < TEDi*l) < S(D) <
rP) < oo, and N, N ok ok Whlch satisfy M < %;‘y’ <N, for 2,y € (s1,17), :0,1,...,Dzyf <
Lz(y)<yk for z,y € [rF 1, ¥ k=1,...,D;.

(H4) There exist constants v such that bzk (ZZ(Tk)) = Yirzi (7).
Lemma 3 ([34]). Function g(7) is differential on [ry, +00) with 5 € (0,1). For 7o < 7 < 7, g(7) < 0
and g(7) = 0, we have & D g(7) > 0, for 7 = 7.
Lemma 4 ([35]). f(7 ) stands for a successive function on |7, 00). If there is a constant 5 > 0 satisfying

f(m0) = fo.

then f(7) < foEuo(—=B(T — 10)%), T = T0.

Lemma 5. If the following conditions are true, then the solution of (1) with z(TO) = zp is unique.
(B1) A positive constant M satisfies limy_, || Z?:o B;(z(1j)| = limp— 0 || Z] 072 < M < oo,

where z(-) is continuous functions of bounded piecewise.

(BQ) limy oo Z?:l ’ij+ % < 1, where L = maXi:LQw‘7N7]’:071"H’Di{

{%DSf(r) < —Bf(r), ae(0,1),

M1 N Y, A = maxi<icn {7}
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Proof. The proof is given by two steps.
Step 1. To verify the existence of the solution of (1). From Lemma 2, we have

Zo + r(lg) fT (7 —5)771G(s, 2(5))ds, T € [70, T1],
o) = zo+zj VBi((r) + py S 7 (7 — )P G, 2(s))ds
I‘(,@) frk T S)ﬁ IG(sz( ))ds T E (Tk,Tk+1], ke Z+.

In the following, we assume that 7 > 7. We construct a sequence {z™(7, 79, 20)}, 20 (7, 70, 20) = 27, for
T € (Tky Tht1), k € Z4, satisfying

2 () = 4 +Zb” , Z/T 7 —8)P 7 hi(s, 2™ (s))ds

T
NG /Tk(T $)P " hi(s,2™(s))ds, i =1,2,...,n,

\Yhere hi(s,izm(si)) = —a;(s)z"(s) + Z] 1€ij(8)hj(27"(s)) + di(s). Therefore, |z () — Zm(TZ|| <
dy +ﬁ (dg +d3), where dy = ZZ 12] 1 TJ (Tj — 5)f~1 ‘hl(s,zm(s)) —hi(s,z””_l(s))|ds7 d =

N k m— N T — _
2ic Zj:l |bw(75;n T )) = bij(z] 1 j | ydy = D1 ka (7 — 5)P1 |hi(3a 2" (s)) — hi(s, 2™ 1(3))| ds.
In view of assumption (H4) and condition (B1), we get

N k
CZlSZZ’AYj z

i=1 j=1 j=1

k

=< Al ) = 2T e (4)

) -4

where 4; = maxi<i<n{|7ij|}. Considering assumptions (H1)—(H3), one obtains
Tj N
dy < Z/ 7 —s)P71 Z |hi(s,2™(s)) — hi(s, 2™ "(s))| ds
i i=1
ko pr N N
< Z/ (rj = )77 |=ails) (27 (s) = 2" (s)) + D eigls) (hy(2(5)) — hy(=)" " (5))) | ds
j j i=1 j=1

k 7
<2 / (5= 9" Ha(@)ll7(0) = " G+ ICEILIE () = 2™ () |ds

=1 i—

< (o +oL)ll2"(s) = 2771 (8) -

d3 = Z/ (r—s)P1 ‘hz(s,zm(s)) — hi(s, z | ds
T N N
< [ Y i) () — 26 + D) () — s ()| s

< /T(T =)7L (IAG)IlI=™(s) = 2™ Hs) | + ICG)IL]E™(s) = 2™ H(s)]) ds

s / (=) LA+ IC(s)IL) dsll=™ (s) = 2™ ()
< (et eL)l|2™(s) = 271 (5)l|oo-
Considering ||z'(7) — 2°(7)|| < M + NE) (112%00 + LN|2% 00 + |GO)]) s 7 € (ks Th41], k € Zy, we get
k

m m . oc+oL+e+el m —
[ (7) = 2™(7)|| < (Z%—i_T) [2™(r) = 2" (D) lloos T € (Thy iy, k € Zoy,
j=1
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which means that

