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Abstract In this paper, we prove that the nearly integrable system of the form
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admits orbits that pass through any finitely many prescribed small balls on the same energy level H~1(FE)
provided that E > minh, if h is convex, and €P is typical. This settles the Arnold diffusion conjecture for
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1 Introduction

In this paper, we consider nearly integrable Hamiltonian systems of the form

H(z,y) = h(y) +eP(z,y), (x,y)€TT", n =3, (1.1)

where h is strictly convex, i.e., the Hessian matrix giy}; is positive definite. It is also assumed that both

h and P are the C"-functions with 7 < r < 0o and minh = 0.
1.1 The problem and the theorems

The problem of studying the (in)stability of the above system H was considered to be the fundamental
problem of Hamiltonian dynamics by Poincaré. According to the celebrated Kolmogorov-Arnold-Moser
(KAM) theorem, there exists a large measure Cantor set of Lagrangian tori on which the dynamics is
conjugate to irrational rotations and the oscillation of the slow variable (or called the action variable) y
is at most O(y/e). The KAM theorem also excludes the possibility of large oscillations of y in the case
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of n = 2 since each energy level, which is three-dimensional, is laminated by two-dimensional KAM tori
and each orbit either stays on a KAM torus or is confined between two tori. For n > 3, there does not
exist topological obstruction for the slow variable y to have the O(1) oscillation. Thus Arnold [3,4] made
the following conjecture.

Conjecture (See [3,4]). For any two points ¢’ and 3" on the connected level hypersurface of h in the
action space, there exist orbits of (1.1) connecting an arbitrary small neighborhood of the torus y =
with an arbitrary small neighborhood of the torus y = 3", provided that & # 0 is sufficiently small and
P is generic.

In this paper, we prove the conjecture for convex Hamiltonians in the smooth category in the sense of
cusp-residual genericity. We next give the precise statement of our main theorem.

By adding a constant to H and introducing a translation y — y + yo, one can assume min h(y)
= h(0) = 0. For E > 0, let H Y(E) = {(x,y) : H(z,y) = E} denote the energy level set, and B C R"
denote a ball in R™ such that g, ¢, b~ (E') C B.

Let 79 > 7 be a positive number and rg < r < co0. Let 6" C C™(T" x B) (resp. B" C C"(T™ x B))
be the set of functions f € C"(T™ x B) satisfying ||F||cro = 1 (resp. ||F|lcro < 1). For a perturbation P
independent of y that we call the Mané perturbation, we use the same notation &" C C"(T™) (resp.
G" C C"(T™)) for the set of C" functions on T™ with C"-norm 1 (resp. < 1).

Definition 1.1 (The cusp-residual set). A set € is said to be cusp-residual in B" if there exists a
residual set 8 C & in the C” topology such that for each P € R, there are a number ap € (0, 1] that
depends on P € C™ continuously, and a residual set Rp C (0,ap) such that € = U{AP | P € R, A € Rp}.

Let ®%; denote the Hamiltonian flow determined by H. Given an initial value (z,y), ®%; (z,y) generates
an orbit of the Hamiltonian flow (z(¢),y(t)). An orbit (x(t),y(t)) is said to wisit B,(yo) C R™ if there
exists a t € R such that y(¢t) € B,(yo), a ball centered at yo with radius ¢. Our main theorem is as
follows.

Theorem 1.2.  Given any small p > 0, there exist an € and a cusp-residual set € C C"(T™ x B) for
n > 3 such that for each P € € and given finitely many small balls By(y;) C R™, where y; € h™'(E)
with E > min h, there exists the Hamiltonian flow ®t; admitting orbits which visit the balls B,(y;) in any
prescribed order. Moreover, the theorem still holds if we replace the function space C™(T™ x B) by C™(T™).

In particular, the theorem implies that for any small g, there exist g-dense orbits on the energy level
provided that € is small enough and P is chosen in the cusp-residual set. We also refer readers to the
paper’) for a survey of our series of works, including in particular an outline of the proof of the main
theorem.

Note that in the above theorem, we allow the perturbation to be in C"(T™), i.e., depending only on
the angular variables, which is called the Mafié perturbation (see [35]). This enables us to prove the
following theorem on Arnold diffusion for toral geodesic flows.

Let S € SL(n,R) be a matrix of determinant 1 and T% :=R"/(SZ") be a torus determined by S. The
flat metric on R™ naturally induces a flat metric ds® = > | dz? on T%, where z; (i = 1,2,...,n) are
coordinates on R™. We consider the perturbation of the metric ds? of the form

ds’\ = Z da? + Zadij (x)dx;dx;,
i=1 i

where A(z) = (d;;(z)) € Sym"(T%) and Sym" (T%) is the space of symmetric n x n matrices whose entries
are in C"(Tg). We define the C"-norm on Sym"(T%) as [|Allcr = 37, [dij|cr, where the |- [cr-norm is
the usual one. With the C"-norm, we introduce the sphere &” and the ball 8" in Sym"(T%) as before.

Theorem 1.3.  Given any small o > 0, there exist an ¢ and a cusp-residual set € C Sym' (T%) for

n = 3 such that for each A € € and given finitely many small balls of radius o in the unit tangent bundle
of (T%, dsgA), there exists an orbit of the geodesic flow visiting the balls in any prescribed order.

1) MSRI proceeding of “Hamiltonian systems, from topology to applications through analysis”, to appear.



Cheng C-Q et al. Sci China Math  August 2023 Vol. 66 No.8 1651

This theorem shows that a typical perturbation of the geodesic flow of the flat torus T% admits almost
dense orbits in the unit tangent bundle.
If we restrict only to conformal perturbations, i.e., the perturbed metrics of the form

ds?y = (1+¢eV) ) _dx on T,

i=1

where V € C"(T%), we have the following theorem.

Theorem 1.4.  Given any small p > 0, there exist an € and a cusp-residual set € C C"(T%) forn >3
such that for each V- € € and given finitely many small balls of radius o in the unit tangent bundle of
(T2, ds?,,), there exists an orbit of the geodesic flow visiting the balls in any prescribed order.

1.2 Historical remarks

Arnold first introduced the system

2 2

H(I,0,y,z,t) = % + % + (cosz — 1)(1 + &(siné + sint)) (1.2)
with (I,0;y,z;t) € T*T! x T*T! x T! in [1] and proved that the orbit exists with I(0) < A and I(T) > B
for any A < B. The idea is that when & = 0, the subsystem Hy = % +(cosz—1) admits a hyperbolic fixed
point (y,z) = (0,0) with stable and unstable manifolds (W# and W*) both the homoclinic orbit on the
energy level Hy = 0. When viewed in the phase space, this gives a normally hyperbolic invariant cylinder
(NHIC, see Appendix B) C = {(I,6,0,0)} C T*T? foliated by circles with constant I. Note that the
perturbation e(cosz — 1)(sin + sint) is special since it vanishes on the NHIC. When the perturbation
is turned on, the NHIC is untouched but the stable and unstable manifolds (W* and W") are made
intersect transversely for each I, and so are all nearby I and I’. Then the diffusion orbit can be found
by following the stable-unstable paths.

As the perturbation in Arnold’s example is special, it was then natural to ask if the similar result holds
if we replace the perturbation by a generic one and assume the presence of an NHIC. Such systems are
called of a priori unstable type in literature. The NHIC C persists under the perturbation, but the main
difficulty lies in the fact that the dynamics on the perturbed NHIC C, has a Cantor set of invariant curves
and nearby curves may have gaps of width O(/¢) by the KAM theory, while the stable and unstable
manifolds of each invariant curve can split at most in order &, and thus Arnold’s mechanism itself is
not sufficient. Orbits crossing the gaps were known to Birkhoff [11, Chapter VIII] and Mather [38], but
to utilize Arnold’s mechanism to cross the invariant curves, one has to show that stable and unstable
manifolds of all the invariant curves intersect transversely for generic perturbations, which is a highly
nontrivial problem since there are uncountably many invariant curves. This genericity problem was
solved by Cheng and Yan [17, 18] exploiting the regularity of weak KAM solutions with respect to the
cohomology classes. We refer the readers to the ICM talk of Bernard [8] for a survey of difficulties of a
priori unstable systems and Cheng-Yan’s contribution, and [7,22,24,28,42,43] for other works on a priori
unstable systems.

The study of systems of a priori unstable type is important for understanding the above conjecture,
since such a system can be obtained via a normal form in the part of the phase space where w(y) := 9yh(y)
admits n — 2 resonances, which gives rise to the result [10].

Definition 1.5 (Resonance). A frequency w(y) = % # 0 is said to admit a resonance relation, if
there exists an integer vector k € Z™ \ {0} such that (k,w(y)) = 0 at the point y. The number of linearly
independent resonance relations is called the multiplicity of the resonance. A nonzero frequency is called
a complete resonance point if the multiplicity is n — 1.

However, these regions of (n — 2)-resonances are not connected and it is not avoidable to encounter
complete resonances. In particular, when n = 3, only single and double resonances occur and a priori
unstable systems can be used to model the single resonance. An energy level {h(y) = E} is a 2-sphere, on
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which a resonance relation (k,w(y)) = 0 determines a curve and for some y there is a second resonance
k'. Arnold [3] identified that the main difficulty for proving the conjecture is the double resonance, where
the problem is reduced to a nonperturbative mechanical system of the form of two degrees of freedom

Gly) = 5 Ay ) V0, boy) €T, (13)

where A is positive definite and max V' = 0. We derive this subsystem in Section 6.

Mather [39] announced a version of Theorem 1.2 in the case of n = 3 for C" perturbations with r =
3,4,...,00,w, and made the following main contributions among others: (1) developing the variational
method for twist maps and Tonelli Lagrangian systems, now known as the Aubry-Mather theory and the
Mather theory, respectively; (2) formulating a notion of cusp-residual genericity; (3) the partial result on
dynamics around the strong double resonance, such as minimal homoclinic orbits for degenerate Jacobi
metrics [40], corresponding to the case of the zero energy level of the system (1.3). However, Mather was
not able to fulfill his announcement. Theorem 1.2 with n = 3 was proved by the first author in a series
of works [13-15,20]. In particular, the author discovered a mechanism for crossing the strong double
resonance (see [13] and Figure 1) which also plays an important role in the present paper. There is also
another work [32] following the strategy outlined by Mather.

We emphasize the role played by the genericity argument of [17,18] (reproduced in Appendix E) in our
work, which is the only currently known method to establish the genericity in the variational approach.
It relies crucially on the Aubry-Mather theory for twist maps in T*T! (essentially Lemma E.8), which
is why we have to perform n — 2 steps of reductions of orders to search for NHICs homeomorphic to
T*T!. An improvement of the argument to Mané perturbations (see [13, Theorem 4.2]) allows us to get
Theorems 1.3 and 1.4, as well as the C"(T™) part of Theorem 1.2. It needs to construct bump functions
as perturbations, which is the main obstruction to proving Arnold diffusion for analytic perturbations.
It also plays an important role in other experts’ work such as [10,32].

1.3 The outline of the proof

In this subsection, we give an outline of the proof.

The starting point of the proof is a normal form package which we expect to have wide applications
beyond Arnold diffusion. The package includes a KAM normal form around resonances and a number of
symplectic transformations and reductions.

The KAM normal form dictates that close to y* where w(y*) is resonant against integer vectors
ki,...,kn, a symplectic transformation can be introduced to transform the Hamiltonian to the one
with the same unperturbed part but with the perturbation dominated by I, . &, P where Ilg, g, is
the L2-projector to the Fourier modes in span{ks, ...,k }. In particular, for the single resonance, i.e.,
m = 1, the normal form package gives us a Hamiltonian of a priori unstable type and the nondegenerate
global maximum of IIx, P(y, -) corresponds to an NHIC homeomorphic to T*T"~! when y is varied.

O(e?) — O

Figure 1 (Color online) The n = 3 case. The green curve encloses the flat of the a-function of (1.3), and the red curve
is of cohomology equivalence



Cheng C-Q et al. Sci China Math  August 2023 Vol. 66 No.8 1653

The n = 3 case was outlined above, and we proceed to the case of n > 3. We find normally hyperbolic
invariant cylinders (NHICs) are \/e-away from the complete resonance (the resonance with multiplicity
n — 1) and study the dynamics within a y/z-neighborhood of the complete resonance.

First, away from the complete resonance, using a scheme of reductions of orders, we find two-
dimensional NHICs restricted to which the time-1 map of the system is a twist map and construct diffusion
orbits as in a priori unstable systems. The idea of the scheme is to consider the frequency path along
which there are at least (n — 2) linearly independent resonant integer vectors k', k”,..., k("2 ¢ 7"
forming a hierarchy |[k(| < |[k(+1)|, i = 1,...,n — 3 except that for finitely many points, there are
(n — 1) linearly independent resonant integer vectors forming such a hierarchy |k¢| < |k**|, i # j with
two vectors having comparable lengths. We show that for any two balls in the frequency space of a
given energy level, there is such a frequency curve with a hierarchy structure shadowing a path with
the Diophantine property (see Lemma 13.1). The hierarchy structure allows us to treat Wy g e+ P
as a small perturbation of Wy v e P 80 that the NHICs in the latter system persists also in the
former. With the persistence and symplecticity of the NHICs (see [23]), we restrict the Hamiltonian to
the NHICs to get a system of fewer degrees of freedom. By repeated reductions of orders utilizing the
hierarchy structure, we eventually obtain two-dimensional NHICs.

Second, the dynamics near the complete resonance, with the existence of NHICs unknown, is much
more delicate. In particular, repeated order reductions are not allowed near the complete resonance due
to the lack of regularity of the NHICs after the first step of the order reduction (generically only C'* by
Theorem B.2 of the normally hyperbolic invariant manifold (NHIM)). The mechanisms of crossing the
double resonance in the n = 3 case are not sufficient to cross the complete resonance here. Indeed, when
viewed in the space of cohomological classes, the two channels corresponding to two NHICs in the phase
space that we would like to find orbits to connect typically have a misalignment in the extra dimensions
so that they cannot be connected by the paths constructed in [13] (see Figure 1). To overcome this
difficulty, we find a new mechanism to bridge the channels complementary to the paths obtained by the
mechanism of [13] (the blue path of Figure 2).

A main disadvantage of our proof is that the speed of the diffusion orbits gets slowed down as the
dimension n gets larger, which is unnatural considering statistical physics. This is because the argument
relies crucially on the complete understanding of the Aubry-Mather sets in the two-dimensional case. So
we propose the following open problem.

Open problem 1. Find an effective proof of the main result, which does not rely on the Aubry-Mather
theory for twist maps and gives more abundant and faster diffusion orbits as n gets larger.

In the conclusion part of the main theorems above, we only get g-dense orbits for small enough e.
One may wonder whether we can get dense orbits, which would verify the quasi-ergodic hypothesis. The
following problem was asked by Herman [29].

Open problem 2 (See [29]). Find a C*°-Hamiltonian H in any small C*-neighborhood k > 2 of
Hy(r) = 1/2||7||* such that the Hamiltonian flow has a dense orbit on H~1(1/2). One may even ask
whether a generic Hamiltonian does so.

Channel

Tadder

Channel

Contour line for cohomology equivalence

Figure 2 (Color online) The pizza and the ladder climbing in the n > 3 case, which project to Figure 1 on the c¢1-c2 plane
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The analytic case was announced in [39] but remains open until now. Built on our work on the phase
space dynamics, the main difficulty is to extend the genericity argument of [17,18] to allow analytic
perturbations. Furthermore, the convexity is assumed for the purpose of applying the variational method.
However, this excludes lots of interesting integrable systems with singular fibers (see [25]). Thus we
propose to study the following open problem.

Open problem 3. Study the problem of Arnold diffusion for perturbations of more general integrable
systems, for example, Hitchin integrable systems [31] and quantum integrable systems, etc., in the analytic
category.

2 The proof of the main theorem

In this section, we prove the main theorem based on some propositions. Please refer to Appendix A
for a brief introduction of the Mather theory where more notations are given including the Tonelli
Hamiltonian H and Lagrangian L, minimal measures, cohomology class ¢, rotation vector h, Mather sets
M(c) and My, Aubry set A(c), Maiié set N(c), a- and S-functions, weak KAM solutions u¥ and barrier
functions B, etc. To proceed, it is important to keep in mind the dictionary in Table 1.

Notation 1.  Our convention of using | - | is as follows:
e It is the usual absolute value when applied to real or complex numbers.
e It is the /1 norm when applied to an integer vector k € Z™ which is a row vector.
e It is the /o, norm when applied to a frequency w € R™ which is a column vector.
We use || - || to denote the Euclidean norm.

2.1 The general strategy

Given two points y' and y” with h(y’) = h(y”) and a small number ¢ > 0, we wish to find an orbit
{(z(t),y(t)), t €10,T]} of the system (1.1) for some time T such that |y(0) —y'| < g and |y(T) —y"| < o.
Let Br(0) be an open ball of radius R centered at the origin where R is chosen such that y',y"” € Bgr(0).
Then the map w := 0h : Bg(0) — w(Bgr(0)) is a diffeomorphism by the convexity of h. For the integrable
system (¢ = 0 in (1.1)), the vector w(y) is the frequency of the rotation z — = + w(y)t mod Z", t € R
on the torus T" x {y}, so we call w(Br(0)) the frequency space. Therefore to find the path {y(t)}7_,
connecting neighborhoods of ¢ and y” in the perturbed system, we can instead find a path in the
frequency space connecting neighborhoods of w(y’) and w(y”).

For the nearly integrable system (1.1), the action variable y is not conserved, nor is w(y). Instead, we
use the cohomology class ¢ € H!(T",R) as a substitute of the action variable y, the homology class (or
called the rotation vector of the Mather set) h € Hy(T",R) as a substitute of the frequency w(y) and the
a-function as a substitute of the unperturbed Hamiltonian A(-). In fact, when ¢ = 0 and we choose y = ¢,
then the unperturbed Hamiltonian h(y) = a(c) and w(y) = dh(y) = da(c), and the Aubry set A(c) is
exactly the invariant torus T™ x {y} and it has the rotation vector h = da(c) = w(y). When € > 0,
though y(t) is no longer conserved, we can still associate an Aubry set /Nl(c) with each cohomology class ¢
and there are a well-defined a-function a : H!(T",R) — R and its Legendre dual 3 : H;(T",R) — R.

Table 1 The dictionary of hyperbolic and variational objects

Hyperbolic objects Variational objects
The hyperbolic invariant set The Aubry or Mather set
Stable/unstable manifolds Graphs of differentials of weak KAMs
Intersections of stable/unstable manifolds Critical points of the barrier function

Minimal homo- or hetero-clinic orbits The Mané set\the Mather set
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2.2 The abstract variational framework

In this subsection, we explain our variational mechanisms of constructing orbits connecting two Aubry
sets.

Roughly speaking, a generalized transition chain is such a path I': [0,1] — H'(M,R) that for any
5,5 € [0,1] with |s — s'| < 1, the Aubry sets A(I'(s)) and A(T'(s')) are connected by an orbit. Let
us formulate the definition of the generalized transition chain for the autonomous Tonelli Hamiltonian
H:T*M — R where M = T™ with n > 3 (the nonautonomous version is given in Appendix D). To use
the variational method, we perform a Legendre transformation to obtain a Tonelli Lagrangian system
L : TM — R which defines the Euler-Lagrange flow ®% : TM — TM, t € R. An orbit (v,%) of the
Euler-Lagrange flow ®} is said to connect two Aubry sets if the a-limit set of the orbit is contained in
one Aubry set and the w-limit set is contained in the other.

Definition 2.1 (The generalized transition chain: The autonomous case).  Two cohomology classes ¢, ¢/
€ HY(M,R) are said to be joined by a generalized transition chain if there exists a continuous path
I':[0,1] — H'(M,R) such that I'(0) = ¢, I'(1) = ¢’ and a(T'(s)) = E > mina, and for each s € [0, 1], at
least one of the following cases takes place:

(H1) In some finite covering manifold # : M — M, the Aubry set A(I'(s)) consists of two classes
A1(['(s)) and As(T'(s)). There are two open domains N; and Ny with Ny N Ny = (), a decomposition
M = M; x T¢, (n — ¢ — 1)-dimensional disks {O,, C M;} with O,, N O, = B, an (n — 1)-dimensional
disk Dy and two small numbers 5, 6, > 0 such that

(i) the Aubry sets A1 (I'(s)) C N1, A2(I'(s)) € No and A(I'(s")) C (N1 U Na) for each |s" — s| < d;

(ii) #N(T(s), M) |p.\(A(T'(s)) + &%) is non-empty, of which each connected component is contained in
O,, x T*, where +4’, means a §’-neighborhood;

(iii) (I'(s") — I'(s),g) = 0 holds for each g € Hy(M, M;,R).

(H2) For each s’ € (s — d5,5 + d5), the cohomology class I'(s") is equivalent to I'(s): some section X
and some small neighborhood U of N (I'(s)) N X exist such that (I'(s") — I'(s),g) = 0 holds for each
g€ H1(U,Z).

Remark 2.2. (1) Item (H1) with ¢ = 0 is a variational reformulation of Arnold’s mechanism
(see [1]) which relies on the existence of NHICs on which Aubry sets lie and (H1)(ii) is the variational
characterization of the transverse intersection of the stable and unstable manifolds of the Aubry sets.

(2) Item (H2) is called cohomological equivalence (c-equivalence), which will be used in Section 7.

(3) The case (H1) with ¢ > 0 is a generalization of Arnold’s mechanism by allowing the stable and
unstable sets of the Aubry sets to have incomplete intersections in the sense that the stable and unstable
sets are allowed to merge in the T¢ components and are only required to intersect transversely in the M;
component.

Once such a generalized transition chain exists, one can construct connecting orbits.

Theorem 2.3 (See [13,34]). If ¢ is connected to ¢ by a generalized transition chain T’ as in
Definition 2.1, then

(1) there exists an orbit of the Lagrange flow dvy := (v,%) : R = TM which connects the Aubry set
A(e) to A(c"), namely, the a-limit set a(dy) C A(c) and the w-limit set w(dy) C A(c);

(2) for any c1,ca,...,ck €T and arbitrarily small 6 > 0, there exist times t1 <ty < --- <t} such that
the orbit dvy passes through the §-neighborhood of the Aubry set fi(cl) at the time t = t;.

For the sake of completeness, we include a proof in Appendix D.3.

The framework is a bit abstract. We illustrate it using Arnold’s Example 1.2. We lift the system to
T*T x T*2T x T, and thus the NHIC has two copies C; = {(1,6,0,0)} and C, = {(I,6,0,2m)}, where
I € [A,B] and 0 € T*. We consider the path T : [0,1] — H!(T?,R) of the form {(I,0)} and for each I, the
Aubry set A(I,0) consists of the two circles {(I1,6,0,0)} and {(I,6,0,27)}, where § € T'. The Mané set
satisfies Item (H1)(ii) if the e-perturbation is turned on by the transverse intersection of the stable and
unstable manifolds of the two components of the Aubry set. Thus by Theorem 2.3, we get the diffusion
orbit in Arnold’s example.
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2.3 Existence of the generalized transition chain

We have the following more elaborative statement on the existence of the generalized transition chain.

Theorem 2.4.  Let the Hamiltonian system H = h+eP € C"(T*T",R) be as in (1.1) restricted to the
energy level E > min h. For any o > 0 and any M open balls By, ...,By of radius o centered on h™1(E),
there exist some g9 > 0 and an open and dense set R C &" such that for each P € R, there exist an ep
depending on P € C™ continuously and a residual set Rp C (0,min{ep,e0}) such that for all € € Rp,
the following hold:

(1) There exists a continuous frequency path {w(t)} C Hy(T™ R) with 08(w(t)) € a~*(E), t € [1, M]
satisfying

(@) wHw(@)NB; #0,i=1,2,...,M;

(b) each point w(t) is resonant with multiplicity at least n — 2. There are finitely many marked points
on w(t) denoted by wy,...,wn, where m is independent of €, that are resonant with multiplicity n — 1.

(2) On the energy level E, there are finitely many disjoint CT™=1 normally hyperbolic invariant cylinders
(NHICs, see Appendiz B) homeomorphic to T*T x T.

(3) For each w; (i=1,...,m), there exists a A\; > 0 such that

(a) the Mather sets of rotation vectors w(t) with |w(t) —w;| = A\iv/e for alli =1,2,...,m, lie in the
NHICs;

(b) any continuous curve lying in the interior of {0B(w(t)) | |w(t) — wi] = NivE} C a”Y(E) is a
generalized transition chain satisfying (H1);

(¢) the two neighboring connected components {0B(w(t)) | |w(t) — wi| = \iv/e} C a™H(E) near 08(w;)
are joined by a generalized transition chain satisfying (H2).

Next, we explain how the main Theorem 1.2 follows from this theorem.

Proof of Theorem 1.2.  Indeed, given balls By, ..., By of radius g centered on h =1 (E), we first construct
a frequency path w(t) (t € [0, M]) as stated. By Items (3)(b) and (3)(c) of the above theorem, there
exists a continuous curve of the generalized transition chain visiting small neighborhoods of 98(w(7))
Ca Y(E),i=1,...,M. By Theorem 2.3, we see that once a generalized transition chain is known to
exist, an orbit can be constructed by shadowing Aubry sets whose cohomology classes are on the chain.
By Item (1)(a) and Subsection 2.1, such an orbit necessarily visits the two balls By, ..., By as ordered.
This proves Theorem 1.2. O

The remaining part of this paper is devoted to proving Theorem 2.4. In the main body, we complete a
proof for n = 4 in Section 11, which contains essentially all the main ideas. The proof for general n > 4
is given in Appendix C.6.

3 The KAM normal form

In this section, we derive the KAM normal form (see Proposition 3.3), which roughly says that if the
frequency vector w* admits only resonances ki, ..., k;,, then only Fourier modes in the span of these
integer vectors would dominate. The normal form belongs to our general normal form package, which
allows us to reveal the rotator + pendulum structure near a resonance. The package has wide applications
beyond the purpose of Arnold diffusion. It includes the following;:

(1) The \/e-blowup (see Subsection 3.1): this is to restrict to an O(y/€) neighborhood in the action
space and blow it up to O(1) size. The outcome is Proposition 3.2 below, which has the structure of
kinetic energy + potential energy up to an O(y/¢)-perturbation.

(2) The resonant normal form (see Proposition 3.2): this is to introduce a symplectic transformation
to suppress all the nonresonant Fourier modes in the potential energy.

(3) The linear symplectic transformation and the shear transformation (see Subsection 5.1): this is
to perform two linear symplectic transformations to reduce the normal form into a slow-fast system up
to a perturbation, where the slow part is a nonperturbative mechanical system independent of € (see,
e.g., (1.3)) and the fast part is integrable whose dynamics is rotating with speed O(e~1/2).
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(4) Normal hyperbolicity: in the slow part obtained in Item (3), a nondegenerate maximum point

of the potential gives rise to a hyperbolic fixed point in the slow part which further gives rise to an
NHIC in the full system. The NHIC persists under small perturbations by the classical hyperbolic theory
(see Appendix B).
We remark that this normal form package is completely elementary, which does not involve the variational
theory. We apply the variational theory to construct the diffusion orbit in the system after applying the
normal form. It is known in [6] that the variational invariant sets such as the Mather set, the Aubry set
and the Mané set are invariant under symplectic transformations.

