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THE LEAST SQUARES FINITE ELEMENT METHOD FOR ELASTICITY
INTERFACE PROBLEM ON UNFITTED MESH

FANYI YANG®

Abstract. In this paper, we propose and analyze the least squares finite element methods for the
linear elasticity interface problem in the stress-displacement system on unfitted meshes. We consider
the cases that the interface is C? or polygonal, and the exact solution (o, u) belongs to H®(div; Qo U
Q) x H'(Qo U Q1) with s > 1/2. Two types of least squares functionals are defined to seek the
numerical solutions. The first is defined by simply applying the L? norm least squares principle, and
requires the condition s > 1. The second is defined with a discrete minus norm, which is related to
the inner product in H~'/2 (I"). The use of this discrete minus norm results in a method of optimal
convergence rates and allows the exact solution has the regularity of any s > 1/2. The stability near
the interface for both methods is guaranteed by the ghost penalty bilinear forms and we can derive the
robust condition number estimates. The convergence rates under L? norm and the energy norm are
derived for both methods. We illustrate the accuracy and the robustness of the proposed methods by
a series of numerical experiments for test problems in two and three dimensions.
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1. INTRODUCTION

In this paper, we develop the least squares finite element methods (LSFEMs) for linear elasticity interface
problems, which model the elasticity structure with different or even singular material properties, and have
many applications in fields of materials science and continuum mechanics [2,4, 25,26, 39]. For such problems,
the governing equations usually have discontinuous coefficients and involve the inhomogeneous jump conditions.
Because of the discontinuity near the interface and the irregular geometry of the interface, it is still challenging
to design efficient numerical methods for such equations.

The finite element method is an important numerical method for solving interface problems. In the last
decades, various numerical schemes have been developed for the elliptic interface problem, and we refer to
[6,10,11,16, 33, 36,40, 53] for some typical methods. The finite element methods can be roughly classified into
fitted and unfitted methods based on types of grids. The body-fitted method requires the mesh to be aligned
with the interface for representing the geometry of the interface accurately. For complex geometries, it is a
challenging and time-consuming task to generate a high quality body-fitted mesh especially in high dimensions
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[36]. In the unfitted method, the interface description is decoupled from the generation of the mesh, which
provides a good flexibility when handling the problem with complex geometries. Examples of such methods
are the cut finite element method [6, 10,11, 30,33, 58], the immersed finite element method [28,40,41] and the
aggregated finite element method [3,17,37].

Recently, the unfitted finite element methods are also been applied to solve the linear elasticity interface
problem. In [34], Hansbo and Hansbo proposed a linear finite element method and derived the optimal con-
vergence rates in error measurements under the assumption that the exact solution u is piecewise H2. In [4],
Becker et al. developed a mixed finite element method with the linear accuracy for the displacement-pressure
formulation. The inf-sup condition and the optimal error estimates are verified. Both methods are also called
Nitsche extended finite element methods (Nitsche-XFEM), where the jump conditions are weakly imposed by
the Nitsche penalty method [33]. In [58], Zhang followed the interface-penalty idea and presented a high-order
unfitted method for the elasticity interface problem. Combining with the penalty method and the hybridizable
discontinuous Galerkin approximation, Han et al. developed an X-HDG method for this problem [32]. Another
type of unfitted finite element methods is the immersed finite element method [40], which mainly modifies the
basis functions near the interface to capture the jump of the solution. In [45,46], the authors presented the non-
conforming immersed finite element methods for the linear elasticity interface problem. Other types of immersed
finite element methods can be found in [28,38]. We note that all above mentioned methods derive the error
estimates under the assumption that the exact solution u has at least piecewise H? regularity. Many analysis
techniques that are developed for piecewise H? solutions in the elliptic interface problem can be used in this
case. But these techniques may be unavailable for the solution that has only piecewise H1*(s < 1) regularity.
In addition, for piecewise H!(div) or piecewise H!(curl) functions, applying these techniques to estimate the
errors will result in a suboptimal convergence rate, see [43,48] for unfitted methods in solving H(curl)- and
H (div)-interface problems. To our best knowledge, there are few works on the interface problem of low regu-
larity. In [29], the author presented an immersed finite element method for H(curl)-interface problem with the
optimal convergence rates. Only piecewise H'(curl) regularity of the exact solution is required in the analysis.

In this paper, we develop least squares finite element methods on unfitted meshes for the linear elasticity
interface problem, based on the stress-displacement formulation. For traditional linear elasticity problems, the
LSFEMs have been investigated in [8,12-14,42,52]. The LSFEM can offer the advantage of circumventing the
inf-sup condition arising in mixed methods and ensure the resulting linear system is always symmetric positive
definite. As the standard LSFEM, we define a least squares functional and seek the numerical solution by
minimizing the functional over finite element spaces. Two types of least squares functionals are used in this
paper. The first is defined by simply applying the L? norm least squares principle to the stress-displacement.
The defined functional only involves the L? norms and the jump conditions are also enforced in the sense of L?
norms. This method requires the exact solution (o, ) has the regularity H*(div; QoUQ) x H**5(QqU Q) with
s > 1. The convergence rate in the H(div) x H! norm is shown to be half order lower than the optimal rate.
From the embedding theory, we know that any 7 € H(div; Qo UQ;) has the normal trace n-7 € H~/2(I"), but
the stronger L? norm is applied to handle the normal trace in this method. This is the reason that the condition
s > 1 is required and the convergence rate is not optimal. To overcome this difficulty, we define another least
squares functional with a discrete minus inner product. This method follows the ideas in [7,8], where the discrete
minus norms corresponding to H~1(Q2) are used. In this paper, we define a discrete minus inner product that
is related to the inner product in the space H~/2(T"). The use of this inner product allows us to relax the
regularity condition as s > 1/2, and gives the optimal convergence rate under the error measurement with
respect to the required regularity. It is noticeable that the optimal convergence rate under the H(div) norm
is achieved for functions in H®(div; Qg U Q). We also point out that in the unfitted methods, the H! trace
estimate is usually the main tool to estimate the numerical error on the interface. For the low regularity case
s < 1, this estimate is unavailable, and we use the embedding theory in the error estimation instead.

Another important issue for unfitted methods is the presence of small cuts near the interface. In our method,
we employ the ghost penalty method [9] to cure the effects bringing by small cuts. The ghost penalty bilinear
forms also correspond to L? norms, and they can be naturally added in the least squares functional. We can
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prove a uniform upper bound of the condition number to the resulting linear system with proper penalty forms.
We give a suitable penalty bilinear form with the polynomial local extension, and also the standard penalty
forms given in [9,30] can be used in our methods.

The rest of this article is organized as follows. In Section 2, we give the basic notation and introduce the
stress-displacement formulation for the linear elasticity interface problem. The ghost penalty forms are also
presented in this section. In Section 3, we define the associated least squares functional of the interface problem.
Section 4 develops the numerical schemes. The least squares finite element methods with L? norms and with
the discrete minus norm are established in Sections 4.1 and 4.2, respectively. The error estimations are also
included. Finally, numerical results of test problems in two and three dimensions are presented in Section 5.

2. PROBLEM SETTING AND PRELIMINARIES

Let Q C R%(d = 2,3) be a convex polygonal (polyhedral) domain with the boundary 9. Let ) € Q be

a polygonal (polyhedral) subdomain or a subdomain with a C%-smooth boundary. We denote by ' := 99

the topological boundary, which can be regarded as an interface dividing {2 into two disjoint domains €2y and

Qq, where Q7 := Q\Qp, Qo N = & and Qp U Q1 = Q. The model problem considered in this paper is the

linear elasticity interface problem defined on 2, which reads: seek the stress o = (0;)axq and the displacement
u = (u;)q such that

AO’—E(U):O, in Q()UQl,

Va+f=0, il’lQoUQl,

uw =0, on 01,

[ely =a, [ul=b, onT,

(1)

where f is the source term, and a, b are the jump conditions on the interface. The jump operators are defined
as (6). The Lamé parameters A, u are assumed to be piecewise positive constant functions,

(Ao, po),  in Qo,
= , 2
(A(x), u(zx)) {th)7 in Q. Aos A1, po, 1 > 0 (2)

The constitutive law is expressed by the linear operator A : R4*4 — R4xd:

1 A
= — -t I A Réxd
AT o (T Do r(7) ), T e ,

where tr(-) denotes the trace operator, and I := (J;;)axq is the identity tensor. The function €(u) denotes the
symmetric strain tensor:

o 1 <8'LL2 an

clu) = (eos@laa, i) i= 5 (G4 39). 1<ig<a
i i

We assume that the interface problem (1) admits a unique solution (o, u) € X° x V¥t with s > 1/2, where
3% = H(div; Qo U Qy), vt .= {'U € HS+1(QO UQy): vlog = 0}. (3)

For i = 0,1, we let o; = o|q,, u; := u|g,. We further assume that o; and wu; can be extended to the
whole domain Q in the sense that there exist &; € H*(div; Q) and u; € H*"'(Q) such that &,|g, = o; with
103l & (aivi) < Clloill s aivio,) and wilo, = w; with [|[w;] gs+1(q) < Cllug|| gs+1(q,)- Consequently, o and u can
be decomposed as

O=00-X0o+01-X1, U=1Uy-Xo+U1L-"X1, (4)
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where ; is the characteristic function corresponding to the domain ;. We refer to [1,20,35] for more details
about the extension of Sobolev spaces. From (4), we formally introduce two projection operators m;(i = 0,1)
that 70 := &; € H*(div; Q) and mu := w; € HT1(Q).