o + O’L
12" () = 2™ (1)l < Z% 127 () = 2™ (7) [l
m
o + O’L o
Z% (81 + 575 (1%l + LIl + 16OV
As (Z?:l i + %) < 1, then z(7, 70, 20) is a solution of (1).
Step 2. Now we shall testify the uniqueness of the solution of (1). Suppose z(7) = [21(7), ..., 2n(7)]T
and y(7) = [y1(7),...,yn(7)]T are two solutions for the same initial conditions, such that
zi0 + F(B) fﬁ (1 —s)’~h; (s 2(s))ds, T € [10,71],
k Tj —
Zz(T) = Zi0 + Z] 1 ’Lj (Z'L( )) + F(B) Z — Tjjfl(Tj — S)B lhz(S,Z(S))dS
gy S ( T—S)ﬁ "hi(s, 2(s ))d& T € (T, Tep1), k € Zy,
and
Zio + F(IB) fﬁ (1 —5)"""h (5 y(s))ds, T € [10,71],
yi(T) = { zio + Z] 1 bij (yz( i)+ r(ﬂ) Z] 1Jr_ 1(Tj — )7 hi(s, y(s))ds
I‘(ﬂ) Tk T - S)ﬂ lhz(say( ))dsa TE (Tk,TkJrl], ke ZJr,

where h;(s,2z(s)) = —a;(s)z;i(s) + Z;VZI cij(s)hj(z;(s)) + di(s). Then, when 7 € (7, Tiy1], k € Z4, one
has

I40) =0 < 323 bl ) = ()l + g 2 [ (= 9"l

k
1 e+el
Yijl + === (o + oL Z=Ylloo + =112 — Y| co-
D= sl + g5+ oD | e ol + gyl o
Therefore, ||z — y|loo < [|2(7) — y(7)]| < (2?21 5] + ﬁ(o + aL)) Iz = y|loo, which is because that €

is small enough. From Zle Ivi5] + ﬁ(a +oL) < 1, it results in the contraction. Hence, solution z(7)
of (1) is unique.

3 The invariant sets and boundedness

The invariant sets and boundedness for system (1) are discussed in this section. To facilitate the below
discussion, several mathematical notations are introduced. Let

— 0 D;—1) (D; - 0 D;
éRj:{[rj(' )7551)]7[r('l)as('2)]a---v[r(' )75 )]}7 8%j:{(sg' )ar('O))a(S§'1)7Tj('1))7---7(5(' D ))}7

J J J ’]
N N
o= [JumU;er;UR;jp.  ©=<]]U U eR
J=1 Jj=1
N

There are H£1(2Di+1) elements and vazl (D;+1) elements in © and O, respectively. Let §; = D im1 i
min(éypj, G50y, €635, €i5d5) iy 8i = Y504 52y Max Gy, Eigpys iy, iy 05) +di- Set Ri(7, 2i(7)) = —aq(7)
2i(7) + cia(T)hi (2(7)) + 34, Ri(7, 2:(7)) = —ai(T) 2 (7) + cia(T)hi(2:(7)) + 84, Ri(T, 2:(7)) = —ai(T)z:(7) +
Z;V:l cij(T)hj(2; (1)) + di(7). From these above definitions, N;(7,z:(7)) < “DPz (1) = (7, 2(7)) <
Wi (7, 2:(7)), T # T, K E Lyt
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Lemma 6. Suppose (Bl) and (B2) are true. Furthermore, if the the following condition holds:
N, (7, sf) >0, R(r, ri) <0, T2>=70, TF# Tk,

then we can find the positive invariant set H;V:l(Dj 4 1) for system (1) in ©.
Proof.  2(7),z(7) and 2(7) show solutions for the following equantions, respectively:

“DPi(r) = Ri(1,2:(7)),  “DPzi(r) = Wi(r,zi(7)), “DPz(r) = i(7, 2:(7)),
with the same initial value (79, 2z9), 70 € O, respectively. From Lemma 2, when 7 € (T, Tkt1], We obtain

k . )
) =zip + Z b” ﬁ[_ 1(7'3' — 1)ﬂ—1Ni(5,2i(s))ds>

Jj=1 Jj—

(1 — 1)P1R;(s, Zi(s))ds,

e >/
Zi(T) zzo+§ bij (2 ﬁ/:l(@ 1)51&i(s,2i(s))ds>
ﬁ/ (r — 1)P1Ry(s, 2:(s))ds,
zzoJri( )+ ﬁ/:l(@ - 1)51&i(s,zi(s))ds>