3.1 The +/e-blowup

We first introduce the C"-norm (r € N) as follows.
Definition 3.1 (The C"-norm). For a function f(z,y) defined on a domain D x T", we define the C”

norm as o
3 f
e msup (325 w01+ 1),
kEZ™ |a|+|B|<r
where f* is the k-th Fourier coefficient and we use the multi-index notation z® = z{*...x%" for

a=(ar,az,...,an), B=01,82,...,8n) €EZ", a;, f; 2 0and i =1,2,...,n
Fix y* € h™1(E). We introduce the \/-blowup
—y*i=eY, t=171/\e, H(z,y)=-¢eH(z,Y), (3.1)
where Y, 7 and H are the blowed-up action variable, time and Hamiltonian, respectively. The +/z-blowup
is done in the region ||y — y*|| < /A so that ||Y|| < A.

Notation 2.  We use the notation | - |, to denote the C” norms with respect to the variables x and Y’
in the blowup system.

Proposition 3.2.  The Hamiltonian after the \/e-blowup becomes

h(y* 1 1
H(z,Y) = ") + — (", Y) + = (AY,Y) + V(z) + P(z, VeY), (3.2)
€ NG 2
where
(1) h(g ) 4+ %(wﬁY) 1(AY,Y) is the first three terms of the Taylor expansion of h(y) around y*;
(2) w* = G (y");
2
(3) A= Tg(y*) is a positive definite constant matriz;
(4) V(x) = P(SC Uk
(5) [Plr—s < Cra(|Plor + |hler) Ve
Proof.  The first four items are evident. We now focus on Item (5). The term P has a decomposition
P=Pr+ P,
where .
€
Pr = (A" + VEY) = o)~ VEG,Y) - Slav.y))
Ve / 2
== YY) (tVeY + y*)t°dt

Prr = P(z,y" +VeY) — P(z,y") < / o xth+y)dt>
We have the following estimates:

Plal+1slp,, 18]+1
——————| < CsAlPler , 0< -1,
‘ 920y B 5.4 Plorve Bl <r

‘aﬁpf

oY s

< Cﬂ,A|h|cr\/5wH, 0< Bl <r—3.
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Putting these estimates together we get the estimate in Item (5). O

In the following, we assume that |P|cro < 1.

3.2 The KAM normal form

In this subsection, we work out a general normal form.

Notation 3. (1) Given a collection of linearly independent irreducible integer vectors k1, . .., k,, € Z",
m < n and a function f € C"(T"), we denote by Ik, . g, f the function consisting of Fourier modes of
f in spang{ki, ..., kn}.

(2) We denote by Ik, .k, C"(T™) the space of C"-functions on T" consisting of Fourier modes in
spang{ki,...,kn}, and it is similar for I, g, C"(T*T™).

(3) We use C" to refer to either of the function spaces C”(T*T™) and C"(T").
Proposition 3.3 (The KAM normal form).  Let kq, ...,k be m (< n) linearly independent irreducible

integer vectors. Given any small &, there exists an g9 = £9(d, A) such that for all e < eq, the following
holds. Let w* = Oh(y*) satisfy the following:

[(k,w*)| > e'/3, VkeZb \spang{ky,... . kn}, K=(5/3)"2. (3.5)

Then there exists a symplectic transformation ¢ defined on Bx(0) x T satisfying |¢ — id|,,_1 = O(/9)
and sending the Hamiltonian H in the equation (3.2) to the following form:

1 1
Ho¢(z,Y) = %@*,Y) + §<AY, Y) + 1k, &, V+0R(x,Y), (3.6)

where

(1) the remainder 0R(z,Y) = dR;(z) + 6R;1(z,Y), and 6R; consists of all the Fourier modes of V not
in the set spang{ki,...,kmn}UZY;

(2) the remainders Ry and Ryr satisfy |Ry|ro—2 < 1 and |Ryrlry—5 < 1.

The point of the normal form is that if the frequency vector w* admits only resonances k1, ..., Kk,
then Fourier modes Ilg, . &, V would dominate.

Proof of Proposition 3.3.  We decompose the Hamiltonian (3.2) as follows:

1 1
H= %«’J*a Y> + §<AY7 Y> + Hkl,...,ksmv + R< (l‘) + R> (Jj) + P(x7 \/gy)a
where
(1) R<(z) + R~ (x) consists of all the Fourier modes of V(z) in Z™\spanz{ki, ..., kmn};
(2) the Fourier modes with
k e 7} \ spang{ki,... , kn}

are put in R¢ and those in Z" \ (spang {ki, ..., kmn} UZY) are put in R-.
We have the estimate |Rs|,,_» < d since we have K = (§/3)71/2,

Only one KAM iteration is enough. We use a new Hamiltonian /¢ F whose induced time-1 map ¢1/EF
gives rise to a symplectic transformation

Ho gl = Ht VE(H, F} + g/o (1 O){{H, F}, F}(@' )t

1, 1 , OF
= $<w ,Y>+§<AY,Y>+H1¢1 ,,,,, ka+<w ’8x>

+ R<(z) + R () 4+ P(x,VeY)

N \@<AY . ;l; 6;;> + g/o (1= O{{H, F}, F}(@' 2 )dt,
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where F' satisfies the cohomological equation
oF
R —)=0.
< (.’L‘) + <UJ g >

Notice that F' is a function of x only. Notice also that |P|cr < 1 and V(z) = P(z,y*), so we get
VE|F|,, <e'/% by solving the cohomological equation with (3.5).
Let 0R; = R~. So we have |Ry|,—2 < 1. Let

ORrr = P(z,1/eY) + \f<AY+ g)P/ ZF> + 5/ (1—-t){{H, F}, F}( —p)dt.

We have
(1) |P|r,—3 < Ce'/? by Proposition 3.2;
(2) using the derivative estimates of F' and the fact that |Y|| < A, we find

= 0(e/%);

—4

oP OF
‘\/<AY+8Y ad >

(3) since {H, F} = {J=(w",Y) + 3(AY.Y) + V(2) + P, F'}, we find

S [ a-otn LR —oE)

’I“(]75

Therefore, we have |6R7;],,—5 = O(¢}/%) and can make the term 6R;; less than § in the C"~° norm by
decreasing €. The proof is now completed. O

4 The initial construction of the frequency line

The frequency path w(-) in Theorem 2.4 is constructed inductively. In this section, we perform the first
step of the construction.

Definition 4.1 (The Diophantine vector). =~ We say that a vector v € R, d > 1 is Diophantine, if there

exist a, 7 > 0 such that
@

Lk

(v, k)| > VEk ez {0}. (4.1)

We define v € DC(d, o, 7).

In this section, we start with a Diophantine vector w* = (w},w3,...,w?) up to a scalar multiple and
find in its p-neighborhood a frequency path w_ admitting at most two resonances along which we move
the first entry arbitrarily. Once we know how to move the first entry arbitrarily, the same strategy can
be applied to moving the other entries one by one, and eventually, we can arrive at the g-neighborhood
of another Diophantine vector.

Throughout the paper, we use the following notations.

Notation 4 (The hat notation and the tilde notation). We fix the meaning of the hat notation and
the tilde notation throughout the paper. For a vector v = (v1,...,v,) € R", we write v = (0;, On—q),
where we have 0, _; = (Vi11,Vi42,...,0,) € R" " and ¥; = (vy,...,v;) € R for 1 <i < n. We omit the
subscript i if i = 2.

4.1 The choice of the frequency path and its number-theoretic property

For given p,7 > 0, let @ > 0 be a small positive number. Consider the frequency segment w_ € R™ of
the form

Q\’B

P * * * ! *7 *
Wapa<a; @&)2 Wo, W, 3) , P.Q,pqeZ, ac [wl 7Q7w1f+9]7 (42)
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W g = (wi,...,wr) € DC(n —3,a,7) and @} _, = (w3, _5) € DC(n — 2,a, 7). Here, the scalar p, is
chosen such that h(w=!(w_)) = E. We choose g and % such that |g — 1] < 0/2 and |2w} — w3| < 0/2
and in addition g.c.d.(p@, Pq) = 1.

The scalar p, does not affect the resonance relations. Since we know that y lies on an energy level E
and the energy hypersurface h =1 (E) encloses a convex set containing the origin, the equation h(w=!(w_))

= E, w(y) = 0h(y) determines uniquely p,. For example, when h(y) = %||y||?, we easily see that

2
V2E

”(av %wgv %wévw;kl—?;)” .

Pa =

Since we assume w’_, € DC(n — 2,a,7), we have at most two resonances as a varies in an interval.
We always have the first resonance given by the integer vector k' = (0, Qp, —qP,0,,_3). The g.c.d. of all
the components of k' is 1. Then we have

1 0 0 0,3 a a
—qP 0,_ s 0
@ —qP Ons ai || 0, (4.3)
) 0 ) r ) s Op—s ) 0W2
0n—3 0n—3 0n—3 idn—?) ‘:):;,73 d);klf3

where r and s are such that sQp + rq¢P = 1. We denote the n x n matrix by M’ € SL(n, Z).
4.2 The double resonance, away from triple or more resonances

In this subsection, we consider the vector (4.2) at the double resonance. We fix some large number K
and define Z% = {k € Z" | |k| < K}. As a varies in an interval, we may encounter double resonance
points

{wa | (k,wa) =0 for some k € Z} \ spany{k'}}.
There are finitely many such double resonance points, whose number depends only on K.

In this paper, we only consider those resonant integer vectors that are irreducible.

Definition 4.2. An integer vector k € Z™ \ {0} is called irreducible if its entries have no common
divisor except 1.

The next lemma shows that for fixed K, points along the frequency line w_ are uniformly bounded
away from triple or more resonances.

Lemma 4.3.  Let an irreducible vector k° € Z \ spany{k'} be the second resonance of w_ at some
point a = a°, i.e., (k° w°) =0 for w® := wgo. Then there exists a p = u(q,Q, K, 7,a, M') such that for
all k € Z% \ spang{k', k°}, we have the estimate

(K, )| > 2K p (4.4)

Proof.  We use the linear transformation (4.3) to convert w, to the vector

t
1
wt/l = M/wa = Pa <CL, 07 @UJ;, ('2):;—3> .

Define k° = (k9,kS, ..., k%) := k°M'~! so that we have

0= (k° w’) = (K°M'™' M'w°) =: (k°,w'°).

We have k9 # 0 since otherwise (k° w.) = 0 for all a, which is impossible considering that &* , is
Diophantine. We want to bound |(k,w®)| from below for all

k= (ki ka,... kn) € Z} \ spang{k', k°}.
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We set k = (k1, ko, ..., kp) == kM'~? to get (k,w,) = (kM'™!, M'w,) = (k,w!).

We introduce a new vector k = k — ’%ico = k—lo(l%fl; — k1k°). The new vector
1 1

];’fiﬂ = ];i)’;: — ];1’;20 = (0, ]762, 1%3, kn,?,) ez

has zero first entry. We further introduce a new vector k= (0, ks, I%g,qQI;n,g) € Z™. We estimate the
norm of k as

k| < qQIETk — kik°| < 2qQIK°] - [k| < 2qQ(| M| - K)*.
Using the Diophantine conditions and the fact that w! has zero second entry, we have

o 7. o 7. o 1 7.01, 7. 1.0 o
[(k,w)] = [(k, w")| = [(k,w")| = = (k7 = kik ),w'®)
1

Pa 1. * Ak lnf Pa &
= T|<ka (0,0,(&12,&)”_3»‘ > +:7
k1QQ kjqu ‘k|'r
ainf, p,
> : 4.5
27(qQ) T ([ M || oK) 4 (4.5)
To get the statement, it is enough to define the right-hand side by 2nKu. 0

Finally, we have the following fact.

Lemma 4.4. Let k° and w° be as in Lemma 4.3. Then there exists a matriz M° € SL(n,Z) such that
M" .= M°M' € SL(n,Z) has the first row k° and the second row k'.
Proof.  Define w'® = M'w® and k° = k°M’'~. We have (k° w°) = (k°M’'~*,w'a®) = 0. We set the
second entry of k° to be zero and treat it as a vector in Z"~!. We claim that we can find n — 2 integer
vectors in Z" ! spanning unit volume together with ke. Indeed, suppose, without loss of generality,
the first two entries ki, ko of k° are nonzero and have common divisor 1. This is always possible after
permutations of entries. Then using the Euclidean algorithm, we find two numbers s; and s, such that
k159 — kosy = 1. Extend s; and sy by adding zeros to a vector in Z" ! as the second row of the matrix
and for the remaining rows, we put 1’s on the diagonal and zeros off the diagonal. This gives the desired
matrix.

By adding 0 as their second entries, we extend these vectors to be n-dimensional and put these vectors
together to get an nxn matrix M° whose first row is k° := k°(M’)~!, and the second row is (0, 1,0,...,0),
and it satisfies the properties stated in the lemma. O

4.3 Resonance submanifolds and their neighborhoods

Next, we find a number p as the size of the neighborhood of the single resonance manifold to apply the
KAM normal forms.

Notation 5. We use the notation B, (a) to denote a ball of radius p centered at a and the notation
B,(A) := U, Bu(a) to denote the p-neighborhood of a set A.

Notation 6. Denote by w? (i = 1,...,m) all the double resonances along w_ for given K above.
Without the subscript ¢, we use w® to denote any one of them. It is similar for k° and k.

Lemma 4.5. Letw_, K, k' and k° be as above. Let (k°)* be the (n— 1)-dimensional space orthogonal
to the vector k°. Then there exists a p such that

(1) for all w in the neighborhood D' := B, (w_) \ U, Bo1/s(w? + (k¢)1) and for sufficiently small e, we
have

|(k,w)| >e/3, VkeZ¥ \ spany{k'};
(2) for allw in D" := B, (w_) N B.s(w® + (k°)1) and for all k € Z7 \ span, {k’, k°}, we have

(k)| > nKp. (4.6)
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Proof.  Part 1. We consider two cases depending on whether k in the assumption is one of the double
resonant vectors k° or not.

First we suppose k = k°. Then we get [(k,w)| = |(k,w®) + (k,w — w°)| = |(k,w — w°)|. By the
assumption, the projection of w — w® to the vector k° has the length at least €!/3. This completes the
proof in the case k = k°, since we have |k| > 1.

Next, suppose k # k°. Consider the case where the first entry k; of k is 0. We have that the vector

1

kM'~! has zero first entry and M'w, = (a, 0, 20W3, Wy, _3) has zero second entry. We have the estimate

[(kywa)| = [(kM'™Y M'w,)| = 2nKpu (4.7)
using the Diophantine property of (w3, @’ _5). We get
[k, w)| = [(k,wa)| — [(k,w — wa)| = 2nKp — nKp > /3. (4.8)

Next, consider the case k1 # 0. We change the first entry a of w, to a° := a — % to get another

frequency vector w® = wgo. We have by definition (k,w®) = 0. This contradicts the assumption that
k #k°.

Part 2. For given w as assumed, we have |w — w®| < p. As k € Z% \ spang{k’, k°}, we have the
following estimate:

[(k,w)| = [(k,w%) + (k,w — )| = [(k,w")| = [(k,w —w®)| > 2nKp —nKp > nKp,

where in the first inequality, we apply Lemma 4.3 and in the second inequality, we apply the definition
of p. O

5 The reduction of orders for single resonances

In this section, we carry out the last step in the normal form package and obtain the NHIC of
codimension 2 in the single resonance regime. Let w_, k' and k° be as in Section 4.

Definition 5.1 (Resonance submanifolds). (1) We define the single resonance submanifold associated
with the vector k’:

S(K') == {y € hH(E) | (K, w(y)) = 0}.

(2) In the single resonance submanifold, we define the double resonance submanifold for the resonant
vectors k' and k°:

Sk k%) = {y € kN (E) | (K, w(y)) = (k%,w(y)) = 0}.

Consider the p-neighborhood B, (w-) of the frequency line w_. In the space of action variables, its
preimage under the frequency map w is w™!(B,(w-)). We fix a large constant A > 0 and cover the
set w™ (B, (w-)) by balls of radius Ay/e. We choose the covering to be locally finite and the Lebesgue
number of the covering to be 0.1A/¢ so that any ball of radius 1/20A+/¢ lies entirely in the Ay/e-ball
that it intersects.

5.1 The main result

The next result establishes the existence of NHICs.

Proposition 5.2.  There exists an open and dense set O1 = O1(k') C I/ C" such that for each P € C”
with I P € Oy, there exists a 61 = 01(Ilg P) such that for all 0 < § < 01,

(1) the system (5.1) (see Lemma 5.3 below) based at a point y* € (k') and defined on B (0) x T"
admits a C™~Y NHIC C(k') homeomorphic to T*T"~* with uniform normal hyperbolicity, independent
of § ore;

(2) Mather sets with rotation vectors in {e~/2w(y* + 2Y), ||V < 0.9A} and perpendicular to k' lie
inside C(K').
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The proposition follows from the normal form for the single resonance and a parametric transversality
theorem.
We apply the normal form Proposition 3.3 to the case (1) of Lemma 4.5.

Lemma 5.3. Letw_ and p be as in Lemma 4.5, where K = (6/3)7'/2 for a small §. Then there exists
an g1 = €1(d, A) such that for e < e1, the following holds. Let w* € D' be as in the case (1) of Lemma 4.5.
Then there exists a symplectic transformation ¢ defined on By (0) x T™ that is 0.—o(1) close to identity
in the C™ norm, such that

Hoo(n,Y) = %w,m + %(AY, YY)+ V(K ) + 0R(z, V), (5.1)

where

(1) V((K',2)) = T V;

(2) R(z,Y) = 5R1( )+ 0Rrr(z,Y), where Ry consists of Fourier modes of V not in spang{k'} UZ%
and we have |Rr|yo—2 < 1 and |Rrr|pe—5 < 1.

Using Formula (4.3), we introduce a linear symplectic transformation denoted by 9 : T*T™ — T*T",
e, M (z,Y)=(Mz,(M")Y)=:(2,Y").

In (5.1), we choose y* € X(k') such that w™ = M’'w* has zero as the second entry. Applying the
symplectic transformation 9 to the normal form (5.1), we get the following system up to an additive
constant:

L= "THoo¢ = %(w’*, Y') + %(AY’,Y’) + V(zh) + 6R(2",Y"), (5.2)
where A = M'AM'" and R(z',Y") = '~ *R(z,Y).

For the purpose of getting the NHIC in Proposition 5.2, we need V(-) to have a nondegenerate global
maximum. Since V(-) = M~ P(y*,-), where y* € w™!(w_), we need the following result from [20]
in order to find NHICs in the system Hj.

Proposition 5.4 (See [20, Theorem 3.1]). Let F(-,{) € C"(T*, R) with r > 4 be Lipschitz in the
parameter ¢ € [0,1]. Then there exists an open and dense set G C C"(T,R) so that for each V € 3, it
holds simultaneously for all ¢ € [0,1] that the global mazimum of F(-,{)+V is nondegenerate. Moreover,
given V € U, there are finitely many ¢; € [0,1] such that F(-,¢) + V has only one global mazimum for
¢ # ¢; and has two global mazima if ¢ = (.

The last result guarantees that V(-) has a nondegenerate global maximum for all y* along the path
w™!(w_). Note that when P is independent of y, the desired property for V follows easily from the Morse
lemma.

5.2 The proof of Proposition 5.2

With the above normal form and the parametric transversality result, we are ready to give the proof of
Proposition 5.2.

Proof of Proposition 5.2.  We first apply Proposition 5.4 to the function IIx/P along the segment
y € w H(w_) to get an open and dense set Op in I C" such that for each y, the function g P(y, )
€ O; admits a nondegenerate global maximum up to finitely many bifurcations, where there are two
nondegenerate global maxima. Let us now choose a P with I/ P € O; and determine V(z5) from IIg P
by applying the \/e-blowup and Lemma 5.3 so that V has a nondegenerate global maximum.

In (5.2), we neglect the remainder JR to get that the remaining system

1 1
WY + (A YY)+ V(ah)

HG ::\ﬁ

admits an NHIC given by

L, OV 1oAY, Y) &
’_
{1/2 = o =0, iy = 5 oV § Ao, Y _0}. (5.3)
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The normal hyperbolicity depends only on A and the second-order derivative of V' at the global maximum,
and hence does not depend on € or §. Restricted to the NHIC, we get a system with one fewer degree of
freedom due to Theorem B.4.

Let us now make preparations for the application of the theorem of the NHIM. The system H (without
the linear transformation) is defined in a A-ball in the Y variables since the y/z-blowup is done in a A/
ball. We introduce a C* bump function x supported in By (0) satisfying x(Y) = 1 if ||Y|| < 0.95A
and is zero for |Y]| > 0.98A. To apply the NHIM theorem, we replace the remainder 6R in (5.1) by
X(Y)(0R). The modified perturbation vanishes in the region {||Y]| > 0.98A} so that the dynamics therein
is integrable when restricted to the NHIC which is the unperturbed NHIC. We will show below how to
apply the theorem of the NHIM to obtain an NHIC for the modified system. Since the modified system
agrees with the original system on {||Y|| < 0.95A}, the NHIC for the modified system is indeed an NHIC
for the original system in the region {||Y|| < 0.95A}.

We next apply the NHIM Theorems B.2 and B.4. However, there is a subtle point. In the
Hamiltonian equations, the vector field in the center manifold is very fast: ¢ = % + O(1). This is a
nonstandard setting where the NHIM theorems are applicable. We present the statement and the proof in
Appendix B.2. The conclusions of the NHIM theorem still hold since the large term % is constant, which
contributes neither to the variational equation, nor the derivatives of the Hamiltonian flow, and hence
has nothing to do with the normal hyperbolicity. The perturbation R is é-small in the C"°~5 norm, so
its perturbation to the Hamiltonian vector field is d-small in the C™~6 norm. By the assumption r¢ > 7
and applying the NHIM theorem (see Theorem B.5), we get an NHIC which is C"~! and is é-close to the
unperturbed one in the C'-topology as the center Lyapunov exponents are zero.

In this case, we apply Theorem B.4 to restrict the system to the NHIC to get a Hamiltonian system
with one fewer degree of freedom. Note that here §; is determined by the normal hyperbolicity which
comes from the second-order derivative of V' at the global maximum, and hence ¢; is determined by 11z P.

Finally, we study the oscillation of the action variables of orbits in the Mather set. First, we know
that for the modified system, all the Mather sets with cohomology classes ||¢|| < A and rotation vectors
perpendicular to k' lie inside the NHIC, since these Mather sets necessarily lie in a small neighborhood
of the NHIC if § is small and a Mather set does not lie on the NHIC, the normal hyperbolicity will push
it away from the NHIC violating the invariance of Mather sets. We next show that within the NHIC, the
action variables of orbits in the Mather sets have the O(v/§) oscillation. Write the Lagrangian as

Le(z, &) = %(A‘l(sb — e V20 —0), (& — e V2w —¢)) — V(xg) — OxR — %(Ac, c) + afc),

where L.(z, %) := L(z,2) — (¢, &) + a(c) and

1
L(z, &) == 5<,4—1(:;: — e V2%), (& — e7V2w*)) — V(x2) — OXR.
Let 1 be a measure in the Mather set of the cohomology class c¢. Fix a large number C' and decompose
1 = p1 + po such that suppu; C {|| — e~ /2w* — ¢|| < CV/3} x T" and supppus lies in the complement.
Denote by f; = %i“i the normalization of p;, where m; = [du;, @ = 1,2. So we get the action
Ac(p) == [Ledp = my [ Ledfin + mo [ Ledfia. We always have [L.dii; > 0. For the second term, we

have
1

§(A_1(:'c — e 20 — ), (& — e V2wt —¢)) > C?|| A 716 /2
by the definition of ug and |V (22)|suppps | < €02 for some constant £, since the Mather set lies on the NHIC
and the NHIC undergoes an O(4) perturbation from the unperturbed one given by z3, a nondegenerate
global maximum of V. We denote by s the Haar measure supported on the torus {@ = e~ /2w* + ¢}
x {zo = x3} and we have A.(uo) = [ Lcdpuo = —3(Ac,¢) + a(c) + O(8) > 0. We also have sup |R| < 1,
so we conclude

1
/Lcdﬂg — A(po) = 502||A||—15 —05% — 6.
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Choosing C' large and ¢ small, we find that A.(pu) > maA.(fi2) > 0 violating the definition of minimal
measure. Part (2) of this proposition is proved since Mather sets intersecting the region {||Y]| < 0.9A}
have to stay in {||Y|| < 0.95A}, where the modified system agrees with the original system. O

6 Dynamics around strong double resonances: NHICs

The number of double resonances depends on §. However, most of the double resonances are weak and
can be treated as single resonances. The number of strong double resonances is independent of ¢ and e.
In this section, we first give a criterion to distinguish weak and strong double resonances, and next show
that there exist NHICs close to the strong double resonances.

6.1 Distinguishing weak and strong double resonances

We apply the normal form Proposition 3.3 to the case (2) of Lemma 4.5 to obtain the following lemma.

Lemma 6.1. Let w_ and p be as in Lemma 4.5, where K = (6/3)~'/2 for a small 6. Then there
exists an €9 = €5(9, A) such that for € < eq, the following holds. Let w* € D" be as in the case (2) of
Lemma 4.5. Then there exists a symplectic transformation ¢ defined on {|Y| < A} x T™ that is 0c—0(1)
close to identity in the C™° 1 norm such that

Hog(x,Y) = %@*, V) + %(AY,Y> LYK, 2), (k°, 7)) + 0R(z, ), (6.1)

where
(1) V(<k/7 CE>7 <k07 :L‘>) = Hk’,k°V§
(2) 6R(z,Y) = 0R;(x)+0R 1 (x,Y), where Ry consists of Fourier modes of V not in spang{k’, k°}UZ},
and we have |Ry|ro—2 < 1 and |Rrr|pe—5 < 1.
Consider a double resonance associated with the vector k°. We decompose I goV(z) in (6.1) in
Lemma 6.1 as
Oy ko V(x) = Z'((K',2)) + Z"((K', z), (k°, z)), (6.2)

where Z’ includes all the Fourier harmonics in the span{k’} and Z” contains the rest.

Notice that Z” must contain at least one term with k°. Since k' does not depend on §, we get
|Z" | cro-2 < ﬁ for some constant C independent of §. We first treat Z” + dR as a perturbation to
the truncated Hamiltonian ﬁ(w*,Y) + 3(AY,Y) + Z'((K',x)), which has an NHIC homeomorphic to
T*T"~! following from exactly the same reasoning as in Proposition 5.2. There is a threshold denoted

by &, independent of § and ¢, i.e., the maximal allowable C'! norm of the perturbation for applying the
NHIM theorem (see Appendix B.2) to the NHIC in the truncated Hamiltonian.

Definition 6.2 (Weak and strong double resonances).  Suppose that the frequency vector w* admits
two resonances k' and k°. It is called a weak double resonance, if we have § > 2# and the theorem of
the NHIM (see Theorem B.2) can be applied to yielding the NHIC as in Proposition 5.2. Otherwise, it

is called a strong double resonance.
We summarize the above analysis into the following lemma.

Lemma 6.3. The total number of strong double resonance points is bounded by (%)"/’J, which is
independent of € and § for given P € Oy.

In the following, we treat the weak double resonances in the same way as the single resonances in the
last section, and focus on strong double resonances.

