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1 Introduction

In the celebrated paper [6], Chern presented a simple and intrinsic proof of the following famous Gauss-

Bonnet-Chern formula (also GBC-formula in short) for a closed and oriented Riemannian manifold

(M, gTM ) of dimension 2n:

χ(M) =

(
−1

2π

)n ∫
M

Pf(RTM ), (1.1)

where the Pfaffian Pf(RTM ) is a well-defined 2n-form on M constructed from the curvature RTM of the

Levi-Civita connection ∇gTM

associated with the Riemannian metric gTM . With respect to any oriented

orthonormal (local) frame {e1, . . . , e2n} for TM ,

Pf(RTM ) =
1

2nn!

2n∑
a1,...,a2n=1

ϵa1a2···a2nΩ
a2
a1

∧ · · · ∧ Ωa2n
a2n−1

, (1.2)

where ϵa1a2···a2n is the usual Kronecker symbol and

Ωb
a := gTM (RTMea, eb). (1.3)
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Chern’s formula (1.1) expresses the Euler characteristic χ(M) by the integration of the purely geometric

differential form Pf(RTM ) on M and initiates the geometric theory of characteristic classes, i.e., the

Chern-Weil theory, which plays a very important role in the study of modern geometry and topology.

The key point in Chern’s proof is his significant transgression formula(
−1

2π

)n

π∗Pf(RTM ) = −dSMΠ

on the unit sphere bundle π : SM → M , where the transgression form Π lives on SM . For any vector

field X onM with the isolated zero set Z(X), let [X] denote the normalizing of X onM \Z(X). Also for

any ϵ > 0, let Zϵ(X) denote the ϵ-neighbourhood of the zero set Z(X) in M , and set Mϵ = M \ Zϵ(X).

By using the above transgression formula, Chern got the following equality over Mϵ:(
−1

2π

)n

Pf(RTM ) =

(
−1

2π

)n

[X]∗π∗Pf(RTM ) = −[X]∗dSMΠ = −dM [X]∗Π.

With the help of the Poincaré-Hopf theorem and noticing that the tangent unit spheres of M have the

constant volume, Chern obtained his formula (1.1) by computing the following integral:(
−1

2π

)n ∫
M

Pf(RTM ) = lim
ϵ→0

∫
∂Zϵ(X)

[X]∗Π.

After Chern’s work, many people tried to generalize Chern’s formula (1.1) to the Finsler setting (see,

e.g., [1, 12, 13, 17, 18, 22]). Inspired by Chern’s work, Lichnerowicz [13] first established a GBC-formula

for some special Finsler manifolds by using the Cartan connection ∇Car on π∗TM . Realizing that almost

all Finsler geometric quantities live actually on the unit sphere bundle SM , Lichnerowicz constructed an

analogous differential 2n-form Pf(RCar) on SM and proved the following transgression formula:(
−1

2π

)n

Pf(RCar) = −dSMΠCar

for some (2n − 1)-form ΠCar on SM , where RCar denotes the curvature of the Cartan connection on

π∗TM . Following Chern’s strategy, Lichnerowicz also proceeded with the computations(
−1

2π

)n ∫
M

[X]∗Pf(RCar) :=

(
−1

2π

)n

lim
ϵ→0

∫
Mϵ

[X]∗Pf(RCar) = lim
ϵ→0

∫
∂Zϵ(X)

[X]∗ΠCar.

To get the desired Euler number χ(M) from the above computations, Lichnerowicz assumed that the space

(M,F ) should be a Cartan-Berwald space and all the Finsler unit spheres SxM = {Y ∈ TxM | F (Y ) = 1}
should have the same volume as a Euclidean unit sphere, and under these assumptions, he got the following

formula:

χ(M) =

(
−1

2π

)n ∫
M

[X]∗Pf(RCar). (1.4)

Note that the above volume assumption holds automatically for all the Cartan-Berwald spaces of

dimension greater than 2. Moreover, as mentioned by Bao and Shen [3] (see also [17]), when the Finsler

metric is reversible, then by a theorem of Brickell, any Cartan-Berwald space of dimension greater than

2 must be Riemannian.

Around fifty years later, Bao and Chern [1] dropped the assumption of the Cartan-Berwald condition

of Lichnerowicz by using the Chern connection ∇Ch proposed in [8] and established the following GBC-

formula for all the 2n-dimensional oriented and closed Finsler manifolds with the constant volume of

Finsler unit spheres: (
−1

2π

)n ∫
M

[X]∗[Pf(R̂Ch) + F ] = χ(M)
Vol(FinslerS2n−1)

Vol(S2n−1)
(1.5)
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by proving the following transgression formula(
−1

2π

)n

[Pf(R̂Ch) + F ] = −dSMΠCh,

where R̂Ch is the skew-symmetrization of the curvature RCh of the Chern connection ∇Ch with respect

to the fundamental tensor gF of F , Pf(R̂Ch) is the Pfaffian of R̂Ch, ΠCh is the associated transgression

form and

F = (−1)n
n−1∑
k=0

(−1)k+1

(2n− 2k − 1)!!k!2k
Fk, (1.6)

in which F0 = 0 and

Fk = kϵα1···α2n−1{Ωα2
α1

∧ (ωα1
α1

− ωα2
α2
) + Ωα2

α2
∧ (ωα2

α1
+ ωα1

α2
) + (k − 1)Ωα3

α2
∧ (ωα3

α1
+ ωα1

α3
)

+ (2n− 2k − 1)[Ωα2k+1
α2

∧ (ωα2k+1
α1

+ ωα1
α2k+1

) + 1/kΩα2
α1

∧ ωα2k+1
α2k+1

]}

∧ Ωα4
α3

∧ · · · ∧ Ωα2k
α2k−1

∧ ω2n+α2k+1 ∧ · · · ∧ ω2n+α2n−1 .

To avoid the constant volume assumption in Bao-Chern’s formula (1.5), following Bao-Chern’s approach,

Lackey [12] and Shen [18] modified the GBC-integrand terms independently by using the unit sphere

volume function V (x) = Vol(SxM) and obtained some new types of GBC-formulae via the Chern and

Cartan connections, respectively, for all the oriented and closed Finsler manifolds.

However, a notable difference from Chern’s formula (1.1) for Riemannian manifolds, the above-

mentioned generalizations in the Finsler setting had to make use of an extra vector field X on M in

their GBC-integrands. As a result, all these GBC-formulae look not so intrinsic in the spirit of Chern’s

original formula (1.1). In [16], Shen asked explicitly whether there is a Gauss-Bonnet-Chern formula for

general Finsler manifolds without using any vector fields.

In this paper, by using Mathai-Quillen’s superconnection formalism, we obtain the following Gauss-

Bonnet-Chern formula for Finsler manifolds.

Theorem 1.1. Let (M,F ) be a closed and oriented Finsler manifold of dimension 2n. Let RCh = R+P

be the curvature of the Chern connection ∇Ch on the pull-back bundle π∗TM over SM . Then in the

induced homogeneous coordinate charts (xi, yi) on SM , one has

χ(M) =

∫
M

e(TM,∇Ch),

where

e(TM,∇Ch) =
1

(2π)2n(2n)!

{ n∑
k=1

(−1)kC2k
2nC

k−1
2k−2

∫
SM/M

δi1···i2nj1···j2nR
j1
i1
· · ·Rjk

ik
P

jk+1

ik+1
· · ·P j2n−k

i2n−k

·Υj2n−k+1

i2n−k+1
· · ·Υj2n−1

i2n−1
Ξj2n
i2n

+

∫
SM/M

δi1···i2nj1···j2nP
j1
i1

· · ·P j2n−1

i2n−1
ϖj2n

i2n

}
, (1.7)

and ϖj
i , R

j
i , P

j
i , Υj

i and Ξj
i defined by (3.3), (3.9) and (3.30), respectively, are purely geometric data

derived from the Finsler metric F on M .

On the other hand, combining a slight generalization of a lemma of Feng and Zhang [11] and a geometric

localization procedure, we obtain a precise form of Lichnerowicz’s orginal GBC-formula (1.4) associated

with a vector field with the isolated zero set.

Theorem 1.2. Let (M,F ) be a closed and oriented Finsler manifold of dimension 2n with the constant

volume of Finsler unit spheres. One has(
−1

2π

)n ∫
M

[X]∗[Pf(RCar) + dH] = χ(M)
Vol(FinslerS2n−1)

Vol(S2n−1)
, (1.8)
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where X is a vector field on M with the isolated zero set, and

H :=
n−1∑
k=1

(−1)n+k

(2n− 2k − 1)!!2kk!

∑
ϵa1···a2n−1Q

a2
a1

∧ · · · ∧Qa2k
a2k−1

∧ ω2n
a2k+1

∧ · · · ∧ ω2n
a2n−1

(1.9)

with Q = − 1
4Θ∧Θ and Θ = g−1

F (∇ChgF ) being the Bismut-Zhang form (see [5]) in the Finsler setting or

the Cartan endomorphism (see [10]).

The rest of this paper is organized as follows. In Section 2, we first briefly introduce the Mathai-

Quillen’s superconnection formalism (see [14, 15]) for the reader’s convenience, and then recall the

Mathai-Quillen type formula of Feng and Zhang on the Euler characteristic (see [11]) and give it a

slight generalization for our purpose. In Section 3, we work out the main result Theorem 1.1 in this

paper. In Section 4, we investigate some special Finsler manifolds, such as Finsler surfaces and Berwald

spaces. By the special curvature property of Berwald spaces, our Finslerian GBC-formula reduces to a

simple and elegant form, from which Chern’s GBC-formula is deduced easily. In Section 5, we prove

Theorem 1.2 by proceeding with a geometric localization procedure. In Appendix A, we give a proof of

the claim (5.40).

2 Superconnections and the Euler characteristic

We first review some basic definitions and notations on superspaces and superconnections [14, 15] (see

also [4, 20, 21] for more details). Then we recall the Mathai-Quillen type formula of Feng and Zhang on

the Euler characteristic in [11] and prove a slight generalization of it.

2.1 Superspaces and superconnections

A super vector space E is a vector space with a Z2-grading E = E+ ⊕ E−. Let τE ∈ End(E) such that

τE |E± = ±1. Then for any B ∈ End(E), the supertrace trs[B] is defined by

trs[B] = tr[τEB]. (2.1)

An element B in End(E) is even (resp. odd) if B(E±) ⊂ E± (resp. B(E±) ⊂ E∓) and the degree |B|
of B is defined to be 0/1 if B is even/odd. The bracket operation in End(E) for a superspace E always

refers to the superbracket

[B1, B2] = B1B2 − (−1)|B1||B2|B2B1

for any B1, B2 ∈ End(E). One has

trs[B1, B2] = 0. (2.2)

As an example, for any vector space V of dimension m, the exterior algebra Λ∗(V ∗) generated by V is

a superspace with the natural even/odd Z2-grading, i.e.,

Λ∗(V ∗) = Λeven(V ∗)⊕ Λodd(V ∗). (2.3)

For any B ∈ End(V ), the lifting B♮ of B is a derivative acting on Λ∗(V ∗), i.e., B♮ is linear, and for any

k and v∗,1, . . . , v∗,k ∈ V ∗,

B♮(v∗,1 ∧ · · · ∧ v∗,k) :=
∑
l

v∗,1 ∧ · · · ∧ (B∗v∗,l) ∧ · · · ∧ v∗,k, (2.4)

where (B∗v∗)(v) := −v∗(Bv) for any v ∈ V and v∗ ∈ V ∗.

Let {v1, . . . , vm} be any basis of V and {v∗,1, . . . , v∗,m} be its dual basis for V ∗. Set Bvi = Bj
i vj . Then

B♮ = −
∑
i,j

Bj
i v

∗,i ∧ ivj , (2.5)
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where iv is the interior multiplication on Λ∗(V ∗) induced by v ∈ V . One easily verifies that

trs[(v
∗,1 ∧ iv1) · · · (v∗,m ∧ ivm)] = (−1)m,

trs[v
∗,i1 ∧ · · · ∧ v∗,ik ∧ ivj1

· · · ivjl ] = 0
(2.6)

for any 1 6 i1 < · · · < ik 6 m and 1 6 j1 < · · · < jl 6 m with 0 6 k + l < 2m.

Given a Euclidean metric gV on V , for any v ∈ V , let v∗ be the metric dual of v, and set

c(v) = v∗ ∧ −iv, ĉ(v) = v∗ ∧+iv. (2.7)

Then for any u, v ∈ V , one has

c(u)c(v) + c(v)c(u) = −2gV (u, v),

ĉ(u)ĉ(v) + ĉ(v)ĉ(u) = 2gV (u, v),

c(u)ĉ(v) = −ĉ(v)c(u).
(2.8)

Also from (2.6) and (2.7), one gets that for any orthonormal basis {v1, . . . , vm} of V ,

trs[ĉ(v1)c(v1) · · · ĉ(vm)c(vm)] = 2m,

trs[ĉ(vi1) · · · ĉ(vik)c(vj1) · · · c(vjl)] = 0
(2.9)

for any 1 6 i1 < · · · < ik 6 m and 1 6 j1 < · · · < jl 6 m with 0 6 k + l < 2m.