L TT— B=IR, (s, zi(s))ds
w7 [ 0 E )
Hence,
Zi(1) < Zi(7) < &(7). (5)

Next, we will prov:
2(7) =7, Set @;

/\(‘D

Considering Lemma 3, it follows ¢ D8@;(7) = “DA2,(7) = &i(f',ry)) > 0,7 € (70, 71) Upez, (Th Th41)-
This is inconsistent with R;(7,77) < 0,7 > 7. Therefore

Z(r)<r!, T>10. (6)
Suppose ¥ > 79,7 # 73, and %(7) = s). Letting @;(7) = s\") — %(7), hence

@z(’r) =0, 7=r1,
0

(IJ,L(T) <

Considering Lemma 3, then € DAQ;(7) = —CDPz(7) = —N(F (j)) >0, 7 € (70,71) Ukez, (Th Ths1)-
This contradicts with R;(s?) > 0,7 > 79. Hence

2 > 79. (7)

From (5)—(7), we have s{ < z(r) <!

1

7 > 79. Because the number of elements in O is H;V:l(Dj +1),
there are H;VZI(DJ- + 1) positive invariants sets for (1).
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Remark 1. Different from systems in [14,34], the system discussed in this paper involves impulses,

in which the state functions z;(7) are discontinuous in [79,00). Therefore, the method used for the

positive invariant sets in [14] cannot be used up directly to this paper. The conditions R;(7, sgj )) >

0, &i(T, rﬁj )) < 0,7 = 19 of invariant sets for the FONNs with impulses and nonautonomous parameters
are dual functions, which are more complicated than those with autonomous parameters, such as in [14].

Lemma 7 ([12]). If f(7) € C([r0,00),RY), for 8 € (0,1), then
W DZF (0] < sen(f(r) 5, DIf(r),  t € [r0,00),

where sgn(-) denotes sign(-).

Theorem 1. Suppose (B1) and (B2) are true. If the following conditions are also true, then the solution
of (1) is bounded.
(B3) There is some constant @ > 1 such that @wyEg(—eT”) < 1, where 4 = maxi<;<n,kez, (|1 + Yikl)-

(B4) The inequality Zf\il |zio| — NTQZ’ > 0 is fulfilled, where a; = min, <r<oo (|ai(7)|),¢i =

Yo, max(|éis |, ¢i5]) max (|pil, g:]) + max(|di], |di]), @ = mini<icn (a:) and § = maxi<icn (7).
Proof.  z(7) denotes the solution of (1). Considering Lemma 7, when 7 # 73, one has

DPzi(r)| < sgn(zi(1)9 DPzi(r) < sgn(zi(r))Ni(7) < —ag|zi(7)| + s,

where @; = mitty<r<oo (Jai(7)]) , i = 071, max (&1, |&]) max (|pil, |a]) + max(|dil, |d;). Then

¢ph <Z |Zz(7')|> < ngn(zi(T))CDﬂZi(T) < ngn(zi(r)) _az |2:(7)] + N,

where @ = minj<;<n (@;) and 1) = maxj<;<n (¥;). Set V(1) = Zivzl |zi(7)] — &£, Hence
DRV (1) < —aV(r), T # T
From Lemma 4, we get
V(r) S V(i) Eo(—a(r — 1%)%), T € (Tk, Tht1]-

While 7 = 7, then

N N N N N
> Lzl - w Z |1+ inl 2| — _w <H (Z |2ilr )| — —¢> <AV (m), (8)
=1 =1

where 4 < 1. Considering assumption (H4), condition (B3), and (8), we have

V(1) < V(10)Es(—aT?)YEs(—aT?) - - - 4Eg(—a(t — 11)")
< V(o) Es(—aT?)4Es(—al?) - - - 4Es(—a(T)")
< V(m)Es(—aT?) —, € (romisal,

and therefore
N -
1 N¢
Zl|21( <Z|Zlo|—> Eﬁ( TB)—+7, TG(Tk,TkJrl].
Therefore, all solutions with the initial value (79, z9) of (1) are bounded on [rg, 00).

4 Asymptotic multistability and local S-asymptotic w-periodicity

In this section, asymptotic multistability and local SAP of (1) are discussed.
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Theorem 2. Suppose assumptions (B1)-(B4) are true. Besides, if the following condition is fulfilled,
and let z*(7) be the solution of system (1), then system (1) is of asymptotic multistability in ©.