6.2 The shear transformation for strong double resonances

In this subsection, we perform the next step of our normal form package, i.e., the linear symplectic
transformation and the shear transformation, to write the double resonance normal form into a decoupled
form. In particular, we separate a mechanical system of two degrees of freedom.
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6.2.1 The linear symplectic transformation

In the /z-blowup and Lemma 6.1, we choose the base point y* € L(k’) so that w* = w(y*) € k't. We
introduce the matrix M” € SL(n,Z) in Lemma 4.4 whose first two rows are k° and k', respectively, and
introduce the linear symplectic transformation

M’ T*T" = T*T", (2,Y) — (M2, M"Y = (2", Y"). (6.3)

We also keep track of the frequency vector w!/ = M"w, = (v(a),0,*,...,*) where v(a) satisfies v(a®) = 0,
where a° is such that w® = wgo is a strong double resonance. We get a Hamiltonian system

1 1
Ti=""H*Hog¢ = \%(w;’, Yy + 5<A"Y", Y'Y+ V(2! xl) + 6R" (6.4)

by applying 9" term by term to (6.1).

6.2.2 The shear transformation

In the next lemma, we are going to introduce a linear symplectic transformation called the shear
transformation, induced by a matrix in SL(2n,R) but not in SL(2n,Z) so that it is not a symplectic
transformation on 7*T". We introduce the following notation.

Notation 7. Given a matrix S € SL(n,R), we denote by T% the torus R"™/(SZ"™), where
S7Z" = {Sk | k € Z"}.

Lemma 6.4.  There is a linear symplectic transformation from T*T" to T*T% defined by
GM” : (2,y) = (SM"z, (SM")"y) =: (x,y) € T"T5,

where S € SL(n,R) is in (6.11), such that the Hamiltonian system Ho ¢ in Lemma 6.1 is reduced to the
following Hamiltonian defined on (SM")~*Bx(0) x T% C T*T%, up to an additive constant:

Hs,s := (6M")""Ho ¢ = (%) + G(Jn-2) + R(x,y), (6.5)
where
G(%,y) = Y wsay1 + %(Ay,w + V(&) : T*T? - R,
A 1. . 1 R (6.6)
G(Yn—2) = §<Yn—27 BYn_2) + $<ws,n—23yn—2>a
where

(1) ws = SM"w° = (Og, g n—2) with ws2 = 0 since y* € X(k'), and s = (ws1,ws2) = 0 if
y* € B(k', k°);
(2) the two matrices A and B = (A—AtA=1A) are positive definite, where A, A and A in R?" | R2X(n=2)
and R(’“Q)Q, respectively, form the matriz
A= (f‘ ff); (6.7
At A

(3) the remainder R(x,y) = (&9")~1*R satisfies |R|,,—5 < C, where the constant C is determined by
M" and hence S is independent of € or 4.

Proof. In the proof, for simplicity of notations and without causing confusion, we also remove the
n (6.3). Let
1 1

G(Y,z) = E@,’J’O,Y) + §<AY, Y)+ V(zy,x2). (6.8)
We write the matrix A in the block form of (6.7). We also denote by o = (v, v2) the first two entries of
a vector v € R™. Next, we have the following formal derivation:

1 1
G(Y,z) = %@Ja Y)+ §<AYa Y)+V(z)
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1 -~ - - - 1 .
= §<AY, Y)Y+ (Y, AY, 2) + V(Z) + \/g<w,Y>
1o o 1
+ §<AYn—27Yn—2> + %@Un—% Yn—2>
1, - ~ NPTV ~ STV 1 ~
= §<A(Y + ATTAY, ), (Y + AT AY, o)) + V(&) + %@7 Y)

We perform the following linear shear symplectic transformation denoted by G:

.- -

so that the blowup system in the new coordinates is written in the form G = G + G stated in the lemma.
Here, the variables x are local coordinates on T% and can be viewed as global coordinates on the universal
covering space R”.

We define

Y

Yn—2

ids A_l,A
0 idy—o

ids 0
—At;l_t id,,_o

A g ] (6.10)

Tp—2

idg A—lA
0 id,—o

S = (6.11)

id2~ 0 Gt
—AtAtid, o |

so that the above symplectic transformation & is simplified to x = Sz and y = S~Y.

Since A is positive definite and the linear symplectic transformation & does not change the signature,
we see that both A and B = (A — A'A~1 A) are positive definite.

Notice that the above matrix S is identity in the & component, and hence the Hamiltonian G depends
on % Z2-periodically. So G is a Hamiltonian defined on 7*T2. O

Remark 6.5. This lemma implies that configuration space dynamics on T" of the system HY (6 = 0)
in (6.4) has a skew product structure. The base dynamics is given by the configuration space dynamics
on T2 of G : T*T2? — R. Each fiber is a T" 2. The dynamics on each fiber at the point # depends on the
base point Z by (6.10).

For w* € D", we further distinguish two cases depending on if w* is in By (w_) N Bya1/2(w® + (k°)+)
or not. If w* lies in the set, then when choosing the covering defining the /z-blowup, we require y* is
such that w* = w(y*) is at the strong double resonance. In the following, we will focus mainly on this
case. The other case is easy and will be studied in Subsection 6.4.2.

6.3 Hamiltonian systems of two degrees of freedom

Suppose that w(y*) is a strong double resonance. So in (6.6), the frequency &g = 0 and we have obtained
a mechanical system

G(%,9) = %<Ay,y> +V(®), (xy)eT T (6.12)
We normalize V' such that max V' = 0 and assume that the maximum is attained at 0 and is nondegenerate.
Thus, we see that the point (X,y) = (0,0) is a hyperbolic fixed point of the system.

The system was studied intensively in [13,14,20], whose main results will be recalled next. We divide
the study of the system into the following three regimes:

(1) low energy regime: energy levels E € [0, A) for some small A;

(2) intermediate energy regime: E € [E_, E,] for any 0 < E_ < Ey < o0;

(3) high energy regime: FE € [E,, o0) for some E, sufficiently large.
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Item (1) will be studied in the next subsection. In this subsection, we study Items (2) and (3), and show
that there exists an NHIC, bifurcating at most finitely many times and foliated into hyperbolic periodic
orbits with the homology class g = (1, 0) in each energy level [E_, +00). Going back to the full system
Hs, we see that such NHICs would give rise to an NHIC of codimension 2 containing Mather sets whose
rotation vector is perpendicular to k'.

To see why we choose the homology class ¢ = +(1,0), we consider the frequency vector w” =
(v(a),0,%,...,%) after the transformation (6.3). The double resonance corresponds to v(a) = 0 and
the crossing double resonance means that we should let »(0) go from a positive value to a negative value.
Our diffusion orbit, when projected to the subsystem G, will move along the NHIC foliated by periodic
orbits with the homology class g = (1,0), going from high energy to low energy all the way to some small
positive energy, and then by the mechanism in the next section, moving to the NHIC foliated by periodic
orbits with the homology class g = —(1,0) and going all the way up to very high energy levels.

6.3.1 The NHIC in the low energy region

We cite the following result from [20], which gives the existence of the NHIC for low energy levels for
Tonelli Hamiltonian systems of two degrees of freedom.

Theorem 6.6 (See [20, Theorem 2.1]).  Consider a C" Tonelli Hamiltonian H : T*T? — R normalized
such that minay = 0 by adding a constant. Given a class g € Hy(T?,7Z) and a closed interval [E_, E]
C (0,00), there exists an open and dense set Oo(E_, Ey) C C7(T?)/R such that for each V € Oy(E_, E)
normalized by adding a constant such that minay = minagiy = 0, it holds simultaneously for all
E € [E_, E,] that the Mather set M(E, g) on the energy level E having the homology class g for H +V
consists of hyperbolic periodic orbits. Moreover, except for finitely many E; € [E_, E4] where the Mather
set consists of two hyperbolic periodic orbits, for all other E € [E_, Ey], the Mather set is exactly one
hyperbolic periodic orbit.

We denote by v4 (1, 0) the rotation vectors of the Mather set on the energy levels E1 with the homology

class (1,0) € Hy(T?,Z). The next lemma shows that each hyperbolic periodic orbit corresponds to a
one-dimensional flat in H!(T?,R).
Lemma 6.7. Let H(X,y) : T*T? — R be a Tonelli Hamiltonian and c* € H(T?,R). We assume
that the Mather set M(c*) is supported on a hyperbolic periodic orbit with the rotation vector vg for
g € Hi(T?,Z) and v # 0. Then the set B (vg) is an interval {c* + scy | s < s < s4} C HY(T? R)
with s < sq, s- <0< 54, ¢g L gand |cgl| =1 such that for each ¢ € {¢* + scg | s— < s < s+}, we
have A(c) = M(c*).

The proof is postponed to the end of this section.

6.3.2 The high energy regime

We first show the high energy level case is the same as the system G in (6.6) with a linear term in y;.
In (6.12), we consider y* and A, such that Ay = V(l 0) for some large v with v||A=*(1,0)| > A, and
A=Y 7'A2+minV > E,, and introduce y—y* = Y. In the coordinates (%, Y), the Hamiltonian becomes

G, V) = %<Ay*7y )+ oY+ o <A\? V) + V(). (6.13)

This is of the form of the Hamiltonian G in (6.6).
We next cite a result from [14] concerning the high energy regime of the system G in (6.12). We define
le (x1,X2) dxy. Suppose that [V] has a unique nondegenerate global maximum at a point
denoted by x4, which is a C? open and dense condition.

Theorem 6.8 (See [14, Theorem 3.1 and Proposition 3.1]).  Suppose that the potential V' of the system
G in (6.12) satisfies that [V] has a unique nondegenerate global mazimum at x5. Then there exists an
E. > 0 such that
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(1) the action minimizing periodic orbits in the homology class g = (1,0) € Hy(T?,Z) on the energy
levels {E > E.} form a unique C" NHIC homeomorphic to T*T with uniform normal hyperbolicity;

(2) as E — oo, the periodic orbit {(Xg(t),yr(t))} on the energy level E has the following uniform
convergence: xg g(t) — x5 and xg g(t) — 0.

By the reversibility of the system G, the same conclusion holds for the homology class g = (-=1,0). In
fact, the periodic orbit in the Mather set /\;l,,(,LO) is the time reversal of /\;l,,(LO).

Here, we only sketch the proof and the details can be found in [14, Theorem 3.1 and Proposition 3.1].
Sketch of the proof.  The main idea of the proof is that on the high energy level, the fast oscillation in
the x; component (see the equation (6.13), which implies x; = v+ O(1) > 1) will effectively average out
the dependence on x; in V, so the Hamiltonian system is effectively (y, AY) + [V](x2) as E — oo. So
we get that the normal hyperbolicity is determined by A and the second-order derivative [V]”(x3) hence
is independent of the energy levels. The genericity assumption on V' is to guarantee that [V](xg) has a
nondegenerate global maximum. O

6.4 NHICs in the double resonance regime

In this subsection, we embed the NHICs of the system G into the full system to get NHICs of
codimension 2.

6.4.1 The NHIC in the A\/e-neighborhood of the double resonance

In this subsection, we give the existence of the NHIC in B, z(y*) x T" near the strong double resonance
up to a neighborhood of the strong double resonance. This corresponds to Theorem 6.6.

Proposition 6.9. Let y* € X(k',k°) be such that w* = w(y*) is at the strong double resonance
with integer vectors k' and k°. Then for any X > 0, there is an open and dense set Oy =
Os(K' k5 M A) C Igs o C™(T™) /R such that for each P with g ko P(x,y*) € O2 normalized such that
max g ko P(z,y*) = 0, there exists a 02 = 6a(Ilgs o P(z,y*), ) > 0 such that for all 0 < § < d2 and all
0<e<ea(d,A) as in Lemma 6.1, the following hold:

(1) The Hamiltonian system (6.1) admits an NHIC C(k') homeomorphic to T*T" 1, up to finitely
many bifurcations, entering a A-neighborhood of L(k', k°) x T™.

(2) The NHIC has uniform normal hyperbolicity, independent of § or €.

(3) Mather sets lying in Boga(0) X T™ and with rotation vectors perpendicular to k' and of distance
A-away from —e~ Y 2w* + (k°)*, are contained in C(K').
Proof.  In the system Hgs (6.5), we first discard the d-perturbation and consider the system (6.8)
Hso = G(%,9) + G(Jn—2) : T*T% — R.

First, the system G(%,y) admits an NHIC by Theorem 6.6 with the homology class (1,0) € H;(T?,Z) for
V chosen in an open and dense subset O2(E_, E) of C"(T?)/R. Here, we choose E_ = ag(98(A\(1,0)))
and F; to be the highest possible energy level for ||Y|| < A. This gives the open and dense set
Os(k°,k'; A\, A), since V is obtained from Ilg. g P(y*, ) after a linear transformation. We next show
that the system Hg o admits an NHIC. Indeed, given a periodic orbit ¥ = (Xg(t), ¥z (t)) of the system G
in the Mather set M(FE), it gives rise to an orbit of the system Hg o:

(% (t),%(0) + (720" + By(0)t,y&(1),9(0)) C T*T%, teR.

Taking union over all the periodic orbits and all the initial conditions %(0) € (—A*A~'x 4+ T"~2) and
ly(0)]| < A, we get an NHIC for the system Hg o that is homeomorphic to T*Tg_l, where S is obtained
from S by removing the second row and the second column. Going back to the system (6.1) with 6 =0
by inverting the symplectic transformation GO, we get an NHIC homeomorphic to T*T" 1.

Due to the uniform hyperbolicity, when the d-perturbation in (6.5) is turned on, we get the persistence
of the NHIC as we did in the proof of Proposition 5.2. Here, the modification of the R should be done as
follows in addition to that used in the proof of Proposition 5.2 in order to smoothen the Hamiltonian in

the region {0 < G(X,¥) < E_}. We introduce a C* monotone cutoff function p : [0, 00) — [0, 1] satisfying
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p(xz) =0for x < 1/3 and p(x) = 1 if z > 2/3. We next modify IR to p(%)x(HYH/A)éR. Now

the proposition follows from the same argument as in Proposition 5.2. O

6.4.2 The high energy regime
In this subsection, we give the existence of the NHIC in By z(y*) x T" for y* € %(k’) and

W' =w(y") € D"\ By (w + (k%)) (6.14)

1/3

that is Ae'/?-away from but £'/3-close to the strong double resonance. This corresponds to Theorem 6.8.

Proposition 6.10. Let P € O1 and 1 be as in Proposition 5.2. Then there exists a A, such that for
all A > A, and y* being such that w* = w(y*) is as in (6.14), all0 < § < 01 and all 0 < & < e3(d, A), the
Hamiltonian system (6.1) defined in Bo(0) x T™ admits a C™~' NHIC C(k') homeomorphic to T*T"~!
with the following properties:

(1) The normal hyperbolicity is uniform, independent of A, 0 or €.

(2) Mather sets lying in {||Y|| < 0.9A} x T™ with rotation vectors perpendicular to k' lie inside C(k').

Proof. By the previous Theorem 6.8, we get the existence of the NHIC in the system G in (6.6).
By the same argument as the proof of Proposition 6.9, we get the existence of the NHIC in the
original system (6.1). The assumption in Theorem 6.8 on the nondegeneracy of [V] turns out to be
the nondegeneracy of the global maximum of Il P(y*, ) which is guaranteed by Il P € O C Il C".
The remaining statements are proved in the same way as in Proposition 5.2. O

6.5 Proofs

In this subsection, we give the proof of Lemma 6.7.

Proof of Lemma 6.7.  The proof is a variant of [13, Proposition 2.1]. As the system is autonomous with
two degrees of freedom, dfy (vg) is either an interval or a point since 98y (vg) lies on an energy level
a~1(E), which is a closed curve. In the case of the interval, some ¢, € H*(T?,R) exists such that 98y (vg)
={c"+scy | s- < s < sy} It follows from [36] that for all the classes in the set {¢*+s¢q | s < s <54},
the Aubry sets A(c) are the same. Let us show that s_ < s, and A(c) = M(c*) for ¢ € {c¢* + sc, | 5—
<5< 54 )

Given any absolutely continuous curve 7, its Lagrange action is defined as follows:

Axw:i/@HﬁrD*n«+wA@Mt Ine] = c.

Denote by 7p the hyperbolic periodic orbit. We consider minimal homoclinic orbits to 7y, which is located
in the intersection of the stable and unstable manifolds of (§9,70). A homoclinic orbit (¥,7) is called
mianimal if the lift of ~y, 5: R — M is semi-static for the class ¢*, where M is the largest covering space of
T? so that (M) = 71 (U) holds for each open neighborhood of M(c*). Because of the topology of T?,
there are only two types of minimal homoclinic orbits, denoted by (5%,4%). Given a point € 7, there
are four sequences of time t;fi such that 'y’(tiiﬁ) — x as tff — to00 and 7+(tf+) — x as t;ﬂr — to0
and tii,_ — +00 as 1 — oo. We define

tﬁ7
Alro) =timint [ (L) = ) + an()at
1 oo **7
ty
&szmm/(MWM%mWHw@ﬁ
i—00 t;+

We obviously have A.-(y*,z) > 0. Next, we claim that A. (7", 2) + Ae(y~,2) > 0. Otherwise, we
would have A.-(y%) = 0 for both =+, which implies that 4= c A(c*). However, this violates the graph
property of the Aubry set since in the first relative homology group H;(T?,~0,Z) we have [y] # [y,
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and when lifted to R?, the two curves 4+ lying in the same strip bounded by two neighboring lifts of o
and hence the projections of 4+ on T? must intersect. The contradiction proves our claim. Let us assume
A (yT) > 0 without loss of generality.

Pick Ac small enough and satisfying

(Ac,[v0]) =0, (Ac,[yT]) >0 and Ax(v') — (Ac,[yT]) > 0.

According to the upper semi-continuity of the Manié set in the cohomology class, any minimal measure p,
is supported by a set lying in a small neighborhood of these homoclinic orbits if ¢ = ¢* + Ac and |A¢] is
very small. By the assumption A.«(y*) > 0, it can only happen that p. is supported in a neighborhood
of v~ Unp.

We claim that the minimal measure pu. for ¢ = ¢* + Ac is still supported on the periodic orbit ~g. First,
we show that p(uc) || p(pex) L Ac. Otherwise, since supp(p.) lies in the small neighborhood of v, it
follows that —(Ac, p(ue)) > 0. On the other hand, as the ¢*-minimal measure is uniquely supported on the
periodic orbits, the S-function is strictly convex at p(u.~) and hence the a-function is differentiable at c¢*
and p(per) = v[y0] holds for a certain number v # 0. Therefore, we have ay (¢*+ Ac) —ap(c*) = o(|Ac]).
Consequently, we obtain from the definition that

Ac(pe) = /(LH = 1er)dpte + am (" + Ac) — (Ac, p(pe))
- / (Lt — 1 )dte + anr () — (Ac, plie)) + o Ac]),

from which we have A.(pc) > 0 as A« (per) 2 0, —(Ac, p(pe)) > 0 and o(|Ac]) is a higher-order term of
|Ac|. The contradiction implies that p(u.) L Ac. Next, by the convexity of «, we have

a(e) —a(c”) = (Ac,p(pe)) =0 and - a(c”) — a(e) = (=Ac, p(pe)) = 0,

so we have a(c) = a(c*). We get that the interval ¢* 4+ sAc, s € [0,1] lies entirely on the energy level
a(c*), on which the Mather set in the homology class g € H;(T?,Z) is known to be the unique hyperbolic
periodic orbit and hence the rotation vector is constant for ¢ in the interval. Finally, from the proof, we
see that the curves 4+ appear in the Aubry set only when the cohomology class lies on the endpoints
of the interval. Otherwise, the Aubry set agrees with the Mather set being the periodic orbit. This
completes the proof. O

7 Dynamics around strong double resonances: Cohomology equivalence

In the last section, we have written the system at the strong double resonance into a form of a mechanical
system of two degrees of freedom coupled with a fast rotating integrable system. In this section, we first
recall the main result of [13] on the existence of cohomological equivalence for Hamiltonian systems of
two degrees of freedom near the zero energy level. Next, we generalize it to the full system to build a
piece of transition chain.

7.1 Cohomological equivalence for the subsystem of two degrees of freedom

Theorem 7.1 (See [13, Proposition 2.1] and Figure 3).  Let H : T*T" — R be a Tonelli Hamiltonian.
Given a class co € HY(T",R), if the minimal measure is supported on a hyperbolic fized point, then there
exists an n-dimensional convex flat Fy C H*(T™ R) containing co such that this fized point supports a
c-minimal measure for all c € Fy.

In the following, we specialize in the case of n = 2. The next theorem is one of the main results in [13].
Theorem 7.2 (See [13, Theorem 3.1]).  There is an open and dense set O3 C C"(T?)/R such that
for each V € Oz normalized by maxV = 0, for each c € OFy, where Fy = a~*(min ) is the flat of the
a-function for G, the Mané set N'(c) does not cover the whole configuration space T2, i.e., N'(c) C T2.
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Channel \\\ Flat Channel

~
a

v(—g) Fixed point vg

Figure 3 (Color online) Two ways that the flat Fy connects to the channels

Remark 7.3. [13, Theorem 3.1] gives only a residual set. The openness of the set follows immediately
from the upper-semi-continuity of the Mané set.

This theorem allows us to construct the orbit connecting two Aubry sets .,Zl(c) and A(c’ ) for any ¢ and
¢’ in OF using the mechanism of cohomological equivalence (Item (H2) of Definition 2.1).

Proposition 7.4 (See [13, Theorems 1.1 and 3.2]). Given V € O3 normalized by maxV = 0, there
exists some positive numbers Ng = Ag(V) > 0 such that for each E € (0,A¢) and each ¢ € a~*(E),
there exists a circle . C T2 such that all the c-semi-static curves of the system G pass through that circle
transversely and N'(¢) N X. C 1., where I.; C X, are finitely many disjoint open intervals. Therefore
any two cohomology classes ¢ and ¢’ in a=1(E) are c-equivalent.

7.2 Cohomological equivalence for the full system

We next construct a generalized transition chain using the c-equivalent mechanism in the full system
Hss : T*T% — R near the strong double resonance. We assume y* € X(k’, k°). Such a generalized
transition chain will give rise to one for the original system H after the linear symplectic transformations.
We first study the a-function for Hgs. Note that the Mather theory is defined for Tonelli systems on
T*M for a general closed manifold M. Here, we have H'(T?%, R) isomorphic to H'(T™, R) with the basis
vectors transformed by S~* in the same way as the y variables in (6.10).

Lemma 7.5.  The a-functions of Hs 5 satisfy ||amns ; — ang,llco < 6, where

OHg,(€) = ag(é) + i@sm_g, &)+ 1<Bé, &), ce HY(T% R)=R"
NG 2

Proof.  For the §-estimate of the difference, we denote by Ls and Ly the Lagrangians corresponding to

Hs s and Hg o, respectively. Then we have ||Ls — Lo||co < d. Given the cohomology class ¢, we denote by

ws and po the c-minimal measures for Ls and Lo, respectively. Choose a closed one-form 7. with [n.] = ¢,

and then we get

—QHg s = /(L5 - nC)d:U'(; < /(L5 - nC)d:U'O’ —OHgo = /(LO - Tlc)d/io < /(LO - "76)d,u5~

The §-estimate of the difference is obtained by taking difference.

To determine the form of the a-function for Hg o, let us consider an invariant measure p in the Mather
set with the cohomology class ¢ = (¢,¢) of the system Hgg. Denote by i the corresponding invariant
measure in the cohomology class of ¢ of the subsystem G. By Mather’s graph theorem, we know that
suppy is a graph from a subset of T to R™ and suppji is a graph from a subset of T2 to R2. Next,
we know that p has a skew product structure: for each X € T?, there is a measure jiz supported on the
torus Graphfi(x) x (—A*A~*% + T"2) x {¢} using the transformation & in (6.10) as well as the fact
that y = 0. So the integration with respect to dy disintegrates into du(x) = djiz(X)dfi(X). When doing
the inner integral with the integrand being the Lagrangian of Hg o, note that the Lagrangian does not
depend on X, so the integration with respect to dfiz(X) is effectively the integration with respect to a Haar
measure supported on the above torus containing the support of jiz. In particular, in the y component,
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+ 1(Bé,¢). Finally, the
outer integral with respect to dfi gives the term ag(c). O

the measure is Dirac-6 supported on {y = é}. This gives the term %(ws n—2,C) +

The next lemma shows that in the system C, the NHIC overlaps the region of c-equivalence.

Lemma 7.6.  There exists an open and dense subset Oz C C"(T?)/R such that for each V € Oz with
max V' = 0, there exists a A > 0 such that the following hold for the system G:
(1) the system G admits an NHIC on the energy interval [ (0B&(X,0)),00), foliated by hyperbolic
periodic orbits in the Mather sets with rotation vectors v(1,0) (|v| > A), up to finitely many bifurcations;
(2) each curve ozgl(E) (E/ag(0Bg(A,0)) € [1,2)) is a curve of c-equivalence.

Proof. By Proposition 7.4, there exists an open and dense subset O3 in C"(T?) /R such that for each
V € Oz with maxV = 0, there exists a Ag(V) > 0 such that each curve aé_l(E) (E € [0,A)) is a
curve of c-equivalence. We introduce a sequence of open sets @37g (¢ € N) satisfying @375 C @37“_1 and
) = Upen O34, where O := {V € Oz | Ag(V) > 2/¢}. Each set O3 is open due to the upper-semi-
contlnmty of the Maiié set. Indeed, suppose V, € O3, with Ag(V.) > 2/¢. So for all ¢ with ag(c) < 2/¢,
the Mané sets N (c) are broken in the sense of the conclusion of Proposition 7.4. By the upper-semi-
continuity of the Mané set with respect to the Lagrangian, the same is true for any potential V' that is
C" sufficiently close to Vi, so Ag(V) > Ag(Vi) > 2/f. This means that there is a C”-ball, centered at V;
contained in O .

Next, we fix large E. = E, (see Theorem 6.8) and choose F_ = 1/, and we introduce an open and
dense set Oy := Oa(1/¢, E+) C C"(T?)/R as in Theorem 6.6. Now the intersection Oz ¢ N Oy is open
in C"(T?)/R and the union O3 := Ue(O3,.Nn O ,¢) is open and dense in C"(T?)/R. To get the statement,
it is enough to set 1/¢ = ag(08z(\,0)) if V € (O3, N Oay). O

Going back to the original system, we have the following proposition.

Proposition 7.7.  Let y* € Z(k/, k°) be such that w* = w(y*) is at the strong double resonance with
integer vectors k' and k°. Then there exists an open and dense set O3 = Os(k’, k°) C Hps o C"(T™)/R
such that for any P with Iy ko P(y*,z) € Oz normalized by maxIly ko P(y*,x) = 0, there exist A\ =
Mg ko P(y*, x)) and 03 = 03(Mgs ko P, X) such that for all 0 < § < &3, the following holds. Suppose
co = (G, 6) € RZ xR 2 = HYT™,R) and ¢, = (&,&) = S~ 'c, satisfy ag(9Bc(X,0)) < ag(Cy)
< 20 (0P (A, 0)) and ||S.]| < A. Then

(1) the path T's(c.) := {(E,¢) | ang;(C,Cx) = amg,(cs)} s a path of c-equivalence for the system Hg s

in (6.5);

2) the path T's(cy) lies in a d-neighborhood of the curve To(cy) := (agl(ac(f:*)) &);

(
(3) the path (SM")'T's(c.) is a path of c-equivalence for the original system (3.2).