A super vector bundle E = E+ ⊕ E− over a smooth manifold M is a vector bundle with fibres of

super vector spaces. Let Ω∗(M,E) = Γ(Λ∗(T ∗M)⊗̂E), which is, in general, an infinite-dimensional super

vector space with the natural total Z2-grading. A superconnection A on E is an odd-parity first-order

differential operator, i.e.,

A : Ω±(M,E) → Ω∓(M,E),

which satisfies the following Leibniz rule: for any ω ∈ Ωk(M) and s ∈ Ω∗(M,E),

A(ω ∧ s) = dω ∧ s+ (−1)kω ∧As. (2.10)

The following two simple identities are crucial in the Chern-Weil theory related to the Mathai-Quillen’s

superconnection formalism:

[A,A2] = 0, trs[A, B] = dtrs[B] (2.11)

for any superconnection A on E and any B ∈ Ω∗(M,End(E)).

2.2 A Mathai-Quillen type formula on the Euler characteristic

Recall that in Chern’s GBC-formula (1.1), Chern [6] actually obtained a Chern-Weil geometric expression

Pfaffian Pf(RTM ) of the Euler class e(M) of an oriented and closed manifoldM of dimension 2n by using

a metric-preserving connection on the tangent bundle π : TM →M . For any connection ∇a on TM , by

applying the Mathai-Quillen’s geometric construction of the Thom class (see [14]) to the exterior algebra

bundle π∗Λ∗(T ∗M), Feng and Zhang [11] constructed an integrable top-form on TM from the connection

∇a and proved the integral of this form over TM to be the Euler number χ(M) of M .

Let ∇a be any connection on TM . Then it induces a connection ∇Λ∗(T∗M) on the exterior algebra

bundle Λ∗(T ∗M), which preserves the even/odd Z2-grading in Λ∗(T ∗M). Let Ŷ denote the tautological

section of the pull-back bundle π∗TM :

Ŷ (x, Y ) := Y ∈ (π∗TM) |(x,Y ), (2.12)

where (x, Y ) ∈ TM with x ∈ M and Y ∈ TxM . For any given Euclidean metric gTM on TM , let Ŷ ∗

denote the dual of Ŷ with respect to the pull-back metric π∗gTM on π∗TM . Then the Clifford action

c(Ŷ ) = Ŷ ∗ ∧ −iŶ acts on π∗Λ∗(T ∗M) and exchanges the even/odd grading in π∗Λ∗(T ∗M). Moreover,

c(Ŷ )2 = −|Ŷ |2π∗gTM = −|Y |2. (2.13)
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For any T > 0, Feng and Zhang [11] used the superconnection

AT = π∗∇Λ∗(T∗M) + Tc(Ŷ ) (2.14)

on the bundle π∗Λ∗(T ∗M) and proved the following Mathai-Quillen type formula on the Euler number

χ(M):

χ(M) =

(
1

2π

)2n ∫
TM

trs[exp(A
2
T )]. (2.15)

A key point in the formula (2.15) is that the connection ∇a on TM need not preserve the metric gTM

used to define the Clifford action c(Ŷ ).

For the purpose of this paper, we need to generalize the formula (2.15) slightly. Actually, one can choose

any connection ∇ and any Euclidean metric g on the pull-back bundle π∗TM to define a superconnection

on π∗Λ∗(T ∗M) ≡ Λ∗(π∗T ∗M): let ∇Λ∗(π∗T∗M) denote the lifting of the connection ∇ on Λ∗(π∗T ∗M);

let Ŷ ∗
g denote the dual of Ŷ with respect to the metric g and set cg(Ŷ ) = Ŷ ∗

g ∧−iŶ ; then for any T > 0,

ÃT = ∇Λ∗(π∗T∗M) + Tcg(Ŷ ) (2.16)

is also a superconnection on Λ∗(π∗T ∗M). Moreover, by using (2.15) and a transgression argument, one

can prove the following slight generalization of (2.15) easily.

Lemma 2.1. Let M be a closed and oriented manifold of dimension 2n. Then for any connection ∇
and any Euclidean metric g on π∗TM , if the curvature R = ∇2 and the metric g have polynomial growth

along fibres of TM , then the following formula holds for any T > 0:

χ(M) =

(
1

2π

)2n ∫
TM

trs[exp(Ã
2
T )]. (2.17)

Proof. Here, we give a direct proof of (2.17).

We first check the formula (2.17) for g = π∗gTM and ∇ = π∗∇gTM

, where ∇gTM

is the Levi-Civita

connection on TM associated with the Riemannian metric gTM on M . Let ∇Λ∗(T∗M) denote the lifting

of ∇gTM

on the exterior algebra bundle Λ∗(T ∗M) and RΛ∗(T∗M) be its curvature. So the superconnection

defined by (2.16) becomes

AT = π∗∇Λ∗(T∗M) + Tc(Ŷ ) (2.18)

and

A2
T = (π∗∇Λ∗(T∗M) + Tc(Ŷ ))2 = π∗RΛ∗(T∗M) + Tc(π∗∇gTM

Ŷ )− T 2|Y |2. (2.19)

Let {e1, . . . , e2n} be a local oriented orthonormal frame for TM and let {e∗,1, . . . , e∗,2n} denote the dual

frame for T ∗M . Then by (1.3) and (2.7), one has

π∗RΛ∗(T∗M) = −
∑
a,b

(π∗Ωa
b )e

∗,b ∧ iea = −1

4

∑
a,b

(π∗Ωa
b )(ĉ(eb) + c(eb))(ĉ(ea)− c(ea)). (2.20)

We now compute trs
[
exp(A2

T )
]
fiberwisely. For the simplicity of computations, we choose a local oriented

orthonormal frame field {e1, . . . , e2n} around each x ∈ M such that (∇gTM

ea)(x) = 0, a = 1, . . . , 2n.

Moreover, we write Y =
∑

a y
aea around x. Then from (2.19), (2.20), (2.8), (2.9), (1.2) and the degree

counting of differential forms, we have∫
TxM

trs[exp(A
2
T )]

=

∫
TxM

e−T 2|Y |2trs[exp(π
∗RΛ∗(T∗M) + Tc(π∗∇gTM

Ŷ ))]
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=

∫
TxM

e−T 2|Y |2trs

[
exp

(
− 1

4
π∗Ωa

b (x)(ĉ(eb) + c(eb))(ĉ(ea)− c(ea)) + Tdyac(ea)

)]
=

∫
TxM

e−T 2|Y |2trs

[
exp

(
− 1

4
π∗Ωa

b (x)ĉ(eb)ĉ(ea)

)
exp(Tdyac(ea))

]
=

∫
TxM

(−1)n

2n
e−T 2|Y |2trs

[
1

2nn!

(∑
a,b

π∗Ωa
b (x)ĉ(eb)ĉ(ea)

)n 2n∏
a=1

(1 + Tdyac(ea))

]

=

∫
TxM

(−1)nT 2n

2n
e−T 2|Y |2trs

[
π∗Pf(RTM )(x)ĉ(e1) · · · ĉ(e2n)

2n∏
a=1

dyac(ea)

]
=

(
−1

2

)n ∫
TxM

T 2ne−T 2|Y |2π∗Pf(RTM )(x) ∧ dy1 ∧ · · · ∧ dy2ntrs[ĉ(e1)c(e1) · · · ĉ(e2n)c(e2n)]

= (−2)nPf(RTM )(x)

∫
R2n

T 2ne−T 2 ∑
a(y

a)2dy1 ∧ · · · ∧ dy2n = (−2π)nPf(RTM )(x).

Therefore, by Chern’s formula (1.1), the formula (2.17) holds in the current case.

Now we prove the formula (2.17) for any metric g and any connection ∇ on the pull-back bundle π∗TM

under the assumption in Lemma 2.1. For any T > 0 and t ∈ [0, 1], set

ωT = ÃT −AT = ∇Λ∗(π∗T∗M) − π∗∇Λ∗(T∗M) + T (Ŷ ∗
g − Ŷ ∗)∧ , (2.21)

AT,t = tÃT + (1− t)AT = π∗∇Λ∗(T∗M) + tωT + Tc(Ŷ ), (2.22)

where the superconnections ÃT and AT are defined by (2.16) and (2.18), respectively. Moreover,

A2
T,t = π∗RΛ∗(T∗M) + ([π∗∇Λ∗(T∗M), tωT + Tc(Ŷ )] + tT [ωT , c(Ŷ )] + t2ω2

T )− T 2|Y |2. (2.23)

By (2.11), we have

d

dt
trs[exp(A

2
T,t)] = trs

[(
d

dt
A2

T,t

)
exp(A2

T,t)

]
= trs

[[
AT,t,

d

dt
AT,t

]
exp(A2

T,t)

]
= trs[[AT,t, ωT exp(A2

T,t)]] = dTM trs[ωT exp(A2
T,t)].

Therefore,

trs[exp(Ã
2
T )]− trs[exp(A

2
T )] =

∫ 1

0

d

dt
trs[exp(A

2
T,t)]dt

=

∫ 1

0

dTM trs[ωT exp(A2
T,t)]dt = dTM

∫ 1

0

trs[ωT exp(A2
T,t)]dt.

From (2.21) and (2.22) and the assumption that the metric g and the curvature R = ∇2 have polynomial

growth along fibres of TM , one verifies easily from (2.23) that trs[ωT exp(A2
T,t)] decays exponentially

along fibres of π : TM → M , so
∫
TM/M

∫ 1

0
trs[ωT exp(A2

T,t)]dt is a well-defined differential form on M .

Therefore, we have ∫
TM

trs[exp(Ã
2
T )]−

∫
TM

trs[exp(A
2
T )]

=

∫
TM

dTM

∫ 1

0

trs[ωT exp(A2
T,t)]dt

=

∫
M

∫
TM/M

dTM

∫ 1

0

trs[ωT exp(A2
T,t)]dt

=

∫
M

dM
∫
TM/M

∫ 1

0

trs[ωT exp(A2
T,t)]dt = 0,

from which the lemma follows.
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Set

e(TM, ÃT ) =

(
1

2π

)2n ∫
TM/M

trs[exp Ã
2
T ] ∈ Ω2n(M).

From Lemma 2.1, e(TM, ÃT ) gives rise to a geometric representation of the Euler class e(TM) associated

with the superconnection ÃT .

3 An intrinsic Gauss-Bonnet-Chern formula on Finsler manifolds

In this section, we first give a brief review of some basic definitions and notations in Finsler geometry

used in this paper (see [2,10] for more details). Then starting from Lemma 2.1, we work out a Finslerian

Gauss-Bonnet-Chern formula in which no extra vector field is involved.

3.1 A brief review of Finsler geometry

Let M be a smooth manifold of dimension m. For any local coordinate chart (U ; (x1, . . . , xm)) on M ,

(π−1(U); (x1, . . . , xm, y1, . . . , ym)) is an induced local coordinate chart on the total space TM of the

tangent bundle π : TM →M . Let O denote the zero section of TM and set TMo = TM \O.

To distinguish elements in π∗Λ∗(T ∗M) and π∗TM from Λ∗(T ∗M) and TM , we decorate the elements

in π∗Λ∗(T ∗M) and π∗TM with a ·̂ notation for clarity. We also use the summation convention of Einstein

in computations to simplify the notations.

A Finsler metric F on M is a positive smooth function on TMo satisfying the positive homogeneity

F (x, λY ) = λF (x, Y ) for any λ > 0 and that the induced fundamental tensor

gF =
1

2
[F 2]yiyjdx̂i ⊗ dx̂j

defines a Euclidean structure on the pull-back bundle π∗TM → TMo. Set

Gi =
1

4
gil{[F 2]xkylyk − [F 2]xl}, N i

j =
∂Gi

∂yj
,

and define
δ

δxi
=

∂

∂xi
−N j

i

∂

∂yj
, δyi = dyi +N i

jdx
j .

Let ∇Ch denote the Chern connection on the pull-back bundle π∗TM → TMo. With respect to the

pull-back frame { ∂
∂x̂i } for π∗TM , set

∇Ch ∂

∂x̂j
= ϖi

j ⊗
∂

∂x̂i
. (3.1)

It is well known that ϖ := (ϖi
j) is determined uniquely by the following structure equations:

0 = dxj ∧ϖi
j ,

dgij = gikϖ
k
j + gjkϖ

k
i + 2Aijk

δyk

F
,

(3.2)

where Aijk = F
4 [F

2]yiyjyk is the Cartan tensor. The first and the second equations of (3.2) are often

referred to as the torsion-free and the almost metric-preserving conditions of the Chern connection,

respectively. A direct consequence of the torsion-free condition is that ϖi
j ’s are horizontal one-forms on

TMo, which can be written as

ϖi
j = Γi

jkdx
k and Γi

jk = Γi
kj , (3.3)

where

Γi
jk = γijk − gil

(
Aljs

Ns
k

F
+Alks

Ns
j

F
−Ajks

Ns
l

F

)
(3.4)
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and

γijk =
1

2
gil

(
∂gjl
∂xk

+
∂gkl
∂xj

− ∂gjk
∂xl

)
. (3.5)

Furthermore, one has

N i
j = ykΓi

jk = γijky
k − F−1gilAljkγ

k
rsy

rys, (3.6)

and then

δyi = dyi + ykϖi
k. (3.7)

One the other hand, the almost metric-preserving condition implies that

∇Ch,∗(Ŷ ∗
gF ) = (∇ChŶ )∗gF , (3.8)

where ∇Ch,∗ is the dual connection of the Chern connection on π∗T ∗M .