Let us introduce the notation required in the definition to the scheme. We denote by 7; a quasi-uniform
partition of € into triangle (tetrahedron) elements. The mesh 7}, is unfitted that the element faces in 7, are
not required to be aligned with the interface I'. For any element K € 73, we denote by hg its diameter and
by pk the radius of the largest disk (ball) inscribed in K. Let h := maxge7, hx be the mesh size, and let
p = minge7, px. The mesh 7}, is quasi-uniform in the sense that there exists a constant C,, independent of h
such that h < Cyp.

Next, we give the notation related to subdomains Qg and ;. For ¢ = 0, 1, we define 73, ; := {K € T, | KNQ,; #
@} as the minimal subset of 7;, that entirely covers ;, and define Ty, = {K € T, | K C Q;} as the set of
interior elements inside the domain Q;. We define 7,}' := {K € 7;, | K N T # @} as the collection of all cut
elements. Their corresponding domains are defined as Q4 := Int(Uger, |, K), Q5 ;= Int(UKeT}?i K), and

, = Int(Ugerr K), respectively. Notice that there holds ©j, = Q5,;/\Qj, ;. For any element K € 7, we let

K := K NQ; and for any cut element K € 7;11“7 we let 'y := KNT.

For any K € Ty, we define A(K) :={K' € 7, | K' " K # @} as the set of elements touching K. We denote
by B(z,r) the disk (ball) centered at the point z with the radius r. Since 7} is quasi-uniform, there exists a
generic constant Ca such that UK,eA(K) K' C B(zx,Cah) for VK € Ty, where zx is the barycenter of K. We
set Ba(k) = B(xk,Cah) for VK € 7p,.

Throughout this paper, C' and C with subscripts are denoted to be generic positive constants that may vary
in different lines, but are always independent of the mesh size h, how the interface I' cuts the mesh 75, and the
Lamé parameter A defined in (2).

We make the following geometrical assumption on the mesh:

Assumption 1. For any cut element K € T\, the sets A(K) N T and A(K) N1}, are not empty.

From Assumption 1, we can assign two interior elements Ki'* € A(K)N 7,0 and K It ¢ A(K)N 7;;, for any
cut element K € 7,0. In principle, K™ (i = 0,1) can be anyone in A(K) N 7,?,. In practice, one can select K™

to share a common face with K whenever possible. Consequently, Assumption 1 allows us to define two maps
M'(-)(i=0,1) : T,} — Tp; such that M*(K) = K™ for VK € T,".

Remark 1. Assumption 1 can be relaxed as: for any cut element K € 7,0, there exists a wide patch S(K) of
diam(S(K)) < Chg such that K € S(K) and S(K) contains two elements K and K7 satisfying

K7 0| > Cp|K7], i =0,1, ()

where C,, € (0,1) is a user-defined constant. Then, we can let M*(K) be anyone in S(K) satisfying (5) for
i = 0,1. Clearly, Assumption 1 coincides with the case that S(K) = A(K) and C, = 1. By (5), there holds
0]l L2(ari(xy) < CllvllL2(ai()ne)» and the properties P1 and P2 for the forms (12) with such M*(K) can be
verified similarly. If we take S(K) = A(K) and select C), < 1, then M*(K) can be a cut element, which has
a large intersection to €2;. This idea is similar to the idea of merging small elements with neighbouring large
elements to ensure the stability near the interface, see [17,30,37] for more details.

Let us introduce the notation of trace operators on the interface. Let v be a vector- or tensor-valued function,
we define the jump operators [] and []n as

[v]r :== 0’ =o', [ly|r = nr - (0° —0'[p), (6)

where v¥ := v|q,,v! := v|q,, and nr denotes the unit outward normal vector pointing to €1 on T
For an open bounded domain D, we let H"(D) denote the usual Sobolev spaces with the exponent r > 0,

and we follow their corresponding inner products, seminorms and norms. We define H"(D) := (H"(D))? and
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H"(D) := (H"(D))¥? as the Sobolev spaces of vector and tensor fields, respectively. Let L?(D) coincide
with H"(D) for r = 0. Further, we introduce H"(div; D) := {v € H'(D) | V-v € H"(D)} with the norm
Hv”%ﬁ(div;D) = ||’UH%{T(D) + V- v||§{T(D), and let H"(div; D) := (H"(div; D))? be the spaces of tensor fields.
Each column of functions in H" (div; D) belongs to H"(div; D). Let H~/2(dD) be the dual space of H'/?(dD)
with the norm

UV, Q)2 -~
[vllz-1/2(5p) = sup Hﬂ, Yo e HY/2(9D). (7)

0#£peH/2(8D) ||80||H1/2(3D)

From the trace theory, we know that any function v € H(div; D) has a normal trace n - v € H~Y/2(dD) with
[m vl g-1/200p) < Cllv|lH(aiv:D)- For vector fields, we let H~/2(8D) be the dual space of H/?(8D), and the
corresponding norm is analogous to (7).

To cure the effect bringing by small cuts near the interface, we follow the idea in the ghost penalty method
[9,30], which uses the data from the interior domain to ensure the stability near the interface. For this goal, we
assume that we can construct two bilinear forms s}, , : L%(Qp,0) x L2 (Q0) — R and Sh L2(Qp1) x L2(Qp 1) =
R, with the induced seminorms |U|§Z = sp,.:(v,0)(i = 0,1) for Yo € L*(Qp, ;). In our method, we assume that
the forms satisfy the following two pfoperties:

P1: the L? norm extension property:
‘|U||L2(Qh,i) S C(”'UH[}(QJ =+ |U|5£1i> S C’”’UHLQ(thi), V’U S L2(Qh,i)7 7= 0, 1. (8)
P2: the weak consistency:
[vlsr . < ChH ||v] grs+1(0), Yo e HTHQ), i=0,1, t=min(s+1,7+1). 9)

The suitable penalty forms s}, .(-,-) can be constructed by the face-based penalties and the projection-based
penalties, see [10,30]. In Section 2.7 of [30], the penalty forms constructed for elliptic interface problems satisfy
P1 and P2, which can be used in our method. We also note that extra properties of the penalty form in solving
elliptic interface problems are required, as the H' seminorm extension property and the inverse estimate, see
EP1-EP4 of [30]. In our method, P1 and P2 are enough to ensure the stability near the interface. Thus, the
required ghost penalty may be more simple.

Here, we outline a method to construct the penalty bilinear forms by the local polynomial extension, and
the implementation is easy. The idea of the local extension has also been widely used in unfitted methods, see
[3,11,17,36,37,57].

For any element K € 7}, we define a local extension operator E% (r > 0) that extends the function in L*(K)
to the ball BA(x) by

Ey i L*(K) — P (Bax))

v — Efv,

Eyv = (Ex (g 0))|Bac) (10)

where £k : P,.(K) — P,.(R?) is the canonical extension of a polynomial to R¢, and I}, : L%(K) — P,.(K) is the
L? projection operator on K. Since K € Ba(k), for any v € L?*(K), Efv is the direct extension of II%-v from
K to Ba(k). Particularly, for any polynomial v € P,.(K), Ef-v is the direct polynomial extension of v to the
ball Ba (k). From the definition (10), we can prove the following basic property of E7,

< CWxvll 2y < Cllvllexy, Yo € LK), VK €T (11)

BRI L2 (Ba ) <

The norm equivalence on the finite dimensional space gives us that [|v|z2(Bo,cac,)) < CllvllL2(B(o,1)) for
Vv € P.(B(0,CAC,)). Considering the affine mapping from B(0,1) to B(xk, p), we derive that

HE;('UHL%BA(K)) < CHE;(UHLQ(B(EK,p)) = CHH;{UHLZ’(B(EK,;))) < C||H7}(UHL2(K)7 Yo e L*(K),
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which leads to the stability property (11). We refer to [17] for more discussion on the constants C' appearing in
(11).

For any v € L?(Q,;)(i = 0,1), there holds v|x € L*(K) and E(v|g) € Pr(Ba(x)) for VK € Tj, ;. From
(10), E%(v|k) is the direct polynomial extension of II% (v|x) from K to the ball Bo(k). Hereafter, we simply
write B’ (v|x) as E%v for Vv € L?(y, ;). This notation is most frequently used for v is a piecewise polynomial
function of degree r on the mesh 7y, ;. In this case, Ej v € P,.(Ba(k)) is just the direct extension of v|x from
K to Bak) for VK € T, ;.

Based on Ef, two bilinear forms sj, 4(-,-) and s, ;(-,-) that satisfy the properties P1 and P2 can be con-
structed as

Sh.i(v, W) Z / v = Ejyigyv )(w Eyieyw )d:l:, Yo, w € L*(Qn4), i =0, 1. (12)
KeT!