7.3 Center straightening

Let the Tonelli Hamiltonian H : T*T? — R, the homology class g € H;(T?,Z), the energy interval
[E_, E.] and the potential V € Os(E_, E1) be as in Theorem 6.6. Then we get at most finitely many
pieces of NHICs foliated by hyperbolic periodic orbits.

Proposition 7.8. Let the Tonelli Hamiltonian H : T*T? — R, the homology class g = (1,0)
€ H(T?,Z), the energy interval [E_,E,] and the potential V € Oy(E_,E.) be as in Theorem 6.6.
Suppose that on this energy interval, H admits an NHIC N foliated by hyperbolic periodic orbits in the
Mather set with rotation vectors vg (v € [v_,vy] C (0,00)). Then the following hold:

(1) Restricted on the cylinder N, there exist two numbers 0 < I_ < I, and a symplectic change of
variables ® : (I,p) € [I_,11] x T — (z,y) |n such that the Hamiltonian H can be written as ®*H =
H o ® = h(I), where h is as smooth as H and satisfies

h(It)=FEy, h(IL)=vy and K(I)>0, h'"(I)>0, VYIel[l_, L]

(2) There is a neighborhood U of the ¢y line in H*(T% R) such that for each ¢ = (c1,c2) € U with
€ [I_,I1], we have ag(c) = h(cy).
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(3) Assume furthermore that H is reversible, i.e., H(x,y) = H(x,—y). Then the Mather set with
rotation vectors —vg (v € [v_,vy]) is the time reversal of that of vg. On the NHIC foliated by Mather
sets with rotation vectors —vg (v € [v_,v4]), the restricted Hamiltonian system h: [—I,,—I_] x T — R
of one degree of freedom satisfies h(I) = h(—I).

7.4 Proofs

In this subsection, we give the proofs of Propositions 7.7 and 7.8.

Proof of Proposition 7.7.  The open and dense set O3 is obtained by transforming the open and dense
set O3 in Lemma 7.6 by the linear transformation M”. Let us now go back to the system G for which
we choose V' € @3 which determines .

We define T'(&,) = agl(aé(é*)) for given ¢, satisfying ag(C.)/ag(9B8(A,0)) € (1,2). The coordinate
change S does not change the X components, so for each &, let To(E,,¢) = (I'(E,),¢), and the Mané set
Ns(c(t)) for the system G in (6.8) and the cohomology class c(t) € To(C.,¢), when projected to the
first T? factor, coincides with the Maiié set Nz (¢(t)) for the system G. So by Proposition 7.4, for each
c(t) € T'p(&x, €), there exist a circle Yy C T2 and disjoint open intervals I (1),; so that all the c-semi-static
curves of the system G pass through that circle transversely and

Na(c(t)) N S(Seiy x T"2) € | SUeqry,i x T*72),

whose homology is in the set {(0,0)} x R*~2. For each ¢ with ||¢] < A, the curve (I'(,),¢) is a
curve of cohomological equivalence for the system Hg o since for two points c(¢) and c(t') on the curve,
the difference c(t) — c(t') = (*,0) is perpendicular to the subspace {(0,0)} x R"~2 which contains the
homology of Ng(c(t)) NS(Sery x T™2).

Next, we show that the level set {(C,C) | Qg s(C,C) = ang;(ci)} is O(d)-close to that of the case
d = 0 which is Tg(C«, ¢). This follows from the following fact about convex functions: given two convex
functions a5 and ag with |as — aglco < 6 and ||Dag|| = C > 0 on the level set {ag(c) = E}, then the
level sets {as(c) = E} and {ag(c) = E} are O(d)-close to each other. To prove this fact, it is enough
to measure the distance of the intersection points of the two level sets with each radial line. Since the
subdifferential D« is bounded away from zero, to maintain constant F, the distance can at most be O(9).

By the upper semi-continuity of the Mané set, since the Hamiltonians and the cohomology paths are
O(6)-close, when we consider the system Hg s with ¢ small enough, the same conclusion holds. O

Proof of Proposition 7.8.  The normal hyperbolicity implies that the symplectic form  restricted to
the cylinder is still a symplectic form denoted by Qn (see [23, Equation (63)]) . Denote by T x [I_, I;] the
standard cylinder where I are to be determined later, and let Ug: Tx [I_,I;] — N be a diffeomorphism.
Then the pullback Uiy of Qn is a symplectic form on the standard cylinder T x [I_,I;]. As the
second de Rham cohomology group of cylinder T x [I_,I;] is trivial, Moser’s argument on the isotopy
of symplectic forms shows that a certain diffeomorphism W: T x [I_,I;] — T x [I_, I 1] exists such that
U*WEQ N = dI A dp. The Hamiltonian H induces a Hamiltonian defined on T x [I_,I;]: H¥,¥U (I, ).
Restricted to N, the Hamiltonian system has one degree of freedom and hence is integrable. We have
a standard method of introducing action-angle coordinates (see [2, Sections 50B and 50C]). Namely, the
action variable I is defined as integrating the Poincaré-Cartan one form ydx along the periodic orbits,
and an angular variable ¢ is introduced as symplectic conjugate of I. In the action-angle coordinates, the
Hamiltonian depends only on I, so we denote it by h(I). We define I+ by h(I+) = Ex and B/ (I+) = vy.
It remains to show the twist. We use a result of Carneiro [12] saying that Mather’s S-function is
differentiable in the radial direction for autonomous systems. Now h(I) is actually Mather’s a-function
since the Mather set is exactly the periodic orbit v,. The direction of vg is the radial direction as v

2
varies. The a-function is strictly convex d d}}g) > 0, a.e. in order that § is differentiable. It holds that

dl dl

dh(I)  dh(I-) Da2hty , [T d?h(t)
— +/I e dtf/l o >0
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Since the symplectic transformation is explicit, we get that h is as smooth as H.

By Lemma 6.7, we get that for each rotation vector v(1,0) (v € [v_,v4]), its Legendre transformation
is a line segment perpendicular to the homology class (1,0). Taking union over all the line segments, we
get a two-dimensional strip in H'(T?,R) as the U in the statement. It remains to locate U. Note that
integrating a closed one-form n with the cohomology class ¢ along a loop of the homology class (1,0)
will pick out the first entry of c¢. For the Hamiltonian system of one degree of freedom defined on 7T,
the cohomology class of each periodic orbit « is given by ﬁ/ ydx. In our case, the restricted Hamiltonian
system on the NHIC foliated by periodic orbits has one degree of freedom, so we get the cohomology class
by integrating the Poincaré-Cartan form y;dx; + y2dzo along the periodic orbit. Restricted to the NHIC,
the Hamiltonian system is integrable whose a-function is known to be the same as the Hamiltonian.

Finally, to see that the system h(I) is reversible, we notice that the reversibility of the system H(z,y)
implies that the Mather sets with rotation vectors vg and —vg (v > 0) are supported on the same periodic
orbit with reversed time. Since the Legendre transformation of an even function is also even, we get the
Lagrangian L(#,z) is even with respect to &, and hence p = g—’; gets a negative sign when we reverse the
time. The two periodic orbits lie on the same energy level and their corresponding action variables are
opposite to each other from the formula I = i f,y ydz. The proof is now completed. O

8 Frequency refinement

In this section, we describe the second step of the reduction of orders. We construct NHICs homeomorphic
to T*T"~2 and build generalized transition chains connecting the NHICs crossing the triple resonance.
This section gives the major part of the proof of Theorem 2.4 in the case of n = 4.

We fix k' and choose a I/ P € Oy and Il g P € O3 for finitely many strong second resonances k°.
This determines 1, do and 63 by Propositions 5.2, 6.9 and 7.7, respectively. We also fix a §
(< min{dy, 2, 03}) so that Propositions 5.2, 6.9 and 7.7 are applicable.

Definition 8.1 (The direct sum decomposition of the function space).  Recall Notation 3 for C". The
space C"/(Ilx,C™) is defined in such a way that each P € C" admits a decomposition P = Il P + (P
— I P) respecting the L? orthogonal decomposition C" = Il C™ & C" /(11 C™). The space C" /(1L C™)
inherits the norm of C". It is similar for C” /(Ilg/ k- C").

8.1 Frequency refinement

We have been working in a p-neighborhood of the frequency segment w, = pg(a, gwg , gw; Wk _a),
a € [wi — o,w!’ + g]. Note that y is determined by & through K.
We pick a rational number denoted by % satisfying
p o o
‘qwﬁ —wi| <p, ged(pQ,q) =1, gcd.(qppg) =1, (8.1)

and obtain a new segment of frequency @, := p,(a, gwﬁ, %wg, %wé‘, Wk _4).

Besides k', the frequency @&, now admits a new resonant integer vector denoted by k" for all a. For u
sufficiently small, the rational number p/q necessarily has a large denominator bounded from below by
O(u™1). So we get that |k”| is bounded from below by O(u~!). Thus |k”| > |k'| if p is small enough.

The transformed frequency segment is M'w, = p,(a,0, gwg, gw;,w;_4), where g = é with P =1
and @ = ¢Q.

For the system restricted to the NHIC in Proposition 5.2, we remove the zero entry in M’'@. Now
we are in a situation completely parallel to Section 4. Again we encounter the situation of single and
double resonances. The new resonant integer vector can be determined from the equation k”(M’)~!
=(0,0,Qp, —qP,0,_4), where g.c.d.(GP, pQ) = g.c.d.(5qQ, q) = 1.

As we vary a in an interval, a third resonance may appear. We fix K = (5/3)*1/2 as in Lemma 4.5 by
fixing 6. Parallel to Lemma 4.5, we have the following lemma.
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Lemma 8.2. Let w_, u, @_, K, k' and k" be as above. For any K > max{K,|k"|}, let k?
(i = 1,...,m) be the collection of all the irreducible integer vectors in Z'% \ span{k’ k"} satisfying
(k2,@°) = 0, and (k?)* be the (n — 1)-dimensional space orthogonal to the vector k¢, where a® €
Wit — o,wf + 0], i =1,...,m. Then there exists a i = i(K) such that Bp(w-) C By(w-) and
(1) for any small € and all w in the neighborhood D" = Bp(w_) \ U, Bos(@f + (k?)*), we have
[(k,w)| > '3, Vk € Z7 \ spany {k', k" };
(2) for allw in D" := By(&_) N Boys(@° + (k2)L), for each i and for all k € Z7% \ spang{k’, k2, k"},
we have
|(k,w)| = nKfi. (8.2)
Proof.  We first perform a reduction and then invoke Lemma 4.5. The transformed frequency segment
M@ = pa (a, 0, gw;
admits resonant integer vectors k'(M’)~' = (0,1,0,...,0) and k”(M')~* = (0,0,Qp, —qP,0,_4). If
a = af, it also admits the integer vector k¢(M’)~!. Now, remove the zero entry in M’w,, and then the
resulting vector has the form of w, but with one fewer dimension. The integer vectors m_o(k”(M')~1)
and m_o(k?(M’)~1) play the role of k' and k° in Lemma 4.5, respectively, where m_5 : R” — R~ means
removing the second entry. Now this lemma follows from Lemma 4.5 up to a linear transformation. [

ST R~]]

* Ak
W27Wn4)

8.2 The nondegeneracy condition

Similar to Proposition 5.2, we have the following result.

Proposition 8.3. Given Il P € Oy(k') C I C", we choose §, u, k" and @, as above. Then
there exists an open and dense subset O15 = O12(kK', k") in the unit ball of My g C" /I C" such
that each My g P with g Il g P = 1 P and g g P — Il P € O12 has a unique nondegenerate
global mazimum along the segment y € w™1(w_), up to finitely many bifurcations, where there are two
nondegenerate global mazima. Moreover, the curves { ArgmaxIly gk P(y, "),y € w™(w_)}, when projected
to the set {(K',z),x € T"} x R™, are within O(u) Hausdorff distance of the curves {ArgmaxIly P(y, ),
yE€w Hw)}
Proof.  The statement (without the “Moreover” part) can be obtained directly by applying the main
theorem of [19] which is a higher-dimensional generalization of Proposition 5.4. Here, we give an argument
using only Proposition 5.4. Since we have Il P € 01, Il P has a nondegenerate global maximum
up to finitely many bifurcations, where there are two nondegenerate global maxima. Moreover, Iz, P
determines §, p, @, and k”. We next decompose g/ g P(y,z) = g P(y,z) + P(y, (k',z), (K", z))
induced by the decomposition g g C" = I O™ @ g g C" /T C™. So we get |P|oz < Cﬁ < Cu?
since |k”| > Cp~'. We next make a linear coordinate change in x so that Za(y,x1,x2) = Z(y,x1)
+ P(y,x1,x2), where (k',z) =: x1, (K", z) =: xa, Z(y,x1) = Hp Py, ) and Za(y,x1,x2) = U g P(y, x).
By the choice of I/ P € Oy, for each y, we have that max, Z(y,x;) is nondegenerate and attained at
x}(y). Then by the implicit function theorem, for small enough g, the global maximum of Z is attained
at a point (x},x3)(y) with |x}(y) —x}(y)| < Cpu?. To see the nondegeneracy of the global maximum for Zs,
we consider that for each y and xo, the function Z5(y, -, x2) attains the global maximum at a point Xj (y, x2)
that is within p2-distance from x} by the implicit function theorem. Now the function Zs(y, %} (y, x2), x2)
becomes a function of y and xo. We then apply Proposition 5.4 to Zs to get an open and dense set
O, 2(Ms P) such that Z, has a nondegenerate global maximum along w~"(w_). The nondegeneracy can
be achieved by adding a function f € C"(T) of x5 only. This induces an open and dense set Oy 2 (Il P)
in the unit ball of Hk/k//CT/Hk/CT. O

In the proposition, each Oy 2 depends on I P € Oy, so we define Op 2 = O 2(Ilx P).

Lemma 8.4.  The union Uy, , peo, (O12(l P) ® (C" /I 1 C")) intersects the unit ball of C in an
open and dense subset of the latter.
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Proof.  We first decompose C" = I C" & (C" /Il C") for each irreducible k' € Z™. Applying the
following Kuratowski-Ulam Theorem 8.5, we get that the union Uy, ,peo, O1,2(IleP) is a set of the
second category in C”. Indeed, we first divide O; = Oy (k') into the union of the form Oy = (Jg» O1
such that each Il P € O;~ admits the frequency segment w_ having a second resonance k” (see
Subsection 8.1, and note that Il P determines ¢ and hence ). Each Oy g~ is open (may be empty). We
use the notation B (E) to denote the unit ball of a Banach space E.

Now each Iy, P € Oy g determines an open and dense subset Oy o(IIx/ P) in B1 (Il g C" /I C™) by
Proposition 8.3. So by the following Kuratowski-Ulam Theorem 8.5, the union UHk’Peol,k” O1,2(I1 P) is
of the second category in the product space Oy g X B1 (Il g C" /11y CT). Next, since each O 2(Ilg/ P) is
open in s o C" /I C™, we get that the union UHk'PGOLkH O1,2(IT P) is also open in M g C" /T CT.
So we get that UHk/Peol,ku (O12(Il P)xB1(C" /s g CT)) is open and dense in Oq g xB1(C” /I CT).

Taking union over all the k", we get the statement in the lemma. O

Theorem 8.5 (Kuratowski-Ulam [41, Theorem 15.1]).  Let X and Y be two topological spaces, where
Y has a countable bases. If E C X XY is a set of the first category, then EN{x} XY is the first category
in'Y for all x except a set of the first category.

8.3 The KAM normal forms

Lemma 8.2 allows us to apply Proposition 3.3 in its two cases to obtain the following normal forms.

Lemma 8.6. Let 0 be a small number satisfying 6 < min{3(|k"|)~2,6} and K = (6/3)'/2. Then
there exists an & = £,(0,A) such that for all e < &y, the following holds. Suppose w* € D" as in the
case (1) of Lemma 8.2. Then there exists a symplectic transformation ¢ defined on B(0) x T™ that is
0:—0(1) close to identity in the C™~1 norm such that

< 1 1 e
Ho9(a,Y) =72 (W',¥) + 5(AY, ) + Ty oV + 3R(a, V), (8.3)
where
(1) U gV = V(K 2)) + SV ((K',x), (K", z)) with A and V the same as those in Lemma 5.3, and
V(K @), (k" 2))lr—2 < 1
(2) R(z,Y) = Ry(x) + Ry (x,Y), where Ry consists of Fourier modes of V not in the set spany {k’ k"}

UZ%, and we have IR7|ro—2 < 1 and |Rrz|r,—5 < 1.

Lemma 8.7. Let § and K be as in the previous lemma. Then there exists an &y = 5(5,A) such that
for all ¢ < &5, the following holds. Suppose w* € D" as in the case (2) of Lemma 8.2. Then there exists
a symplectic transformation ¢ defined on Bx(0) x T™ that is 0._so(1) close to identity in the C™ ' norm
such that . 1

Ho¢(z,Y) =$<w*’ Y) + §<AY, Y) + g g oV + OR(,Y), (8.4)

where

(1) (a) if |k°| < K, we have Uy g oV = V((K',z), (k°, x)) + 6V ((K',z), (K", x), (k°, z)) with A and
V' the same as those in Lemma 6.1 or

(b) if |k°| > K, we have g g goV = V((K', 2)) + SV ((K',z), (K", x), (k°,x)) with A and V the same
as those in Lemma 5.3;

in both cases, we have |V ({k',z), (k" z), (k°,x)) |ry—2 < 1;

(2) R(z,Y) = Ry(x) + Rrr(x,Y), where Ry consists of Fourier modes of V not in the set
spang {k°, k', K"} UZ" . and we have |R;|p,—2 < 1 and |Rpg|r,—5 < 1.

Now there are several subcases. We assume that (w*, k') = (w*, k") = 0.

(1) w* is as in Lemma 8.6. The same argument as Proposition 5.2 gives that there is a C"~1 NHIC
homeomorphic to T*T"~2 if § is sufficiently small. The normal hyperbolicity is independent of € or 4,
but may depend on é. This NHIC is a subset of the NHIC in Proposition 5.2.

(2) w* isasin Item (1)(b) of Lemma 8.7. This case occurs when |k°| > K. We first apply Proposition 5.2
to reduce the Hamiltonian system to a system defined on T*T"~!. The restricted system to the NHIC
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would depend on z through (k°,z) and (k" z) up to a & perturbation. That means that the restricted
system is at the double resonance. If the double resonance is weak, then it is treated as a single resonance
given by k”. Otherwise, we apply Proposition 6.9 to find an NHIC homeomorphic to T*T"~2 and a
Proposition 7.7 to find a generalized transition chain connecting two neighboring NHICs.

(3) w* is as in Item (1)(a) of Lemma 8.7. This case occurs when |k°| < K, i.e., the vectors k' and k°
give rise to a strong double resonance for the first step of the reduction of orders. We call this case a
strong triple resonance.

In the following, without loss of generality, we focus on the third case to explain how to introduce the
extra resonance k”. The other two cases can be reduced to Propositions 5.2, 6.9 and 7.7.

9 Dynamics around the triple resonance: NHICs

In this section, we perform the reduction of orders around the triple resonance. We find NHICs getting
close to the triple resonance.

Definition 9.1 (The triple resonance submanifold).  Given three irreducible integer vectors k°, k’
and k", we define the triple resonance submanifold as

Z(ko7k/’k:/,> = {y ‘ <k:/’w(y)> = <k:/,7w(y)> = <k:o,w(y)> = O}'

We assume w* € %(k/, k") and is within €'/ distance of ¥(k°, k', k”). Again there are two subcases
depending on whether w* is within Ae!/? distance of % (k°, k’, k") or not. The case of dist(w*, L(k?, K/,
k")) > Ae'/? can be treated in the same way as Theorem 6.8 and Proposition 6.10, which is essentially
reduced to the case of Lemma 8.6, so we skip this case and focus on the case of dist(w*,X(k°, k', k"))
< Ae'/2. Without loss of generality, we assume y* € %(k°, k’, k") so that w* = w(y*) is perpendicular
to k', k° and k.

9.1 The shear transformation

Similar to Lemma 4.4, there exists a matrix M"’ € SL(n,Z) whose first three rows are k°, k' and k",
respectively. The matrix M" induces a symplectic transformation

m/// . T*Tn — T*Tn7 (:I;7 Y) — (]\4///1‘7 ]\4///—25}/)7 A — M”IAMNIt.

We define w = M"’w*, which has 0 as the first three entries since y* € X(k°, k/,k”). By the symplectic
transformation 91"/, one obtains the Hamiltonian

o1 _ 1 . -
H =9 1 (H¢) = §<AY, Y> + V(.’El,xz) + (5V(£L’1,£L’2,IE3) + %«.dn,g, Yn,3> + (5R(.’E, Y), (9].)
where R = 9"~ "*R. The matrix M"” depends on § through k” but is independent of 4.
We next introduce the shear transformation as we did in Lemma 6.4 to block diagonalize A. Let
A, 8" € SL(n,R) be defined as follows:

g —

9.2)

)

Ay
A

ids 0 ]

3
At —ALAT id,_s

where As, As and Az are 3 x 3, 3 x (n—3) and (n — 3) x (n — 3), respectively. With the shear matrix,
we introduce a symplectic transformation

& T*T" — T*T%., (2,Y) ($"2,8"7Y) = (x,y), wsw :=S8"w,

which transforms the Hamiltonian into the following form defined on T*T%,:

7 1\ — 1% 1, - ~ = ~ ‘(S
HS/// = (6 "o’ /) ! (H © ¢) = §<A3Y3,Y3> + V(X) + 5V(X3)



Cheng C-Q et al. Sci China Math  August 2023 Vol. 66 No.8 1679

1 . . 1 N . 1% /5

+ %«US””,TL—?), Yn—3> + §<B3}'n—3a YH—3> + Gm ! (5R(X7 Y))a (93)
where we define Bs = (/13 — A5A§143)7 X3 = (X1,%2,X3), ¥3 = (Y1,Y¥2,¥3) and X = (x1, x2). The norms of
the matrices Bs and S depend on § but not on 6.

9.2 The existence of NHICs

To understand the full system Hg/, we first need to understand its bracketed subsystem in (9.3). The
next lemma shows the existence of the NHIC of dimension 2 in the subsystem.

Lemma 9.2.  For any A > 0, there exists an open and dense subset Oy C C(T?)/R such that for each
Ve @2 normalized by maxV = 0, there exist a 52 = SQ(V) and an open and dense subset @27* in the
da-ball of C™(T3)/C"(T?) such that for each 5V € O,

(1) the subsystem

)

1 -~ _
Gyg 1= §<Agyg,yg> + V(&) +0V(x3), T'T* =R (9.4)

admits a C"~1 NHIC homeomorphic to T*T, up to finitely many bifurcations;

(2) the NHIC is foliated by hyperbolic periodic orbits as Mather sets with rotation vectors v(1,0,0) and
v =N

(3) the absolute values of the normal Lyapunov exponents are bounded away from zero by CV$ for
some constant C > 0.

The next proposition establishes the existence of NHICs in the full system.

Proposition 9.3. (1) Given irreducible k', k°® € Z%;, let y'* € L(k°, K').

(2) Let A\, Iy o P(y"™*, ) € O and & be as in the assumption of Proposition 6.9.

(3) Let k" be the third resonance given in Subsection 8.1 and consider y"* € X(k°, k', k") that is
u-close to y'™*.
Then there exists an open and dense set Oz, = O (g o P(y™,-), k") in the unit ball of ke g
C™(T™) /Iy o C"(T™) such that for each Igo g 1 P(y"*, ) with

Hko7k/Hko7kl)k//P(y//*7 ) = Hk/ykoP(y”*, -), Hk“,k’,k”P(y”*v ) — HklﬁkoP(y/l*, ) S 027*,

there exists a 61 = 61 (ko g ko P(y""™,+), A, 8) > 0 such that for all 0 < § < &1 and all 0 < € < &5,

(1) the Hamiltonian system (8.4) admits a C"~' NHIC C(k',k") homeomorphic to T*T""2 up to
finitely many bifurcations; the normal hyperbolicity is independent of € or &, but may depend on d;

(2) Mather sets in the region Ba(0) x T™ with rotation vectors orthogonal to both k' and k" and of

distance A-away from e~ 2w(y"*) + (k°)* lie inside C(k', k).
Proof.  The proof is similar to those of Propositions 5.2 and 6.9. After the linear transformation
induced by S””M", the problem of finding the NHIC is reduced to Lemma 9.2. The NHIC persists if the
§ perturbation is sufficiently small. Here, we only explain two points. First, here we choose Oy, to be
in the unit ball of Hgo g g C" (T™) /I o C"(T™) rather than in a do-ball as in Lemma 9.2. The reason
is that d is determined by the persistence of the NHIC in the subsystem G of Ggz,s. The theorem of the
NHIC requires only C! smallness of the perturbation to the Hamiltonian flow and we have that every
function in the unit ball of go g g C"(T™) /g ko C"(T™) has the C"~2 norm less than |k”|~2 < & in
Proposition 6.9.

Next, we explain the difference of y™* and y”*. For each Il o P(y™*,z) € Oa, there exists an NHIC
C(K') that is Ad-away from the double resonance by Proposition 6.9. If we perform the /e-blowup based
at the point y”* that is p-close to y'* the resulting G’s differ by O(u) in the C? topology. Since the
normal hyperbolicity of the NHIC C(k') is independent of § and u = o(d), we see that for small enough ¢,
Proposition 6.9 that is stated for any y* = y™* € X(k’, k°) remains to hold for another y'* € X(k°, k', k")
that is p-close to y'*. O
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9.3 The proof of Lemma 9.2

The remaining part of this subsection is devoted to the proof of Lemma 9.2.
Proof of Lemma 9.2.  Applying Theorem 6.6, we get an open and dense subset Oy C C7(T?)/R such
that for each V € Os, the system G : T*T2? — R admits an NHIC foliated by periodic orbits with rotation
vectors v(1,0) (Jv| > ). Let us now fix such a V € O,.

We next block diagonalize the quadratic form <A3§/3, y3) by introducing one more shear transformation

. 0 1 00
i
Sy = o =010/
—azA™' 1
81821

where a3 = (a31,asz) € R? is the vector formed by the entries of A on the third row to the left of the
diagonal. We can verify that

A0

S3A5S8% = 0
3

: (9.5)

where bz = as3 — agfl_lag. This linear transformation induces a linear transformation &3 : (X3,y3) —
(S5X%3, Sgt)?g) =: (Z3,9s3) and transforms the Hamiltonian Gz s to the following system G5G3z 5 := G35 of
the form: ) ;
o ~ 3 o .
Gs.5 = (A9, 9) + V(2) + Sv3 + V(S5 75), T'Tg, - R, (9.6)

In the above system Gz s, we apply Theorem 6.6 with the homology class ¢ = (1,0) and find the
NHIC in the subsystem G := %@ig, 7) + V(Z). Restricted to the NHIC, the subsystem G is reduced to a
system of one degree of freedom denoted by h(I) in action-angle coordinates (see Proposition 7.8). We
restrict to the region |h'(I)| > A. In the case of § = 0, restricted to the NHIC, the system Gs ¢ becomes
Gs.0 := h(I) + %43 defined on T*T%, where

_ 10
S = l 1] €SL(2,R) and T%=T%, /T
$1

When the d-perturbation in Gz s is turned on, we apply the theorem of the NHIM to get that Gs s
admits an NHIC homeomorphic to T*']I‘?§ for sufficiently small § and for any A > 0, the bound Js is
determined in the same way as the proof of Proposition 6.9(2). The restriction of Gs 5 to the NHIC has
the form

_ - b _
Gs,s = h(I) + 55 +0Z(I,9,23,95), T*T5 >R, (9.7)

where we have Z = V(&(I, ), z3 — (s1,82) - (I, ¢)) + O(5). Indeed, the leading term in Z is obtained
by evaluating V(S5 '#3) restricted to the unperturbed NHIC with & = (1, ¢). The O(d) error is created
by the deformation of the NHIC under the perturbation.