Let RCh = (∇Ch)2 be the curvature of the Chern connection ∇Ch, which is an End(π∗TM)-valued

two-form on TMo. By the torsion-freeness of the Chern connection, the Chern curvature RCh is divided

into two parts

RCh = R+ P,

where R is called the (h-h)-Chern curvature of ∇Ch, which is an End(π∗TM)-valued horizontal two-form

on TMo, and P is called the (h-v)-Chern curvature of ∇Ch, which is an End(π∗TM)-valued horizontal-

vertical two-form on TMo. Set

R
∂

∂x̂j
= Ri

j ⊗
∂

∂x̂i
, P

∂

∂x̂j
= P i

j ⊗
∂

∂x̂i
. (3.9)

By (3.3), a direct computation shows that (see [2, (3.2.2), (3.3.2) and (3.3.3)])

Ri
j =

1

2
R i

j kldx
k ∧ dxl = 1

2

(
δΓi

jl

δxk
−
δΓi

jk

δxl
+ Γi

hkΓ
h
jl − Γi

hlΓ
h
jk

)
dxk ∧ dxl,

P i
j = P i

j kldx
k ∧ δyl

F
= −dxk ∧

(
∂Γi

jk

∂yl
δyl

)
.

(3.10)

Sometimes, it is more convenient to use the special gF -orthonormal local frame {e1, . . . , e2n} of π∗TM ,

which is orthonormal with respect to gF and satisfies e2n = Ŷ /F .

Set

∇Chea = ωb
a ⊗ eb, RChea = Ωb

a ⊗ eb = (Rb
a + P b

a)⊗ eb. (3.11)

Let R̂Ch be the skew-symmetrization of RCh with respect to gF . Then

R̂Chea =
∑
b

1

2
(Ωb

a − Ωa
b )⊗ eb =: Ω̂b

a ⊗ eb, (3.12)

and the Pfaffian Pf(R̂Ch) of R̂Ch satisfies

Pf(R̂Ch) =
1

2nn!

2n∑
a1,...,a2n=1

ϵa1···a2nΩ̂
a2
a1

∧ · · · ∧ Ω̂a2n
a2n−1

=
1

2nn!

2n∑
a1,...,a2n=1

ϵa1···a2nΩ
a2
a1

∧ · · · ∧ Ωa2n
a2n−1

.

The Cartan connection ∇Car is proved to be the symmetrization of the Chern connection ∇̂Ch with

respect to the Euclidean structure gF on π∗TM . By (3.2), the difference between the Cartan connection

and the Chern connection is given by
1

2
Θ = ∇̂Ch −∇Ch,
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where Θ = g−1
F (∇ChgF ), i.e., Θ

j
i = (∇ChgF )ikg

kj = 2Aiklg
kj δyl

F , is symmetric and called the Bismut-

Zhang form or the Cartan endomorphism (see [10]). Set Θea = Θb
aeb. By the Euler lemma for

homogeneous functions, one has Θ2n
a = 0 for a = 1, . . . , 2n.

Similar to [5, Proposition 4.5], we have the following lemma.

Lemma 3.1. The curvatures of the Cartan connection and the Chern connection satisfy

RCar = R̂Ch +Q, (3.13)

where Q := − 1
4Θ ∧Θ.

Set Qea := Qb
a ⊗ eb. By (3.12) and (3.13), the Pfaffian Pf(RCar) is given by

Pf(RCar) =
1

2nn!

2n∑
a1,...,a2n=1

ϵa1···a2n(Ω̂
a2
a1

+Qa2
a1
) ∧ · · · ∧ (Ω̂a2n

a2n−1
+Qa2n

a2n−1
)

=
1

2nn!

n−1∑
k=0

n!

k!(n− k)!

2n∑
a1,...,a2n=1

ϵa1···a2nQ
a2
a1

∧ · · · ∧Qa2k
a2k−1

∧ Ωa2k+2
a2k+1

∧ · · · ∧ Ωa2n
a2n−1

. (3.14)

Notice that the Finsler metric F on TMo is homogeneous of degree one, and all the geometric data,

such as ∇Ch, RCh, R and P , can be reduced naturally onto SM . In this paper, we use the same notations

to denote their reductions on SM .

3.2 A Finslerian Gauss-Bonnet-Chern formula

For any r > 0, set

DM(r) := {Y ∈ TM | F (Y ) 6 r}.

Let ρ be a non-negative smooth function on TM with 0 6 ρ 6 1 and ρ(Y ) ≡ 1 for F (Y ) 6 1/4 and

ρ(Y ) ≡ 0 for F (Y ) > 1/2.

For any connection ∇a on π : TM →M , we get an extension of the Chern connection, i.e.,

∇̃ρ = (1− ρ)∇Ch + ρπ∗∇a (3.15)

on π∗TM over the total space TM . Clearly, the curvature (∇̃ρ)
2 is bounded along the fibres of TM . Let

∇̃Λ∗(π∗T∗M)
ρ denote the induced connection on Λ∗(π∗T ∗M) of ∇̃ρ.

Let g̃F be any Euclidean metric on π∗TM → TM with g̃F = gF over TM \DM(1/2). We first prove

the following lemma by Lemma 2.1 for the metric g̃F and the connection ∇̃ρ over TM .

Lemma 3.2. Let (M,F ) be a closed and oriented Finsler manifold of dimension 2n. Then for any

connection ∇a on π : TM →M , one has

χ(M) =

∫
M

e(TM,∇Ch),

where

e(TM,∇Ch) =
1

(2π)2n(2n)!

{ n∑
k=1

C2k
2n

∫
SM/M

trs[c(e)c(∇Che)2k−1(R♮)k(P ♮)2n−2k]

+

∫
SM/M

trs[θ
♮(P ♮)2n−1]

}
, (3.16)

e = Ŷ |SM and R♮, P ♮ and θ♮ are the natural liftings of R, P and θ respectively on Λ∗(π∗T ∗M), and θ

is defined by θ := ∇Ch − π∗∇a.



Feng H T et al. Sci China Math September 2023 Vol. 66 No. 9 1913

Proof. For any T > 0, similar to (2.16), we define the following superconnection:

Ãρ,T = ∇̃Λ∗(π∗T∗M)
ρ + Tcg̃F (Ŷ ). (3.17)

Noticing that the curvature (∇̃ρ)
2 is bounded along the fibres of TM , we obtain that by (2.17),

χ(M) =

(
1

2π

)2n ∫
TM

trs[exp(Ã
2
ρ,T )]. (3.18)

Since exp(Ã2
ρ,T ) decays exponentially along fibres of TM and χ(M) does not depend on T > 0, we get

χ(M) = lim
T→+∞

(
1

2π

)2n ∫
TM

trs[exp(Ã
2
ρ,T )] = lim

T→+∞

(
1

2π

)2n ∫
DM(1)

trs[exp(Ã
2
ρ,T )]. (3.19)

Noting that for any connection ∇a on TM , the curvature (π∗∇Λ∗(T∗M))2 of the connection π∗∇Λ∗(T∗M)

involves no vertical differential forms on TM , where ∇Λ∗(T∗M) is the lifting of ∇a on Λ∗(T ∗M), we have∫
DM(1)

trs[exp((π
∗∇Λ∗(T∗M))2)] = 0.

Therefore, we obtain∫
DM(1)

trs[exp(Ã
2
ρ,T )] =

∫
DM(1)

(trs[exp(Ã
2
ρ,T )]− trs[exp((∇̃Λ∗(π∗T∗M)

ρ )2)])

+

∫
DM(1)

(trs[exp((∇̃Λ∗(π∗T∗M)
ρ )2)]− trs[exp((π

∗∇Λ∗(T∗M))2)]). (3.20)

For the first term on the right-hand side of (3.20), we have∫
DM(1)

(trs[exp(Ã
2
ρ,T )]− trs[exp((∇̃Λ∗(π∗T∗M)

ρ )2)])

=

∫
DM(1)

∫ 1

0

∂

∂t
trs[exp((∇̃Λ∗(π∗T∗M)

ρ + tT cg̃F (Ŷ ))2)]dt

=

∫
DM(1)

∫ 1

0

dTM trs[Tcg̃F (Ŷ ) exp((∇̃Λ∗(π∗T∗M)
ρ + tT cg̃F (Ŷ ))2)]dt

=

∫
DM(1)

dTM

∫ 1

0

trs[Tcg̃F (Ŷ ) exp((∇̃Λ∗(π∗T∗M)
ρ + tT cg̃F (Ŷ ))2)]dt

=

∫
SM

i∗
∫ 1

0

trs[Tcg̃F (Ŷ ) exp((∇̃Λ∗(π∗T∗M)
ρ + tT cg̃F (Ŷ ))2)]dt

=

∫
SM

∫ 1

0

trs[Tc(e) exp((∇Ch,♮ + tT c(e))2)]dt

=

∫
SM

∫ 1

0

e−t2T 2

trs[Tc(e) exp(R
Ch,♮ + tT [∇Ch,♮, c(e)])]dt

=

∫
SM

∫ 1

0

e−t2T 2

trs[Tc(e) exp(R
Ch,♮ + tT c(∇Che))]dt, (3.21)

where i : SM ↩→ TM denotes the natural embedding of the unit sphere bundle SM into TM , and ∇Ch,♮

is the lifting of ∇Ch on Λ∗(π∗T ∗M) and RCh,♮ = (∇Ch,♮)2 = R♮ + P ♮, and the last equation in (3.21)

comes from (3.8).

Now noticing that the term RCh,♮ is a two-form with two Clifford elements and the term c(∇Che) is a

one-form with one Clifford element, hence by the property (2.6) or (2.9) of the supertrace and the degree

counting, we get from (3.21) that

lim
T→+∞

∫
DM(1)

(trs[exp(Ã
2
ρ,T )]− trs[exp((∇̃Λ∗(π∗T∗M)

ρ )2)])
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= lim
T→+∞

∫
SM

∫ 1

0

e−t2T 2

trs[Tc(e) exp(R
Ch,♮ + tT c(∇Che))]dt,

= lim
T→+∞

∫
SM

∫ 1

0

e−t2T 2

trs[Tc(e) exp(tT c(∇Che)) exp(RCh,♮)]dt,

=

n∑
k=1

1

(2k − 1)!

∫
SM

trs[c(e)c(∇Che)2k−1 exp(RCh,♮)] · lim
T→+∞

∫ 1

0

e−t2T 2

T 2kt2k−1dt,

=
n∑

k=1

(k − 1)!

2(2k − 1)!k!(2n− 2k)!

∫
SM

trs[c(e)c(∇Che)2k−1(R♮)k(P ♮)2n−2k]

=

n∑
k=1

C2k
2n

(2n)!

∫
SM

trs[c(e)c(∇Che)2k−1(R♮)k(P ♮)2n−2k]. (3.22)

For the second term on the right-hand side of (3.20), by setting

θρ = ∇̃ρ − π∗∇a,

we have ∫
DM(1)

(trs[exp((∇̃Λ∗(π∗T∗M)
ρ )2)]− trs[exp((π

∗∇Λ∗(T∗M))2)])

=

∫
DM(1)

∫ 1

0

∂

∂t
trs[exp((∇̃Λ∗(π∗T∗M)

ρ − (1− t)θ♮ρ)
2)]dt

=

∫
DM(1)

dTM

∫ 1

0

trs[θ
♮
ρ exp((∇̃Λ∗(π∗T∗M)

ρ − (1− t)θ♮ρ)
2)]dt

=

∫
SM

i∗
∫ 1

0

trs[θ
♮
ρ exp((∇̃Λ∗(π∗T∗M)

ρ − (1− t)θ♮ρ)
2)]dt

=

∫
SM

∫ 1

0

trs[θ
♮ exp(RCh,♮ − (1− t)[∇Ch,♮, θ♮] + (1− t)2θ♮ ∧ θ♮)]dt. (3.23)

Note that

[∇Ch,♮, θ♮] = [∇Ch,♮ − π∗∇Λ∗(T∗M), θ♮] + [π∗∇Λ∗(T∗M),∇Ch,♮ − π∗∇Λ∗(T∗M)]

= [θ♮, θ♮]− [π∗∇Λ∗(T∗M), π∗∇Λ∗(T∗M)] + [π∗∇Λ∗(T∗M),∇Ch,♮]

= 2θ♮ ∧ θ♮ − 2(π∗∇Λ∗(T∗M))2 + [π∗∇Λ∗(T∗M) −∇Ch,♮,∇Ch,♮] + [∇Ch,♮,∇Ch,♮]

= 2θ♮ ∧ θ♮ − 2(π∗∇Λ∗(T∗M))2 − [∇Ch,♮, θ♮] + 2RCh,♮,

so

[∇Ch,♮, θ♮] = θ♮ ∧ θ♮ − (π∗∇Λ∗(T∗M))2 +RCh,♮. (3.24)

Combining (3.23) and (3.24), we get∫
DM(1)

(trs[exp((∇̃Λ∗(π∗T∗M)
ρ )2)]− trs[exp((π

∗∇Λ∗(T∗M))2)])

=

∫
SM

∫ 1

0

trs[θ
♮ exp(RCh,♮ + (1− t)((π∗∇Λ∗(T∗M))2 −RCh,♮ − θ♮ ∧ θ♮) + (1− t)2θ♮ ∧ θ♮)]dt

=

∫
SM

∫ 1

0

trs[θ
♮ exp(tRCh,♮ + (1− t)(π∗∇Λ∗(T∗M))2 − t(1− t)θ♮ ∧ θ♮)]dt

=

∫
SM

∫ 1

0

trs[θ
♮ exp(tP ♮ + tR♮ + (1− t)(π∗∇Λ∗(T∗M))2 − t(1− t)θ♮ ∧ θ♮)]dt. (3.25)

By (3.3), the term θ♮ is an End(Λ∗(π∗T ∗M))-valued horizontal one-form, so

tR♮ + (1− t)(π∗∇Λ∗(T∗M))2 − t(1− t)θ♮ ∧ θ♮
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is an End(Λ∗(π∗T ∗M))-valued horizontal two-form. Hence from (3.25), we get∫
DM(1)

(trs[exp((∇̃Λ∗(π∗T∗M)
ρ )2)]− trs[exp((π

∗∇Λ∗(T∗M))2)])

=

∫
SM

∫ 1

0

trs[θ
♮ exp(tP ♮)]dt

=

∫
SM

1

(2n− 1)!