Notice that any cut element K € 7, has that K C Ba(wmi(k))- Therefore, E}W(K)v € Pr.(Ba(mi(ky)) is well
defined on K. Then, we verify the properties P1 and P2 for the forms (12). By (11), we know that

|50

A . 2 , '
L) = HEW(K)” 2 (Bagaricry) Clollarixy, Yo € L (Qn), VK € T

Combining with the triangle inequality, one can find that for Vv € L?(Q4.;),

2
) <0 5 (Il + Wlsecn) < Clllica,,

L2(K) Kerr

i) < 3 (10l + B

KeTr

which gives the upper bound in (8). Again by (11) and the triangle inequality, there holds

sy = 3 Tl <€ 5 ([lo= Bieu], )
KeT[l )

KeT!
< Cspi(v,0) +C Z 10172 (ari )y < C<|U|§;1i + ”UHQL?(Q;’l’i))v Yo € L*(Qn.)-
KeT!

2

- | Ervecaere \

The lower bound of (8) is reached and the property P1 holds for (12). We turn to the weak consistency P2.
Given any v € H**(2), and for any K € 7;', there exists px € P.(Ba(k)) such that |jv — pillL2(Bagiy) <
Ch*[vll me+1(Ba i) [22]- From (11), we obtain that

HU_E;/N(K)”‘ < ||7f—pK||L2(K)+ HE}\”/N(K)(Z?K—’U)’

L2(K) L3(K)

< v *pK”L?(K) + Cllpx — U”L?(Mi(K)) < Cllv *pK||L2(BA(K)) < Cht”UHHSH(BA(K))-

Summation over all cut elements indicates the estimate (9), i.e. the property P2 is reached.

Now the penalty forms s, ;(-,-)(i = 0,1) are defined for scalar-valued functions in L?(Qy,;), and it is natural
to extend s}, ; (-, ) for vector- and tensor-valued functions in a componentwise manner. Let v, w € L?(Qy, ;) with
v = (vj)a,w = (w;)q be the vector-valued functions, and let 7, p € L?(Qy, ;) with 7 = (Tjk)axa, P = (Pjk)dxd
be the tensor-valued functions, we define

d
$h,i (v, W) = 282,1 vivwi)y sha(Top) = ) sh (T pin)s
1<j,k<d
with the induced seminorms |'v|2 = s, ;(v,v) and \'r|2 := s}, (7, 7). The properties P1 and P2 can be

extended for vector- and tensor—valued functions without any difficulty. In the computer implementation, the
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bilinear forms are always with piecewise polynomial spaces. The operator E}; is equivalent to the direct extension
operator, and there is no need to implement the L? projection in (10).
We close this section by giving the H'! trace estimate [31,33,53] on the interface.

Lemma 1. There exists a constant C such that

||w||2L2(FK) < O<hK||wH%{1(K) + h?”“’”%%}())a Ywe H'(K), VK € ThF- (13)

We refer to [31] for the proof only assuming I' is Lipschitz. The H! trace estimate is fundamental in the
penalty-type unfitted finite element methods, as the main tool to handle the numerical error on the interface,
such as [3,10, 30, 33, 36, 37,49, 53]. By (13), the error on the interface can be bounded by the estimates on
elements. However, this trace estimate (13) requires the H! regularity. For the problem with the exact solution
in H*(div; QoU4) or H¥(curl; QoUQ4), applying (13) to estimate the numerical errors on the interface will lead
to a suboptimal convergence rate. The optimal convergence needs a higher regularity assumption that the exact
solution is piecewise H**!-smooth. see [43,48] for unfitted methods on H(div)- and H (curl)-interface problems.
In addition, the trace estimate (13) is not suitable for the solution of low regularity, such as the solution belongs
to the space H*(Qp U Q) with s < 1.

3. LEAST SQUARES FUNCTIONAL FOR THE INTERFACE PROBLEM

In this section, we introduce an associated least squares functional to the interface problem (1). Let 3 := X°
and V := V! be the spaces coinciding with s = 0 in (3). We define the quadratic functional J(-;-) by

J(r,v; f,a,b) := J(T,v; f) + B°(1;a) + B*(v;b), V(r,v) € X xV, (14)

where ) )
J(T,v; f) = [[AT — (V)12 (apuay) + IV - T+ Fllz200000)

o 2 2
B?(r;a) = ||[t]y — a||H*1/2(F)7 B*(v;b) = |[[v] - bHH1/2(F)7

The trace terms B7(-;-) and B%(-;-) are well-defined since [r]y|r € H~Y?(T) and [v]|r € H'?*() for
V(r,v) € ¥ x V from the trace theory. The exact solution (o, u) clearly minimizes the functional J(:;-)
since J(o,u; f,a,b) = 0. In fact, we can prove that (o, u) is also the unique solution to the minimization
problem inf(; ,yesxv J (T, v; f, a,b). For this purpose, we will give a norm equivalence property of J (-, -), and
the norm equivalence is also crucial for the error analysis in the least squares finite element method [5]. The
pair of spaces 3 X V can be naturally equipped with the norm

V(o,v) € X x V. (15)

2
(T, 0)2 = HTHH(div;Qoqu) + HUH%{l(Qoqu)a V(r,v) €Xx V.
The equivalence between J(+;-) and || - ||e is given in the following lemma.

Lemma 2. There exist constants C such that

[(T,v)]le < C(HAT - 5(”)HL2(QOU§21) +[IV- T”Lz(QOUQl)

1INl sa + 1l ) < Clmo)lle,  ¥(r,0) €Ex V. (16)

Proof. By the definition of A, we have that

1 A(dA +4p)

1
”ATH%Z(Q) = 532 ||7'||%2(Q) - 72”“(7')”%2(9) < 72”7'”%2(0) < C||T||%2(Q)~ (17)
(21) (dX +2p) (2p)
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The term || AT — &(v)||12(0,u0,) can be bounded by [|(7,v)]|e, following from the triangle inequality and (17).
From the embedding theory, we know that

IrInlz-12@y <l Tlogllg-1/2m) + 17 Tlo lg-120) < CliTl E@Vv000:) -

Similarly, there holds |[[v]]| g1/2ry < Cllv| g1 (0u0,)- The upper bound in (16) is reached.

From Theorem 3.1 of [13], the lower bound in (16) holds for 7 € H(div;Q) and v € H'(Q), i.e. the lower
bound holds for 7 and v satisfying [7]n|r = [v]|r = 0. For the general case, we construct two auxiliary functions
7 and v to prove (16). Consider the elliptic problems

—Awy =0, inQy, Jpwo=—[7r]n|r, onT,

and
—Aw; =0, inQy, w;=-[v]lr, onT.

Since [r]y|r € H™Y2(I") and [v]|r € HY/2(T'), we can know that both problems have solutions in H*(Qq) with

|woll 100 < ClITINIE-172(r) and [|w1]| 1) < Cll[V]lg1/2(r)- We then extend wp and w; to the domain
Q by zero. Let T := 7+ Vwg and ¥ := v + wy, we have that [T]n|r = [0]|r = 0, which allows us to derive that

(T, v)lle < [[(7,0)]le + (T = 7,0 = D)]le < [[(7,0)]le + C(H|[T]|NHH—1/2(F) + ||[[U]IHH1/2(I‘))>
and
I ®)lle < C(I47 = €@l 2g0pu00) + IV - Fliz@uun)
< C(HAT — ()|l L2 aouan) T IV T||L2(Qouﬂl)> + C(”T = Tl aiviaouey) + 10 — 5HHl(Qoqu))
< C(”AT —e()ll2puan) T IV - Tllr2ouey) + TNl g-120y + ”[[v]]HHl/Z(F))'

Combining the above two estimates leads to the lower bound in (16), which completes the
proof. O

It is noted that the generic constants in (16) are independent of A, which ensure the proposed methods are
robust when A — oo.
From the definition to J(-;), it can be observed that

2 2 2 2
T (r,0,0,0) = AT — (0|22 + IV - Tl22uany + NIV 132y + T 2ar2 -

Therefore, J(7,v;0,0,0) is equivalent to ||(7,v)|2. Let (7,v) € £ x V be the solution to the problem (1)
with f = @ = b = 0, which implies that J(7,v;0,0,0) = 0. From the equivalence (16), we immediately find
that 7 and v are zero functions. Hence, the minimization problem inf , ,)exxv J (7, v; f, a,b) admits a unique
solution.

4. LEAST SQUARES FINITE ELEMENT METHODS

In this section, we present the numerical schemes for solving the elasticity interface problem (1). We begin by
introducing the approximation finite element spaces. For the mesh 7y, ;(i = 0, 1), we define 3", C H(div; ;) as
the H(div)-conforming tensor-valued piecewise polynomial space of degree m. As the definition of H(div; 2, ;),
each column of functions in 3", belongs to H(div; 2y ;), i.e. the BDM,,, space or the RT,, space. In this paper,

the schemes are established on X}"; is the BDM,,, space. The methods and the analysis can be extended to the
RT,, space without any difficulty. We define V', C H' () as the vector-valued C° finite element space of
degree m, and define V', C Hl(QhJ) as the CO finite element space with zero trace on 9%, i.e. Viilea = 0.
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We define the extended approximation spaces 33" := X%, - xo + X3'; - x1 and V" := Vo - xo + V3’ - x1 for
the stress and the displacement, respectively, where the characteristic function x; is defined in (4). Then, any
T, € 37" and any vy, € V' admit a unique decomposition that

Th =Tho X0+ Th1 X1, Vh=7vho Xo+Vn1i-Xi, (18)

where 75, ; € X}, v € V3. As the decomposition (4), we also formally let m;(i = 0,1) be the projection
operator such that m;7), := 7,; € X}, (Y1), € X)) and mvy, == vy, ; € V', (Yo, € V).