Finally, going back to the original system Gs s, we obtain an expression for the restricted system to
the NHIC which is homeomorphic to T*T?. We introduce the following undo-shear transformation:

S : (w351, y3) = (S(p,23); ST (L, y3)) = (0, 810 + w33 1 — 5193, 43) = (0, %35, y3), (9.8)
under which, we get the restriction of G35 to the NHIC

_ - 1
GS,& = h(J + 31)/3) + 5()3}/3 + 6U(J= Y3, ¢7X3) : T*T2 — Ra (99)

where U(J,y3,¢,x3) = V(X(I,¢),x3 + (s1,52) - X(I, ) — s1p) + O(8) with I = J + s1y3. Moreover, the
O(9) part depends on the angular variables x3 and ¢ in the same way as the leading term. To see that x3
is defined on T!, we lift a periodic orbit X with the homology class g = (1,0) to the universal cover. As
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¢ = p+1 we get X — X+ (1,0) and after the shear and undo-shear transformations (s1, $2)-X(I, p) —s1¢
— (s1,82) - X(I, ) — s1.

We apply the procedure of the order reduction to the system C3’5 : T*T? — R. Namely, we want to
apply Theorem 6.6 with the homology class g = (1,0) to get an NHIC and restrict the system to the
NHIC to get a system of one degree of freedom. It is known that all its Mather sets with rotation vectors
v(1,0) (Jv] > A) are supported on periodic orbits due to the two-dimensionality. Going back to the system
Gs 5 of three degrees of freedom, we obtain that all its Mather sets with rotation vectors v(1,0,0) (|v| > A)
are supported on periodic orbits. It remains to show the nondegeneracy and hyperbolicity of the periodic
orbits if §V is chosen in an open and dense subset Oy . of the dy-ball of the quotient C"(T?)/C”(T?). The
proof is essentially the same as the proof of [20, Theorem 6.6], but there is a subtle point: here we are
only allowed to perturb the potential of the system Gz s of three degrees of freedom but cannot perturb
Gz of two degrees of freedom directly.

We next show how to adapt the proof of [20] to our setting. Let us briefly recall the perturbation
argument of [20]. For a Tonelli Lagrangian system L(x,d) : TT? — R,

(1) we first pick a section {z; = 0} and reduce it to a nonautonomous system defined on 7T x T — R,
and then introduce the action functional F(F,z3) : I x T — R where E is the energy level and [ is the
energy interval, by evaluating the action along the orbit on the energy level F starting and ending at the
same point xo € T;

(2) we then choose the perturbation of the form Ay cosfxqy + Bysinlxs, Ag, By € [e,2¢], £ = 1,2; by
the construction in [20, Section 3], such a perturbation to the Lagrangian becomes a perturbation of the
same form to the action functional F;

(3) an open and dense subset of the perturbation can make the global minimum of F' nondegenerate
uniformly for E € I (see Proposition 5.4 here and [20, Theorem 3.1]);

(4) nondegenerate periodic orbits are hyperbolic.

Now we show that the above argument applies to the subsystem Cg}(; of two degrees of freedom by
perturbing the system Gg s of three degrees of freedom. In place of the above step (1), we pick the section
{¢ = 0} in the subsystem Gs 5. Next, consider a perturbation to the system Gz 5 depending only on x3 of
the form Ay cos fx3 + Bysinfxs, Ag, By € [€0,2¢d], £ = 1,2 as the above Item (2). Restricted to the section
{¢ = 0} in the subsystem (_3375, we get a perturbation of the same form up to a horizontal translation
by a constant (see the expression of U above). Then Items (3) and (4) go through without any change.
Since the system Gj s is already restricted to an NHIC, its hyperbolic periodic orbit is also hyperbolic in
the system Gs 5. O

Lemma 9.4.  We have the following estimates for the constants bs and s1 appearing in Equation (9.9):
bs = consty, |k”|?, s1 = const,, |k"],

where the constants are independent of 6, consty, > 0 and consts, € R.

Proof.  Recall the definition of b3 (see (9.5)) by = ass — ag,A_laé and s is the first entry of agA~1.
The (i,7)-th entry of A = M"AM"* is m;Am}, where m; and m; are the i-th and j-th rows of M",
respectively. Since the first three rows of M'"” are k°, k' and k", respectively, we get

by = K"A(K")! — (K"AK")(KAK") " (KA(K")"),

and s is the first entry of K”AK!(KAK")~! where we denote by K the matrix of 2 x n whose two
rows are k° and k', respectively. Now s is estimated easily as const|k”| since AK (KAK?®)~! does not
depend on §.

We focus on b3 in the following. Since A is positive definite, we decompose A = CC? for some
C € GL(n,R) and let k”C =: k and KC =: K. This gives us b3 = k(k! — K{(KK!)~tKk?). Now, we recall
the Gauss least-squares method. Though the equation K'x =: kf, in general is not solvable for x € R?, we
can seek for a least-squares solution given by x;s = (KK?)~!Kk?, which has a geometric interpretation as
follows. The vector Kx;s = K(KK?)~"1Kk? is the projection of k to the linear space spanned by the column
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vectors of K. Hence, (k! — K!(KK?)~!1Kk!) is the projection of k to the orthogonal complement of the
linear space spanned by the column vectors of Kf. We see from the construction of the vectors k°, k'
and k" that k" forms a nonzero angle with the plane span{k’, k°} independent of §, since as ;r — 0 one

has _ _
P 5P
(0717_q_70n3) — (0717_0‘)370713)7
Qp w3 @

which is obtained from k” by removing the second entry of k¥ M’, and the matrices K, M’ and A do not
depend on §. This linear independence relation is preserved by the linear transformation C'. Hence, we

’;:/ = (07 Qﬁ) —(jp, On74)

get by = c|k”"|? for some constant ¢ > 0 independent of J. O

10 Dynamics around the triple resonance: The ladder

In this section, we show how to find the orbit going around the triple resonance. For this purpose, we
first describe the special structure of the a-function, whose flat looks like a pizza. We next show that
after applying the c-equivalence path of Theorem 7.2, there is a further misalignment, which is the new
difficulty caused by the high dimensionality. We next show how to overcome this difficulty by introducing
a ladder, and thus prove the existence of the diffusion orbit moving along w_ for the n = 4 case.

10.1 The description of the a-function

Applying Theorem 7.1 to the system G35, we get a three-dimensional flat on the energy level minag, ;.
Next, applying Lemma 6.7 twice (since we have applied Theorem 6.6 twice in the proof of Lemma 9.2)
we see that the NHICs in Lemma 9.2 correspond to two channels

Cy ={0Bg,,(r(1,0,0)) | £v > A} C H'(T*R).

For each ¢ € C4, the corresponding Mather set M(c) lies in the NHIC with +v > A > 0. Lemma 6.7
implies that the Mather set M(c) remains the same for ¢ in a two-dimensional rectangle. Taking union
over all the energy levels, we see that each C. is a three-dimensional rectangular prism. Moreover, the
channels C; and C_ are centrally symmetric to each other since Gg s is reversible.

In the following, since the rationality and irrationality of the rotation vectors do not play a role, for
simplicity of notations, we work with the system Gs 5 := &3Gg 5 : T*T%, — R (see (9.6)), which is related
to the system Gz 5 : T*T? — R (see (9.4)) by the symplectic transformation induced by S3. Similarly, we
work with Gs 5 : T*T% — R (see (9.7)) instead of the system Gg s : T*T? — R (see (9.9)) for the system
restricted to the NHICs. We first have the following description of the a-functions.

Lemma 10.1. (1) We have the estimate for the a-function of Gzs : |lag, ; — ags,llco < 0 with
ag, () = ag(e) + Fd3. .

(2) For the a-functions of the Hamiltonian Gss restricted to the NHIC, we have the estimate
lag, , — ag, ,llco <0 with ag, (c1,c3) = h(ci) + %3

The proof of this lemma is the same as that of Lemma 7.5, so we skip it.

Proposition 10.2.  Under the assumption of Lemma 9.2, the flat Fy = {c | ag, ;(c) = minag, ;}
is a three-dimensional convex set lying in a O(+/3/bs)-neighborhood of the disk Fo x {c3 = 0}, where
Fo = Argminog.

Proof. The fact that the flat is three-dimensional is given by Theorem 7.1. Since we have
|Gs,5 — G30lco < &, we obtain |ag, ;(¢c) — ag,,(c)| < 6, Ve € H'(T? R) (see Lemma 7.5). After the
same linear transformation S%, this gives

|ag3,6 - aga,o'CU < d. (101)

Since we have ag, ,(c) = ag(é) + %3, we get ag, ,(c) > 26, if 3| > 2/0/b3 and ¢ € Fo. As ag is non-
negative, it follows from (10.1) that ag, ;(c) > ¢. Also due to (10.1), we have min ag, , < 0. Therefore,
ag, s(c) > minag, ;, if [c3| > 24/ /b3. This completes the proof for the O(,/d/bs) estimate. O
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Therefore, the flat looks like a pizza, horizontal in the direction of ¢ with small thickness of order

O(4/6/b3) (see Figure 2).

10.2 Construction of the ladder

The generalized transition chain built by the application of the c-equivalence mechanism (see Proposi-
tion 7.4) does not connect the channels C1 mainly due to the misalignment in the ¢z component. In this
subsection, we show how the misalignment appears and how to overcome it to build a transition chain
connecting C, which is called a ladder (see Figure 2).

The next result gives the existence of the generalized transition chain in the subsystem Ggs 5.

Proposition 10.3. Let V € OsN Oy C C"(T?)/R, normalized by maxV = 0 (see Lemma 7.6 for Os
and Lemma 9.2 for O3), and X be as in Lemma 7.6. Then there exist b3 (< 52) and an open and dense
subset O3, (C Oy, in the d3-ball of C"(T?)/C"(T?) such that for each §V € Os ., the following holds.
For any point c* = (¢*,c3) € C, satisfying ag(0Pg(A(1,0))) < ag(C* + (s1,52)c3) < 20g(06g(A(1,0)))
on the energy level of ag, ;(c*), there exists a generalized transition chain connecting c* € C, to
—c*eC_.

Similar to Proposition 7.7, we have the following result extending the generalized transition chain of
the system Gs s to the full system.

Proposition 10.4.  For each U go P € O3 C o o C™(T™) /R, as in Proposition 7.7, let d3 be as in

Proposition 7.7. For any § < 03 and |k"| > K = (§/3)7'/2, there exists an open and dense subset Oj .
in the unit ball of Ugeo g g C"(T™) /g o C" (T™) such that for each Myo g g P(y*,-) satisfying

U ko (Hgo g k7 P) = g o P and - Mo gy g P — g o P € O34,

there exists a 6y = Sz(Hko,k/’knP) > 0 such that for all 0 < § < 6y and each ¢ € R*—3 satisfying
[le*|l < A, there exists a generalized transition chain of the Hamiltonian system (8.4) connecting the two
channels corresponding to the NHICs C(k', k).

We next prove Proposition 10.3, which is reduced to the following two lemmas.

Lemma 10.5. For each V € O3 C C"(T?)/R normalized by maxV = 0 as in Lemma 7.6, let A be
as in Lemma 7.6. Then there exists a b3 (< by in Lemma 9.2) such that for any 5V in the b3-ball of
C"(T3)/C"(T?) and any c* as in Proposition 10.3, there is a generalized transition chain of the system
Gs,s connecting the point c* = Ske* = S4(¢*,c%) to a point S§(¢*,c}), where & is d-close to —¢* and
satisfies ag, ; (&, c5) = ag, ,(c*) = ag, ,(c*).
Proof.  Given ¢*, we fix ¢3 = ¢4 and define the path T5(c5) = {¢ € R? | ag, ,;(¢,¢5) = ag, ;(c*)}. In the
case of ¢ = 0, this path lies on the constant energy level of oz and in the small positive § case, the path
undergoes a d-perturbation as proved in Proposition 7.7.
On T's(c}), we find a point that is closest to (—é*,¢}) and denote it by (&, c}) where |&# 4 &*| < C6.
The fact that the path I's(c%) is a generalized transition chain follows from Proposition 7.4 (see also
Proposition 7.7) and the upper-semi-continuity of the Mané set. O

Lemma 10.6. Let \,O, C C"(T?)/R, b be as in Lemma 9.2, O3 be as in Lemma 7.6, and V € O;NOs.
Then there exists an open and dense subset Qs in the d3-ball of C"(T3)/C"(T?) such that for each
8V € @3,*, let ¢* and & be as in Lemma 10.5, and there is a generalized transition chain of the system
of G5 lying on the energy level ag, ,(c*) connecting S§(¢*, c%) to —c* € C_.

Proof. ~ We fix the energy level E = ag, ;(c*) in the system Ggs, on which there exists an NHIM
restricted to which the Hamiltonian system is Gz 5. We define (see Figure 4)

Ls := {(c1,c3) | 049’375(01,03) =FE, W(Cl)\ > A}

The variable ¢y does not appear due to Proposition 7.8(2).
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Forbiddén region

(-1,-

Figure 4 (Color online) The ladder for ag,

To see the path Ls clearly, we introduce the following coordinate change R : (c1,c3) — (c1, ic;g). In
the new coordinates, the a-function for the restricted system has the form

. ~ b
R*ag, ,(c1,¢3) := h(c1) + %cg

: 2s7
From Lemma 9.4, we see that bz/s? is of order one as § — 0. The frequency v(1,0) for the system Gs g
is transformed to v(1,1) under the linear transformation S followed by R. Its Legendre transformation
of v(1,1) is solved from the equation

<71’(c1), 203> =v(L,1)

for R*ag, ,. For the a-function R*ag, 5, we get that the projection of C to the (¢1,c3) plane is d-close
to the set {(h/(c1), 2%03) =v(1,1)}.

The path L; is d-close to Ly which is the path on the level set O‘Qg,o(clv ¢3) = E connecting the point
(—ci,c}) to (—cf, —ch) symmetric around the cq-axis. If we choose ¢3 = ¢, we get a unique point on
Ls near —c}. In the full system Gs,5, adding back the ¢y variable by Proposition 7.8(2), we obtain a
two-dimensional channel L; in aa;(;(E). By the definition of the point & in the proof of the previous
lemma, we get the point (¢*, c5) € T's(c}) NLs. This shows that Ls N Ts(c}) # 0 and Ls N C_ # 0.

We claim that for §V chosen in an open and dense subset @3,* of the d3-ball of C™(T3)/C"(T?), any
continuous curve in the interior of Ls is a generalized transition chain.

We introduce a subset A C Ls in the following way: o € A if and only if the weak KAM u, of
the restricted system Gz s on the NHIM is C! (must also be C! due to [5]), i.e., the Mafié set is an
invariant 2-torus. For o ¢ A, a certain section Y, of 2-torus exists such that A, N3, is shrinkable so
that Definition 2.1(H2) can be verified. To prove that Ls is a generalized transition chain, it remains to
prove the following in order to verify Definition 2.1(H1):

For 6V in @27* and for allo € A, each connected component of Argmin{B,, X0 o\ U,,, Nm} is contained
in a certain disk Oy, C Xo o,
where B, is the barrier function of the system Gjgs, ¥, is a 2-dimensional section of T2 which is
transversal to o-semi-static curves, | J,,, N, denotes a neighborhood of the Aubry set in the finite covering
space, and Argmin{B,, X0\ U,, Nm} denotes the set of minimal points of B, which fall into the set

2O,U\ Um Nm
This is given by Theorem E.2 in Appendix E (the autonomous case and the Mané perturbation case).
The argument is similar to the case of a priori unstable systems (see [17,18]). O

In the next remark, we explain our mechanism of ladder climbing.

Remark 10.7 (The mechanism for the ladder climbing).  Here, we have employed a variant of Arnold’s
example (1.2). Consider an autonomous Hamiltonian system of three degrees of freedom of the form

vi Y3 v
H = ?1 + 52 + 53 + (coszg — 1)(1 + e(cosz1 + sinza)).
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In this system, there exists a diffusion orbit for each E > 0 such that (y1,y2) stays close to the circle
{y? +y3 = 2E} and arctanz—; achieves any value in [0,27), which can be proved by computing the
Melnikov integral as in the Arnold’s example. In our case, the system Gz s plays the role of H here and
the system Gg 5 plays the role of y? + y2.

11 The proof of Theorem 2.4 for n =4

We are now ready to give the proof of Theorem 2.4 in the case of n = 4 along one frequency segment, i.e.,
w(t) in Theorem 2.4 lies within B, (w_). To prove Theorem 2.4 in full generality, we need the following:
(1) transition from one frequency segment to the next;
(2) the n > 4 case.
(1) will be addressed in Section 13 and (2) will be addressed in Appendix C. Both are algorithmic but
not dynamical, based on the proof in this section.
The general case is very similar and we postpone the induction argument to Appendix C, where the
proof of Theorem 2.4 for general n > 3 is completed in Appendix C.6.

Proof of Theorem 2.4 for n =4 along one frequency segment.  Let us first review the results that we
have obtained up to now. We start from the frequency line segment w_ of the form (4.2), along which we
treat two different regimes separately (the way of distinguishing the two cases was given in Subsection 6.1):

(a) single or weak double resonances;

(b) strong double resonances.

In the case (a), we apply Proposition 5.2 to yield an NHIC homeomorphic to T*T"~! restricted to which
the Hamiltonian system has one fewer degree of freedom. In the case (b), we obtain the same result in
Propositions 6.9 and 6.10 up to a Ay/e-neighborhood of the strong double resonance.

We next modify slightly the frequency line segment to @_ in (8.1), along which we perform the second
step of the order reduction. For the reduced system after the previous step, we again distinguish the above
two cases. For the case (a), similar to Proposition 5.2, we obtain the NHIC homeomorphic to T*T"~2
and for the case (b), which is now the triple resonance case, we obtain the same result in Proposition 9.3.
This completes the proof of the parts (1), (2) and (3)(a) of Theorem 2.4 for n = 4.

We next prove the statements (3)(b) and (3)(c) on the generalized transition chain. The generalized
transition chain of type Definition 2.1(H2) connecting nearby NHICs crossing the triple resonance is
proved in Proposition 10.4, and hence (3)(c) is proved. Item (3)(b) can be reduced to the a priori unstable
systems studied in [17,18] due to the presence of NHICs. Indeed, we perform the standard energetic
reduction procedure to reduce the autonomous system of n degrees of freedom to a nonautonomous one
with n — 1/2 degrees of freedom as follows. We consider the Hamiltonian (9.1) in the region that is the
Ay/e-near triple resonance noting that the first three entries of the frequency vector w vanish due to the
triple resonance. We fix the energy level E and solve the equation H(x,Y) = E for Y := w,Yy/v/e (let
wy = Wp_3) and treat ) as the new Hamiltonian and z41/e/ws =: 7 as the new time to yield a system
of the following form:

1 YRV, ~ T/~ Al ~ o W
y = §<A3}/37Y3> + V(I'Q) + 6‘/(1'3) + 5R<CU3, Y3, \;;) .

Outside the Ay/e-neighborhood of the triple resonance, we obtain

w1Y; 1 -~ . _ ~af o~ wyT
\lﬁl + §<A3Y3,Y3> + V(ZL'Q) + (5V((E3) + 5R<.’E3, Y3, \%)

The system admits NHICs restricted to which the time-1 map of the system is a twist map (this follows

y:

from Lemma 9.2 for the former and in addition Proposition 6.8 for the latter). Thus, they can be
considered as a priori unstable systems studied in [17,18]. The generalized transition chain satisfying
Definition 2.1(H1) can be constructed for generic perturbations P (see Theorem E.2 in the appendix, and
note that Theorem E.2 is applied to the original system (1.1) without applying the normal form). This
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gives Theorem 2.4(3)(b) for n = 4. We have considered only one frequency segment. The switch from
one frequency segment to the next is the same as crossing a complete resonance and hence is the same
as (3)(c) (see Appendix C.5).

Finally, we consider the genericity condition. We need a genericity assumption in the proof which can be
classified into two classes: (HT) hyperbolicity type and (TT) transversality type. The conditions (HT) are
used to guarantee the existence of NHICs and (T'T) are used to guarantee that the transverse intersection
of stable and unstable manifolds of Aubry sets (or destruction of Mané sets), i.e., Definition 2.1(H1)(ii)
as well as (H2). In Definition 1.1 of the cusp-residual set, (HT) is responsible for the “cusp” part,
i.e., existence of R C &" and ap for each P € R, and (TT) is responsible for the residual part (see
Theorem E.2). More explicitly, we have

(HT) construction of the NHICs (see Propositions 5.2, 6.9 and 6.10), whose genericity comes from
Proposition 5.4 and Theorem 6.6;

(TT) (a) the c-equivalence path around the strong double resonances (see Proposition 7.7), whose
genericity comes from Proposition 7.4;

(b) verification of Definition 2.1(H1)(ii), which is needed in the ladder construction of Proposition 10.4,
as well as in the proof of Theorem 2.4(3)(b); the genericity is given by Theorem E.2.

With these, we verify the cusp-residual condition (see Definition 1.1).

First, we have finitely many open and dense conditions from the propositions in the above (HT).
Denote by O C 8" the open and dense set obtained by taking the intersection of the finitely many open
and dense sets. This P determines €p such that for € < ep, (HT) holds. The fact that p is continuous
in P with the C™ norm follows from that a C" small perturbation of P gives rise to a C"™~° small error
term JR in the normal form, which does not destroy the NHICs.

Second, for this purpose of Item (TT), we fix an € < ep and apply Theorem E.2, which gives us an
¢’ = ¢&'(eP) and a residual set R,/ (eP) C €’B" such that Definition 2.1(H1)(ii) is satisfied for eP + &' P’
for any &'P" € R./(eP). Finally, apply Kuratowski-Ulam Theorem 8.5 to the set Upcp U, <., Rer (eP),
which gives the stated form of the cusp-residual set in Definition 1.1. This completes the proof. O

12 The Riemannian metric perturbation of the flat torus

In this section, we show how to reduce Theorems 1.3 and 1.4 to Theorems 2.4 and 1.2.

For convenience, we apply the linear map S : TV — ']I‘Jg to converting the torus ']I‘g to the standard
torus TV, which pulls back the metric ds*> = > dz? on 'I[‘g to ds? = > cijdr;dx; on TV, where the
matrix C' = (¢;;) = S*S.

Proof of Theorem 1.4.  This follows from Maupertuis’s principle (see [2, Subsection 45.D]), which
identifies the Hamiltonian flow of a mechanical Hamiltonian system H(x,y) = (C~'y,y)+V () restricted
to energy level 1 with the geodesic flow of the Riemannian metric (1 — V(z))>_,; cijdz;dz;. Thus,
Theorem 1.4 follows immediately from Theorem 1.2. O

We next work on the proof of Theorem 1.3.
Proof of Theorem 1.3.  We consider the Riemannian metric on T of the form
dsg = Z(Cij + Ed”(l'))dxld{l?j
i,J
We treat ds? as twice of the Lagrangian and perform a Legendre transformation to get the Hamiltonian
of the form

1 1 €

H(z,y) = 5 Z(aij + ebij (2))yiy; = §<Ay,y> + §<B(f)yay> =: h(y) +eP(z,y), (12.1)
,J

where we define A = (a;;) = C~! and B(z) = (b;j(x)), and the matrix A + eB(z) is the inverse of

C + eA(z). Thus solving the equation

(A+eB)(C+eA(x)) =1d,
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we get B(r) = —C~1A(z)C~1 + O(e).

Thus H. has the form of the nearly integrable system with h(y) = 1 (Ay,y) and P(z,y) = 3(B(z)y, y).
The frequency map w(y) = 9,h(y) = Ay.

We next pick y* and perform a /z-blowup in B, \/C:(y*) for some A large, as we did in Subsection 3.1.
Corresponding to (3.2),

H(z,Y) = V2" Y) + %(AY, Y) + V(z) + P(z, VeY), (12.2)

where w* = Ay*, V(z) = 3(B(z)y*,y*) and P(z, eY) = \/e(B(2)y*,Y) + 3e(B(2)Y,Y), and the system
is defined on B;(0) x TV.

The system (12.2) is formally the same as (3.2), and thus we can repeat the proof of Theorem 2.4
formally.

We next consider the genericity conditions. As we have analyzed in the last section, there are two types
of such conditions: (HT) used to guarantee the existence of NHICs and (TT) used to destroy the Mané
sets (guarantee Definition 2.1(H1)). One way to verify the cusp-residual condition in the Riemannian
metric perturbation setting is to adapt Proposition 5.4 and Theorem E.2 to the present setting, which can
be done by modifying the proofs of Proposition 5.4 and [13, Theorem 4.2]. However, there is a simpler
argument as follows.

We first note that both conditions are open conditions. Indeed, we first consider (TT), which is used to
guarantee Definition 2.1(H1). Note that Definition 2.1(H1) is an open condition, since we cover Mané sets
by finitely many open balls. Once it is satisfied, by the upper-semi-continuity of Mané sets, it remains
to hold for C" any small perturbation of eA. Thus, it is enough to get the denseness part, i.e., there is
an arbitrarily small &’A” € Sym"(T™) such that eA + &’ A’ satisfies Definition 2.1(H1). This follows from
Theorem E.2 with the Mané perturbation, since a Mané perturbation 'V € C"(T™) to the Hamiltonian
H. can be turned into a perturbation to the Riemannian metric by Maupertuis’s principle. Next, (HT)
is also open by the persistence of NHICs, and thus we first add an arbitrarily small Mané perturbation to
H. to guarantee the existence of NHICs as in Theorem 2.4, and then apply the same Maupertuis trick.
This completes the proof. O

13 Construction of the global frequency path

In the previous sections, we have shown how to find a frequency path along which only the first entry
can be arbitrarily moved along an orbit. In this section, we show how to repeat the strategy to move the
second, third, ..., entries. In the frequency space, the picture is similar to moving along edges of a cube
to connect different vertices.

13.1 The choice of the Diophantine path

To find the frequency path {w(t)} as described above, we first find a guiding frequency path with certain
Diophantine properties, which will be shadowed by {w(t)}.