∫ 1

0

t2n−1dt trs[θ
♮(P ♮)2n−1]

=
1

(2n)!

∫
SM

trs[θ
♮(P ♮)2n−1]. (3.26)

By (3.19), (3.20), (3.22) and (3.26), we complete the proof of Lemma 3.2.

Remark 3.3. The Chern connection is essential to get the formula (3.16), in which the first term follows

from the almost metric-preserving property, while the second term follows from the torsion-freeness.

In the following, by using the induced homogeneous coordinate charts (xi, yi) on SM , we prove

Theorem 1.1 by working out a local version of the formula (3.16). More precisely, we give an explicit

GBC-integrand on M through the integration along the fibres, in which no information of the pull-back

connection π∗∇a is involved.

Proof of Theorem 1.1. We first compute the term trs[c(e)c(∇Che)2k−1(R♮)k(P ♮)2n−2k] for k = 1, . . . , n.

From (3.1), (3.9) and (2.5), with respect to the pull-back frame { ∂
∂x̂j } of π∗TM , we have

ϖ♮ = −ϖj
i dx̂

i ∧ i ∂

∂x̂j
, R♮ = −Rj

idx̂
i ∧ i ∂

∂x̂j
, P ♮ = −P j

i dx̂
i ∧ i ∂

∂x̂j
. (3.27)

We also have

c(e) = ω ∧ −ie = Fyjdx̂j ∧ −y
i

F
i ∂

∂x̂i
, (3.28)

where ω = e∗ = Fyidxi is the Hilbert form on SM . Define

(∇Che)i :=
δyi

F
− yi

F
d logF, (∇Ch,∗ω)i := gik

(
δyk

F
− yk

F
d logF

)
, (3.29)

Υj
i := (∇Ch,∗ω)i(∇Che)j , Ξj

i :=

(
Fyi(∇Che)j − yj

F
(∇Ch,∗ω)i

)
. (3.30)

By (3.8), we have

c(∇Che) = (∇Che)∗ ∧ −i∇Che = (∇Ch,∗ω) ∧ −i∇Che

= (∇Ch,∗ω)jdx̂
j ∧ −(∇Che)ii ∂

∂x̂i
. (3.31)

From (3.27)–(3.31), we get

trs[c(e)c(∇Che)2k−1(R♮)k(P ♮)2n−2k]

= trs[(R
♮)k(P ♮)2n−2kc(∇Che)2k−1c(e)]

= trs

[
(−Rj

idx̂
i ∧ i ∂

∂x̂j
)k(−P j

i dx̂
i ∧ i ∂

∂x̂j
)2n−2k((∇Ch,∗ω)jdx̂

j ∧ −(∇Che)ii ∂
∂x̂i

)2k−2

· ((∇Ch,∗ω)pdx̂
p ∧ −(∇Che)qi ∂

∂x̂q
)

(
Fyldx̂l ∧ −y

r

F
i ∂
∂x̂r

)]
= (−1)ktrs

[
(Rj1

i1
· · ·Rjk

ik
dx̂i1 ∧ i ∂

∂x̂j1

· · · dx̂ik ∧ i ∂

∂x̂jk

)(P t1
s1 · · ·P

t2n−2k
s2n−2k

dx̂s1 ∧ i ∂

∂x̂t1

· · · dx̂s2n−2k ∧ i ∂

∂x̂
t2n−2k

) · Ck−1
2k−2((∇

Ch,∗ω)p1(∇Che)q1 · · · (∇Ch,∗ω)pk−1
(∇Che)qk−1

· dx̂p1 ∧ i ∂
∂x̂q1

· · · dx̂pk−1 ∧ i ∂

∂x̂
qk−1

)

(
Fyl(∇Che)qdx̂l ∧ i ∂

∂x̂q
− yr

F
(∇Ch,∗ω)pdx̂

p ∧ i ∂
∂x̂r

)]
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= (−1)kCk−1
2k−2trs[(R

j1
i1
· · ·Rjk

ik
dx̂i1 ∧ i ∂

∂x̂j1

· · · dx̂ik ∧ i ∂

∂x̂jk

)(P t1
s1 · · ·P

t2n−2k
s2n−2k

dx̂s1 ∧ i ∂

∂x̂t1

· · · dx̂s2n−2k ∧ i ∂

∂x̂
t2n−2k

)(Υq1
p1

· · ·Υqk−1
pk−1

dx̂p1 ∧ i ∂
∂x̂q1

· · · dx̂pk−1 ∧ i ∂

∂x̂
qk−1

)(Ξr
l dx̂

l ∧ i ∂
∂x̂r

)]

= (−1)kCk−1
2k−2trs[R

j1
i1
· · ·Rjk

ik
P t1
s1 · · ·P

t2n−2k
s2n−2k

Υq1
p1

· · ·Υqk−1
pk−1

Ξr
l dx̂

i1 ∧ i ∂

∂x̂j1

· · · dx̂ik ∧ i ∂

∂x̂jk

· dx̂s1 ∧ i ∂

∂x̂t1
· · · dx̂s2n−2k ∧ i ∂

∂x̂
t2n−2k

dx̂p1 ∧ i ∂
∂x̂q1

· · · dx̂pk−1 ∧ i ∂

∂x̂
qk−1

dx̂l ∧ i ∂
∂x̂r

]

= (−1)kCk−1
2k−2R

j1
i1
· · ·Rjk

ik
P

jk+1

ik+1
· · ·P j2n−k

i2n−k
Υ

j2n−k+1

i2n−k+1
· · ·Υj2n−1

i2n−1
Ξj2n
i2n

· trs[dx̂i1 ∧ i ∂

∂x̂j1

· · · dx̂i2n ∧ i ∂

∂x̂j2n

]

= (−1)kCk−1
2k−2δ

i1···i2n
j1···j2nR

j1
i1
· · ·Rjk

ik
P

jk+1

ik+1
· · ·P j2n−k

i2n−k
Υ

j2n−k+1

i2n−k+1
· · ·Υj2n−1

i2n−1
Ξj2n
i2n
. (3.32)

Now we compute the second term trs[θ
♮(P ♮)2n−1] in (3.16). Recall that θ is defined by θ = ∇Ch−π∗∇a

in Lemma 3.2. Let ϑ = (ϑji ) be the connection matrix of ∇a with respect to the frame { ∂
∂x̂i }. Then we

get

θ♮ = −(ϖj
i − π∗ϑji )dx̂

i ∧ i ∂

∂x̂j
.

Using (2.6), we get

trs[θ
♮(P ♮)2n−1] = trs[−(ϖj

i − π∗ϑji )dx̂
i ∧ i ∂

∂x̂j
(−P l

kdx̂
k ∧ i ∂

∂x̂l
)2n−1]

= P j1
i1

· · ·P j2n−1

i2n−1
(ϖj2n

i2n
− π∗ϑj2ni2n

)trs[dx̂
i1 ∧ i ∂

∂x̂j1

· · · dx̂i2n ∧ i ∂

∂x̂j2n

]

= δi1···i2nj1···j2nP
j1
i1

· · ·P j2n−1

i2n−1
(ϖj2n

i2n
− π∗ϑj2ni2n

). (3.33)

Furthermore, by using (3.10), we get∫
SM/M

P j1
i1

· · ·P j2n−1

i2n−1
(π∗ϑj2ni2n

) = ϑj2ni2n

∫
SM/M

P j1
i1

· · ·P j2n−1

i2n−1
= 0. (3.34)

So combining (3.33) and (3.34), we have∫
SM/M

trs[θ
♮(P ♮)2n−1] =

∫
SM/M

δi1···i2nj1···j2nP
j1
i1

· · ·P j2n−1

i2n−1
ϖj2n

i2n
. (3.35)

Finally, from Lemma 3.2, (3.32) and (3.35), we finish the proof.

Remark 3.4. Note that the terms

δi1···i2nj1···j2nR
j1
i1
· · ·Rjk

ik
P

jk+1

ik+1
· · ·P j2n−k

i2n−k
Υ

j2n−k+1

i2n−k+1
· · ·Υj2n−1

i2n−1
Ξj2n
i2n

are globally defined differential forms on SM , while the term δi1···i2nj1···j2nP
j1
i1

· · ·P j2n−1

i2n−1
ϖj2n

i2n
is not. However,

the vertical exactness property (3.10) of the (h-v)-Chern curvature P guarantees that the following

integral along fibres: ∫
SM/M

δi1···i2nj1···j2nP
j1
i1

· · ·P j2n−1

i2n−1
ϖj2n

i2n

is a well-defined global differential form on M .

4 Some special Finsler spaces

In this section, we investigate the GBC-formulae for some special Finsler spaces.



Feng H T et al. Sci China Math September 2023 Vol. 66 No. 9 1917

4.1 Finsler surfaces

As an example of Theorem 1.1, we give an explicit GBC-formula for a closed and oriented Finsler

surface (M,F ). Note that in the induced homogeneous coordinate charts (xi, yi) on SM , we obtain

that from (1.7),

χ(M) =
1

8π2

{
−

∫
SM

δi1i2j1j2
Rj1

i1
Ξj2
i2
+

∫
M

∫
SM/M

δi1i2j1j2
P j1
i1
ϖj2

i2

}
. (4.1)

For further investigation, it is more convenient to rewrite (4.1) with respect to the following special

gF -orthonormal oriented frame {e1, e2}, where

e1 :=
Fy2

√
g

∂

∂x̂1
−
Fy1

√
g

∂

∂x̂2
, e2 :=

y1

F

∂

∂x̂1
+
y2

F

∂

∂x̂2
.

In this case, the dual frame {ω1, ω2} is given by

ω1 =

√
g

F
y2dx̂1 −

√
g

F
y1dx̂2, ω2 = Fy1dx̂1 + Fy2dx̂2.

Set

ω3 := ω1
2 = −ω2

1 =

√
g

F

(
y2
δy1

F
− y1

δy2

F

)
.

Then under the special gF -orthonormal frame above, the Chern curvature forms are

(RCh)ba = Rb
a + P b

a = R b
a 12ω

1ω2 + P b
a 11ω

1ω3 + P b
a 21ω

2ω3.

By (4.1), one easily verifies the following corollary .

Corollary 4.1. For any closed and oriented Finsler surfaces (M,F ), we have

χ(M) =
1

(2π)2

{∫
SM

R 2
1 12ω

1ω2ω3 −
∫
M

∫
SM/M

1

F 3
(G1y

1 +G2y
2)P 1

1 11ω
1ω2ω3

+

∫
M

∫
SM/M

[
Fy2

√
g

(
(logF )x1 − 1

F 2
G1

)
−
Fy1

√
g

(
(logF )x2 − 1

F 2
G2

)]
P 1
2 11ω

1ω2ω3

}
, (4.2)

where Gi :=
1
4 (y

j [F 2]yixj − [F 2]xi).

Now we assume that (M,F ) is a Landsberg surface, i.e., P 1
2 11 = 0. Due to an observation of

Chern (see [9]), R 2
1 12ω

1ω2 in fact lives on M . For closed and oriented Landsberg surfaces, Bao-Chern’s

formula (1.5) is the same as (1.8), which has the following form:∫
M

−R 2
1 12ω

1ω2 = χ(M)Vol(FinslerS1). (4.3)

The following integral formula for Landsberg surfaces is interesting.

Corollary 4.2. Let (M,F ) be a closed and oriented Landsberg surface. A Gauss-Bonnet type formula

for the Chern curvature holds:

[(Vol(FinslerS1))2 − (2π)2]χ(M) =

∫
M

∫
SM/M

1

F 3
(G1y

1 +G2y
2)P 1

1 11ω
1ω2ω3. (4.4)

Proof. When the surface (M,F ) in Corollary 4.1 is a Landsberg space, we get

χ(M) =
1

(2π)2

{∫
SM

R 2
1 12ω

1ω2ω3 −
∫
M

∫
SM/M

1

F 3
(G1y

1 +G2y
2)P 1

1 11ω
1ω2ω3

}
. (4.5)

Note that for a Landsberg surface, the volume function∫
SM/M

−ω3 = Vol(FinslerS1) (4.6)

is constant. As a consequence of (4.3), (4.5) and (4.6), we get (4.4).
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By Corollary 4.2, closed Berwald surfaces either are tori or have 2π as the length of their Finsler

circles. This fact can be derived from Szabó’s rigidity theorem (see [2, p. 278]), which shows that any

of the Berwald surfaces must be locally Minkowskian or Riemannian. By (4.1) or (4.3), a closed locally

Minkowskian surface has zero Euler number.

4.2 A Finslerian GBC-formula for Berwald spaces

Recall that a Finsler manifold (M,F ) is a Berwald manifold if and only if the (h-v)-Chern curvature P

vanishes. Moreover, for a Berwald space (M,F ), the Chern connection is the pull-back of the Levi-Civita

connection on TM → M for a certain Riemannian metric gTM on M (see [2, Chapter 10] for more

details). Note that when P vanishes, the formula (3.16) becomes very simple, from which we deduce the

following Finslerian GBC-formula for Berwald spaces easily.