The approximation spaces are conforming in the sense that X}' C ¥ and V' C V. A natural idea
to seek numerical solutions is minimizing the functional J(;-) over the discrete conforming spaces, i.e.
inf(-rh,vh)ez;fxvzﬂ J(Th,vn; f,a,b), which, however, is not an easy task. It is impossible to directly compute
the trace terms B (-;-) and B%(-;-) in (15), and the minimization problem cannot be readily rewritten into
a variational problem by the means of Euler-Lagrange equation because of the presence of | - || mi/2(ry and
| - l[z=1/2(ry- The main idea of the proposed method is to apply some computational trace terms to replace
B(-;-) and B*(+;+) in J(+;-) to define new functionals. The numerical approximations are then obtained by
minimizing the new functionals.

For the convergence analysis, we define the spaces Xy, := {o} UX}" and V5, := {u} UV}, which contain the
exact solution and all finite element functions, respectively. Here, we introduce the ghost penalty forms for the
spaces ¥, and V), from the forms (12). By the definition of 7;(i = 0, 1), there holds m;7), € L?(Q4.;)(VTs € X))
and mvy, € LQ(Qh)i)(Vvh € V},). From (12), we define the forms S;*(-, -) and G} (-, -) for 3}, and V,, respectively,
as

SITzn('rhv ph) = S;ZO(WOTMWOP}L) + SZ?l(WlThvﬁlph)v VTh, P, € X,

with the induced seminorm |Th|?9}T =8 (Th, Th)(VTH € Xp), and

Gh'(vn, wn) = sp’o(Tovn, Mown) + sy (MvR, Mws),  Vop,wp € Vi,
with the induced seminorm \vh@}yy = Gi'(vp,vp) (Yo, € Vy,). From properties P1 and P2, we have the
following estimates,
Imomnll 2@ o) + I1Tall 2, ) < C (Il 2y + ITalsy )
< C(Imomnllzg g + IMThlia@,, ) YTh€Sh  (19)
1700l 2000 + 1m0l 20, ) < C (100l 200 + [0l )
< C(Imovnll ooy + IMonlla, ) ) Yon € Vi, (20)
and
|7'|$,Tl"r < Cht”T”HS(Q), VT e H*(Q), t = min(m, s),

|’U|g;:1 < Oht||v||Hs+1(Q), Yo € HSH(Q), t=min(m+1,s+1).

4.1. L? norm least squares finite element method for s > 1

We present the numerical method that defines the least squares functional using only L? norms. This method
requires the exact solution has the regularity s > 1. As mentioned earlier, we will bound the trace terms B? (-;-)
and B%(-;-) by applying stronger and easily-computational norms. In this case, the space H*();) continuously
embeds into L?(I"), which indicates that [7]x|r = n-((T]a, —T|a,))|r € L2(T') for ¥7 € X°. From the definition
(7), one can find that

I Iwllvay < Clbrlwlizzay, W e 2 (21)
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For the displacement variable, we also give a stronger norm for || || g71/2(ry. We first consider the case that I" is C?-
smooth. By the embedding relationship H***(Q;) < H'(I), we know that [v]|r € H (") for Vv € V*!. Here
the norm HUH%P(F) = ||'UH%2(F) + ||Vr'v||%2(m, where Vr denotes the tangential gradient on the interface [23]. The
tangential gradient Vo (x) for Yo € H'(T) only depends on values of v on I'N U, where U is a neighbourhood
of . For i = 0,1, we note that any finite element function vy, ; € V}';(i = 0,1) is continuous and piecewise
smooth on T, i.e. vy, ;|r € C°(T') and vy, i|r, € C*(Tk)(VK € T,V), which gives that vj,; € H'(T'). Thus, we
have that [vp]|r = (movp)|r — (m1vp)|r € H'(T) for Yu,, € V. Consequently, we conclude that [vy]|r € H'(I)
for Yv,, € V. By the Sobolev interpolation inequality ([47], Thm. 7.4) and the Cauchy—Schwarz inequality, we
have that

13320y < CllRlo oy Il ey < C (BRI 0y + AIVEollEa ), Vo€V (22)

The right hand side of (22) only involves the L? norms, and can be easily computed.

For the case that I' is polygonal (polyhedral), we let I';(1 < j < J) denote the sides of I', where every side I';
is a line segment (polygon). Since I' has corners, the estimate (22) will be modified in a piecewise manner. From
the embedding theory ([27], Thm. 1.5.2.1), we have that H*™'(Q;) — H‘] JH'(T;)(i = 0,1), which brings us
that [v]|r, € H'(T;)(1 < j < J) for Vo € V*. Moreover, any vy € V’,Zi (1 =0,1) is continuous and piecewise
smooth on each I';. We can know that (m;v,)[r, € H'(I';) and [v,]|r, € H'(T;) for Vv, € V. Similar to (22),
the norm || - || g1/2(r) can be bounded by

<

J
2 2
Il 2y < € DMl o) < cZn [P 1 (e Z( ol ) + PIVEOll e,
j=1

J
< Ch Y|l zaqr) + Ch Y _IIVEollzeaw,y, Yo € Va (23)
j=1

The second inequality follows from the Sobolev interpolation inequality on each I';. Compared with (22), the
norm for the tangential gradient on I in (23) can be understood in a piecewise manner, i.e. we can formally let
|V - H%Q(F) = Z}le IV - ||%2(FJ_) for the case T is polygonal. Then, the upper bound of the estimate (23) will
seem the same as the upper bound of (22). To simplify the representation, we use the notation consistent with
the case that I' is C2.

Now, we define the discrete least squares functional J,(+;-) that only involves the L? norms by

In(Th,vn; f,a,b) := J(Th,vn; f) + B (Th; a) + By (vp; b) + |71

%;Ln + |’Uh é;{h V(T}“Uh) € 3p X Vy, (24)

where J(-;-) is defined in (15), and
Bf (th;a) = [IThly = allj2y,  Bi(wn;b) == b7 [[wn] = bl 72 + AIIVEOA] = Vobll72qy.  (25)

The last two seminorms in (24) are applied to guarantee the uniform upper bound of the condition number of
the resulting linear system.
The numerical solutions are sought by solving the minimization problem

inf jh(rh,vh;f,a,b). (26)

(Th,vR)EST XV

Since all terms in J3,(+; -) are defined with L? norms, the problem (26) can be solved by writing the corresponding
Euler-Lagrange equation, which reads: seek (o, up) € ;" x V' such that

az, (Oh, un; Th, o) =7, (Th, vR), V(Th,vp) € B3 x VI, (27)
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where the forms az, (-;-) and Iz, (-) are defined as

ag, (Th, Va; P, wn) == (ATn — €(vn), App, — €(Wn)) 200000y T (V The Vo PR) 12 00u01)
+ ([7rlw, I[phﬂN)LZ(F) + 0 ([, [[wh]])m(r) + h([Vroal, [[VI‘wh]])Lz(r)
+ S}T(Thv ph) + ggb(’vhvwh)a

and
L7, (Thyvn) == =(V - Th, F) 200000y + ([TalNs @) ooy + h([0A],0) 20y + B H([VEvs], Vib) oy

For the convergence analysis, we are aiming to show that az, (;-) is bounded and coercive, and satisfies a
weakened Galerkin orthogonality property. Then, the error estimate can be reached in a standard argument.

We introduce the energy norm || - |le, by
2 2 2
||(7'lu”h)H«2eh = ”Th”H(div;QOUQl) + ||vhHH1(QouQ1) + |||[7'h]]NHL2(F)
+ B Mol 7z + UVl ey + [7alEe + [onlges  ¥(Ta,vn) € Zp x Vi
By (21)—-(23), we have that
B (11;0) = |[Taln 5120y < CBF (T4;0), V7)€ By, (28)

and

B*(v;0) = [[vnlll 7112 (r) < CBR(v4;0), Yo, € Vi, (29)

Combining the definitions to J(-;-) and Jx(+;-) and the above two estimates, there holds
j(Th,’Uh;0,0,0) < th(Th,’Uh;0,0,0) =ayg, (Th,’l)h;‘l'h,’vh), V(Th,’l)h) € 221 X VZ"L
From Lemma 2, we find that
2 2
171l @ivsoouan) T VR @uay) < €, (Ths VR ThyOR),  V(Th,vR) € BF x Vi (30)

The boundedness and the coercivity of the bilinear form a, (+;-) directly follows from the Cauchy-Schwarz
inequality, the estimate (17) and the estimate (30).