Lemma 13.1. Given any o0 > 0, 7 > n and any finitely many frequency vectors wi,...,wn
€ Oh(h~Y(E)), E > minh and M > 1, there exist a constant o > 0 and vectors

Wi = (W1 s l) € OR(HA(E))
satisfying |w; —wf| <o,i=1,...,M and
w;"m = (Wi S Wi,y Wity - - ;Wi ) € DC(n, , 7)

foralli=1,....M —1and j=0,1,2,...,n.
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The proof of this lemma is postponed to the end of this section. From the Diophantine vectors w LD
we construct n(M — 1) frequency segments

Qi,[j] (t) = Pi,[49] (t)(w;—o—l,h cee awf+1,j—1a taw;j+1v e 7w;<,n)7 te [w;jaw;+1,j] U [w;+1,ja W;j]’

j=1,...,n,i=1,...,M — 1, where the scalar multiple p; [;(t) is determined by requiring that the
segment €2; ;) lie on Oh(h™*(E)). By the construction, the end point of €2; ;) agrees with the starting
point of €; ;1) (for j < n) and the end point of €, ,,) agrees with the starting point of ;1) for all
i=1,...,M —1. So the segments are concatenated into a connected curve in dh(h~1(E)) connecting wj
to wj,; and passing by the points w}, ¢ =1,..., M.

13.2 Construction of the frequency segments

In the previous sections, we have been considering 2, ;) and found in its g-neighborhood a frequency
vector of the form

(2)( P2 i D3 xi P4 wi | xi
a3

2 _ *7 *i %1
(JJ( )(a) = Pq a, ;w2 y — Wy ,q—wz , Wy ,...,wn>, Wi _wl»k’
2 4

that admits two resonant integer vectors k' and k” for all a, and found NHICs C(k’, k") homeomorphic
to T*T"~2 away from triple resonances (see Proposition 9.3).

We next formulate the induction rule to perform the procedure inductively. Suppose that we have
done £ steps with £ = 1,...,n — 3 and found in the g-neighborhood of € ;) a frequency vector of the
form

¢ P2 b3 Det1 P2 o *
wg):<a,w§,w2,..., wS,wQ,ng,...,wn)
a3 qe+1 qo+2
with resonant integer vectors k/,k”, ..., k¥ whose span is denoted by K and the Hamiltonian system

admits NHICs C(K )) homeomorphic to T*T"~¢ up to a A\y/z-neighborhood of strong (¢4 1) resonances.
We define the induction rule.

Definition 13.2 (The induction rule).  Suppose that I P(+, y) has a nondegenerate global maximum
for all y € w(_e). We modify wy, ;3 into ’Zﬁig w3 such that |gey3| is so large and the new resonant integer
vector kT has a so large norm that the term I g e11) P(-,y) — M geoy P(-,y) with the C™~2 norm less

than C/|k“+1|? does not spoil the NHICs C(K ©)).

Proposition 13.3.  For generic P C B", there exists an ep > 0 such that for oll 0 < € < €p, the
Hamiltonian system (1.1) admits a frequency path w§7m lying in a g-neighborhood of 2y (1] such that the
induction rule is satisfied for all n — 2 steps.

The proposition can be proved by applying the refinement procedure in Section 8 repeatedly. More
details will be provided in Appendix C.
Thus we get a frequency segment of the form

o) = 1D () — D) i L P2 P3 p)
w a) =w a) = w = 5 P )
@) =) =t (e

along which we have n — 2 resonant integer vectors k', k", ..., k(=2 for all a and n — 1 for some a. We
get NHICs C(k’, k", ..., k"=2) homeomorphic to T*T? \y/e-away from complete resonances.

13.3 The resonant frequency path shadowing all ; ;

We next find the resonant frequency path w(t) in Theorem 2.4 shadowing all the segments (J; ; €2 ;-

Applying the last proposition, we have constructed a frequency path “’?,[1]
the induction rules. We next do the same thing to shadow {25 [1). Note that (2 ;1; has the same entries
as {1y 1] except the first two, so should w? (1 and wg (1] do. Thus, we cannot do the induction procedures

of € (17 and €5 [;) independently. Let us introduce the following definition.

shadowing € [1) satisfying
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Definition 13.4 (The connection rule). The frequency paths W i 1] and w’ i+1,] obtained from
Proposition 13.3 shadowing €; ;; and €, [;), respectively, are said to satisfy the connection rule if
their all except the i-th and (i 4+ 1)-th entries are identical, and it is similar for (4, [j]) and (¢ + 1, [j])
replaced by (n,[j]) and (1,[j + 1]), respectively.

Proposition 13.5.  For generic P € B", there exists an ep > 0 such that for all 0 < ¢ < ep, the
Hamiltonian system (1.1) admits a continuous frequency path lying in a g-neighborhood of all the segments
Ui,j Q5 and satisfying the induction rule and the connection rule for all i and j.

Proof.  Let wj (i =1,..., M) be the frequencies and Q;;; (j =1,...,nand i =1,..., M — 1) be the
frequency segments defined in Subsection 13.1. In order to apply the last proposition, we always perform
a permutation such that the varying entry becomes the first one. Up to permutations of entries and a
scalar multiple, we can list the frequency segments as follows:

917[1] (a) = a WT,2 WT,S win
Q1,19 (a) = a wiz ... wj,ws;
. ) (13.1)
Ql,[n](a) = a4 Wyq Wyg ... Wy py 1
Qo ny(a) = 4 Wig oo W, g Wy

The rules are as follows:

(1) In ;5 (a), the j-th entry is a € [w};; — 0,w/\, [; + ¢]. The entries with subscripts less than j
coincide with those of w},; and the entries with subscripts greater than j coincide with those of wy.

(2) We permute entries of §; ;) in such a way that a is the leading entry and the entries with subscripts
less than j are placed after its last entry.

(3) The vectors Q; ;) (i=1,...,M—1and j =1,...,n) are arrayed in a parallelogram such that €2, ;
is placed on the ((i — 1)n + j)—th row with the leadlng entry a placed at the ((¢ — 1)n 4 j)-th column.
We inductively refine the frequency segment such that after Mn — 3 steps, all the above w; ; become a
rational multiple of wj ,. Denoting the resulting vector by ‘*’f,[j] (a), we have |w§)m (a) = Qipi(a) <o Tt
holds that

# a P2 p3 Pn
wime) =%, @ @
# _ p3 Pn  Pntl
w17[2] (a) - wi2 g3 77 gn dn+1
# a Pn+1 Pn42 P2n—1
w a) = * —_ .,
;v[n]( ) Wio 49n41 4dn42 q2n—1
E Pnt2 P2n—-1
""2,[1](a) = g Dniz | Dancl Pon

Wi dn+2 g2n—1 q2n

The frequency refinements are done inductively as follows. We introduce the superscript (¢) with
1 < £ < Mn — 3 counting the step of refinements. During the ¢-th step of the order reduction, we
Pet1 Pet1

modify the Diophantine number in the (£ + 2)-th column into a - is to be
determined.

Notation 8. (1) For each 1 < £ < Mn — 3, there is an index set Z(¢) such that for each (¢, [§]) € Z(¥),
Q; [;] intersects the (£ 4 2)-th column of the table (13.1) not at the a entry. If (i, [j]) € Z(£), we denote
the frequency vector by wi(z[)j].

(2) If the frequency vector with the subscript (4,[4]) lies entirely to the left of the (£ + 2)-th column

without intersecting it at the step (¢), this vector has completed its refinement and has all the entries
f

Wl 9, where the number

being rational multiples of wy , except the leading a, so we denote it by w;
(3) The frequency vector Q Jj] lying to the right of the (£ + 2)-th column w1th0ut intersecting it will
maintain its notation Q i
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: (0) O] 0 :
For example, in the case of £ < n — 2, we have that w; ;) (a),wl’m (a),...,wy (a) are the following,

respectively:

P12 P1,3, % P1,e+1, * P1,e+2, x * *

a 712%,2 GsP12 0 e P12 W12 Wi o Wi
P1,3, % Pi,e+1, *x P1,e+2, *x * * *
a 3912 e Y12 W12 Wies o Win W
P1,e+2, *x * * * *
a Wi Wiegs s Wiy Wag e Wy

The proposition is then proved by repeating this procedure. 0

Notation 9. To simplify the notations and for clarity, instead of using the double subscripts (3, [5])
€ Z(¢), we introduce a single subscript k = 0,1,...,8Z(¢) — 1 (k < n — 2) counting the number of
independent irreducible resonant integer vectors for each w (a) for all a.

13.4 The proof of Lemma 13.1

In this subsection, we give the proof of the number-theoretic Lemma 13.1.

Proof of Lemma 13.1.  Fix p > 0 and 7 > n. We prove the lemma by induction from j + 1 to j. First,
for j = n, it is easy to find two Diophantine numbers w? and wf. Suppose that we already have

(w jj_l, cLwi) e DC(n — j,a,T).

We claim that given w; and wf, there are numbers w;fi and w;f satisfying

*7

|wi? — wi| < o, |w;ffwf|<g and (w;”f Wiy, .w) €DCn—j+1,a,7)

for sufficiently small a > 0.
Indeed, by the assumption, we already have

~ kG 7. - 7. n—j
(@n j kn—j)| = W, Vk,—j€Z"7\{0}.
n—j

We want to show that all those w; € R which satisfy the condition

(67

[((ws, @5 5), knejs1)] > Vhky_ji1 € 27T\ {0} (13.2)

gl
form a p-dense set provided that « is small enough. Given l%n,j7 we consider all k; and w;[ satisfying
k w +< n ]7I;:Tl—j> :0

Formula (13.2) is satisfied automatically for k, ;1 = (kj, k,_;) when k; = 0, so we assume k; # 0. In
_ 2o

kj(lkn—jl+1k; )7

(13.2) is satisfied for all w; in the complement for this k;. The total measure of these intervals when k;

ranges over Z \ {0} is
2 o 2
PE— of B
wy Kl (knj | + [R5 )7 1 2(|kn—j +2)7

Next, the total measure of these intervals when I%n_j ranges over Z" 7 \ {0} is

—dx
ZZIlfllknyHlkl Z/ (. J|+)

/ // P oI drdS™
Sn—i—1 T‘ LL’

y= I/T n T—1 1
4o C/ i- / ————dydr,
1/r Y (1+y)

order to guarantee (13.2), we need to remove an interval of measure centered at w; so that
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where the constant C' = % is the area of the sphere S"~7~1. The inner integral converges for

large y and has the asymptote logr for r large and y close to 1/r. Hence the iterated integral can be
estimated as

pr—i—T—1 / —————dydr < 2 / r" 17" (log r + const)dr,
/1 1/r y(l + y)T 1

where the right-hand side is convergent since 7 > n. The assertion above is proven if a > 0 is chosen
small enough. O
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Appendix A A brief introduction to the variational theory
In this appendix, we give a brief introduction to the Mather theory and the weak KAM theory.

Appendix A.1 Minimizing measures and a- and 3-functions
The theory is established for the Tonelli Lagrangian (see [38]).

Definition A.1 (Tonelli Lagrangian). Let M be a closed manifold. A C?-function L: TM x T — R
is called Tonelli Lagrangian if it satisfies the following conditions:

(1) Positive definiteness. For each (x,t) € M x T, the Lagrangian function is strictly convex in velocity:
the Hessian 97, L is positive definite.

(2) Superlinear growth. We assume that L has fiber-wise superlinear growth: for each (z,t) € M x T,
we have L/||z] — oo as ||| — oo.

(3) Completeness. All the solutions of the Lagrangian equations are well defined for the whole ¢ € R.

For autonomous systems, the completeness is automatically satisfied, as each orbit entirely stays in a
certain compact energy level set.

Given a closed 1-form (n.(x),dz) with the first cohomology class [(n.(x),dz)] = ¢, we introduce a
Lagrange multiplier 7. = (n.(x), 4). Without danger of confusion, we also call it a closed 1-form.

For each C! curve v: R — M with period k, there is a unique probability measure py on TM x T so
that the following holds:

1 k
[ gdw = [ s@r).sas
TMXT 0
for each f € C°(TM x T,R), where we use the notation dy = (v,). Let
9* = {u, | v € C*(R, M) is periodic with the period k € N}.

The set $ of holonomic probability measures is the closure of $* in the vector space of continuous linear
functionals. One sees that ) is convex.
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For each v € §, the action A.(v) is defined as A.(v) = [(L — n.)dv. It is proved in [35,37] that for
each cohomology class ¢, there exists at least one invariant probability measure p. minimizing the action
over $):

Adu) = inf (L= nod.

vES
which is called a c-minimal measure.

Definition A.2 (The Mather set). (1) Let §. C $ be the set of c-minimal measures. The Mather set
M(c) is defined as M(c) = U, e5. SUPPL.

(2) The a-function is defined as a(c) = —Aq(pe) : H*(M,R) — R. It is convex and finite everywhere
with superlinear growth.

(3) Its Legendre transformation 8 : Hy(M,R) — R is called a B-function

Bw) = max((w, ¢) — a(c)).

It is also convex and finite everywhere with superlinear growth (see [37]).
Note that [ Adju., = 0 holds for each exact 1-form A and each p1, € H*.

Definition A.3 (The rotation vector). For each measure p € $), one can define its rotation vector
w(p) € Hi(M,R) such that ([A],w(u)) = [ Adu holds for every closed 1-form X on M.

We have the relation ¢ € 98(p) < a(c) + B(p) = (¢, p).
Appendix A.2 (Semi)-static curves, the Aubry set and the Mafé set

The concept of semi-static curves is introduced by Mather [38] and Mané [35].

Definition A.4 (The c-semi-static curve). A curve v: R — M is called c-semi-static if
(1) in the time-1-periodic case, we have

[Ac) lie.en] = Fe((v(8), 1), (v(t), 1)),

where

A1) L] / — ne(dy (D))t + a(e)(t' — 1),
F((w,t), (@ t) = inf  he((z,7), (&', 7)),

7= t mod 1
7'=t' mod 1

hc((xa T)v (xl? T/)) = lnf [Ac(f) |[T""/}];
EEC
£(r)=x
&)=’

(2) in the autonomous case, the semi-static curve is defined as
[AC(V) ‘(Lt’)] = FC(’Y(t)z V(t/))v where FC(‘ra I‘/) = 71_1;% hC((a:? 0)7 (Ilv T))

Definition A.5 (The c-static curve). A semi-static curve v € C1(R, M) is called c-static if, in addition,
the relation [A.(Y) |y = —Fe((v(t'),7'), (7(t), 7)) holds in the time-1-periodic case and [A.(y) |()]
= —F.(y(t'),v(t)) holds in the autonomous case.
Definition A.6 (The Mané set and the Aubry set). We call the Masié set N'(c) the union of c-semi-
static orbits

N(c) = U{dv : 7y is c-semi-static}

and call the Aubry set A(c) the union of c-static orbits

= U{dv : 7y is c-static}.
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Notation 10. We use M(c), A(c) and N(c) to denote the standard projections of M(c), A(c) and

N(c) from TM x T to M x T, respectively.

They satisfy the inclusion relations M(c) C A(¢) € N(c). It is showed in [37,38] that the inverse of
the projection is Lipschitz when it is restricted to A(c) as well as to M(c). By adding the subscript s to
N, ie., N, we define its time-s-section. This principle also applies to N'(c), A(c), M(c), A(c) and M(c)
to denote their time-s-sections, respectively. For autonomous systems, these sets are defined without the
time component.

On the time-1-section of the Aubry set, a pseudo-metric d. was introduced by Mather [38], whose
definition relies on the quantity h2°. Define

h((z,8),(2',s") = liminf h.((z,t),(z',t")).

s=t mod 1

For the autonomous system,
he°(z,2") = liminf h.((z,0), (2, 7)).

T—00

The pseudo-metric d. on the Aubry set is defined as
dC((‘T’ t)v ('rlv t,)) = h?'o(($7 t)a (‘Z‘/a tl)) + h,go((itl’ tl)a (:E7 t))

With the pseudo-metric d., one defines equivalence classes in an Aubry set. The equivalence (x,t)
~ (2',t') implies d.((z,t), (z',t')) = 0, with which one can define the quotient Aubry set A(c)/ ~. Its
element is called the Aubry class, denoted by A;(c) or A, ;, whose lift to TM x T is denoted by A;(c).
Thus,
Ale) = [J Ai(e),  Ale) = | Ai(o).
i€A ieA

Although Mather constructed an example with a quotient Aubry set homeomorphic to an interval, it is
generic that each c-minimal measure contains not more than n + 1 ergodic components if the system has
n degrees of freedom (see [9]). In this case, each Aubry set contains at most n+1 classes. It is also known
that the Mather set, the Aubry set and the Mané set are invariant under symplectic transformations,
which allows us to use the normal form (see [6]).

Appendix A.3 Elementary weak KAM theory

The concept of c-semi-static curves can be extended to the curves only defined on R*, which are called
forward (backward) c-semi-static curves, denoted by v, respectively. A curve 7, (resp. v) produces a
backward (resp. forward) semi-static orbit (v, ,5:) (resp. (v, vT)).

Proposition A.7. If the Lagrangian L is of Tonelli type, for each point (x,7) € M x T, there is at
least one YL (t, z,7) which is a forward (backward) semi-static curve.

Since both the w-limit set of dy} and the a-limit set of dy, are in the Aubry set, one defines

dyE(r,x T)
:t — C b )
wE= U {x,T, e

(z,7)EMXT

and calls W the stable set, and W the unstable set of the c-minimal measures, respectively. If
4~ (r,2,7) = 4T (7,2, 7) holds for some (z,7) € M x T, passing through the point (x, 7,5, (1,2,7)), the
orbit is either in the Aubry set or homoclinic to this Aubry set.

If the Aubry set consists of one class, the stable as well as the unstable set has its own generating
function u* such that W;F = Graph(duF) holds almost everywhere [26]. These functions are weak KAM
solutions. We use u¥ to denote the weak KAM solution for the Lagrangian L — 1., where 1, is a closed
form with [n.] = ¢. These functions are Lipschitz, and thus differentiable almost everywhere. At each
differentiable point (z,7), (z,7,d,u" (z,7)) uniquely determines the backward c-semi-static curve 7, :
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(=00, 7] — M such that v, (1) = z and 4, (1) = O, H(z,7,0,u” (x,7)). Similarly, (z,7,d,u’(x,7))
uniquely determines the forward c-semi-static curve v, : [r,00) — M such that v (1) = x and 4} (1)
= 0yH (z,7,0,u™ (z,7)).

If two or more Aubry classes exist, there are infinitely many weak KAM solutions, among which we
are interested in the so-called elementary weak KAM solution, obtained from the function hA%°. Indeed,
treated as the function of (z,t), the function hS°((x,t), (z',¢')) is a weak KAM solution that determines
orbits approaching the Aubry set as the time approaches infinity, and treated as the function of (2’,¢),
the function h°((x,t), (z',t')) is a weak KAM solution that determines orbits approaching the Aubry
set as the time approaches minus infinity. Letting (z,t) range over an Aubry class, denoted by A, ;, one
has a decomposition

he ((x,t), (2, 1) = u_(¢' ') —uly(x,t), V(a/,t')€T" xT,

where u’

i 18 a constant, and u_, is called the elementary weak KAM solution with respect to A ;.
Similarly, letting (2',¢’) range over an Aubry class, one obtains an elementary weak KAM solution u,_,.

Again, for the autonomous system, one skips the time component.

Appendix B The theory of normally hyperbolic invariant manifolds

In this appendix, we introduce the theory of the normally hyperbolic invariant manifold (NHIM).

Appendix B.1 Normally hyperbolic invariant manifolds for Hamiltonian systems

Definition B.1. Let f: M — M be a C"-diffeomorphism on a smooth manifold M with r > 1. Let
N C M be a submanifold invariant under f, i.e., f(N) = N. We say that N is a normally hyperbolic
invariant manifold (NHIM) if there exist a constant C' > 0, rates 0 < A < p~! < 1 and a splitting
T,M =E;®E} ®T,N for every x € N in such a way that

—~

vE ES < |DfF(x)v] < CNFlo|, k>0,
ve EY s |Dff(x)w] < ONFl|, k<o,
veT,N < |DfF(x)v] < CuFlv], keZ.

—~

Notation 11. In the paper, we use the phrase “with uniform normal hyperbolicity independent of &”,
which means that neither the normal Lyapunov exponents nor the splitting angle between E* and E™
depends on €.

Theorem B.2 (See [21, Theorem A.14]). Let Nx C M-—not necessarily compact—be normally
hyperbolic invariant for the map fx generated by the vector field X, which is uniformly C” in a
neighborhood U of Nx such that dist(M \ U,Nx) > 0. Let fy be the C"-map generated by another
vector field Y which is sufficiently close to X in the C'-topology. Then we can find a manifold Ny
which is normally hyperbolic for Y and close to Nx in the Cmin{rl =<} topology for any small €. The
Lyapunov exponents for Ny are arbitrarily close to those of Nx if Y is sufficiently close to X in the C*
topology. The manifold Ny is the only C* manifold close to Nx in the CY topology, and invariant under
the flow of Y.

We give a proof of the result in Appendix B.2 in a special setting adapted to the need of the paper.

Remark B.3. The NHICs constructed in the paper are not invariant under the original Hamiltonian
flow, but invariant under a modified Hamiltonian by a cutoff function y (see the proof of Proposition 5.2).
These NHICs vary as x does but on Aubry sets lying entirely in the region where y = 1, and they all
coincide. The role played by the NHICs is auxiliary. They are used to localize Aubry sets and run the
Cheng-Yan genericity argument. Once the generalized transition chains are known to exist, they are no
longer needed. Thus the NHICs obtained by choosing one cutoff function x are sufficient for our purpose.
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When the normally hyperbolic flow is Hamiltonian, we have the following theorem saying that the
restriction of the Hamiltonian system to the central manifold is also Hamiltonian with fewer degrees of
freedom.

Theorem B.4 (See [23, Theorems 23 and 26]).  Suppose that M is endowed with a (an exact) symplectic
formw. Let f.: M — M be a C" family of Hamiltomorphisms, r > 2 preserving w. Assume that N C M
is an NHIM for fo with rates A and u.

(1) Then for sufficiently small €, there exist C*-families of diffeomorphisms k. and r. with £ <
min{r, |%|} satisfying fe o ke = ke o re, where ke is the map such that ke(N) = Nz and o : N — N is
the restricted map on N.

(2) We denote by R. the generating vector field corresponding to r. defined by d%rg =R.or.. Then

we have
o kX*w =wn is a (an exact) symplectic form on N; it is independent of ;

o the vector field R. is the (exactly) Hamiltonian vector field with respect to wy; moreover, its (global)
Hamiltonian is R. = F. o k., where F_ is the Hamiltonian for f..

Appendix B.2 A special normally hyperbolic invariant manifold theorem

In this paper, we need a special version of the theorem of the NHIM. Here, we present its detailed proof
using the graph transformation method. The statement given below is adapted to the setting needed in
the paper and we do not pursue generality.

Theorem B.5. Let N = (R™/SZ™) x R™, § € SL(m,R) be a submanifold of a (non compact)
manifold M™ ™ +k - Given A > 0, we define Ny = (R™/SZ™) x B (0) and choose a small neighborhood
U(C M) of Ny. Let V = (¢,p,n) be a C? vector field compactly supported in U satisfying the following
properties:

(1)

q' — E—I/QW* + a(p>7
p=0,

where (q,p) € N, w* € R™ is constant, a(p) € C? and ¢ > 0.

(2) Restricted on the normal bundle |, ¢, E5 & E¥, we have i = An, where A € R¥*¥ is a constant
matriz all of whose eigenvalues lie off the imaginary axis.
Then there exists a vy such that any vector field V, . compactly supported in U and satisfying that
IVy.e = Vl]ler < 70, admits an NHIC that is a graph over Ny.

Remark B.6.  We see in the following proof that e does not play any role, since the large term e~ 1/2w*
is constant and does not appear in the derivative of the time-1 map of the flow; on the other hand, only
derivative information matters in the proof (see (B.2)). The vector field V. is also allowed to depend
on t periodically, and even with fast oscillations for example it depends on t/e* € T, for any a > 0, in
which case the || - [|c1 norm does not include the derivative with respect to t.

Proof of Theorem B.5.  We follow the proof of Fenichel [27] (see [30] for another approach). In the
proof, for clarity of the ideas, we consider first the contracting case, namely, E* = 0 in the splitting of
T, M (see Definition B.1), i.e., all the eigenvalues of A have negative real parts.

We denote by f (resp. f,) the time-1 map generated by the vector field V' (resp. V,.). We now
introduce coordinates. We cover a neighborhood Uy (d > 0) of the center manifold Ny by balls of the
form Bag(p;) with p; € N using any preferred Riemannian metric. In each of the ball Boy(p;), we choose
local coordinates given by exp,, : T, NA © E, — Bog(p;) with

exp,, (2,0) € Baa(pi) " No and  exp,, (0,0) = p;. (B.1)
In coordinates, the map f™ can be written as

Fj,; = exp];j1 of"oexp, :T,,N®E, — T, N® E;].,
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if p= f="(p) for p € Bag(pi) and p’ € Baq(p;), where the number of iterations n will be determined
later. We suppress the subscripts ¢ and j for simplicity and define F(z,y) = (X(z,v),Y (x,y)), where

Y (z,0) = 0. We set
0. X 0, X A B
F = =: .
0.Y 0,Y C D

C(z,0) = 9,Y (2,0) =0,
D(z,0) = 0,Y (x,0) = dF |gs,
A(z,0) = 0, X (2,0) = dF |ge-.

We have by definition that

Now the normal hyperbolicity assumption implies the following important bounds:
[DllcollA™ oo < 1/2, [[Dflco <1/2, [|Cllee <n <1 (B.2)

by choosing n large and the neighborhood U, small enough. The derivative dF is obtained by integrating
the variational equation derived from the ODE of V,, .. Note that the term e~ 1/2* does not appear in
the variational equation since w* is a constant. Moreover, if V, . depends on ¢ explicitly, the variational
equation does not involve derivatives with respect to t. Since the map f, is y-close to f in the C*
norm, we define I, from f in the same way as F' from f". For fixed n and small enough ~, the above
bounds (B.2) also hold for F, in the domain Uy. In the following, we suppress the subscript v and work
exclusively with F, instead of F'.
Define first the set S of Lipschitz sections S : T, Ny — T),, N @ Ej . Next, we define

S5 :={5 € S|Lip(S) < d}.
The graph transformation is defined to be
G:S8—S, (G(9)(X(z,S()))=Y(z,S5(x)). (B.3)
Lemma B.7.  For sufficiently small n and J, the image of the graph transformation G lies in Ss, i.e.,
G: 85 — 85.
Proof.  Suppose that £ = X(z,5(x)) and & = X(a/,S(z')) are sufficiently close. The injectivity of
X(-,S(+)) will be shown below. Then we have

G (9))(E) = (GENEN = 1Y (z, S(x)) = Y (2, S())]
< [Clicollz = | + 8[| Dl co [l — 2. (B.4)

Next, we bound ||z — 2’|| using ||§ — &’||. It holds that

1€ = &'l = [IX (2, S(2)) — X (2, S("))|
> | X (2, 8(z)) = X (2, S(2)| - |X(@, S(x)) = X (2, S())]
> A7 lgollz = &'l = [ Bllco 1S () — S(a)]
> (147 5o = 8l Bllco)llz — /]|

ICllco 43l Pl co

Let ¢ = — .
1A=l 2o —61I1Bll o

Combining (B.4), we get

(G (S))(€) — (GSNENN < cll€ = £l

We can make ||C||co as small as we wish by choosing 1 small, and hence for small §, the leading term in
c is given by d||D||co||A7Y|co < /2. O

Lemma B.8.  The graph transformation G : S5 — Ss is a contraction in the C° norm, i.e., ||G(S)
—G(S)]lco < A||S — S||co for some 0 < A < 1.
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Proof.  For S,S’ € Ss, choosing x and =’ with £ = X (x, S(z)) = X (2/, 5 (2)), we get

IG(S)(E) = (GSN @I = 1Y (2, S(x)) = Y (2, 5" ("))
< |Cllcollz = 2| + 1 Dllco (15 (x) = S" ()] + [15"() — 5" (2")]])
< (ICllco + 6] Dllco) |z — &'l + [ DllcollS = §'llco-

Since ||C||co < n can be as small as we wish, |D||co < 1/2 due to the contraction. The proof will be
completed if we can show ||z — 2’| < ¢||S — 5'||co for some constant c. We have

X (2, S(x)) = X (2", S(2))| = [|Allcollz — 2|

and
1X (2, 8" (2")) = X (@', S(@))| < [IBllco(dllz — 2| + IS = §llc, )-
Since we have £ = X (x,S(z)) = X (2/, S'(2")), combining the two estimates, we get ||z —z'|| < ¢||S—5’||co
for some constant ¢. This completes the proof. O
By the contracting mapping theorem, there exists a unique d-Lipschitz solution S to the graph
transformation, S = G(S). By the uniqueness of the fixed point of G, we get that exp S is invariant
under f5.