Theorem 4.3. Let (M,F ) be a closed and oriented Berwald space of dimension 2n. Then one has

χ(M) =

(
−1

2π

)n
1

Vol(S2n−1)

∫
M

∫
SM/M

Pf(R̂Ch) ∧ ω2n
1 ∧ · · · ∧ ω2n

2n−1, (4.7)

where ω2n
1 ∧ · · · ∧ ω2n

2n−1 gives the volume form of the fibre when restricted to a fibre of SM .

Proof. Since the (h-v)-Chern curvature P vanishes for Berwald spaces, from Lemma 3.2 we get

χ(M) =
1

(2π)2n(2n)!

∫
SM

trs[c(e)c(∇Che)2n−1(R♮)n].

Hence, under the special gF -orthonormal frame {e1, . . . , e2n} of π∗TM with e2n = e, we have

χ(M) =
1

(2π)2n(2n)!

∫
SM

trs[c(e)c(∇Che)2n−1(R♮)n]

=
1

(2π)2n(2n)!

∫
SM

trs

[
c(e2n)

( 2n−1∑
γ=1

ωγ
2nc(eγ)

)2n−1

(R♮)n
]

= − 1

(2π)2n(2n)22n

∫
SM

trs[ω
1
2n ∧ · · · ∧ ω2n−1

2n c(e1) · · · c(e2n)(R̂b
aĉ(ea)ĉ(eb))

n]

=
1

(2π)2n(2n)22n

∫
SM

ϵa1···a2nR̂
a2
a1

∧ · · · ∧ R̂a2n
a2n−1

∧ ω2n
1 ∧ · · · ∧ ω2n

2n−1

· trs[c(e1) · · · c(e2n)ĉ(e1) · · · ĉ(e2n)]

=
(−1)n

(2π)2n(2n)

∫
SM

ϵa1···a2nR̂
a2
a1

∧ · · · ∧ R̂a2n
a2n−1

∧ ω2n
1 ∧ · · · ∧ ω2n

2n−1

=
(−1)n(n− 1)!

2n+1π2n

∫
SM

Pf(R̂Ch) ∧ ω2n
1 ∧ · · · ∧ ω2n

2n−1

=

(
−1

2π

)n
1

Vol(S2n−1)

∫
M

∫
SM/M

Pf(R̂Ch) ∧ ω2n
1 ∧ · · · ∧ ω2n

2n−1.

This completes the proof.

Remark 4.4. One should notice that in (4.7), the datum R̂Ch, defined by (3.12), is the skew-

symmetrization of RCh with respect to gF . Hence the differential form Pf(R̂Ch) is dependent in general

on the vertical coordinates yi. However, if the Finsler metric F is induced by a Riemannian metric gTM

on M , then M itself is a Riemannian manifold. In this case, Pf(R̂Ch) is exactly the Pfaffian Pf(RTM )

defined by (1.2), which is constant along fibres of SM , and therefore, we recover Chern’s formula (1.1)

from the formula (4.7) easily.

5 A general Lichnerowicz formula for Finsler manifolds

In this section, by using Lemma 2.1 and a geometric localization procedure, we prove Theorem 1.2, which

gives a precise form of Lichnerowicz’s original GBC-formula (1.4). The proof depends on a series of
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lemmas below.

Assume that X is a vector field on M with isolated zeros. Then the zero set Z(X) is finite. The

normalized vector field [X] on M \ Z(X) is defined by [X](x) = X(x)/F (x,X) for any x ∈ M \ Z(X).

We choose a background Riemannian metric gTM such that gTM is Euclidean near each p ∈ Z(X). For

a sufficiently small δ > 0, let Zδ(X) be the open δ-neighbourhood of Z(X) in M with respect to the

Riemannian metric gTM , and set Mδ = M \ Zδ(X). Then [X] determines a pull-back section [̂X] of

π∗TM → TMδ.

Using [̂X], we introduce the following family of superconnections on Λ∗(π∗T ∗M) → TMδ for t ∈ [0, 1]:

Ãρ,T,t = ∇̃Λ∗(π∗T∗M)
ρ + Tcg̃F (Ŷ )− tT cg̃F ([̂X]) = ∇̃Λ∗(π∗T∗M)

ρ + Tcg̃F (Ŷ − t[̂X]). (5.1)

Clearly, Ãρ,T,0 = Ãρ,T is just the superconnection defined by the extended Chern connection (3.17) used

in Section 2, and the curvature of Ãρ,T,t is given by

Ã2
ρ,T,t = R̃♮

ρ + T [∇̃Λ∗(π∗T∗M)
ρ , cg̃F (Ŷ − t[̂X])]− T 2|Ŷ − t[̂X]|2g̃F .

For the family of superconnections defined by (5.1), we have the following transgression formula:

lim
T→∞

∫
TMδ

trs[exp Ã
2
ρ,T,1]− lim

T→∞

∫
TMδ

trs[exp Ã
2
ρ,T,0]

= − lim
T→∞

∫
TMδ

dTM

∫ 1

0

trs[Tcg̃F ([̂X]) exp(∇̃Λ∗(π∗T∗M)
ρ + Tcg̃F (Ŷ − t[̂X]))2]dt

= lim
T→∞

∫
TM |∂Zδ(X)

∫ 1

0

trs[Tcg̃F ([̂X]) exp(∇̃Λ∗(π∗T∗M)
ρ + Tcg̃F (Ŷ − t[̂X]))2]dt. (5.2)

First, we have the following lemma.

Lemma 5.1. One has

[∇Ch,♮, cgF (Ŷ − [̂X])] = (δyi − (∇Ch [̂X])i)cgF

(
∂

∂x̂i

)
+ Λ, (5.3)

where

Λ :=
1

2
(yi − [X]i)Θj

i

(
ĉgF

(
∂

∂x̂j

)
+ cgF

(
∂

∂x̂j

))
,

and ∇Ch [̂X] = (∇Ch [̂X])i ∂
∂x̂i is the covariant differential of the section [̂X].

Proof. Note that near each x ∈Mδ, we have that from (3.2) and (3.27),[
∇Ch,♮, cgF

(
∂

∂x̂i

)]
=

[
dTM +ϖ♮, cgF

(
∂

∂x̂i

)]
= (dTMgij)dx̂

j ∧+[−ϖl
kdx̂

k ∧ i ∂

∂x̂l
, gikdx̂

k ∧ −i ∂
∂x̂i

]

= (gikϖ
k
j + gjkϖ

k
i + 2F−1Aijkδy

k)dx̂j ∧ −(gilϖ
l
kdx̂

k ∧+ϖk
i i ∂

∂x̂k
)

= ϖj
i cgF

(
∂

∂x̂j

)
+ 2F−1Aijkδy

kdx̂j ∧. (5.4)

Write [X] = [X]i ∂
∂xi near x, so Ŷ − [̂X] = (yi − [X]i) ∂

∂x̂i near [X](x). Then from (2.7), (3.2), (3.7)

and (5.4), we get

[∇Ch,♮, cgF (Ŷ − [̂X])]

=

[
∇Ch,♮, (yi − [X]i)cgF

(
∂

∂x̂i

)]
= dTM (yi − [X]i)cgF

(
∂

∂x̂i

)
+ (yi − [X]i)

[
∇Ch,♮, cgF

(
∂

∂x̂i

)]



1920 Feng H T et al. Sci China Math September 2023 Vol. 66 No. 9

= dTM (yi − [X]i)cgF

(
∂

∂x̂i

)
+ (yi − [X]i)ϖj

i cgF

(
∂

∂x̂j

)
+ 2(yi − [X]i)F−1Aijkδy

kdx̂j∧

= (δyi − (∇Ch [̂X])i)cgF

(
∂

∂x̂i

)
+

1

2
(yi − [X]i)Θj

i

(
ĉgF

(
∂

∂x̂j

)
+ cgF

(
∂

∂x̂j

))
.

This completes the proof.

Lemma 5.2. For Ãρ,T,1, we have the following localization formula:

lim
T→∞

∫
TMδ

trs[exp Ã
2
ρ,T,1] = (−2π)n

∫
Mδ

[X]∗Pf(RCar). (5.5)

Proof. It is clear that∫
TMδ

trs[exp Ã
2
ρ,T,1]

=

∫
Mδ

∫
TMδ/Mδ

e−T 2|Ŷ−[̂X]|2g̃F trs[exp(R̃
♮
ρ + T [∇̃Λ∗(π∗T∗M)

ρ , cg̃F (Ŷ − [̂X])])]. (5.6)

Note that the zero set of the section Ŷ − [̂X] in TMδ is exactly [X](Mδ). For a fixed τ > 0, let

Bτ ([X](Mδ)) be the open τ -tube neighbourhood of [X](Mδ) in TMδ. So when τ is small enough, one

has ∇̃Λ∗(π∗T∗M)
ρ = ∇Ch,♮ and g̃F = gF on Bτ ([X](Mδ)). Now by the exponential decay property of the

integrand in (5.6) along fibres as T → +∞, we have

lim
T→∞

∫
Mδ

∫
TMδ/Mδ

e−T 2|Ŷ−[̂X]|2g̃F trs[exp(R̃
♮
ρ + T [∇̃Λ∗(π∗T∗M)

ρ , cg̃F (Ŷ − [̂X])])]

=

∫
[X](Mδ)

lim
T→∞

∫
Bτ ([X](Mδ))/[X](Mδ)

e−T 2|Ŷ−[̂X]|2{trs[exp(RCh,♮ + T [∇Ch,♮, cgF (Ŷ − [̂X])])]}(4n). (5.7)

During the proof of this lemma, we use |Ŷ − [̂X]| instead of |Ŷ − [̂X]|gF for simplicity. By (5.3), for any

x ∈Mδ, we obtain

lim
T→∞

∫
Bτ ([X](x))

e−T 2|Ŷ−[̂X]|2{trs[exp(RCh,♮ + T [∇Ch,♮, cgF (Ŷ − [̂X])])]}(4n)

= lim
T→∞

∫
Bτ ([X](x))

e−T 2|Ŷ−[̂X]|2
{
trs

[
exp

(
R♮ + P ♮ + TΛ + TδyicgF

(
∂

∂x̂i

)
− T (∇Ch [̂X])icgF

(
∂

∂x̂i

))]}(4n)

. (5.8)

Note that

P̃ :=

(∑
k,l

F−1P j
i kldx

k ∧ (∇Ch [̂X])l
)

(5.9)

gives a well-defined endomorphism P̃ on π∗TM →M \Z(X), and by (2.4), its lifting P̃ ♮ on Λ∗(π∗T ∗M)

→M \ Z(X) is given by

P̃ ♮ = −
∑
i,j

F−1P j
i kldx

k ∧ (∇Ch [̂X])ldx̂i ∧ i ∂

∂x̂j
=: P ♮

l (∇
Ch [̂X])l. (5.10)

Similarly, we define

Λ̃ :=
1

2
Θ̃i

(
ĉgF

(
∂

∂x̂i

)
+ cgF

(
∂

∂x̂i

))
:=

1

2
(yj − [X]j)Θ̃i

j

(
ĉgF

(
∂

∂x̂i

)
+ cgF

(
∂

∂x̂i

))
:= (yj − [X]j)gikAkjl

(∇Ch [̂X])l

F

(
ĉgF

(
∂

∂x̂i

)
+ cgF

(
∂

∂x̂i

))
=: Λl(∇Ch [̂X])l. (5.11)
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Moreover, from (3.3), one sees that (∇Ch [̂X])i = π∗dM [X]i + [X]jϖi
j are purely horizontal one-forms.