(B5) @ — Y0, leji(T)|Li > 0, in which Cy; = maxo<j<p, (¢, éu)]), Li = maxocj<p, ([N ], [A]).
Proof.  z(1) = [21(7),..., 25 (7)]T denotes the solution of (1) with z(7) = zy € ©, which is different
from z*(7). Set V(1) = Zf\il |z;(7) = zf(7)|. From Lemma 6, when 7 # 75, we have

DAV (7 ZcDﬂm — 2¥(7)|

N N
<Y sen(zi(r) = 2 (1)) | —ai(r) (z(r) — 27 (7)) + Z cij(7) (h(2;(1)) = hy(25 (7))

=1

N
< Z a1|Z,L( *Z |+Z|C’LJ |L | Zj( ))7’2’]( )|

=1

(=Ailzi(r) = 27 (1)]) < =AV(7),

<

'MZ

=1

where d; = min; <, <oo(ai(7)), \i = Z;V 116ji(T)|Li, A = maxi—1 2. n(A;). From Lemma 4, we get

V(1) S V() Es(= M1 —m)?), 7 € (Tk,TkH] Then

V(r) <AV Bs(-Ar — m)’)
< V(1) Bp(~XTP YB3 (~XT?) - A B3(-A(r — 71)")
< V() Bp(~XT?) = AB(-A(r = 7)), 7 € (it

where 4 = maxi<i<n kez, (|1 + vik|). When 7 = 73, one has V(r e ) < V(T())Eg( )\Tﬁ)w,vl,1
obtain V(7;7) = |2i(r) — 25 ()| < Alzi(r) = 27 (7)) <AV (70) Eg(=AT?) =, and

_ _ 1
V(T) g V(TO)EQ(*)\TL‘B)E, T € [Tk,’rk+1].

Therefore, we have |2(7) — 2*(7)| < Zp=r|20 — 25| Eg(—AT?), T € [T, Tk41], which shows solution for (1)
is asymptotically stable. From Lemma 6, there are H;VZI(DJ- + 1) positive invariant sets in ©. Therefore,
system (1) is asymptotically multistable.
Remark 2. Compared with the results on Mittag-Leffler multistability of autonomous FONNs [14], our
asymptotic stability for the nonautonomous FONNs with impulses is more realistic. Besides, because of
the discontinuity of z;(7), the method used in [14] cannot be directly utilized in this model. Therefore,
our results are new.
Theorem 3. Let (B1)-(B5) hold. Furthermore, suppose that the following condition is fulfilled, then
the solutions of piecewise succession for system (1) are locally S-asymptotically w-periodic in O. And all
solutions of (1) in O tend asymptotically to the w-periodic nonconstant solution.

(B6) ZiZy [2io — #i(ro +w)| = § > 0, where A= 321, s — maxrycroe (30001 Xl i (7)), 0 =

N 7
Ay <r s Sy (di(7) — dilr +w)) + TEiieo.
Proof.  The proof process is given by two steps.

Step 1. We prove the solutions in © are all locally S- asymptotically w-periodic. z(7)=[z1(7),...,zn(7)]T
stands for a solution of (1) in © with z(m9) = zo = [29,...,2%] € ©. From Lemma 2, when 7 € (le Tht1],
we have

zi(T) = zio +Z ( i (il Jr/Tj (t; — S)BlNi(S,Zi(S))dS>

i—

1 o B=IN (s, zi(s))ds
+m/m (7 +w — 5)P 1Ry (s, 24(s))ds,
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(=) Lo
zi(T+w) = zio+ Z <bij(zi(7j)) + 05 / (15 — s)ﬂ_lNi(s,zi(s))ds>
L " — )TN (s, 2i(s))ds
T /Tm<r+w IR, 75)d
[=4] .
= Zio + ; (bij(zi(T]‘)) + ﬁ /le(Tj - S)ﬂ_lNi(&Zi(S))dS)