Lemma 3. There exist constants C such that

az, (Th, va; Pp, wn) < Cll(Th, i) lley | (Ph wh) ey, V(Th,vn), (P, wn) € Bp X Vy, (31)
ag, (Th,On; Thyvn) = C|l(Th, va)|I2, V(Th,vn) € Ty x Vi (32)

Bringing the exact solution (o, u) into the discrete variational problem (27) yields that
agy, (ahv Up; Th, Uh) = ljh, (Tha vh) = agy, (0-7 U Th, vh) - S}rzn(av Th) - ng(“? vh)v
which leads to a weakened Galerkin orthogonality property of az, (+;-).

Lemma 4. Let (o,u) € £° x V! be the exact solution to (1), and let (o, uy) € BT x V' be the numerical
solution to (27), there holds

az, (0 —opu—up;Th,vp) = Sp(o,mh) + G (w, vp). (33)
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To complete the error estimation, we present an approximation estimate under the norm || - ||e, -

Lemma 5. Let (o,u) € 3° x VT be the exact solution to the problem (1), there exists (o1, u;) € X" x V!
such that

(o —oru—ujle, < Cht71/2(”U”HS(div;Qoqu) + ||u||Hs+1(Qou91))a t = min(m, s). (34)

Moreover, if o € H* 1(Qo U Qy), there holds

(o —on,u—1urs)le, < Cht(”UHHsH(QOuQI) + ||U||Hs+1(90u91)>7 t = min(m, s). (35)

Proof. For i = 0,1, we let o7,; € X}"; be the interpolant of ;0 into the space X}";, and let us; € V3", be the

interpolant of m;u into the space VZfi. From the approximation properties of finite element spaces [19’7 51], we
have that

|mio — U'I,i”H(div;Qw) < ChtHWiU'HHs(div;Qh,i) < Cht”UHHS(div;QDUQl)v
[miw — uLi”Hl(QhJ) < C’ht|\7r7;u||Hs+1(QM) < ChtHuHHSH(Qoqu)- (36)
Let o7 := o10-xo+0o,1-x1and ur := uro-Xo+ur1-X1. The errors [0 —o 1| g(diviooun,) and [[u—wur|| g1 (o u0,)

can be bounded directly by (36). The trace term ||[o—o 1] x| £2(r) is split into two parts by the triangle inequality
that

[e — O'I]IN||L2(F) <|lmoo — 0'170||L2(F) + [lmo — UIJHLz(F)'

Since s > 1, we are allowed to apply the H! trace estimate (13) and the approximation property (36) to find
that

Imio = orilamy = Y Mo = oriliarg <€ D (B mio = 1l + hlimo = o1l )
KeT! KeT!

< CR* Yo |3 (ouan)s i=0,1. (37)
Similarly, we apply the trace estimate (13) to obtain that
h™H[w — u] ||2L2(r) + hf[[Vr(u — UI)]]||2L2(F) = Cth”u”?tls-H(Qoqu)' (38)

Finally, we apply the L? extension property (19) and (20) to deduce that

lo—or s < C((”77'00' - ULOHL?(Q}L,()) + H7T1‘7 - UIJ”LQ(Q}LJ)) < ChtHo'”Hs(QOqu)

lu —urlgp < C(||7T0U —urollpe(q, o)+ lImu — U1,1||Lz(g,“1)) < Ch Y|l goss gyu0,)-

Combining all above estimates yields the desired estimate (34). In addition, if o has a higher regularity that
o € H*"1(QUQy1), the upper bound in (37) can be replaced by Ch*||o|[3. 11, g, ), Which leads to the estimate
(35). This completes the proof. O

The error estimation to the numerical solution of (24) follows from Lemmas 3 to 5.

Theorem 1. Let (o, u) € B° x V5T be the exact solution to the problem (1), and let (o, up) € T x VI be
the numerical solution to the problem (24), there holds

(o = onu—up)e, < ChI7H? (HU”H(div;QOUQl) + ||u||HS+1(QOU01))7 t = min(m,s). (39)
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Moreover, if o € H¥1(Qo U ), there holds

(0 —on,u—un)le, < Cht(HO'HH(div;QOUQl) + ||u||Hs+1(Qouﬂl))v t = min(m, s). (40)

Proof. The proof is standard. For any (7, vp) € 23" x V3, we apply (31)—(33) to find that

[(eh — Th,un — a2, < Can(on = Th,un — Vr; 08 — Th, U — V)
= C(an(o — Th,u — ;0 — Th,up — Vi) — Sp(0, 04 — Th) — sp(w, up — wy))
<C(l(o = 7h,u —vi)lle, + lolsy + [ulgp)[(on — Th, un —va)lle,
< C(H(U —Tp = Vp)le, + hs”"'HHs(quszl) + hs+1||u||HS+1(Qouﬂ1))
X [(on = Th,un —vp)lle, -

Applying the triangle inequality, we find that
(o~ onu—w)lle, < Clo —7nu—vn)ler + 8 (1] 2 asnyon) + Nl @ )

Since (T4, vp) is arbitrary, the error estimate under the norm || - ||e, follows from the approximation properties
in Lemma 5. This completes the proof. (]

We estimate the condition number for the linear system (27), which is especially desired in the unfitted
method.

Theorem 2. There exists a constant C' such that
H(AJ’L) < ChiQa (41)
where Az, is the linear system with respect to az, (;-).

Proof. Since the bilinear form a, (+; ) is bounded and coercive with respect to the norm ||-||e, . From Section 3.2
of [24], the main step is to show the relationship between the energy norm || - ||e, and the L? norm. Note that
the finite element spaces 3" and V" are the combinations of X}"; and 33*; and of V' and V', respectively,
where the spaces 37", and V3", are defined on the domain Q ;. Hence, our goal is to show that

2 2
> (Imralea,. + Imivnlia,., ) < Cll(Ta on)l2,
i=0,1

<Ch %Y (||mrh||;mh,i) + ||mvh||ia<ghﬁi>), V(Th,vp) € T} x Vi (42)
i=0,1

Since || - ||e,, is stronger than | - |le, we have that

I all 2 agonn) + 10nll e @ouan < Ol va)le < ClTa o) e,

The lower bound in (42) then follows from the estimates (19) and (20). For the upper bound, we apply the
triangle inequality and the inverse estimate to find that

2. <C Y (H”z‘ThHimnh,n + ||7””h||iﬂ(nh,i>) <ch? ) (””""'h”i%m?i) + ||7Tz'vh||2Lz(m,i>)'
i=0,1 i=0,1

1(Th,vn)|

From Corollary 3.4 of [24] and Section 2.6 of [30], the estimate (41) comes from (42), which completes the
proof. O



708 F. YANG

We have completed the error analysis for the discrete variational form (27). The scheme is robust in the sense
that the constants appearing in the error bounds (39) and (40) are independent of A, and also are independent
of how the interface I' cuts the mesh. From Theorem 1, the convergence rate of the numerical error under the
energy norm is half order lower than the optimal rate without the higher regularity assumption. The major
reason is that we use the stronger L? norm to replace the minus norm || - || -1/2(r) to define the new quadratic
functional, and the errors on the interface are essentially established by the H! trace estimate as (37) and (38).
In addition, both estimates require the exact solution (o, u) has at least H!(div) x H? regularity. Consequently,
this method and the analysis cannot be extended to the case of low regularity that s < 1.

4.2. Least squares finite element method with the discrete minus norm for s > 1/2

In this subsection, we give the numerical method that has the optimal convergence speed for s > 1/2. As
stated before, the replacement of the L? norm cannot work and the H! trace estimate is also inappropriate
for the case of low regularity. The natural choice is to involve the || - [|z-1/2(py in the discrete least squares
functional, but the minus norm is not easy to compute. Here we follow the idea in [7,8] to employ a discrete
inner product, which is related to the minus norm || - || -1/2(ry. We first give an inner product in HY2(T).

For any v € Hfl/z(F), consider the elliptic problem w — Aw = 0 in Qy with d,w = v on T' = 9Qy. The
corresponding weak form reads

(Vw, Vt) 120,y + (W, 1) 120y = (0,8) 2y, VE € HY (). (43)

The elliptic regularity theory indicates that the problem (43) admits a unique solution w € H'(Q) with
|wl|z1(0q) < Cllvllg-1/2(ry- This fact allows us to define an operator 7' : H~Y2(I') — H() such that Tv is

the solution to (43) for Vo € H™/(TI"). From T and (43), we define an inner product in H™Y/%(I) as
(an)—l/Q,l" = (vaTQ)LQ(F)v V’U,q € H_1/2(F)7 (44)

with the induced norm \\v||31/2 r = (v,v)_1/2,r. We then show that || -[|_1 2 and || || z-1/2(r) are equivalent.
For Vv € H Y2(T'), we let t = Tw in (43), which directly gives that TV f1(00) = l|[V]|=1/2,r- From the trace
estimate [|wl| g1/2r) < Cllw]| g1 (a,) (Yw € H'(Q)), we derive that

(U’Tv)Lz(r)< (v, Tv) 2(1)
ITvllmr)y = 1Tl g1z

vl -1/2r = < Clvl g-1/2(ry, Yv e H™V/2(T).
For any z € HY?(I'), there exists ¢, € H!(Qp) such that ¢,|p = z and el < Cllzllgi/2r). Given
v e HY2(I), we find that

(v, 2)r2(r) = (v, 02) 2y = (VIV, V@, ) 12(0) + (T0,02) 12(0,)
< | Tollmr o) €11 (00) = Cllvll-1/2,0 12 H1/2(1) vz € H'/(I),

which indicates that ||v||g-1/2(r) < C[|v|[~1/2,r- The equivalence between both norms is reached.