Therefore, the right-hand side of (5.8) becomes

lim
T→∞

∫
Bτ ([X](x))

e−T 2|Ŷ−[̂X]|2
{
trs

[
exp(R♮) exp(P ♮ + TΛ) exp

(
− T (∇Ch [̂X])icgF

(
∂

∂x̂i

))
· exp

(
TδyicgF

(
∂

∂x̂i

))]}(4n)

= lim
T→∞

∫
Bτ ([X](x))

e−T 2|Ŷ−[̂X]|2
{
trs

[
exp(R♮) exp(P ♮ + TΛ)

2n∏
i=1

(
1− T (∇Ch [̂X])icgF

(
∂

∂x̂i

))

·
2n∏
i=1

(
1 + TδyicgF

(
∂

∂x̂i

))]}(4n)

= lim
T→∞

∫
Bτ ([X](x))

e−T 2|Ŷ−[̂X]|2
{
trs

[
exp(R♮)

2n∑
k=0

exp(P ♮ + TΛ)
∑

16i1<···<ik62n

(−1)kT 2n(∇Ch [̂X])i1

· cgF
(

∂

∂x̂i1

)
· · · (∇Ch [̂X])ikcgF

(
∂

∂x̂ik

)
δyik+1cgF

(
∂

∂x̂ik+1

)
· · · δyi2ncgF

(
∂

∂x̂i2n

)]}(4n)

= lim
T→∞

∫
Bτ ([X](x))

e−T 2|Ŷ−[̂X]|2
{
trs

[
exp(R♮)

2n∑
k=0

(
1

k!
(P ♮

s1 + TΛs1)δy
s1 · · · (P ♮

sk
+ TΛsk)δy

sk

)
·

∑
16i1<···<ik62n

(−1)kT 2n(∇Ch [̂X])i1cgF

(
∂

∂x̂i1

)
· · · (∇Ch [̂X])ikcgF

(
∂

∂x̂ik

)
δyik+1cgF

(
∂

∂x̂ik+1

)

· · · δyi2ncgF
(

∂

∂x̂i2n

)]}(4n)

= lim
T→∞

∫
Bτ ([X](x))

e−T 2|Ŷ−[̂X]|2
{
trs

[
exp(R♮)

( 2n∑
k=0

1

k!
(P ♮

s1 + TΛs1)(∇Ch [̂X])s1 · · · (P ♮
sk

+ TΛsk)

· (∇Ch [̂X])sk
)
T 2nδy1cgF

(
∂

∂x̂1

)
· · · δy2ncgF

(
∂

∂x̂2n

)]}(4n)

= lim
T→∞

∫
Bτ ([X](x))

e−T 2|Ŷ−[̂X]|2
{
trs

[
exp(R♮) exp(P̃ ♮ + T Λ̃) exp

(
TdyicgF

(
∂

∂x̂i

))]}(4n)

= lim
T→∞

∫
Bτ ([X](x))

e−T 2|Ŷ−[̂X]|2
{
trs

[
exp(R♮ + P̃ ♮) exp(T Λ̃) exp

(
TdyicgF

(
∂

∂x̂i

))]}(4n)

, (5.12)

where {i1, . . . , ik, ik+1, . . . , i2n} denotes any of the rearrangements of {1, . . . , 2n}.
Now we use the special gF -orthonormal frame field {e1, . . . , e2n} with e2n = Ŷ /F . Let {ω1, . . . , ω2n}

be its dual frame field. Set

ea = uja
∂

∂x̂j
,

∂

∂x̂i
= vai ea. (5.13)

Then we have

gij =
2n∑
a=1

vai v
a
j ,

√
det(gij) = det(vai ), cgF

(
∂

∂x̂i

)
= vai c(ea). (5.14)

Set

(R♮ + P̃ ♮)ωa =: −Ω̃a
bω

b, Θ̃a
b := Θ̃j

iv
a
j u

i
b, Θ̃a := Θ̃jvaj . (5.15)

By the Euler lemma for homogeneous functions, one has Θ̃2n
a = 0 for a = 1, . . . , 2n.

Letting βk denote any 2k indices 1 6 b1, b2, . . . , b2k 6 2n with repetition, for k = 0, 1, 2, . . . , n, one has

the following integral formula:∫
R2n

e−T 2 ∑2n
i=1(y

i)2yb1 · · · yb2kT 2n+2kdy1 ∧ · · · ∧ dy2n
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=

[ 2n∏
i=1

1 + (−1)βk(i)

2
Γ

(
βk(i) + 1

2

)]
=
πn

2k

[ 2n∏
i=1

1 + (−1)βk(i)

2
(βk(i)− 1)!!

]
, (5.16)

where βk(i) denotes the number of times that the value i ∈ {1, 2, . . . , 2n} has occurred in βk, and clearly,

2n∑
i=1

βk(i) = 2k.

For any bounded smooth function f on TxM , similar to (5.16), one has the following localization

formula:

lim
T→∞

∫
Bτ ([X](x))

e−T 2|Ŷ−[̂X]|2(yp1 − [X]p1)vb1p1
· · · (yp2k − [X]p2k)vb2kp2k

f(Y )T 2n+2k

·
√
det(gij)dy

1 ∧ · · · ∧ dy2n =
πn

2k

[ 2n∏
i=1

1 + (−1)βk(i)

2
(βk(i)− 1)!!

]
f([X](x)). (5.17)

Let Q̃j
i = 1

4 Θ̃
p
i ∧ Θ̃j

p be the coefficients of Q̃ := −1
4 Θ̃ ∧ Θ̃. For a fixed k = 0, 1, 2, . . . , n, and any fixed

2k numbers 1 6 j1 < · · · < j2k 6 2n, the following combinatorial fact holds:

1

2kk!

∑
i1···i2k

δi1i2···i2kj1j2···j2kQ̃
i2
i1
∧ · · · ∧ Q̃i2k

i2k−1

=
1

2kk!

1

4k

∑
i1···i2k

δi1i2···i2kj1j2···j2k(Θ̃
p1

i1
∧ Θ̃i2

p1
) ∧ · · · ∧ (Θ̃pk

i2k−1
∧ Θ̃i2k

pk
)

=
1

4k

∑
βk

[ 2n∏
i=1

1 + (−1)βk(i)

2
(βk(i)− 1)!!

]
Θ̃p1

j1
∧ Θ̃j2

p2
∧ · · · ∧ Θ̃

p2k−1

j2k−1
∧ Θ̃j2k

p2k
, (5.18)

where βk runs over all the 2k indices 1 6 p1, p2, . . . , p2k 6 2n with repetition.

By (5.13)–(5.18), we have

lim
T→∞

∫
Bτ ([X](x))

e−T 2|Ŷ−[̂X]|2
{
trs

[
exp(R♮ + P̃ ♮) exp(T Λ̃) exp

(
TdyicgF

(
∂

∂x̂i

))]}(4n)

= lim
T→∞

∫
Bτ ([X](x))

e−T 2|Ŷ−[̂X]|2{trs[exp(R♮ + P̃ ♮) exp(T Λ̃) exp(Tdyivai cgF (ea))]}(4n)

=
n−1∑
k=0

(−1)n

(2k)!(n− k)!
lim

T→∞

∫
Bτ ([X](x))

e−T 2|Ŷ−[̂X]|2
∑

ϵa1···a2nΘ̃
a1 ∧ · · · ∧ Θ̃a2k ∧ Ω̃a2k+2

a2k+1
∧ · · · ∧ Ω̃a2n

a2n−1

· T 2n+2k det(vai )dy
1 ∧ · · · ∧ dy2n

=

n−1∑
k=0

(−1)n

(2k)!(n− k)!
lim

T→∞

∫
Bτ ([X](x))

e−T 2|Ŷ−[̂X]|2
∑
β2k

(yp1 − [X]p1)vb1p1
· · · (yp2k − [X]p2k)vb2kp2k

·
∑

ϵa1···a2nΘ̃
a1

b1
∧ · · · ∧ Θ̃a2k

b2k
∧ Ω̃a2k+2

a2k+1
∧ · · · ∧ Ω̃a2n

a2n−1
T 2n+2k det(vai )dy

1 ∧ · · · ∧ dy2n

=

n−1∑
k=0

(−1)nπn

(2k)!(n− k)!2k

∑
βk

[ 2n∏
i=1

1 + (−1)βk(i)

2
(βk(i)− 1)!!

][∑
ϵa1···a2nΘ̃

a1

b1
∧ · · · ∧ Θ̃a2k

b2k

∧ Ω̃a2k+2
a2k+1

∧ · · · ∧ Ω̃a2n
a2n−1

]
([X](x))

=

n−1∑
k=0

(−π)n

k!(n− k)!

∑
[ϵa1···a2nQ̃

a2
a1

∧ · · · ∧ Q̃a2k
a2k−1

∧ Ω̃a2k+2
a2k+1

∧ · · · ∧ Ω̃a2n
a2n−1

]([X](x)). (5.19)

Because the map [X] :M \ Z(X) → TM is given by [X](x) = (x, [X]) for any x ∈M \ Z(X), we have

[X]∗
∂

∂xi
=

∂

∂xi
+
∂[X]j

∂xi
∂

∂yj
,
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and then

[X]∗δyi = [X]∗(dyi + yjΓi
jkdx

k) =
∂[X]i

∂xj
dxj + [X]jΓi

jk([X])dxk

= d[X]i + [X]j([X]∗ϖi
j) = [X]∗(∇Ch [̂X])i. (5.20)

By (3.11), (5.9), (5.10), (5.11), (5.15) and (5.20), we have

[X]∗Ωa
b = [X]∗Ω̃a

b , [X]∗Θa
b = [X]∗Θ̃a

b , [X]∗Qa
b = [X]∗Q̃a

b . (5.21)

From (3.12), (3.14), (5.7), (5.8), (5.12), (5.19) and (5.21), we obtain

lim
T→∞

∫
TMδ

trs[exp(∇̃Λ∗(π∗TM)
ρ + Tcg̃F (Ŷ − [̂X]))2]

=
n−1∑
k=0

(−π)n

k!(n− k)!

∫
[X](Mδ)

[∑
ϵa1···a2nQ̃

a2
a1

∧ · · · ∧ Q̃a2k
a2k−1

∧ Ω̃a2k+2
a2k+1

∧ · · · ∧ Ω̃a2n
a2n−1

]

=
n−1∑
k=0

(−π)n

k!(n− k)!

∫
Mδ

[X]∗
[∑

ϵa1···a2nQ
a2
a1

∧ · · · ∧Qa2k
a2k−1

∧ Ωa2k+2
a2k+1

∧ · · · ∧ Ωa2n
a2n−1

]

= (−2π)n
1

2nn!

n−1∑
k=0

n!

k!(n− k)!

∫
Mδ

[X]∗
[∑

ϵa1···a2nQ
a2
a1

∧ · · · ∧Qa2k
a2k−1

∧ Ω̂a2k+2
a2k+1

∧ · · · ∧ Ω̂a2n
a2n−1

]
= (−2π)n

∫
Mδ

[X]∗Pf(RCar).

Thus (5.5) holds.

Define ∫
M

[X]∗Pf(RCar) := lim
δ→0

∫
Mδ

[X]∗Pf(RCar). (5.22)

By using Lemmas 2.1 and 5.2, we prove the general Lichnerowicz GBC-formulae under the assumption

that the Finsler metrics are locally Minkowskian near the isolated zeros of the vector field X.

Lemma 5.3. Let (M,F ) be a closed and oriented Finsler manifold of dimension 2n. Let X be a vector

field on M with isolated zeros. Assume that (M,F ) is locally Minkowskian near the zeros of X. Then(
−1

2π

)n ∫
M

[X]∗[Pf(RCar) + dH] =
∑

p∈Z(X)

indp
Vol(SpM)

Vol(S2n−1)
,

where

H :=

n−1∑
k=1

(−1)n+k

(2n− 2k − 1)!!2kk!

∑
ϵa1···a2n−1Q

a2
a1

∧ · · · ∧Qa2k
a2k−1

∧ ω2n
a2k+1

∧ · · · ∧ ω2n
a2n−1

.

Proof. Assume that there is a sufficiently small ϵ > 0 such that the background Riemannian metric

gTM is Euclidean on Zϵ(X) and (M,F ) is locally Minkowskian on Zϵ/2(X). From now on, we always

assume that 0 < δ < ϵ/2. Note that for locally Minkowski spaces, the Chern connection ∇Ch = d. By

our choice of the background Riemannian metric gTM , one has

∇ChgTM = dgTM = 0 (5.23)

on Zϵ/2(X). In this case, we define

∇̃ρ = ∇Ch, g̃F = (1− ρ)gF + ρgTM , (5.24)

where ρ is the cutoff function used in Section 2.

Because ∂Zδ(X) ⊂ Zϵ/2(X), we calculate the last term of (5.2) on Zϵ/2(X).
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From (5.23) and (5.24), a similar computation to that in Lemma 5.1 shows that on Zϵ/2(X),

[∇Ch,♮, cg̃F (Ŷ − t[̂X])] =

[
d, (yi − t[X]i)cg̃F

(
∂

∂x̂i

)]
= (dyi − tπ∗dM [X]i)cg̃F

(
∂

∂x̂i

)
+ Λ(t), (5.25)

where

Λ(t) := (yi − t[X]i)(gTM
ij − gij)d

TMρdx̂j ∧+2(1− ρ)(yi − t[X]i)AijkF
−1dykdx̂j∧

=
1

2
(yi − t[X]i)(g̃F )

jkd(g̃F )ki

(
ĉg̃F

(
∂

∂x̂j

)
+ cg̃F

(
∂

∂x̂j

))
=:

1

2
(yi − t[X]i)Θj

ikdy
k

(
ĉg̃F

(
∂

∂x̂j

)
+ cg̃F

(
∂

∂x̂j

))
=:

1

2
(yi − t[X]i)Θj

i

(
ĉg̃F

(
∂

∂x̂j

)
+ cg̃F

(
∂

∂x̂j

))
=:

1

2
Θj

(
ĉg̃F

(
∂

∂x̂j

)
+ cg̃F

(
∂

∂x̂j

))
=: Λl(t)dy

l.

During the proof of this lemma, we use |Ŷ − [̂X]| instead of |Ŷ − [̂X]|g̃F for simplicity.