JrL /T (7 — )P (s + w, zi(s 4+ w))ds.
Hence,
N —
“DP(zi(r) = 2i(T +w)) = —ai(7) (2:(7) — 2i(T +w)) + Z ¢ij (1) (hj(2:(7)) = hj (2 (7 +w))) + D di(),
where
(] 7
di(1) = Z (bij(zi(rj_)) —|—/ (1 — s)BlNi(s)ds> —|—/ (17— 5)P IR (5 + w, 2i(s + w))ds.
Jj=k+1 Ti-1 7
From Lemma 7, it follows
“DP|zi(7) = zi(T + w)| < ¢il7) + “DP|di(7)], (9)

where ¢;(1) = —a;i|zi(7) — zi(7 + w)| + Zjvzl lcij (T)|Ljlzi(T) — zi(T + w)| + |di(7) — di(7 + w)|. By
computation, we have

18 [™

I'(3) r[:;—w]w(T = 5)P 2 N(s + w, 2i(s + w))|ds.

d -
—d; <
dr (T)‘

Based on Lemma 6, we can find a constant R; > 0 which satisfies sup, <, -, [Ni(7, 2:(7))| < N;. From the
above inequality, for 7 € (71, 7k+1], one can obtain

d
dv v

€ DAy (r)] < ﬁ/%v)ﬁ

s ﬁ /T:(T —u 1F(_ﬁ)ﬁ T[T;]w (v —5)7 [R5 + w, 2i(s + w))|dsdv

<m0 (-0 - e ) ) o

R,
S v (G DR B F

(10)

From (9) and (10), we get

CDAJai(r) — 2 + ) < Gilr) + o

T D= e ge)?).

Setting v =7 — 7%, T € (Tk, Tk+1], one can get

¢ pp ((Tw)ﬂ (4w fT[ﬁTw])ﬂ) =¢pp (yﬁ - (y+wa[V+Tw])B) , ve (0,7,
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which implies that there is a positive constant 6 satisfying %DE((T — Tk)ﬁ —(rT+w-— T[#Tw])ﬁ) < 0. Let
‘7(7') = ZZ\L1 |zi(T) — zi(T + w)|. Hence,

N
CDBV(T) = ZCD5|2’¢(T) — zi(T + w)|

N

<2 <¢i(7) " ﬁcm (r=m) = (4w~ T[”Tﬂ)ﬁ))
) N N ~ N &i
< —; @i —j};#kij(ﬂwj V(r) +; ((di(T) —di(T 4+ w)) + me)

< —AV(1) + 0,

N~ N N R N
where A = Zi:l a; *maXTo<T<oo(Zi=1 Zj:L#i |Cij(T)|Lj), U = MaXr,<r<oo Zi:l (di(T) = di(T + w)) +
N &1 - 5
%(’1:-&5) 0. Let W(r) = V() — ¥, and then
CDPW (1) < =AW (7). (11)

When 7 = 7,

Wr) = Vi) - 3 <AV0r) - 3 < AW () (12)

where 4 = maxi<i<n,rez, (Vik) < 1. By Lemma 4 and (11), we get W(r) < W (%) Eg(—=A(T — Tk)B), re
(Tk, Tk+1], which means that

W (r) (10) Eg(—ATP)AYEg(—XT?) - - - AE5 (= (T — 73)")

13
FEg(=AMT = 7)"). (13)

<W
< W) Ba(—AT")

Therefore, from (12) and (13), we obtain W (r) < W (10)Es(—AT?) 2, 7 € [rk, Trt1]. Therefore, all the
solutions of piecewise succession for (1) are locally S-asymptotically w-periodic in 0.

Step 2. Now we will explore the asymptotical periodicity of (1). Let z(7) denote the solution of (1) in
©. Then {z(7+kw)} ren is uniformly bounded and equi-continuous. From the diagonal selection principle
and Arzela-Ascoli theorem, there is a sub-sequence {k1w}, en of {kw}r n, which is uniformly convergent
and the limit 2*(7) is w-periodically non-constant. Hence, the solution y(7) for (1) with the same initial
conditions in © satisfies

ly(r) = 2" (D) < Mly(r) = 2D + [2(7) = 2(7 + kaw) || + [[2(7 + kaw) — 2" (7).

From the asymptotic stability, SAP of piecewise succession and the definition of z*(7), we can get that
ly(r)=z(D)|l, [|z(7)—z(T+kiw)||, and || z(T+kiw)—z*(7)]] all tend to zero, that is lim,_, ||y(7)—2*(7)|| =
0. Namely, —r < zf(7) — 4:(7) < K, then s; — k < y;(7) — K < 25(7) < yi(7) + kK < 1; + Kk, where K is a
sufficiently small positive constant with lim;_,.o & = 0. Thus s; < z/(7) < r;, which implies z(7) € .
Considering the periodicity of z(7), we have that z}(7) is locally asymptotically w-periodic. Therefore,

system (1) is locally asymptotical w-periodic.