Roughly speaking, we have defined an equivalent norm and an inner product for the space HY 2(1"), although
the operator 7" and the inner product (-,-)_1 2, still cannot be directly computed. In the numerical scheme,
we introduce a discrete operator T} to replace T' to make the method computationally feasible. The discrete
operator T} is established with the space V;lho, which is the C© linear finite element space defined on the

partition 7} o. Given any v € H~'/2(I"), we define the following discrete weak form: seek w, € V,lho such that

(Vwn, VEn) p2g) + (Whe th) 12 (60g) + Sho(Whsth) = (0,81) 2y, Vit € Vi (45)
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Remark 2. The discrete variational form (45) can be regarded as an unfitted scheme for the elliptic system
(43) based on the mesh 7T, . The ghost penalty form 3,11)0(~7 -) ensures the uniform upper bound of the condition
number to the corresponding linear system. From Theorem 2.16 of [30], the upper bound is O(h~2) for (45).

It can be easily seen that the problem (45) admits a unique solution in V}L,O' Similarly, this property allows
us to define an operator Tj, : H~Y2(I') — V}L,o that Tpov is the solution to the discrete problem (45) for
Vo € H Y2(T). As (44), we define the discrete inner product (-, -)—1/2,» and the induced norm || - ||_y /2, as

(U,Q)—1/27h = (vahq)L2(1")7 H'U||2_1/2,h = (’Uv’U)fl/zm Vv, q € H71/2(F)~ (46)
Let t;, = wy, in (45), together with the property (8), it can be seen that
2 2
||”||2—1/2,h = (UvTh”)_uz,h = ”TthHl(QU) + |Thv|§}1%0 2 HTh””Hl(QO)a (47)

and
2 2
||'U||2—1/2,h = HThv”Hl(QO) + |Thv|§i’0 < C||Thv||H1(Qh=0)' (48)

Then, we give the relationship between T and Tj,.
Lemma 6. There exist constants C' such that
[vl—1/20 < Cllwll—1jor, Yo e HTVX(D), (49)

and
[vll—1/20 < C(I0ll—1j2,n + A 20l r2r)), Vo € LA(T). (50)

Proof. For Yv € H™Y2(T"), from (43) and (47), we have that

(fUaT‘h’U)L2 T ('U,Th’U)L2 T (vat)L2 N
[oll-1/2,n = <D < sup e < [Tl o) < [oll-aer
||”||71/2,h | h””Hl(Qo) teH (Q0) HtHHl(Qo)

which brings us the estimate (49).
From the Sobolev extension theory [1], there exists a linear extension operator Fy : H'(Q0) — H'(Q2) such
that (E°w)|q, = w, |E°w||g1(q) < Cllwl|mi gy for Yw € H'(Q). Let I} ; be the Scott-Zhang interpolation

operator of the space V,ll,o, which satisfies the approximation estimates

< Chl_q||w||H1(Qh,,o)7 q= 0,1, Vw € Hl(Qh’O)'

Hw o Iflz,OwHHq(Qh,o) =

From the trace estimate (13), it is quite standard to derive that ||w — I} jwl| 2y < ChY?|w| g1 (q, . for
Vw € H'(Qp,0). Then, we deduce that

||”||2—1/2,1“ = (vav)L2(F) = (v,EO(TU))L2(F)

= (’U, I}L,OEO(T'U))L%P) + (’U, EO(T’U) - I&,O (EO(TU)))LQ(F)'

The second term can be bounded by the approximation property, that is

(v, B%(Tw) = Ino(E*(T))) oy < OO0l 2y | B (T0)| 1 g, o) < OB 210 ] 220y 1701 111

< Chl/zllvHLz(r)||UH—1/27F'
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We let t), = I,lho(Eo(Tv)) in (45) and apply (48) to bound the first term,
(v, 0 (E(T9))) iy < C(IT00ll sy + Th0ley ) (170 (BT | g + ko (B°(T0)) .y, )

< C||v||*1/2,hHI}1,O (EO(TU C||UH—1/2,hHEO(T”
< Ol 12 | EXT0)]| 1 ) < Clloll-ajon

))HHl(Qh,o) < )HHI(Qh,o)

Tl () < Cllvll—12.nllvll-1/2,r-
Collecting all above estimates yields the second estimate (50), which completes the proof. (I

Now, let us define the least squares functional jh(~; -) by
Tn(Thsvns £,0,0) i= J(Th, v F) + BY (Th; @) + B (vn: ) + [Tal3p + [onlgp,  ¥(Th,vn) € B x Vi (51)

where Bj(-;-) is defined as in (25) and E,f(, 1) is defined as
B (t;a) = lllraln = allZy o + blllrnly — aliar),  V7a € e (52)

The numerical solutions are sought by minimizing the functional jh('; -) over the finite element spaces 37" x V.
This minimization problem is equivalent to a variational problem by writing the Euler-Lagrange equation, which
reads: seek (o, up) € X' x V' such that

az (On,un;Th,vn) =157 (Th,vn),  V(Ta,vn) € B x Vi, (53)
where the forms a7 (+;-) and [ 7 (-) are defined as
ajh('rha'vh?phawh) = (AT — e(vn), Apy, — E(wh))Lz(Qouﬂl) +(V-7p, V- ph)Lz(Qouﬂl)
+ (Iralws [onIn) 1 o + W nl s [oR]N) 2oy + B ([on], [wal) g2
+ h([Vrvnl, [Vrwn]) g2y + S5 (Ths pr) + Gi' (0, wa),

and
17 (Th,vn) = = (V- Th, Fraquuay + ([Telw, @)y o + B([Tn] N, @) 2y

+ 07 ([wn], b) 2y + W([Vevn], Vib) pa -

The convergence analysis of the solution in (53) is analogous to the discrete variational form (27). We introduce
the energy norm || - ||z, by

2 2 2 2
(T, vn)lI3, = 170l e (@ivinouy) T 10Rl @ouy) T HTRIIZ 12 + AU A2 1y

+h M N wall ey + PIIVEwRll ey + [TalSe + 0Rlgm,  V(Th,vi) € Za X Vi,
From Lemma 6, there holds
B (74:0) = | [mnlly 120y < C(II% o + PUITAl 0y ) = BE (T:0), ¥rn € .
Together with the estimate (29), we can know that
T (Th,v5;0,0,0) < CTp(Th,v;0,0,0) = Caz (Th, v Th,vn), V(Th,vn) € Bj X V.

As Lemma 3, it is similar to get that a 7 (+;-) is bounded and coercive under the energy norm ||-||s, , and satisfies
a weakened Galerkin orthogonality property.
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Lemma 7. There exist constants C such that

az, (Th;’Uh;Ph,'wh) < CH(Thavh)HEhH(phawh)HE}m V(Thvvh)v (ph’wh) € X X Vy, (54)
az, (Th,vns Ty ) = Cll(Th,va) 3, V(Th,vn) € Bp" X V' (55)

Lemma 8. Let (o,u) € % x V¥t be the exact solution to (1), let (op,up) € B x V' be the numerical
solution to (27), there holds

az (0 —on,u—upThvp) =8y (0, 7h) + G (u, vp). (56)
Proof. The proofs are similar to Lemmas 3 and 4. O
Moreover, we give the approximation estimate under the norm || - ||z, -

Lemma 9. Let (o,u) € B° x V! be the exact solution to the interface problem (1), there exists (o1, u;) €
X7 x V' such that

e (e T Y ey, 57
where t = min(m, s) for s > 1, and t = min(m, s) — e with any € > 0 for 1/2 < s < 1.