Since RCh = 0 for locally Minkowski spaces and Λ(t) contains only vertical forms, by (5.24) and (5.25),

∀x ∈ ∂Zϵ/2(X), we obtain

lim
T→∞

∫
TxM

∫ 1

0

{trs[Tcg̃F ([̂X]) exp(∇̃Λ∗(π∗T∗M)
ρ + Tcg̃F (Ŷ − t[̂X]))2]}(4n−1)dt

=

∫ 1

0

dt lim
T→∞

∫
TxM

e−T 2|Ŷ−t[̂X]|2{trs[Tcg̃F ([̂X]) exp(T [∇Ch,♮, cg̃F (Ŷ − t[̂X])])]}(4n−1)

=

∫ 1

0

dt lim
T→∞

∫
TxM

e−T 2|Ŷ−t[̂X]|2
{
trs

[
T [X]icg̃F

(
∂

∂x̂i

)
exp

(
− tTπ∗dM [X]icg̃F

(
∂

∂x̂i

)
+ Tdyicg̃F

(
∂

∂x̂i

)
+ TΛ(t)

)]}(4n−1)

=

∫ 1

0

dt lim
T→∞

∫
TxM

e−T 2|Ŷ−t[̂X]|2
{
trs

[
T [X]icg̃F

(
∂

∂x̂i

) 2n∏
i=1

(
1− tTπ∗dM [X]icg̃F

(
∂

∂x̂i

))

·
2n∏
l=1

(1 + TΛl(t)dy
l)

]}(4n−1)

=

∫ 1

0

dt lim
T→∞

∫
TxM

e−T 2|Ŷ−t[̂X]|2t2n−1T 2n

·
{
trs

[ 2n∑
i=1

(−1)n+i−1[X]iπ∗(d[X]1 ∧ · · · ∧ d̂[X]i ∧ · · · ∧ d[X]2n)

·
2n∏
l=1

(
1 +

T

2
Θj ĉg̃F

(
∂

∂x̂j

))
cg̃F

(
∂

∂x̂1

)
· · · cg̃F

(
∂

∂x̂2n

)]}(4n−1)

. (5.26)

Use a local orthonormal frame field {ea} of g̃F around t[X](x) and assume

ea = uja
∂

∂x̂j
,

∂

∂x̂i
= vai ea.

Define

Θb
ac = Θj

iku
i
au

k
cv

b
j , Θb

a = Θj
iu

i
av

b
j , Θb = Θjvbj .

By (5.26) and an integral formula similar to (5.17), we obtain

lim
T→∞

∫
TxM

∫ 1

0

{trs[Tcg̃F ([̂X]) exp(∇̃Λ∗(π∗T∗M)
ρ + Tcg̃F (Ŷ − t[̂X]))2]}(4n−1)dt
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=

∫ 1

0

t2n−1dt lim
T→∞

∫
TxM

e−T 2|Ŷ−t[̂X]|2T 2n

·
{
trs

[ 2n∑
i=1

(−1)n+i−1[X]iπ∗(d[X]1 ∧ · · · ∧ d̂[X]i ∧ · · · ∧ d[X]2n)

·
2n∏
l=1

(
1 +

T

2
Θbĉg̃F (eb)

)
det(vai )cg̃F (e1) · · · cg̃F (e2n)

]}(4n−1)

=

∫ 1

0

t2n−1dt lim
T→∞

∫
TxM

e−T 2|Ŷ−t[̂X]|2 T
4n

22n

2n∑
i=1

(−1)n+i−1[X]i

· π∗(d[X]1 ∧ · · · ∧ d̂[X]i ∧ · · · ∧ d[X]2n)(−1)nΘ1 ∧ · · · ∧Θ2n det(vai )

· trs[ĉg̃F (e1) · · · ĉg̃F (e2n)cg̃F (e1) · · · cg̃F (e2n)]

=

∫ 1

0

t2n−1dt lim
T→∞

∫
TxM

e−T 2|Ŷ−t[̂X]|2T 4n
2n∑
i=1

(−1)n+i−1[X]i

· π∗(d[X]1 ∧ · · · ∧ d̂[X]i ∧ · · · ∧ d[X]2n) det(vai )Θ
1 ∧ · · · ∧Θ2n

=

∫ 1

0

t2n−1dt

2n∑
i=1

(−1)n+i−1[X]iπ∗(d[X]1 ∧ · · · ∧ d̂[X]i ∧ · · · ∧ d[X]2n)

· lim
T→∞

∫
TxM

e−T 2|Ŷ−t[̂X]|2T 4n det(vai )
∑
βn

(yp1 − [X]p1)vb1p1
· · · (yp2n − [X]p2n)vb2np2n

Θ1
b1 ∧ · · · ∧Θ2n

b2n

=

∫ 1

0

t2n−1dt

2n∑
i=1

(−1)n+i−1[X]iπ∗(d[X]1 ∧ · · · ∧ d̂[X]i ∧ · · · ∧ d[X]2n) lim
T→∞

∫
TxM

e−T 2|Ŷ−t[̂X]|2T 4n

· det(vai )
∑
βn

(yp1 − [X]p1)vb1p1
· · · (yp2n − [X]p2n)vb2np2n

Θ1
b1c1 · · ·Θ

2n
b2nc2nv

c1
q1dy

q1 ∧ · · · ∧ vc2nq2ndy
q2n

=

∫ 1

0

t2n−1dt

2n∑
i=1

(−1)n+i−1[X]iπ∗(d[X]1 ∧ · · · ∧ d̂[X]i ∧ · · · ∧ d[X]2n) lim
T→∞

∫
TxM

e−T 2|Ŷ−t[̂X]|2T 4n

· (det(vai ))2
∑
βn

(yp1 − [X]p1)vb1p1
· · · (yp2n − [X]p2n)vb2np2n

·
∑

ϵc1···c2nΘ
1
b1c1 · · ·Θ

2n
b2nc2ndy

1 ∧ · · · ∧ dy2n

=

∫ 1

0

t2n−1dt
2n∑
i=1

(−1)i−1[X]iπ∗(d[X]1 ∧ · · · ∧ d̂[X]i ∧ · · · ∧ d[X]2n) det(vai )(t[X](x))

· (−π)
n

2n

∑
βn

[ 2n∏
i=1

1 + (−1)βn(i)

2
(βn(i)− 1)!!

]
·
∑

ϵc1···c2nΘ
1
b1c1(t[X](x)) · · ·Θ2n

b2nc2n(t[X](x)). (5.27)

For convenience, we introduce the following differential form of degree 2n− 1 on TZϵ/2(X):

φ :=
(−π)n

2n

∑
βn

[ 2n∏
i=1

1 + (−1)βn(i)

2
(βn(i)− 1)!!

]∑
ϵc1···c2nΘ

1
b1c1 · · ·Θ

2n
b2nc2n

·
2n∑
i=1

(−1)i−1 yi

F (y)
(dy1 ∧ · · · ∧ d̂yi ∧ · · · ∧ dy2n)

√
det((g̃F )ij). (5.28)

From (5.27) and (5.28), we have

lim
T→∞

∫
TM |∂Zδ(X)

∫ 1

0

trs[Tcg̃F ([̂X]) exp(∇̃Λ∗(π∗T∗M)
ρ + Tcg̃F (Ŷ − t[̂X]))2]dt



1926 Feng H T et al. Sci China Math September 2023 Vol. 66 No. 9

=

∫ 1

0

dt

∫
t[X](∂Zδ(X))

φ. (5.29)

At any p ∈ Z(X), we denote the Finsler sphere (or Finsler disc, respectively) of radius t > 0 by SpM(t)

(or DpM(t), respectively). For the case t = 1, we also use SpM instead of SpM(1) for simplicity.

Let δ → 0. By the mapping degree theory, we have

lim
δ→0

∫ 1

0

dt

∫
t[X](∂Zδ(X))

φ =
∑

p∈Z(X)

indp

∫ 1

0

dt

∫
SpM(t)

φ. (5.30)

By (5.28) and (5.18), we obtain

−
∫ 1

0

dt

∫
SpM(t)

φ = −
∫ 1

0

∫
SpM(t)

dF ∧
2n∑
i=1

(−1)i−1 yi

F (y)
(dy1 ∧ · · · ∧ d̂yi ∧ · · · ∧ dy2n)

· (−π)
n

2n

∑
βn

[ 2n∏
i=1

1 + (−1)βn(i)

2
(βn(i)− 1)!!

]
ϵc1···c2nΘ

1
b1c1 · · ·Θ

2n
b2nc2n

√
det((g̃F )ij)

=

∫
DpM(1)

(−π)n

2n

∑
βn

[ 2n∏
i=1

1 + (−1)βn(i)

2
(βn(i)− 1)!!

]
ϵc1···c2nΘ

1
b1c1 · · ·Θ

2n
b2nc2n

·
√
det((g̃F )ij)dy

1 ∧ · · · ∧ dy2n

=

∫
DpM(1)

(−2π)n
1

22n

∑
βn

[ 2n∏
i=1

1 + (−1)βn(i)

2
(βn(i)− 1)!!

]
Θ1

b1 ∧ · · · ∧Θ2n
b2n

= (−2π)n
∫
DpM(1)

Pf(Q), (5.31)

where we set Q := −1
4Θ ∧Θ as usual.

For any p ∈ Z(X), the tangent space TpM is a flat manifold with the flat connection d and the

Riemannian metric
˜̄gF := (g̃F )ijdy

i ⊗ dyj .

Let d̂ be the symmetrization of d. According to [5, Proposition 4.3], the curvature of d̂ is just Q. Denote

the curvature of the Levi-Civita connection of ˜̄gF by RTpM . By [21, Proposition 3.6], one has

Pf(Q) = Pf(RTpM ) + dψ (5.32)

for some differential form ψ. Furthermore, on the set DpM(1) \DpM(1/2), ˜̄gF is a Hessian metric, i.e.,

˜̄gF = ḡF =
1

2
[F ]2yiyjdyi ⊗ dyj .

In this case, the curvature form of the Levi-Civita connection of the Hessian metric is just Q (see [19]).

Therefore, dψ = 0 holds on DpM(1) \DpM(1/2).

By (5.31), (5.32) and Stokes’ theorem, we have

−
∫ 1

0

dt

∫
SpM(t)

φ = (−2π)n
∫
DpM(1)

[Pf(RTpM ) + dψ] = (−2π)n
∫
DpM(1)

Pf(RTpM ). (5.33)

Following Chern [6], we introduce some differential forms on SM :

Φ̄k :=
∑

ϵa1···a2n−1Q
a2
a1

∧ · · · ∧Qa2k
a2k−1

∧ ω2n
a2k+1

∧ · · · ∧ ω2n
a2n−1

, k = 0, . . . , n− 1,

and

Π̄ :=

(
1

2π

)n n−1∑
k=0

(−1)k

(2n− 2k − 1)!!2kk!
Φ̄k, H :=

n−1∑
k=1

(−1)n+k

(2n− 2k − 1)!!2kk!
Φ̄k. (5.34)
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Using the GBC-formula for Riemannian manifolds with boundary (see [7]) and (5.34), we obtain(
−1

2π

)n ∫
DpM(1)

Pf(RTpM ) = 1−
∫
SpM

Π̄

= 1−
(

1

2π

)n ∫
SpM

(2n− 1)!

(2n− 1)!!
ω2n
1 ∧ · · · ∧ ω2n

2n−1 −
(
−1

2π

)n ∫
SpM

H

= 1− Vol(SpM)

Vol(S2n−1)
−
(
−1

2π

)n ∫
SpM

H. (5.35)

Combining (5.29), (5.30), (5.33) and (5.35), when δ → 0, we see that the last term in (5.2) is

lim
δ→0

lim
T→∞

(
1

2π

)2n ∫
TM |∂Zδ(X)

∫ 1

0

trs[Tcg̃F ([̂X]) exp(∇̃Λ∗(π∗T∗M)
ρ + Tcg̃F (Ŷ − t[̂X]))2]dt

= −
∑

p∈Z(X)

indp

(
1− Vol(SpM)

Vol(S2n−1)
−
(
−1

2π

)n ∫
SpM

H
)
. (5.36)

By (3.18), (5.2), (5.5), (5.36) and the Poincaré-Hopf theorem, we obtain(
−1

2π

)n ∫
M

[X]∗Pf(RCar)

=

(
−1

2π

)n

lim
δ→0

∫
Mδ

[X]∗Pf(RCar)

=

(
1

2π

)2n

lim
δ→0

lim
T→∞

∫
TMδ

trs[exp Ã
2
ρ,T,1]

=

(
1

2π

)2n

lim
δ→0

lim
T→∞

∫
TMδ

trs[exp Ã
2
ρ,T,0]

+

(
1

2π

)2n

lim
δ→0

lim
T→∞

∫
TM |∂Zδ(X)

∫ 1

0

trs[Tcg̃F ([̂X]) exp(∇̃Λ∗(π∗T∗M)
ρ + Tcg̃F (Ŷ − t[̂X]))2]dt

=

(
1

2π

)2n

lim
T→∞

lim
δ→0

∫
TMδ

trs[exp Ã
2
ρ,T,0]−

∑
p∈Z(X)

indp

(
1− Vol(SpM)

Vol(S2n−1)
−

(
−1

2π

)n ∫
SpM

H
)

= χ(M)−
∑

p∈Z(X)

indp

(
1− Vol(SpM)

Vol(S2n−1)
−
(
−1

2π

)n ∫
SpM

H
)

=
∑

p∈Z(X)

indp
Vol(SpM)

Vol(S2n−1)
+

(
−1

2π

)n ∑
p∈Z(X)

indp

∫
SpM

H.

Similar to (5.22), we define ∫
M

[X]∗dH := lim
δ→0

∫
Mδ

[X]∗dH. (5.37)

Following the strategy in [1, 6, 7], by the mapping degree theorem, one has

−
∫
M

[X]∗dH = − lim
δ→0

∫
Mδ

[X]∗dH =
∑

p∈Z(X)

indp

∫
SpM

H. (5.38)

This completes the proof.

By Lemma 5.3 and modifying the Finsler metric near the isolated zeros of a given vector field, we are

able to give a proof of Theorem 1.2.