For the hyperbolic splitting, i.e., the matrix A has both positive and negative eigenvalues, we introduce
coordinates respecting the splitting and write the map f' in coordinates as before, i.e.,

F(J%yaZ) = (X(x7yaZ)7Y(x7y7z)7z(xaya Z)) € E;’ @E;’ EBE;H (B5)

where (z,y,2) € E; o Ey @ Ep and f "(p') = p with the derivative control for sufficiently small n, and
in a sufficiently small neighborhood Uy,

10: X HIgoll0:Zllco < 1/2, 02X l¢ol(9:Y) Hleo < 1/2,
1022 cos [10:Y [lco, |0y Z]|co, [|0:Y [co < -

The graph transformation is defined as follows: for S(z) = (S*(z),S%(x)), a section in Ef, — Ef &
By @ E;), we assign ' = (5" (z),S"(x)) = G(S), where S"*(X(x, S*(x), S%(v))) = Z(z,S"(x), 5°(z))
and S™(x) is solved implicitly from

S“(X(z,S™"(x),S%(x))) =Y (x,8™"(x), S*(x)).

The solution exists since Y (z,0,0) = 0 and 9,Y # 0. One can verify that the graph transformation G is
a contraction from Ss — Ss, and hence there is a unique solution (S*, S") satisfying

S*(X (2, 8%(2), 5°(2))) = Z(z, 5*(x), S*(2)),
SUX (z,8"(x),S%(x))) =Y (z,S"(x), S°(x)).

Here, we only show how to prove the existence of the NHIC. We see from the above proof that the
e~ 1/24* term does not play a role since it disappears in the derivative of the map. It turns out that
the conclusion of the standard normally hyperbolic invariant manifold theorem holds in our setting. For
more information such as the regularity of the center manifold and the existence and regularity of stable
and unstable manifolds, we refer the readers to [27]. O

Appendix C Induction and dynamics around complete resonances

The main construction in this paper was done in the previous section for the n = 4 case. In this appendix,
we perform induction for the general n > 4 case. Theorem 2.4 will be proved in this appendix in full
generality.
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Appendix C.1 Two types of resonances and normal forms

In this appendix, we provide more details of the proof of Proposition 13.3. Suppose that we have
completed step ¢ and are about to work on the (¢+ 1)-th step of the induction. At step ¢, we are handed
with the following data (we use the same notations as in Section 13):

(1) for each Kk = 0,...,8Z(¢) — 1, we have a frequency segment wid (a);
)

(2

(3) associated with each w( )( ) for all a, a collection of irreducible resonant integer vectors K,(f) =
{k;(@),' . k("“) (Z)} For some a, there is one more denoted by ky @ We define K2 = K
U {ko’“ }. By definition, we have ﬁK( ) =k and ﬁK =r+L

De+1

a number ): the size of the neighborhood of w) (a) for all k;

W} o is within pO-distance of the irrational number

We next pick a rational number % such that

on the (¢ + 3)-th column of the fable (13.1).
When we update £ to (£ + 1), the subscript (7, [j]) remains unchanged, but the subscript k associated

with each (i, [j]) will also be updated to x 4+ 1. The k = 0 case was handled in Sections 3, 5 and 6, and

the kK = 1 case was done in Section 9. The x = n — 2 case means that the frequency segment wz( [)j]( )

has completed the reduction of orders so it becomes w il and it will be treated in Appendix C.4. So in
the remaining part of this appendix till Appendix C.4, we will consider the range £ =0,..., Mn — 3 and
k=0,1,..., min{Z({) — 1,n — 3}.

Appendix C.1.1  Two types of resonances

The following lemma is an analogue of Lemmas 4.5 and 8.2.
Lemma C.1. Letw’ (a), 9 and w,(f_fll)( ), K,(ffll) (k=0,1,...,min{#Z(¢) —1,n — 3}) be as above.

For any KV > max, \K,(f)| let kp 1, (i =1,...,my) be the collection of all the integer vectors
(£+1)

in L%y \ spanK 7 satisfying (kg+17i,w£ﬁrll)(a;?)> = 0 for some af, and (kS ;)" be the (n —1)-
dimensional space orthogonal to the vector kg, ;. Then there evists a pHY awith B#(2+1)(w22:11)(a))
C B, (wff)(a)) and

(1) for all w € B+ (w R_:_ll)( )\ U; Baiys(w f:ll)( ) + (k2 14)") and for sufficiently small e, we
have
(k.w)| > €3, Yk € i \ span K (T};

(2) for allw € B+ (wg:ll)(a)) N B.i/s (w,(ﬁrll)(af) + (k2 10)1), for each i and for all k € Zp.y \
0,(0+1)
spany K, '\, we have

[k, w)| = nK D, (HD), (C.1)

Note that in the lemma, our choices of 1) and K+ are independent of the subscript . We will
next introduce a small parameter 61| independent of x, to determine K “*1) and hence p¢+b.

Appendix C.1.2 The KAM normal forms

Now we determine the resonance submanifold as
SEZO) = {y | k2, w(y)) = kD, w(y)) = = (kI w(y)) =0}

Lemma C.1 allows us to apply Proposition 3.3 in the two cases in Lemma C.1 to obtain the following
normal forms.

Lemma C.2. Let §“*Y be a small number satisfying 6+ < minﬁ{3(|K,(f)|)_2} and define K+

= (6W+1)/3)=1/2. Then there exists an €(£+1) 5”1)(5(“1), A) such that for alle < 55”1), the following
holds. Suppose that w* is as in the case (1) in Lemma C.1. Then there exists a symplectic transformation
(bfﬁ_ll) defined on Ba(0) x T™ that is 0.—0(1) close to identity in the C™~1 norm such that

0+1 (+1
H,(§+12;<e+1) :=Ho ¢ )( z, )
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1 1
= %w, Y) 4+ S(AYY) + eV + SR (2 v, (C.2)

where

(1) A and V are the same as those in Lemma 5.3;

(2) R,(f:ll)(x,Y) = R,(frll)l(x) + Rgrll)n(z,Y), where R,A(f-tll,)l consists of Fourier modes of V not in

+1 0+1 0+1
L% 41y U spannZI(,(H_1 ) and we have |RE§+17)I ro—2 < 1 and |RE@+1,)II ro—5 < 1.

Lemma C.3. Let 6V and KV be as in the previous lemma. Then there evists an Eé“l)

= 5&”1)((5(“‘1),/&) such that for all e < 5(2”1) and any y* such that w* = w(y*) is as in the case (2) in

Lemma C.1, there exists a symplectic transformation ¢,(f:11) defined on Bp(0) x T™ that is 0.—0(1) close

to identity in the C™~! norm such that

41 +1
Hfjl,fwn =Ho ¢»(g:1 )(a:,Y)
1 1
= %w, Y) 4 S(AY.Y) + ooV + SR (2 v), (C.3)

where
(1) A and V are the same as those in Lemma 5.3;
(2) R,(f:ll)(x,Y) = R,(frll’)l(x) + R,(frllﬁ)n(x,Y), where R,(f:ll’)l consists of Fourier modes of V not in

(41 +1 +1
Ly 041y U spanZK'Z_f_1 ) and we have |R£+1’)I|r0_2 <1 and |R;(§+1,)II|7”0—5 < 1.

Appendix C.2 NHICs away from strong resonances

The following result is an analogue of Proposition 8.3, which will be used to establish the existence of
the NHIC.

Proposition C.4.  Suppose that there exists an open and dense set (’)ff) C Il »yC" such that each

U0 Ply,-) € 0¥ has a unique nondegenerate global mazimum along the segment y € w‘l(w,(f) (a)), up
to finitely many bifurcations, where there are two nondegenerate global maxima.
Then for each Il ) P € 0" there ezists a 552 = (5((]2(HK(QP) such that defining 564) = min, (582

for any 61 < 5(()1{), KO = (§©/3)12 and p© = pO(K®) as in Lemma C.1, and choosing wg:ll)(a)

- BM(Z)(w,g)(a)) associated with irreducible Kff:ll), we have an open and dense set Offfll)

= (’)gfll)(HKg) P) in the unit ball of HKie;rll)CT/HKg)CT such that for each 11 11y P with

K41

HK,@ (HK,&T;)P) = HKECE)P and HK(e+1)P — HKEie)P S Og:ll),

K41

we have that HK(Z+1)P<y,') has a wunique nondegenerate global mazimum along the segment
r4+1

Yy € w‘l(ngll)(a)), up to finitely many bifurcations, where there are two nondegenerate global mazxima.

In the cases of Lemmas C.1(1) and C.2, we can repeat the argument of Proposition 5.2 to find NHICs

C(K ,(fi:'ll)) homeomorphic to T*T" "1 along the frequency wfﬁrll)(a) with the help of Proposition C.4.

In the cases of Lemmas C.1(2) and C.3 in the presence of an extra resonance kZ’ﬁH), the NHICs may or
may not exist. When the NHICs do not exist, we denote the corresponding resonance submanifolds by

E(KZﬁH)). We have the following result.

Proposition C.5.  Let Il 1) P be as in the conclusion of Proposition C.4. Then for any A > 0, there
k1
ezists a (5§Z+1) such that in the system Hffill,z;(“rl), for all 0 < §U+D) < (5%“1), we have the following:
(1) there exists a C"~* NHIC C(K,(ﬁrll)) homeomorphic to T*T"~"*~1 up to finitely many bifurcations;
(2) the Mather set lying in Ba(0) x T™ and with the rotation vector orthogonal to K,g:’ll) lies inside

C(K,g:’ll)), provided that the rotation vector does not intersect the A/e-neighborhood of 5‘h(E(KZﬁ+1)));

(3) the normal hyperbolicity is independent of e or §(+1).
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Appendix C.3 NHICs around strong resonances

We next focus on the case (2) of Lemma C.1, i.e., a generalization of that in Sections 9 and 10. In this
appendix, we perform the reduction of orders in the presence of an extra resonance kZ’_(flJrl). For given
(i, [j]), the extra resonance may appear during the x-th step of the reduction of orders. Without loss of

generality, we assume that we encounter the extra resonance point during the x = 0 step of the reduction

of orders. In this case, k;(_ﬁl) and k:Z’_i(_ZlH)

0,(¢+1)
r+1 .

have comparable lengths and are much shorter than other

vectors in K

Appendix C.3.1 The linear symplectic transformation and the Hamiltonian normal form

We construct a matrix Méﬁ_ﬁl) € SL(n,Z), kK =0,...,min{fZ(¢),n— 3}, whose first x+ 2 rows are exactly

the vectors in K,Z’_ylﬂ) ordered as k:’_&“% k:;(_ﬁl), ..,k,(g'j_ﬁl)’(”l). This is always possible by applying
Lemma 4.4 repeatedly. The matrix M, é{jll) induces a symplectic transformation

MY (2, Y) = (M e, (M) ).

We define A,(f:ll) = Méﬂﬁl)A(Méfll))t. Then the (i,7)-th entry of Affﬂ) is given by gl ()

+1 k41
A(k,(fgll)"(ul))t, i,7=1,...,5+2, and we count o as 0.

We choose the base point y* such that the frequency vector w* = w(y*) € Z(KZ’_ylH)), and then we
get the transformed frequency vector M, gjll)w* has zero as the first k + 2 entries. We define M, éﬁ_ﬁl)w*
= (0,@22:11)) € R™ for some vector &Jfﬁjll) € RR2,

The Hamiltonian (C.3) under the transformation becomes

0+1)N Ly (641
) T
1w ¢ 1, (ev1 £+1 41
= 2@ 4 LYY+ VD @ ae) DRI @), (C)

where V" = (mﬁfjf))—an:ﬁH)v and RYTY = (mHD)-1RED.

We denote by A,(ﬁrll) the first (k + 2) x (k + 2) block of Ag:ll) and by AY) the first (k+1)x(k+1)
block of Agjll). Note that AY) depends only on A and K2 but does not depend on kgfll)’(zﬂ).
Next, we introduce two subsystems

G0 = LDV ¥O) 4 VIO, T SR,

1
G = ATV YT v @), T S R

Defining 6(2)‘7/,5_(:;1)(:0,(@?11)) = V,fﬁ” — V9, we have

O+ 1 ¢
18OV llgro2 < ITACEDRGEV <613,
| k+1 |

since the difference comes from the Fourier modes in V containing kgfll)’(ﬂl) whose length is greater
than K = (59 /3)1/2,

Appendix C.3.2 NHICs around strong double resonances

In the following, without loss of generality, we fix A such that ag(08z(A(1,0))) < Ay, where Ay and G
(see (6.12)) depend only on Il oV but not on other resonant integer vectors (see Proposition 7.4). This
18 assumed in Propositions 7.7 and 10.3.

Proposition C.6.  There exists an open and dense set O,(f) in the unit ball of HKQ,(@CT(T") such that
for each V with I 0.0V € 0P there exists a 655) = 6;6)(HK5,(;3>V) such that for all 0 < §¢) < 654),
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K® = (6®©/3)1/2 and any kgj;l)’(eﬂ) with |k:,f++11 (1) | > K®) there exists an open and dense

set Oﬁljll (’),(ﬁjll)( yo0V) in the unit ball of HK (£+1)C (']1‘")/1'[K 0 C"(T™) such that for each
11 oﬁ“)v S 0::11) with HKU,(z) (HK"ﬁ“)V) = o, oV and 1I Ko (/3+1)V HK Ve 0:_;1 , the system
ngll), =0,1,...,min{tZ(¢) — 1,n — 3} satisfies the following:

(1) up to finitely many bifurcations, there exists an NHIC homeomorphic to T*T! foliated by Mather
sets of the rotation vector v(1,0,...,0) € Hi(T**2 R), |v| > \; each Mather set is a periodic orbit, and
at each bifurcation point, the Mather set consists of two periodic orbits;

(2) the normal hyperbolicity is independent of §¢+1);

(3) there is a generalized transition chain connecting the channels

ci, = {0850 (v(1,0,...,0)) | £ > A} € HY(T*+2 R).

Appendix C.4 Dynamics around complete resonances

Suppose for the frequency segment with the subscript (4, [j]) that we have completed all the reductions of
orders, and hence it becomes the frequency wu U ]( a), for which there are (n — 2) resonant integer vectors

k;7[j],..., We

assume that each vector is irreducible. In the above Proposition C.6, we take Kk +1 =n — 2.

sz 5] % for all a, and for finitely many a’s, there is one more resonant integer vector k? e

The complete resonance on the energy level E > minh

S(KY ) = {y € hHE) | (K 0() = (K w@) = = (k57 w(y) = 0}

is a point. We choose y* € E(Kﬁ[j]) so that w* = w(y*) is such a complete resonance point. In the
remaining part of this appendix, we omit the subscript (4, [j]) for simplicity.

We introduce a matrix M* € SL(n,Z) whose first n — 1 rows are k% k, ..., k"=, We first apply
Lemma C.3 to get a Hamiltonian normal form. We next introduce a linear symplectic transformation

Mt (2,Y) — (MPz, (MH)7HY).

We set Af = M*A(M?*)t. The transformed frequency has the form M*w* = (0,...,0,w,), w, # O.
Applying the symplectic transformation 9t to the normal form, one obtains a Hamiltonian of the
following form:

\}gwnY + = (A Y, V) + V(z1,20,...,2n_1) + 0" R(z,Y) (C.6)
defined on T*T", where the remainder R(z,Y) is bounded in C? and V = (E)L)Tﬁ)*I*I_IK;U]V7
V() = Ply", ).

Next, we perform a standard energetic reduction to reduce it to a system of n —1/2 degrees of freedom.
We update the notations = (21,...,2,-1) and y = (Y7,...,Y,_1). Removing the last row and the
column of Af, we get a matrix A* € GL(n—1,R). Asw,, # 0 and € > 0 is very small, one has the function
Y, (z,z,,y) as the solution of the equation

H(z,Y) =

H(xuxnvyayn(x;xnyy)) = E > I’IliHO[H7

which takes the form Y,, = =Y % i , where

1 . TpWn,
Yy = 5<Aﬁy,y> +V(zy,..., 0 1) +5ﬁR<x, Ve y) (C.7)

is defined on T*T"~! x T and the remainder R (z,7,y) is bounded in C2.
Applying Propositions C.5 and C.6 inductively, we get the following result.
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Proposition C.7.  There exists an open and dense set O in the unit ball of C"(T™) such that for each
V(:) = P(y*,-) € O, there exists a 6} such that for all 0 < 6% < 6}, there exists an &) = &% (6%) such that
forall0 <e < 6%, we have the following for the Hamiltonian system Ygs

(1) There exists a collection of NHICs homeomorphic to T*T*, restricted to which the time-1 map of
the system Yy is a twist map. Any Mather set with rotation vectors w® lies on the NHICs, if the rotation
vector does not lie in the \\/e-neighborhood of 2 (K J])

(2) The normal hyperbolicity is independent of £ or &*.

(3) There exists a generalized transition chain connecting the two channels

Ch = {08y, (v(1,0,...,0)) | v > A} ¢ H(T" "', R),
corresponding to two neighboring NHICs.
Appendix C.5 Switching from one frequency line to another

In this appendix, we explain how to move from one frequency segment to the next.

We set up the problem as follows. From the construction, our frequency segments have a hierarchy
structure. We consider the switch from (.uti 101 to wﬁ 2 For simplicity, we use the subscript [¢] instead of
(1,[i)) for i = 1,2. We need to switch from

t i a P2 pn) # _ 4 « (Pnt1 b p3 Pn
w p T Ty to  wiy(b) = pro ,w ( Ty ey — |
[1]( %) = [t 12<°"1,2 42 an [2]() P72 g Wi 43 an

The switch occurs near the complete resonances w? 1 [2] = (Botl P27 Pn)yp to a positive multiple.

Gn+1’ g2’ ? qn
g W], since % is much closer to a Diophantine number than other rational
’V'L v

numbers, the new resonance introduced by p"ii is a weak resonance and the NHIC C(kh]’ ce k:[(? 2))

When a is moved to

p'n+1

(homeomorphic to T*T?) exists. So moving a to Wi o along w? 1 is standard as in a priori unstable

systems. However, it is not clear if it is possible to move b to 2 wl o along w? since 22 introduces a new

[2] q2
strong resonance kf] so the NHIC C(k;| DIRERE k:[(; 2)) does not exist near "‘"?1] N wé].

In the next proposition, we solve the problem by combining and applying repeatedly the c-equivalence
mechanism (see Proposition 7.4) and the ladder mechanism (see Lemma 10.6).

Proposition C.8.  Under the assumption of Proposition C.7, there exists a generalized transition chain
connecting the two channels (Cjj @ = 86H(wf[ (a)) and C* i (0) = 85H(w§, 1 (b)) near the complete

resonance wu[ 7N wti ( D) =@ +1)) forg=1,...,n=1, or (¢',[§']) = i+ 1,]0]), 5 = n and
t=1,....M —1.

Proof.  Without loss of generality, we study only the case of switching from ""?1] (a) to ‘-"?2] (b) as above.
All other cases are similar. By the construction in the previous subsection, there exists an NHIC C(KT)
with K = {kh], ce k[(ﬁ_z)} along the frequency segment wfl] (a), since by the choice of p,+1/¢n+1, the
point “’?1] (a) with a = pp41/ qn+1w1 o is always a point of weak resonance during each reduction of orders
along the segment wj[jl] (a).

When viewed along the frequency segment wfm(b), the complete resonance point w' = wfl] N "“’?2]
admits an extra resonance kf, which is shorter than any of k:[(;]) So the NHIC C(Kg)) with K =
{kfm7 R k[(;ﬁfz)} may not exist near the complete resonance E(k[Q] Kjy)), and the Mather set with the
rotation vector w' does not lie on C(K|y).

We want to move a point on w?Q] to w?ll. The argument goes as follows. We first move along C(Kjg))
to arrive at a point w® € wfg] with dist(w?, w(E (sz’z],kzb]))) < A. By Proposition 7.7, we get a convex
loop w' + E(ka},kEQ]) enclosing 0 on the plane w' + (SM[’é])*lspan{el,eg} whose Legendre transform
is a generalized transition chain of Proposition 7.7 (essentially due to Proposition 7.4). We first find a
point w’ on w’ + U(kfy, k) € (kh]) N (Oala™1(E))).
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Complementing K = {kfw...,k[(ﬁd)}, the rational number p,y1/¢nt1 introduces one more
resonant integer vector denoted by k:[°1] who is much longer than any one in K. We introduce
a normal form (C.6) at this complete resonance w' as in Appendix C.4. Here, the n — 1 rows
of the matrix M* € SL(n,Z) are ordered as kfl],...,k[(ﬁ_z),kfl]. We permute the variables to
x = (x9,x3,...,%n,x1) and y = (Y2,Y3,--.,Yn,y1). In this new coordinate system, the frequency w’
has the form (0,0()),...,0()\),0(e~/?)) since ' € (kfl])J- N (da(a™1(E))). As in Subsection 9.1 after
a shear transformation S in (9.2), we separate a subsystem Gsz 5 (see (9.4)) of three degrees of freedom
(corresponding to the first three coordinates) from the full system. We want to kill the second entry
O(M). Note that the system Gg ;s admits an NHIC which is due to the NHIC C(kﬁ]) in the original
system. Restricted to the NHIC, we get a system Gz 5 (see (9.9)) of two degrees of freedom. We remark
that the NHIC here is not near the strong double resonance. By Lemma 10.6 and Remark 10.7, under
the generic perturbation, all the cohomology classes on a level set of ag, ; lie in a generalized transition
chain, along which the frequency vector moves on a convex curve enclosing 0 on the plane span{es, es}.
In this way, we kill the second entry O(\) of w’. Define the resulting frequency w”. Now w” lies on
(K,
four degrees of freedom and restricted to its NHIC C(k:fl] , kﬁ]), we again get a subsystem of two degrees of

N (kf’l])l N (Oa(a™1(E))). We next perform a shear transformation to separate a subsystem of

freedom of the form G above. We then kill the next O()) entry using again Lemma 10.6 and Remark 10.7.
This procedure can be done repeatedly to obtain a resulting frequency vector having the first n— 2 entries
vanished. In the original coordinates, this means that the frequency is orthogonal to K| so it lies on
“’?1]' The proof is now completed. 0

Appendix C.6 Completing the proof of Theorem 2.4

In this appendix, we complete the proof of Theorem 2.4 for general N > 3. The N = 4 case was already
given in Section 11.

Proof of Theorem 2.4.  When the induction in Appendix C is completed, we obtain a collection of
frequency segments w?
w(t) : [0,M] = (dap)(ap' (E)) lying in the g-neighborhood of the union of €; ;. Next, the existence
of the NHIC (see the parts (2) and (3)(a) of Theorem 2.4) is given by Proposition C.7(1). Neighboring
NHICs near a complete resonance are connected by a generalized transition chain by Proposition C.7(2),
which proves the part (3)(c) of Theorem 2.4. Next, the existence of the transition chain switching from

one frequency line segment to the next is done by Proposition C.8. Propositions C.5-C.7 give the existence

) (i=1,...,M—1and j =1,...,n), which is concatenated into a connected curve

of NHICs along which the generalized transition chain can be constructed by a similar proof as in the
n = 4 case (see Section 11 and Appendix E). This gives the part (3)(b). The cusp-residual genericity
follows from the same argument as the n = 4 case (see Section 11). This completes the proof. O

Appendix D Variational construction of global connecting orbits

Global connecting orbits are constructed by shadowing a sequence of local connecting orbits. There
are two types of local connecting orbits, one is called type-h as it looks like a “heteroclinic” orbit, and
another one is called type-c as it is constructed by using “cohomology equivalence”, corresponding to the
assumptions (H1) and (H2) in Definition 2.1, respectively.

Appendix D.1 Local connecting orbits of type-h with incomplete intersections

For an Aubry set, if its stable set “intersects” its unstable set transversely, this Aubry set is connected
to any other Aubry set nearby by local minimal orbits. It can be thought of as a variational
version of Arnold’s mechanism, and the condition of geometric transversality is replaced by the total
disconnectedness of minimal points of the barrier function. However, in our case it may happen that the
stable set coincides with the unstable set on a subset with nontrivial first homology, which we call an
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incomplete intersection. In this appendix, we design a new method to handle this problem. Let us first
formulate a version for the time-periodic dependent Lagrangian.
Recall the definition of the function h2° introduced in [38]:

k
h(a) = lmint_int [ (LG40 = (e4) + (o)

y(k)=2'

This function is closely related to the weak KAM. Indeed, for z € A.; |4=¢ (the time-1-section of the
Aubry class A.; C A(c)), we have

he (@) = ug,(af) —ul, (@),

where both u_; and uIi are the time-1-sections of the backward and forward elementary weak KAM,
respectively (see Appendix A.3 for details). It inspires us to introduce a barrier function for two Aubry

classes A.; and A ;:
+

Beij(x) = ug;(x) — ul;(x).
Passing through its minimal point, we see that there is a semi-static curve connecting these two classes,
provided that this point does not lie in the Aubry set.

If the Aubry set contains only one class, we work in a certain finite covering space so that there are
two classes. For example, if the configuration space is T?T*¢ and the time-1-section of the Aubry set
stays in a neighborhood of a certain lower-dimensional torus, Agy(c) C T?+* + §, we introduce a covering
space TI¢ x TF=1 x 2T. With respect to this covering space the Aubry set contains two classes.

We introduce some notations and conventions.

Notation 12. (1) For the product space T7F+¢ we use TV = {x € TV+F+Ht . 5, = 0, Vi = j
+1,...,5+k}

(2) Given a set S, a point « and a number §, S + = denotes the translation of S by z, i.e.,, S+
={a'+2z:2" € S} and S + ¢ denotes the d-neighborhood of S, i.e., S+ = {x : d(z,S) < J}.

(3) A set N is called a neighborhood of (j,¢)-torus if it is homeomorphic to an open neighborhood
of a (j + £)-dimensional torus whose first homology group is generated by {e; : i = 1,...,5,5 + k + 1,

R RS

(4) Given a function B, we use Argmin{B,S} = {z € S : B(z) = min B} to denote the set of those

minimal points of B which are contained in the set S.