Proof. We let o1 := 0710 X0+ 011" X1, Ur :=Urg - Xo + Uro - X1 be the interpolants of o and u, which are
defined in the proof in Lemma 5. The errors [|o — o 1| z(aiviooua,)s |© —urllmi@oue,), [o1]sy and [ur|gm have
been estimated in Lemma 5. We only bound the trace terms in || - ||z, . For the error ||[c — or]n|—1/2,n, We
apply the estimate (49), the approximation properties (36) and the trace theory of functions in H(div; Qo UQ4)
to find that

o — o dnll_1jon < Cllo = orlnll_yjor < Cllo = orlnllg-1r2q) < C Y In- (o = mo )| 41720
i=0,1

<C Z |mio — 7Ti0'1||H(div;Qi) < ChtOHUHH(div;QOUQl)v
i=0,1

where to := min(m, s). Since u € H'**(QyUQ,), the error h~*||[u — uI]IH%Z(F) can be directly estimated by the
H! trace estimate (13), i.e.
- 2
h=H[u — uI]I”L?(F) < Ch2t0||u||%{s+1(szouﬂl)’

which is the same as in the proof to Lemma 5.
The rest is to bound the terms hl/[o — U'[]INH%z(F) and A||[Vr(u— “1)]”|2L2(1“)' For the case s > 1, both errors

can be bounded by the H! trace estimate, and we derive that

h||[o — GIHN”QL?(F) <Ch Z |mio — 7Ti0'1||2L?(1“) <Ch Z Z [mio — 7Ti0'1||i2(rk)

i=0,1 i=0,1 KeTT
<Cy > (HMU — o172 + P |Imio — WiUIHi[l(K)) < Ch*|lo || m(qouar), (58)
=01 KeTr

and similarly, there holds
2
RV (w = wn)lllzery < CR*ullg@ou0))-
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For the case 1/2 < s < 1, the error h|[o — UI]INH%z(r) cannot be bounded as (58) because the H! trace
estimate is now unavailable. In this case, the embedding theory will be the main tool to estimate the errors. We
let VI € H'(2) be the tensor-valued C? finite element space of degree m on the mesh 7j. Since m;0 € H¥(12),
we let 7fo be its Scott-Zhang interpolant into the space V3" [18], which satisfies that |70 — 70| 12(q) <
Ch'||m;o || g+ (o) - For arbitrarily small € > 0, the space H'/2*¢(;) continuously embeds into L(I"). Notice that
o, Mo € H/2+e (€;) for small enough e, and we apply the inverse estimate and the triangle inequality to
derive that

2 2 2 2
hl|[o — UI]|HL2(P) <Ch Z |mio _7Ti0-1||L2(1“) <Ch Z [mio — 7TiSCTHLz(F) +Ch Z 5o — 7Ti0'IHL2(r)

i=0,1 i=0,1 i=0,1
<Ch Y mio =150 | fmee e +C Y. Y. Into —morlia
i=0,1 i=0,1 KeT
2 2
< Ch Z || — 7T,L'SO'||H1/2+€(Q) +C Z |mfo — 7T1',0'I||L2(Qh,i) < Oh2t1||0'H%,3(QOUQI)
i=0,1 i=0,1
+C Y (Ime = malliaqq, ) + Imo = mos |7 < Ch? o3
v ? L2(Qn,4) 4 OINL2(Qp,) ) = Hs(QoUQ1)>
i=0,1

where t; = min(m, s) — e. From the embedding H*?*¢(Q;) < H(T') [21], it is similar to get that
2
AV (u — “I)]]HLZ(F) < Cp*" ||“||§1s+1(90u91)'
Collecting all above estimates leads to the approximation property (57), which completes the proof. (I

The error estimation for the numerical solution of (53) can be reached. The proof is the same as Theorem 1.

Theorem 3. Let (o,u) € B° x V1 be the exact solution to the interface problem (1), and let (o, up) €
X7 x V' be the numermical solution to the problem (53), there holds

(o = an)lls, < Ch'(llolm(aiviaouan) + lullmre+i@ua)), (59)
where t = min(m, s) for s > 1, and t = min(m, s) — e with any € > 0 for 1/2 < s < 1.

The condition number of the linear system of a 7 (+;+) also has a uniform upper bound. The proof is the same
to Theorem 2.

Theorem 4. There exists C such that

"‘(Aih) <Ch?, (60)

where Az s the linear system with respect to ajh(-; ).

From Theorem 3, it can be seen that the scheme is also robust since the constants in the error bounds (59)
are independent of A and the relative location between I' and the mesh. Compared with the L? norm least
squares finite element method, the convergence rate is nearly optimal without a higher regularity assumption,
but the linear system is more complicated.

Ultimately, let us give some details about solving the linear system A 7. Since a 7, (+;+) involves the discrete
minus inner product (-,-)_1/2 4, we are required to solve the elliptic system (45) in the assembling of Afh' Let B
be the sparse matrix of the bilinear form (45), which is invertible and satisfies that x(B) < Ch~2, see Remark 2.
Let C be the sparse matrix corresponding to the inner product ([74], ws)r2(r) for V(7n, va) € B3 x Vi, Vwy, €
V,lho. We note that this definition ensures the matrix C' has the same column size as the matrix A 7 . Then,

A 7 has the form that
Az = A + ctB~1c, (61)
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Qq Q Q1

FIGURE 1. The unfitted mesh and the interfaces in two dimensions.

where A2 corresponds to all L? inner products in az, (), i.e. Apz is the matrix of the bilinear form ay2(-;-)
that

ar2(Th, On; Py, wi) 1= (ATp — (vp), Apy, — E(Wh))Lz(Qouszl) +(V-7h, V- ph)LZ(QOUSh)
+h([ralns lon] ) 2oy + 27 ([on)s [wn]) 2 oy + R(VEon], [Vewn]) a2y (62)
+ Sp (T, pr) + G (Vn, wh).

Suppose that we have a fast algorithm to solve the linear system By = z, then we can easily compute the
matrix-vector products for the matrix A > 7. by (61). Consequently, the Krylov iterative method (e.g. GMRES)
can be used as the solver for the linear system. Although we have shown that the condition number of A 7, s
O(h=2), an effective preconditioner is still expected especially when h tends to zero. But A 7 involves the inverse
matrix B~!, it is costly to form it and it is also not convenient to even extract its diagonal. Traditional diagonal
or block dlagonal preconditioners are hard to use for A ~ G One method is to use the matrix-free preconditioning
technique to A . For example, one can use the hlerarchlcally semiseparable (HSS) approximation for the given
matrix to accelerate the convergence of iterative methods [15,54,55]. The construction of the HSS approximation
may potentially only use matrix-vector products instead of the original matrix itself, and we refer to [44,54]
for fully matrix-free techniques to the construction of the HSS approximation. This idea has been used in the
immersed finite element method solving the elliptic interface problem [56] . Once the HSS approximation H for
A 7,18 obtained in a structured form, it can be quickly factorized and the factors can be used as a preconditioner.
Alternatively, we present a matrix-explicit preconditioning method for A o As (61), the matrix A 7, can be
split into two parts. From (62), it can be easily seen that apz(7h,vp;Th,v) = 0 implies 75, = 0, vy, = 0 for
(Th,vp) € X7 x V' Hence, Ay is symmetric positive definite. Any preconditioning technique can be applied
to Ar2 because Ar. is entirely explicit. As a numerical observation, the preconditioner from Aj: can also
significantly accelerate the iterative methods. We show the results in Example 1 of Section 5 by constructing
the HSS approximation from A2 to obtain the preconditioner. For solving the linear system By = z, we also
use the HSS approximation as the preconditioner. The codes of the construction and the factorization of the
HSS approximation are freely available in STRUMPACK [50]. A comprehensive analysis and a more appropriate
method to solve the linear system are now left in the future study.

5. NUMERICAL RESULTS

In this section, a series of numerical tests are presented to show the numerical performance of the proposed
method. For all tests, the source function f and the jump condition a,b are taken from the exact solution
accordingly. In Examples 1-5, we consider the elasticity interface problems in two dimensions on the squared
domain Q = (—1,1)%2. We adopt a family of triangular meshes with the mesh size h = 1/5,1/10,...,1/40 to
solve all tests. In Examples 1-3, the interface I' is of class C? and is described by a level set function, see
Figure 1. In Examples 4 and 5, the interface is taken to be the boundary of the L-shaped domain. In Example 6,
we solve a three-dimensional interface problem to illustrate the numerical performance.
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TABLE 1. The numerical results for Example 1 by the L? norm least squares finite element
method (left)/the least squares finite element method with the discrete minus norm (right).

m h 1/5 1/10 1/20 1/40 order m h 1/5 1/10 1/20 1/40 order
o —wnll2@pua,y  1-86e—1 4.76e—2 1.19e—2 2.98e—3 2.00 o —wnll2@pun,y  1-88e—1 4.83e—2 1.21e—2 3.03e—3 2.00
U o —onlli2mun,  349%—0 1.7le—0 858e—1 4.32%—1 0.99 1 [o—onl2@pune,) 350e—0 1.7le—0 8.58c—1 4.32%—1 0.99
(o —on,u—un)lle 2.22¢1 1.12¢1  5.66e—0 2.85e—0 0.99 (e —on,u—un)lle 2.22¢1 1.12¢e1  5.66e—0 2.84e—0 1.00
e —unllL2(oua,)  4.0le=3 4.92e—4 6.15e—5 7.69e—6 2.99 [l —unllL2(@oua,) 4.02e—3 4.93e—4 6.13e—5 7.68e—6 3.00
2 o —onllr@eua,) 29%—1 T48c—2 1.8%e—2 4.77c—3 1.99 2 [0 —onlli2uua,) 3-00e—1 7.47e—2 1.90e—2 4.78e—3 2.00
(e —on,u—up)lle 2.03e—0 5.13e—1 1.28e—1 3.23e—2 1.99 (e —on,u—up)lle 2.03e—0 5.12e—1 1.29e—1 3.22e—2 2.00
[w—unllo2gun,)  1.65e—4 8.95e—6 5.42e—7 3.36e—8 4.01 [w = unllL2@pun,)  1.6de—4 8.93e—6 5.4le—7 3.38¢—8 4.00
3 o —onllr@oua,) 1:93e—2 23le—3 2.8%—4 3.59%—5 3.00 3 o —onlliaaua,) 192e—2 2.30e—3 2.87e—4 3.60e—5 3.01
[(o —oh,u—up)|le 1.26e—1 1.60e—2 2.02e—3 2.53e—3 2.99 [(6 —oh,u—up)lle 1.26e—1 1.6le—2 2.0le—3 2.5le—3 3.00