Remark 3. We can easily find some functions that satisfy the condition (B6), for instance, I;(7) =
sin(27t7), im0 [sin(27t7) — sin(27t(7 + 1))| = 0.

Remark 4. We investigate local SAP for (1), by blocking the state space, determining the positive
invariant sets and adopting the Lyapunov direct method. Our methods are standard with some novelty.
Especially, when D; = 0, we can only find a positively invariant set in © and the global asymptotic
stability is a special case of our results.
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Figure 1 (Color online) The transient of the states z;(7) (¢ = 1,2) of Example 1 for g = 0.5.

5 Simulations

Example 1. A two-neuron FONN with impulses and nonautonomous arguments is presented as
CDPzi(r) = —ai(T)zi(7) + Y=y cij ()b (2(7)) + di(r), i=1,2, B€(0,1), (14)
Azi(rd) = z(r) — 2i(ry) = bir(2i(73,)), k€ Zy,

where dy (1) = 0.5sin(7),dz(7) = —0.48sin(7),a;(7) = 0.95 + 0.01sin(7), h;(2z;(7)) = tanh(z;(7)),i =
1,2, bik(2i(1, ) = —mzi(ﬁc—),i =1,2,k € Z4, and ¢11 = 2.5+ 0.01sin(7), c12 = 0.08sin(7),co1 =
0.06sin(7), caa = 2.8 + 0.01sin(7). It is obvious that p; = —1,¢; = 1,D; = 1,a; = 0.0.94,a; = 0.96,i =
1,2,dy = —0.5,d, = 0.5,dy = —0.48,dy = 0.48 and ¢é11 = 2.51,¢11 = 2.49, ¢12 = 0.08,¢15 = —0.08, éyy =
0.06, o1 = —0.06, ¢o9 = 2.81,¢29 = 2.79. By computation, for i = 1,2, we derive R; = {[—1,1]},8731' =
{(=00,—1),(1,00)}. From Lemma 6, there exist Z?Zl(l + D1) = 4 elements in O, which are invariant

sets of the solution of system (14). Besides, A} = 0, 5\5 = max_ . . w = 0.42, where (s?,79) =
(=00, —1),(sh,r}) = (1,00),i = 1,2,5 = 0,1, which means that the conditions of (B5) and (B6) are

satisfied. According to Theorems 2 and 3, system (14) is of asymptotic multistability and local SAP.
Figure 1 shows that our results are effective.
In the following, we present a globally asymptotically stable example.

Example 2. Counsider a two-neuron FONN with impulses and nonautonomous parameters:

CDPzi(r) = —ai(T)zi(r) + Y5y cij(Dhy(2(7) + di(7), i=1,2, 7 # 7, k € Ly, (15)
AZZ(T;) = ZZ(TI;F) — Z,L(T];) = blk(zl(’l'];)), k S ZJr,
where dy = 0.52sin(7),d> = 0.5sin(7), a;(7) = 1.1 4+ 0.01sin(7), hi(z;(7)) = tanh(z(7)), bir(zi(7, ) =
—k—lzzi(T,;),i =1,2,k € Zy, and ¢17 = —2.4 4 0.01sin(7), c12 = 0.18in(7), co1 = 0.098in(7), c20 = —2.5 +
0.01sin(7). By Theorems 2 and 3, Eq. (15) is globally asymptotically stable and globally asymptotically
periodic. Figure 2 with 40 random initial values shows the transient of the states z;,7 = 1,2 of system (15).
The result shows that global asymptotic stability is a special case of asymptotic multistability.

Remark 5. Comparing with [14], our model with nonautonomous arguments and impulses is more
complicated, and the previous results do not work in this case. Therefore, our results are new.
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Figure 2 (Color online) The transient of the states z;(7) (¢ = 1,2) of Example 2 for 8 = 0.5.
Conclusion

In this paper, asymptotic multistability and SAP of the nonautonomous FONNs with impulses are dis-
cussed. By constructing convergent series, the existence and uniqueness of the nonautonomous FONNs
with impulses are obtained. In addition, the boundness and asymptotic multistability of this kind of
systems are investigated by Lyapunov direct method. Some new sufficient conditions on the local SAP
are derived. We will extend our results to fractional-order coupled system on a network with/without
strong connectedness [36] in future.
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