Proof of Theorem 1.2. Let p ∈ Z(X) be any one of the zero points of X. We can find a local coordinate

system (Up;x
1, . . . , x2n) around p with xi(p) = 0. For simplicity, we change the background Riemannian

metric gTM such that

gTM |Up = (dx1)2 + · · ·+ (dx1)2n.
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Now we define a Finsler metric F̃ on TUp as follows: for any x ∈ Up and y = yi ∂
∂xi |x ∈ TxM ,

F̃

(
x, yi

∂

∂xi

∣∣∣∣
x

)
:= F

(
p, yi

∂

∂xi

∣∣∣∣
p

)
.

It is clear that F̃ is a locally Minkowski metric on TUp. For a sufficiently small positive number ϵ > 0,

Bp(ϵ) =

{
x ∈ Up | r(x) :=

√√√√ 2n∑
i=1

(xi)2 < ϵ

}

denotes the gTM ball of radius ϵ enclosed in Up. Set

Zϵ(X) =
∪

p∈Z(X)

Bp(ϵ)

and

Mϵ =M \ Zϵ(X).

Let ϕ(t) be any smooth cutoff function with 0 6 ϕ(t) 6 1, ϕ(t) ≡ 1 for t < 0 and ϕ(t) ≡ 0 for

t > 1. It is clear that |ϕ′| and |ϕ′′| are bounded and supp(ϕ(k)) = [0, 1] for any k = 0, 1, 2, . . . Set

C0 := max{|ϕ′|, |ϕ′′|}.
For each p ∈ Z(X), we define the following cutoff function:

ϕp,ϵ(x) = ϕ

(
r(x)− ϵ/2

ϵ/2

)
and the following modified metric:

Fp,ϵ(x, y) =

√
(1− ϕp,ϵ(x))F 2(x, y) + ϕp,ϵ(x)F̃ 2(x, y) =

√
(1− ϕp,ϵ(x))F 2(x, y) + ϕp,ϵ(x)F 2(p, y).

Because

gp,ϵ,ij(x, y) :=
1

2
[F 2

p,ϵ(x, y)]yiyj = (1− ϕp,ϵ(x))gij(x, y) + ϕp,ϵ(x)gij(p, y)

is positive definite, one can easily verify that Fp,ϵ is a well-defined Finsler metric on M .

Set

Fϵ =

√√√√[ ∏
p∈Z(X)

(1− ϕp,ϵ(x))

]
F 2(x, y) +

∑
p∈Z(X)

[ϕp,ϵ(x)F 2(p, y)].

One verifies that Fϵ = Fp,ϵ around p ∈ Z(X). By definition, Fϵ ≡ F onMϵ, while it is locally Minkowskian

on

Zϵ/2(X) =
∪

p∈Z(X)

Bp(ϵ/2).

We use RCar
ϵ and Hϵ to denote the geometric invariants related to Fϵ. Obviously, one has RCar

ϵ = RCar

on TMϵ. On the other hand, by the construction of Fϵ and the definition (5.34), one directly verifies that

Hϵ = H along SpM for any p ∈ Z(X).

Applying Lemma 5.3 to Fϵ, for any 0 < δ < ϵ/2, we get

∑
p∈Z(X)

indp
Vol(SpM)

Vol(S2n−1)
+

(
−1

2π

)n ∑
p∈Z(X)

indp

∫
SpM

H

=
∑

p∈Z(X)

indp
Vol(SpM)

Vol(S2n−1)
+

(
−1

2π

)n ∑
p∈Z(X)

indp

∫
SpM

Hϵ

=

(
−1

2π

)n

lim
δ→0

∫
Mδ

[X]∗Pf(RCar
ϵ )
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=

(
−1

2π

)n ∫
M

[X]∗Pf(RCar
ϵ )

=

(
−1

2π

)n ∫
Mϵ

[X]∗Pf(RCar) +

(
−1

2π

)n ∫
Zϵ(X)

[X]∗Pf(RCar
ϵ ). (5.39)

We claim that

lim
ϵ→0

∫
Zϵ(X)

[X]∗Pf(RCar
ϵ ) = 0. (5.40)

The proof of this claim will be presented in Appendix A.

Combining (5.38)–(5.40), we have

∑
p∈Z(X)

indp
Vol(SpM)

Vol(S2n−1)
−

(
−1

2π

)n ∫
M

[X]∗dH

=
∑

p∈Z(X)

indp
Vol(SpM)

Vol(S2n−1)
+

(
−1

2π

)n ∑
p∈Z(X)

indp

∫
SpM

H

=

(
−1

2π

)n

lim
ϵ→0

∫
Mϵ

[X]∗Pf(RCar) +

(
−1

2π

)n

lim
ϵ→0

∫
Zϵ(X)

[X]∗Pf(RCar
ϵ )

=

(
−1

2π

)n

lim
ϵ→0

∫
Mϵ

[X]∗Pf(RCar)

=

(
−1

2π

)n ∫
M

[X]∗Pf(RCar).

Hence the proof is completed by the assumption on the volumes of the Finsler unit spheres.

Remark 5.4. It is well known that a Finsler manifold is locally Minkowskian if and only if the

Chern curvature RCh = 0. Thus Bao-Chern’s GBC-formula (1.5) immediately implies that the Euler

characteristic χ(M) = 0 for locally Minkowski spaces M , whereas it is hard to get this result directly

from the Lichnerowicz GBC-formula (1.8). On the other hand, our Theorem 1.1 also directly implies the

same vanishing result for locally Minkowski spaces.
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12 Lackey B. On the Gauss-Bonnet formula in Riemann-Finsler geometry. Bull Lond Math Soc, 2002, 34: 329–340
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Appendix A

In this appendix, we give a proof of the claim (5.40). We present the following estimations on Zϵ. We

only need to deal with any one point p ∈ Z(X), because Z(X) is discrete and finite. First, we have

∂r

∂xk
=
xk

r
,

∂2r

∂xk∂xl
=

1

r

(
δkl − xk

r

xl

r

)
.

Then we have the estimations for the first derivatives of ϕp,ϵ:∣∣∣∣∂ϕp,ϵ∂xk
(x)

∣∣∣∣ = 2

ϵ

∣∣∣∣ϕ′(r(x)− ϵ/2

ϵ/2

)
∂r

∂xk

∣∣∣∣ 6 2C0
1

ϵ
.

For the second derivatives of ϕp,ϵ, noticing that the support of the derivatives of ϕp,ϵ is just Bp(ϵ)\Bp(ϵ/2),

we have ∣∣∣∣ ∂2ϕp,ϵ∂xk∂xl
(x)

∣∣∣∣ = 4

ϵ2

∣∣∣∣ϕ′′(r(x)− ϵ/2

ϵ/2

)
∂r

∂xk
∂r

∂xl
+ ϕ′

(
r(x)− ϵ/2

ϵ/2

)
ϵ

2

∂2r

∂xk∂xl

∣∣∣∣ 6 12C0
1

ϵ2
.

As ϵ→ 0, the first and the second derivatives of gp,ϵ,ij(x, y) with respect to xi satisfy

∂gp,ϵ,ij
∂xk

(x, y) = (1− ϕp,ϵ(x))
∂gij
∂xk

(x, y) +
∂ϕp,ϵ
∂xk

(x)(gij(p, y)− gij(x, y))

= (1− ϕp,ϵ(x))
∂gij
∂xk

(x, y) +
∂ϕp,ϵ
∂xk

(x)
∂gij
∂xt

(p+ θ · (x− p), y)xt

= O(1)

and

∂2gp,ϵ,ij
∂xk∂xl

(x, y) = (1− ϕp,ϵ(x))
∂2gij
∂xk∂xl

(x, y)− ∂ϕp,ϵ
∂xk

(x)
∂gij
∂xl

(x, y)− ∂ϕp,ϵ
∂xl

(x)
∂gij
∂xk

(x, y)

+
∂2ϕp,ϵ
∂xk∂xl

(x)(gij(p, y)− gij(x, y))

= (1− ϕp,ϵ(x))
∂2gij
∂xk∂xl

(x, y)− ∂ϕp,ϵ
∂xk

(x)
∂gij
∂xl

(x, y)− ∂ϕp,ϵ
∂xl

(x)
∂gij
∂xk

(x, y)

+
∂2ϕp,ϵ
∂xk∂xl

(x)
∂gij
∂xt

(p+ θ · (x− p), y)xt

= O

(
1

ϵ

)
,
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where θ ∈ [0, 1]. On the other hand, as ϵ→ 0, we have

Fp,ϵ
∂gp,ϵ,ij
∂yk

(x, y) = O(1), Fp,ϵ
∂2gp,ϵ,ij
∂xk∂yl

(x, y) = O(1), F 2
p,ϵ

∂2gp,ϵ,ij
∂yk∂yl

(x, y) = O(1).

By (3.4)–(3.6) and (3.10), as ϵ→ 0, we have

(Γp,ϵ)
i
jk = O(1),

∂

∂xl
(Γp,ϵ)

i
jk = O

(
1

ϵ

)
, (Pp,ϵ)

i
j kl = Fp,ϵ

∂

∂yl
(Γp,ϵ)

i
jk = O(1).

By (3.10), as ϵ→ 0, we have

(Rp,ϵ)
i
j kl =

δ(Γp,ϵ)
i
jk

δxl
−
δ(Γp,ϵ)

i
jl

δxk
+O(1) =

∂(Γp,ϵ)
i
jk

∂xk
−
∂(Γp,ϵ)

i
jl

∂xk
+O(1) = O

(
1

ϵ

)
.

Now we estimate ∇Ch [̂X] as ϵ→ 0. By definition,

[̂X](x, y) = [X]i
∂

∂x̂i

∣∣∣∣
(x,y)

=
Xi(x)

Fp,ϵ(x,X)

∂

∂x̂i

∣∣∣∣
(x,y)

and

∇Ch [̂X] = (dM [X]i + [X]j(Γp,ϵ)
i
jkdx

k)
∂

∂x̂i
.

Assume that the vector field X has the following Taylor expansion near p ∈ Z(X):

X(x) = Xi(x)
∂

∂xi

∣∣∣∣
x

=
∑
|α|=s

aiαx
α ∂

∂xi

∣∣∣∣
x

+ o(rs), ∀x ∈ Up, (A.1)

where the sum is taken over all the multi-indices α = (α1, . . . , α2n) with |α| = α1 + · · · + α2n = s, and

xα := (x1)α1 · · · (x2n)α2n . When ϵ→ 0, one easily has

Xi = O(ϵs),
∂Xi

∂xj
= O(ϵs−1) for i, j = 1, . . . , 2n.

Set

ξϵ(x) := Fp,ϵ(x,X) =
√
gp,ϵ,ij(x,X)XiXj .

Because aiα’s are constants and gp,ϵ is uniformly bounded and positive definite on Bp(ϵ), we have

ξϵ(x) =

√
gp,ϵ,ij(x,X)

∑
|α|=|β|=s

aiαa
j
βx

αxβ + o(rs) > C1r
s(x)

for some constant C1 > 0. Thus as ϵ→ 0, we obtain

[X]i =
Xi

ξϵ
=

∑
|α|=s a

i
αx

α + o(rs)

ξϵ
= O(1) for i = 1, . . . , 2n.

Furthermore, by the Euler lemma for homogeneous functions, as ϵ→ 0 we have

∂ξϵ
∂xk

=
1

2ξϵ

∂ξ2ϵ
∂xk

=
1

2ξϵ

[
∂gp,ϵ,ij
∂xk

(x,X)XiXj +
∂gp,ϵ,ij
∂ys

(x,X)
∂Xs

∂xk
XiXj + gp,ϵ,ij(x,X)

∂

∂xk
(XiXj)

]
=

1

2ξϵ

[
∂gp,ϵ,ij
∂xk

(x,X)XiXj + gp,ϵ,ij(x,X)
∂

∂xk
(XiXj)

]
= gp,ϵ,ij(x,X)

∂Xi

∂xk
[X]j +O(ϵs)

= O(ϵs−1).
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Hence,

[X]∗(∇Ch [̂X]) =
∂[X]i

∂xk
∂

∂xi
+O(1) =

(
∂

∂xk
Xi

ξϵ

)
∂

∂xi
+O(1)

=
1

ξϵ

[
∂Xi

∂xk
− [X]i

∂ξϵ
∂xk

]
∂

∂xi
+O(1) = O

(
1

ϵ

)
as ϵ→ 0.

When ϵ→ 0, we get

[X]∗Θp,ϵ =

(
gikp,ϵ(x, [X])(Ap,ϵ)kjl(x, [X])[X]∗

(∇Ch [̂X])l

Fp,ϵ

)
= O

(
1

ϵ

)
and

[X]∗RCh
p,ϵ =

(
1

2
(Rp,ϵ)

i
j kl(x, [X])dxk ∧ dxl + (Pp,ϵ)

i
j kl(x, [X])dxk ∧ [X]∗(∇Ch [̂X])l

)
= O

(
1

ϵ

)
.

By (3.14), as ϵ→ 0, we obtain

[X]∗Pf(RCar
p,ϵ ) = [X]∗Pf(R̂Ch

p,ϵ +Qp,ϵ) = O

(
1

ϵ2n−1

)
.

But the volume of Bp(ϵ) is

Vol(Bp(ϵ)) = O(ϵ2n),

and then we get∣∣∣∣ ∫
Zϵ(X)

[X]∗Pf(RCar
ϵ )

∣∣∣∣ = ∣∣∣∣ ∑
p∈Z(X)

∫
Bp(ϵ)

[X]∗Pf(RCar
p,ϵ )

∣∣∣∣ 6 Cϵ→ 0 as ϵ→ 0,

where C is a constant. So the claim is valid.
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