Theorem D.1.  For a time-periodic C?-Lagrangian L : TTIT*¢ x T — R and a first cohomology class
c € HY(T/TF+E R), we assume the conditions as follows:

(1) the Aubry set A(c) contains two classes {Aci, Ac,iv}, which lie in a neighborhood of (j,£)-torus,
i.e., Aeili=o C N; and Acir |1=0 C Nys; these neighborhoods are separated, i.e., N; N Ny = (;

(2) there exist topological balls {O,, C TITkY with O,, N Oy = O for m # m/, and each connected
component of Argmin{ B, TI+R+O\N; U Ny} is contained in certain O, x T
Then for ¢ € HY(TITF+E R) satisfying the following conditions:

(1) (¢ —¢,g) =0 holds, ¥ g € Hy(TIk+¢ Ti*Tk 7)) and |’ — c| < 1;

(2) the Aubry set A(c') C N; U Ny,
there exists an orbit (v,%) connecting A(c) to A(c).
Remark D.2. The assumption of this theorem is the nonautonomous version in Definition 2.1(H1). If
¢ =0, the set Argmin{B, ; ., T?****\N; U N/} is topologically trivial, and it implies that the stable set
intersects the unstable set topologically transversely. Therefore, it turns out to be a variational version of
Arnold’s mechanism. The case of £ > 0 is a generalization of Arnold’s mechanism allowing the separatrix
to remain non-splitting on the T* component.

Proof of Theorem D.1. It is proved by exploiting the upper semi-continuity of the Mané set with respect
to the perturbation on the Lagrangian. As A(c') C N; U Ny, without loss of generality we assume

A() N Ny # 0,
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Given a ball O,,, there exists a small € such that O,, + € does not touch other balls. Let 7: R — [0, ¢]
be a smooth function such that 7 (¢) =0 for t € (—o0,0] U [1,00), 71 (t) = 0 for t € [0,1] and max 7 = 1.
Let 75 : R — [0,1] be a smooth function such that 7(t) = 0 for t < 0 and 72(¢) = 1 for ¢ > 1. Let
v:TITEHE 5[0, ¢] so that v(z) = 0if 2 ¢ (O +¢€) x T and v(z) =cif 2 € O,, x TY. As (¢ —¢,g) =0
for each g € Hy(T7+F+¢ Ti+k 7)  there exists a smooth function u € T7+F+¢ — R so that du = ¢/ — ¢,
when it is restricted in (O,, +€) x T* and du = 0 if = ¢ (O,, + 2¢) x T*.

We introduce a modified Lagrangian

Loy, x,t) = L(%,2,t) — (¢, ) — 1 (t)v(x) — 2(t) (' — ¢ — Ou, &)

and consider the minimizer ;- j+: [—k~, k"] — M of the action
ket
WEE (@7 ety = inf / Lewu(v(t),3(t), t)dt + k~a(c) + kT a(d),
Y Y=k )=z J -k~
y(kT)=at

where z € A ; |10 and ' € Ay i |t=0. As the Lagrangian is Tonelli, for any large T', the set of the curves
{V =1y « k7, kT > T} is C?-bounded; therefore it is C'-compact. Letting 7' — oo, by the diagonal
extraction argument, we can find a subsequence of 7j,, which converges C!-uniformly on each compact
interval to a C'-curve y: R — M which is a minimizer of Le.v, on any compact interval of R.

Let € (Le,y,u) denote the set of minimal curves of L, ,. It follows from the above argument that the
set €' (L) is non-empty. Restricted on (—o0,0] as well as on [1,00), each curve in €' (Lc,,.,) satisfies
the Euler-Lagrange equation for L since 7 = 0 and (¢’ — ¢ — Qu, &) is closed. We are going to show that
it also satisfies the equation for ¢ € [0, 1].

If both 7 and 7 vanish, each curve in the set € (L. ) is nothing else but a c-semi-static curve of
L. These curves produce orbits which connect A.; to A. ;. Consider all the semi-static curves which
intersect O,, x T¢ at t = 0. As O,, x T¢ is open, the set of semi-static curves is closed, and there
exists a small t5; > 0 such that these curves intersect O,, x T¢ also for ¢t € [0,ts]. If we set 74 = 0
for t € (—00,0] U [ts,00) and set 7o = 0, these semi-static curves satisfy the Euler-Lagrange equation
produced by L., .. As a matter of fact, along these curves the function v keeps constant when 71 # 0,
and the term 7v does not contribute to the equation. Clearly, the action of L., . along these curves is
smaller than that along those semi-static curves which do not pass through O,, x T¢ around ¢ = 0. Since
Ly, is no longer time-periodic, a time-1-translation of its minimal curve is not necessarily minimal, i.e.,
v € €(L¢yu) does not guarantee k*y € €(Lc,y,q) for k € Z, where k* denotes a translation operator
such that k*7(t) = 7(¢t + k).

Next, let us recover the term 7. Because of upper semi-continuity, the minimal curve of L., , must
pass through O,, x T if ¢/ is sufficiently close to c. Again, along these curves, the term mdu does not
contribute to the Euler-Lagrange equation, and along these curves du = ¢’ — ¢ when 1 € (0,1).

Obviously, the orbit produced by each curve in the set €(Le.,,.) takes A(c) as its a-limit set and takes
A(¢) as its w-limit set. O

The orbit (v,%) obtained in this theorem is locally minimal in the following sense.

Local minimum. There are open balls V,” and Vf and positive integers t— and t+ such that
V.o € Ni\Ao(e), V;F € Ni\Ao(c), v(=k~) € V7, v(k*) € V;I and
he (@™, mo) + hE K" (mo, my) + B3P (my, a)
K
— lim inf Lewu(dy(t),t)dt — k; afc) — kjfa(c) >0 (D.1)
k; —o0 —k;

holds, ¥ (mg,m1) € O(V,” x Vi), 2= € N; N mp(a(dy))i=o and 2+ € Ny N my(w(dy)) |10, where k ki
€ Z* are the sequences such that v(—k; ) — x~ and ’y(kj‘) —xt.

The set of curves starting from V;~ and reaching Vf with time £~ 4+ kT makes up a neighborhood of
the curve + in the space of curves. If it touches the boundary of this neighborhood, the action of L, .,
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along a curve £ will be larger than the action along 7. The local minimality is crucial in the variational
construction of global connecting orbits.

Next, we formulate the theorem for the autonomous Lagrangian. The idea is to treat one of the
angular variables as the time and repeat the proof in the time dependent case. Given a first cohomology
class, some coordinate system G 'z exists such that w;(u) > 0 for each ergodic c-minimal measure u
if a(e) > min«, where we use w(p) = (w1(p),...,wn(p)) to denote the rotation vector of the invariant
measure. For this purpose, we work in a covering space @ : M = R x m_; M, where 7_; denotes the
operation to eliminate the first entry, m_1(z1,z2,...,2m) = (2,...,Zm), the dimension R is for the
coordinate z1, M = TVt x TF-1 x 2T if the Aubry set consists of only one class which stays in a
neighborhood of (4, £)-torus and M = T/*#+¢ if the Aubry set contains two classes.

Theorem D.3.  For the autonomous C?-Lagrangian L : TTIT*+ — R and the first cohomology class
c € HY(T/TF+E R), we assume the conditions as follows:

(1) wi(p) > 0 holds for each ergodic c-minimal measure;

(2) the Aubry set A(c, M) contains two classes {Aei, Acir}, and both stay in a neighborhood of (3j,¢)-
torus, i.e., A.i C N; and A.; C Nys; these neighborhoods are separated, i.e., N; N\ Ny = (; the lifts of
both N; and Ny to M are still connected and extend to x, = to0;

(3) there exist topological disks {O,, C 7_1(T7 x T¥)} with O,, N O,y = 0 for m # m’ such that each
connected component of Argmin{B.; ;+, Xo\N; U Ny} is contained in certain {x1 = 0} x O,, x T*, where
Yo = {21 = 0} x 71 M is a section of M.

Then for ¢ € HY(T/TF+E R) satisfying the following conditions:

(1) a(d) = alc);

(2) (¢ —¢,g) =0 holds, ¥ g € Hy(TIHF+ TI+E 7)) and |¢' — | < 1;

(3) the Aubry set A(c') C N; U Ny,
there exists an orbit (v,%) connecting A(c) to A(c').

The proof is similar to the autonomous case and we skip it. Details can be found in [33]. There is an
analogous local minimality statement to (D.1) that we also skip.

Remark D.4. For the autonomous system, the barrier function keeps constant along the minimal
curve. The intersection of minimal curves of the autonomous system with a codimension-1 section is an
analogy of Ag(c) and Ny(c) for the time-periodic system.

Appendix D.2 Local connecting orbits of type-c

Theorem D.5 (Connecting orbits of type-c).  Assume that the cohomology class c¢* is c-equivalent to
the class ¢ through the path T': [0,1] — HY(T",R). For each s € [0,1], the following are assumed:

(1) there exists a coordinate system G5 'z, where the first component of the rotation vector is positive,
and wy(prs)) > 0 for each ergodic I'(s)-minimal measure pip(s);

(2) for the covering space My = R x T"~! in the coordinate system, the lift of the nondegenerately
embedded codimension-one torus Yy has infinitely many connected and compact components, each of
which is also a codimension-one torus.

Then there exist some classes ¢* = cg,c1,...,c, = ¢ on this path such that there exists an orbit (y,%)
connecting A(c;) to A(ciy1)-

Appendix D.3 Global connecting orbits

In this appendix, we explain how to construct globally connecting orbits from local ones, i.e., Theorem 2.3.

Sketch of the proof of Theorem 2.3.  The proof of this theorem is the same as that in [34]. We only
sketch the idea of the proof here, and the readers can refer to [34], [17, Section 5] and [18, Section 5]
for the details. Because of the condition of the generalized transition chain, there is a sequence 0 =
50 < 81 < --- < s = 1 such that for each 0 < j < k, A(I'(s;)) is connected to A(I'(s;11)) by the local
minimal orbit either of type-h with incomplete intersections or of type-c. The global connecting orbits
are constructed by shadowing such a sequence of orbits.
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Recall the construction of the local connecting orbit as above. For each i € {0,1,...,k}, let
ni(x, &) = {¢;, ) and

pi(z, &) = w;(0(1; 0 8}), &),  Yi(x, &) = xi(ciy1 — ¢; — Ou;, &)

in a certain coordinate system G; 'z such that the first component of the rotation vector of M(T'(s;))
is positive. If it is for type-c, we set p; = 0. For each integer k, we introduce a translation operator on

functions k* f(z1,22,...,2n) = f(x1 — k, 22, .. ., Zp).

Let m: R™ — M be the universal covering space. For a curve 7 : [-K,K'] — R", let v = 7:
(K, K') - M. Let t = (tg,15,....tf_,t}) and & = (3;,37,..., 45, %)) with ¢] < ¢; < tf,,,
to = —K and t; = K’. We consider the minimal action

k t;
WK (! 7,7) = i 5 / (L — o) (dA (8))dt
=0/t

k—1 tztrl
Y / L= — (BG4 00) (05 (1)),
1=0 ti

where the infimum is taken over all the absolutely continuous curves 7 : [-K, K'] — R" satisfying the
boundary conditions 5~ (¢; ) = % (t; ) = &; and 7;" (t/,,) = &/, for i =0,1,...,ix_1, y(~K) = m and
v(K') = m’. By the carefully set boundary condition, we find that the minimizer is smooth everywhere,
along which the term (k;G;)* (i +1;) does not contribute to the Euler-Lagrange equation. It is guaranteed
by the local minimality of (D.1) and setting the translation k;y; — k; sufficiently large. Therefore, the

minimizer produces an orbit (%,4) which has the properties stated in the theorem. O

Appendix E The proof of genericity

In this appendix, we present a proof of the genericity property of (H1) type generalized transition chains
needed in the proofs of (3)(b) and (3)(c) of Theorem 2.4. The theory was well established in [17,18]. We
reproduce it here for readers’ convenience. Moreover, we need an autonomous version of the argument
for the proof of Lemma 10.6 and also a version for the Mané perturbation, so we include these variants
in this appendix.

Appendix E.1 The settings

We consider two settings, the nonautonomous (A) and the autonomous (B) cases:

(A) Given a Tonelli Hamiltonian H(p,q,t) : T*T" x T — R,

(i) there exists an NHIC II, which is a deformation of a standard cylinder {(p,q,t) € T*T" x T :
(o1, dn-1) = 0};

(ii) there is a continuous path T, : [0,1] — H(T" ,R) such that for any c € I'., the Aubry set entirely
lies in the cylinder II.

(B) Given a Tonelli Hamiltonian H(p,q) : T*T" — R and an energy level E > min oy,

(i) there is a subsystem G : N — R, where N C T*T" is an NHIM of the Hamiltonian flow of H;
coordinates can be given such that G is a Tonelli system defined on T*T?;

(ii) there exists a continuous path I'. : [0,1] — H!(T" R) such that for any ¢ € I'., the Aubry set
entirely lies in the level set IT := G~(E).
Notation 13. (1) Let & : M — T" be a double covering space of T" such that the lift of IT to 7*M x T
consists of two copies, denoted by I, and II,. For ¢ € I, if the Aubry set fl(c) is an invariant torus
Y. C ﬁ, its lift also consists of two components, Tcx C I, and Tm c 1II,.

(2) Denote by 7 the projection such that 7(p, q,t) = (¢, t), and let T = 7 T.

(3) Let '} C T'c such that

I'* = {ceT,: Ac) is an invariant torus}.
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We allow the following two types of perturbations:
(a) perturbations depending on all the variables, and
(b) the Mané perturbation: perturbations depending only on the angular variables.

Definition E.1 (The c-minimal curve and the c-minimal orbit). Given the cohomology class ¢ €
HY(M,R) where M is a closed manifold, a curve v : R — M is called c-minimal if for any curve
¢ :R — M and for any tg,t1,t] € R with t) =¢; mod 1, y(¢9) = &£(to) and (t1) = £(¢}), one has

t1 tll . .

/ (L), 7(t), 1) = (e, 4(1)) + (e))dt </ (L&), £(1),8) = (e, (1)) + a(e))dt,
to to

where the Tonelli Lagrangian L is assumed time-1-periodic: L(-,t) = L(-,t+1). If a curve 7 is c-minimal,

then dvy := (v,%) is called a c-minimal orbit.

Appendix E.2 The main theorem

Let Bp € R™ denote a ball about the origin of radius D. We assume that D > 0 is suitably large such
that for all ¢ € T, the c-minimal orbits of H entirely stay in Bp x T""1. Let B, C C"(Bp x T R)
(or B, C CT(T™"1) in the Mané perturbation case) denote a ball about the origin of radius € > 0. In the
autonomous case, we define B, similarly as subsets in C"(Bp x T™) or C"(T™).

Theorem E.2.  Let H be a C" Tonelli Hamiltonian as in the above case (A) or (B). Then there exists
an €9 = eg(H) such that for all € < ey and any small d1 > 0, there exists a set O open and dense in B,
such that for each Hs € O, it holds for H + Hs and simultaneously for all ¢ € T that the diameter of
each connected component of the set N'(c, M) |i=o\(A(c, M) + 8) |s=o # 0 is not larger than d,.

Proof of Theorem E.2 in the case (A) and (a).
Step 1.  Relating the Mané set to the minimum of the barrier functions.

Given an Aubry class for ¢ € I'. we can define its elementary weak KAM solution. In the covering
space M , there are two Aubry classes for ¢ € T', TQ ¢ and Tc,r- We introduce the elementary weak KAM
solution uie for Yq[ as in Appendix A.3.

For almost every point (¢,t) € M x T\Y.¢, the initial condition (6puci7T(q,t) + ¢,q,t) determines a
forward (backward) c-minimal orbit that approaches Tcm as t — 4oo. For points (¢,t) € M x T\Y..,
uie determines a c-minimal orbit approaching ng.

Definition E.3 (The barrier function).  The barrier functions for ¢ € ', are defined as follows:
BS(% t) = u;e(qvt) - u::r((b t)’ Bg(qvt) = uc_,r(q’ t) - UIK(C], t)'

In the following, we only study BY. The arguments for B’ are the same. The following two lemmas
are standard.

Since the backward weak KAM is semi-concave and the forward weak KAM is semi-convex, the barrier
function is semi-concave. Therefore, we have the following lemma.

Lemma E.4. At each minimal point of B., both U,
¢

c)

+ . .
» and u;, are differentiable.

At the global minimum of B, we have du_, = duf,, and hence the backward minimal curve ., is

c,ry

joined smoothly to the forward minimal curve 'y;‘:x. So we have the following lemma.

Lemma E.5. If(q,t) € M xT\((Y¢,UY,,)+0) is a global minimal point of B, then (g,t) € N(c, M),
i.e., passing through the point (q,t) there is a c-semi-static curve in the covering space M x T.

Step 2.  Localization.

For a class ¢ € ', the covering space M x T is divided into two annuli Ac, and A, ¢, bounded by T,
and Y.,. Clearly, one has 7A., = 7A.,. The set N(c, M)\A(c, M) contains c-minimal curves which
cross the annulus from one side to another side or vice versa. Each of the curves produces a homoclinic
orbit to the torus Tc.
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Lemma E.6.  There is a finite partition of 'z : I'. = Ul, and each Iy is a segment of T'.. For each Iy,
there are an annulus Ny C A., |1=0, and two numbers § > 0 and d > 0 such that for each ¢ € I;; N T%,
(1) diSt(Nka Tc,é U Tc,r) = 6;
(2) each curve (y(t),t) lying in (N'(c, M)\A(c, M)) N A, passes through Ny;
(3) for each backward (forward) c-minimal curve vy, let {g; = v(2im) € Ny}, then |¢; —qj| > d if i # j.

Step 3.  The main perturbation lemma.

Given ¢* € T?, let Sq, (¢*) = {|¢ — ¢*| < d1} denote a square. Given a function B € C°(Sg, (¢*),R), let
Argmin(Sq, (¢%), B) = {q € S4,(¢") : B(q) = min B}.

Lemma E.7 (The main perturbation lemma).  For any small € > 0, there is a set O open and dense
in B such that for each Hy € O, letting ny(; be the barrier function for the Hamiltonian H + Hs and the
class ¢, we have that simultaneously for all ¢ € I, NT% the set Argmin(Sq, (¢*), Bf,é) is trivial for Sq, (¢*)
provided that Sq, (¢*) C Ny, and dy < d/3 is suitably small.

Step 4.  Completing the proof.

Let m; be the projection so that m;(q1,¢2) = ¢; (i = 1,2). A connected set V is said to be non-trivial for
Sa, (¢*) if m VNS, (¢*) = iS4, (¢*) holds for ¢ = 1 or i = 2. Otherwise, it is said to be trivial for Sq, (¢*).
To finish the proof of Theorem E.2, we split the annulus Ny equally into squares {S; = |¢ — ¢;| < %}
By Lemma E.7, for each S;, there exists an open and dense set O ; C B, and for each Hs € Oy j, it
holds simultaneously for all ¢ € I, NT"} that the set Argmin(S;, Bf’é) is trivial for S;. The intersection
NYOy ; is still open and dense in B.. For each Hs € Ny ;O 4, it holds simultaneously for all ¢ € I'} that
the diameter of each connected component of the Mané set is not larger than %dl if it keeps away from
the Aubry set. O

We prove Lemma E.6.
Proof of Lemma E.6.  Because I'; is compact, the speed of each c-minimal orbit is uniformly upper
bounded for all ¢ € I'}. Given an integer m > 0, there will be a small §. > 0 such that the period for each
c-minimal curve to cross the annulus N, = A.,\((Tce U Ye ) + d¢) is not shorter than 4mm. Because
of the upper semi-continuity of the Mané set in ¢, there exists some ¢, > 0 such that Yo p U Y, does
not touch N, and the period for each ¢’-minimal curve to cross the annulus N, is not shorter than 2mm
provided that |c — ¢/| < 0, and ¢ € I'}. The first two items are then proved if we notice I'} is compact.

For the third one, we notice that the condition (2imw) = v(2jm) for i # j implies that + is a curve in
the Aubry set. It contradicts the assumption. Since both Ny and I are compact, such a constant d > 0
exists. O

Appendix E.3 The proof of the main perturbation lemma in the case (A) and (a)

In this appendix, we prove Lemma E.7. The proof is based on the following three lemmas whose proofs
can be found in [17, Section 6].

The next lemma on the regular dependence on a certain parameter of the invariant circles of the twist
map is the key observation to establish the genericity.

Lemma E.8.  There exist a constant Cr, and a parametrization o — c(o) € I, NTE such that the
invariant curve Yoz,0(q) on the NHIC forms a 1/2-Hélder family in the C° norm with respect to the
parameter o :

max T e(0).0(0) = Te(ory0(@)] < v/2CLlo —o']. (E.1)

Each invariant circle corresponds to a unique ¢ € I'. such that the Aubry set is the circle. The
parameter ¢ is usually defined on a Cantor set, denoted by . We next use the normal hyperbolicity of
the cylinder to extend the Holder estimate to barrier functions defined on T™.

Lemma E.9. Foro,0’ € ¥, let c =c(o) and ¢ = ¢(o’). If e,d € I, and q € Ny, then

B 10 (a,0) — B0 (g,0)| < C(/]or — o] + e — ).
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Recall the quantities defined in Lemma E.6 such as the annulus Ny and the number d > 0.

Lemma E.10. For any € > 0 small enough, there exists a & such that if S5(q) is a C"-function such
that max{|q — ¢'| : q,¢' € suppSs} < d, suppSs C Ny and ||Ss||cr < 8, then restricted on Iy, there exists
a perturbation H — H' = H 4+ Hs with ||Hs||cr < € and the barrier function is subject to a translation

B.(q,0) = Bc(q,0) + Ss5(q) Vc€ I, q¢&suppSs.

Let us now give the proof of Lemma E.7.

Proof of Lemma E.7.  The openness is obvious. To show the denseness, by Lemma E.10, we construct
the perturbations Hs € 9B, such that the barrier function is under a translation B.(g,0) — B.(q,0)+S5(q)
for all ¢ € I NI} and ¢q € suppSs.

Recall the number d > 0 defined in Lemma E.6. Given a square Sq, (¢*) C Ny, with 3dy < d, we consider
the space of C"-functions &;. A function S € &, if it satisfies the conditions that suppS C Bg/2(¢*) and
S is constant in g when it is restricted in Sy, (¢*). Similarly, we can define G5 such that S € G5 implies
that suppS C Bg/2(¢*) and it is constant in ¢; when it is restricted in Sq, (¢*).

In &;, we define an equivalent relation ~ and two functions S; ~ S5 implies S; — S = constant
when they are restricted on Sq, (¢*). Obviously, &,/ ~ is a linear space with infinite dimensions. For
51,82 € 6,/ ~, ||S1 — Sa2]|» measures the C"-distance if they are regarded as the functions defined on
Sa, (¢*). We also use B; . to denote a ball in &,/ ~ about the origin of radius € in the sense of the
C"-topology.

We claim that there exists a set 91 . open and dense in B . such that for each S5 € O, it holds
simultaneously for all ¢ € I;; N T'} that

71 Argmin(Sg, (¢*), BS + S5) S g7 —di,qi + du]. (E.2)
Let §. = {B%(q,0) : ¢ € T} be the set of barrier functions. For i = 1,2, we set
3; = {B € C°(S4,(¢"), R) : miArgmin(Sq, (¢*), B) = [¢ — d1.q; + du]},

where ¢* = (¢}, ¢5)-

Should the denseness do not hold, there would be a small € > 0, and for each S5 € B, some c € I},
exists such that Bf + Ss € 31. Let EB’{:E be the intersection of B,  with a k-dimensional subspace. The
box-dimension of %’f’e in C%topology will not be smaller than k.

For any Bf € §., there is only one S5 € By . such that Bf + Ss € 31. Otherwise, there would be
S5 # S5 such that Bf + S5 € 31 too. We have Bf + Sy = Bf+ S5 + S5 — S5 where BY+ S5 € 31 and
S5 ~ S5, which contradicts the definition of &;. For S5 € B, let &g, = {B € F.: B+ Ss € 31}
Should the denseness do not hold, &g, would be non-empty. For any Ss, S5 € %fE, each B! € &g, and
each Bf, € 653, one has

d(vaBf’) max |Bf(q’0) - Bf’(qa0)|
q€Sa, (q%)
> max min Bf ,0) —  min Bf/ ,0
g1 —q7|<d1 | [q2—q3|<da (q ) lg2—q3|<d1 ((] )
= max [S5(q) — S5(q)| = d(Ss, S5), (E.3)
lq1—q7|<ds

where ¢ = (q1,¢2) and d(-,-) denotes the C%-metric. It implies that the box-dimension of the set §. is
not smaller than the box-dimension of %]fyé in C°-topology. Guaranteed by the modulus continuity of
Lemma E.9, the box-dimension of the set §. is not larger than 3. Therefore, we obtain an absurdity if
we choose k > 4.

In the same way, we can show that there exists a set O3 . open and dense in B5  such that for each
Ss € Da ¢, it holds simultaneously for all ¢ € I, N I"} that

o Argmin(Sy, (¢*), Bf +S5) G g5 — di,q5 + di]. (E.4)

Therefore, there exists an arbitrarily small S; 5 € B; . such that m; Argmin(Sg, (¢*), B + S1.56 + Sa.6) is
trivial for Sy, (¢*) and for all ¢ € I; NT'%. Due to Lemma E.10, we obtain the density. O
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Appendix E.4 The autonomous case

To prove Theorem E.2 for autonomous systems, i.e., the combination (B) and (a), we replace Lemmas E.8
and E.9 by the following two theorems respectively.

Theorem E.11 (See [16, Theorem 1.1]).  Let G : T*T? — R be a Tonelli Hamiltonian, the set Eg be
the set of extremal points of the convex set UE,gE{ozal(E’)}, E > minag, and uf : R? - R, c € &g
be lifted elementary weak KAM solutions to R? normalized by uX(0) = 0. For a given bounded domain
Q) C R2?, there exist a constant C(Q, G) depending only on Q and G, and a one-to-one parametrization
of the elementary weak KAM solutions of cohomology classes in Eg by a number o € ¥ C [0,1] such that
we have the following Holder regularity:

k) —u o lloo@) < CQG)(le(@) — (@) + o o'|), Vo and ce o) =Ex.

Theorem E.12 (See [16, Theorem 6.1]).  Let T* x R¥(C T" x R"), k < n be a normally hyperbolic
invariant manifold for the Hamiltonian flow with k > 2 and uf(a) be elementary weak KAM solutions
defined on T™ for c(-) : ¥ — H(T*,R) continuous and one-to-one, where ¥ is a compact subset of R¥.
If ﬂf(a) = ﬂf(g) |i s v-Hélder continuous in o, then the weak KAM solutions uf(g) satisfy the following
estimate:

k) —u ooy < Clllo = oI + lle(0) — c(o)])

for some constant C.

Appendix E.5 Maié perturbations (b)

To prove Theorem E.2 for Mané perturbations (b), we replace Lemma E.7 by [13, Theorem 4.2]. Thus,
we complete the proofs of all the cases of Theorem E.2.
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