TABLE 2. Convergence steps for the linear system of the L? norm least squares finite element
method in Example 1.

m h 1/5 1/10 1/20 1/40
Preconditioner from HSS approximation 8 12 19 36

1 Diagonal preconditioner 513 1003 2103 >3000
Preconditioner from HSS approximation 13 21 39 70

2 Diagonal preconditioner 2273 >3000 >3000 >3000

3 Preconditioner from HSS approximation 21 32 56 91
Diagonal preconditioner >3000 >3000 >3000 >3000

Example 1. We first consider a linear elasticity interface problem with a circular interface centered at the
origin with radius » = 0.7, see Figure 1. We solve this problem to study the convergence rates. The exact
solution is taken as

sin(2my)(—1 + cos(2wz)) + HLA sin(mz) sin(7y)

) = in Qg U s
u(@,y) sin(27z) (1 — cos(27y)) + 1+/\ sin(7x) sin(my) e

with the discontinuous parameters Ao, = Ao = 5, Mq, = M =1, tla, = po = 2, tlq, = p1 = 1. The numerical
results are gathered in Table 1 by the L? norm least squares finite element method and the least squares finite
element method with the discrete minus norm. For both methods, the energy norms | - ||, and || - ||s, are
stronger than the norm || - ||e. We calculate ||(o — o, 4 — up)||e to represent the errors under the energy norm.
From Table 1, it can be seen that the errors under the energy norm approach zero at the optimal rates. For
the L? errors, ||u — up||12(0) and |lo — 4| 12(0) have optimal /suboptimal convergence speeds. All numerically
observed convergence orders are in agreement with the theoretical analysis in Theorems 1 and 3.

In this example, we demonstrate the numerical performance of the iterative method for solving the resulting
linear system. For all tests, we use GMRES as the iterative solver and the iteration stops when the relative
error ||[Ax* — b|;2/||b|l;z < 107% at the stage k is smaller than the tolerance 10~%. For the L? norm least
squares finite element method, the resulting matrix is entirely explicit and any preconditioning technique can
be used. Here, we try to use the HSS approximation and its diagonal to construct the preconditioners. The
convergence steps are collected in Table 2. It can be seen that the convergence is apparently accelerated by the
HSS preconditioning technique.

For the method with the discrete minus norm, we shall solve the linear system A = FX= b. As stated in the
end of Section 4.2, we construct the HSS approximation Hy2 from A2 to obtain the preconditioner, and we
also directly construct the HSS approximation H from A to obtain the preconditioner as a comparison. The
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TABLE 3. Convergence steps for the linear system of the least squares finite element method
with the discrete minus norm in Example 1.

m h 1/5 1/10 1/20 1/40
Preconditioner from HSS approximation H 9 13 21 38

1 Preconditioner from HSS approximation H;2 10 16 23 42
Identical preconditioner I 1738 >3000 >3000 >3000
Preconditioner from HSS approximation H 15 22 38 70

9 Preconditioner from HSS approximation H;2 16 23 41 78
Identical preconditioner I >3000 >3000 >3000 >3000
Preconditioner from HSS approximation H 23 33 58 97

3 Preconditioner from HSS approximation H;2 25 37 63 108
Identical preconditioner I >3000 >3000 >3000 >3000

B Preconditioner from HSS approximation 4 7 13 21
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FIGURE 2. The convergence histories for iterative methods with the accuracy m =1 (left)/m =
2 (mid)/m = 3 (right).

convergence steps are collected in Table 3. The convergence speeds of both preconditioned GMRES methods
are significantly faster than the standard GMRES method. The convergence histories for the iterative methods
on the mesh h = 1/20 are depicted in Figure 2. The numerical performances of both preconditioned methods
are very close, and it is more convenient to construct the HSS approximation from A2 in a standard procedure.
In every step of Krylov iteration, we are required to solve the linear system By = z. We still use GMRES
with the preconditioner from the HSS approximation as the solver for this system. The average iterative steps
for different meshes are collected in Table 3. The iterative method also has a fast convergence speed. In the
rest examples, we use the factors of H;2 as the preconditioner to solve the linear system. Developing a more
appropriate method to solve the linear system is now left in the future study.

Example 2. In this example, we consider the same interface problem as Example 1 but the Lamé parameters
have a large jump across the interface. We solve this problem to demonstrate the robustness of the proposed
method when A — oo. The parameters are selected as A\g = 10000/100, \; = 1, 4o = g1 = 1. The numerical
results for both methods are displayed in Tables 4 and 5, respectively. We observe that the discrete solutions
from both methods converge uniformly as A — oco. The results illustrates the robustness when the parameter
A — 0.
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TABLE 4. Numerical results for Example 2 by the L? norm least squares finite element method
with A = 100, 10000.

h 1/5 1/10 1/20 1/40

X 100 10000 100 10000 100 10000 100 10000

| — unllL2@pue,) 1-840e—1 1.842e—1 4.709e—2 4.713e—2 1.180e—2 1.181e—2 2.97le—3 2.972e—3 2.00

L o — onllr2@pua,)  3-565e—0 3.569e—0 1.75le—0 1.753e—0 8.800e—1 8.814e—1 4.369¢—1 4.399e—1 1.00
(o = onw—un)le 2.220el 2.220el 1.127el  1.126el  5.665e—0 5.665e—0 2.833e—0 2.835e—0 0.99
[u—unllL2gus,, A4.016e—3 4.016e—3 4.924e—4 4.925¢—4 6.149¢—5 6.150e—5 7.692e—7 7.693¢—7 3.00

2 |lo - onllL2@pua,) 3.055e—1 3.058¢—1 7.626e—2 7.636e—2 1.932e—2 1.933e—2 4.797e—3 4.799e—3 2.00
(e — onu—up)le 2.03le—0 2.030e—0 5.135e—1 5.135e—1 1.289e—1 1.289e—1 3.223e—2 3.222e—2 2.00
[u—unllL2gun,) 1.65le—4 1.651e—4 8.925e—6 8.924c—6 5.410e—7 5.411e—7 3.379¢—7 3.381e—7 4.01

3 o —onllieqoun,) 2-222e—2 2.223e—2 2.419e—3 2.422e—3 2.940e—4 2.943¢—4 3.63le—5 3.653¢—5 3.02
(o —onuw—up)le 1.263e—1 1.263e—1 1.602e—2 1.603e—2 2.017e—3 2.017e—3 2.522e—4 2.523e—4 2.99

m Order

TABLE 5. Numerical results for Example 2 by the least squares finite element method of the
discrete minus norm with A = 100, 10000.

h 1/5 1/10 1/20 1/40

A 100 10000 100 10000 100 10000 100 10000

le — wnllL2(oua,) 1.859e—1 1.858e—1 4.773e—2 4.771e—2 1.199e—2 1.198e—2 3.018¢—3 3.016e—3 1.99

1 llo — G'hHLz(Qougl) 3.572e—0 3.576e—0 1.753e—0 1.756e—0 8.806e—1 8.882e—1 4.447e—1 4.449e—1 0.99
(6 — oh,u—un)lle 2.220el 2.220el 1.127el 1.127el  5.666e—0 5.665e—0 2.847e—0 2.847e—0 0.99
Tw—wnlr2ogon,) A017c—3 4.017c—3 4.9250—4 4.9260—4 6.150e—5 6.151c—5 7.6930—6 7.6936—6 3.00

2 lo — onllL2(0oun,) 3.053e—1 3.056e—1 7.627e—2 7.637e—2 1.932e—2 1.934e—2 4.893e—3 4.986e—3 1.98
(6 —oh,u—up)||e 2.031e—0 2.030e—0 5.133e—1 5.133e—1 1.289e—1 1.289e—1 3.231e—2 3.233e—2 1.99
Tw —wnlr2pom,) 1.649c—4 1.648¢—4 8.9200—6 8.9200—6 5.409e—7 5408c—7 3.3250—8 3.3230—8 4.03

3 lo — onllL2(ouay) 22172 2.220e—2 2.418e—3 2.420e—3 2.939e—4 2.942e—4 3.633e—5 3.635e—5 3.02
(o — oh,u—up)||e 1.263e—1 1.264e—1 1.602e—2 1.602e—2 2.017e—3 2.018e—3 2.535e—4 2.536e—4 2.99

Order

Example 3. In this example, we consider an elasticity interface problem with a star-shaped interface consisting
of both concave and convex curve segments, see Figure 1. The interface I' is governed by the polar angle 6 that

_1+sin59
"TaT Ty

The analytic solution u is taken in a piecewise manner as

u(x, in Qg,
u(x,y>:{ [ow) i o

u'(z,y), inQy,
where
u®(z,y) = [cos(mz) cos(my), cos(my)]T,  u'(x,y) = [sin(rz)sin(my), z(1 — z) sin(7y)]”.

The parameters are chosen as \g = A\; = pug = p1 = 1. We present the numerical results in Table 6. The
predicted convergence rates under the energy norms and the L? norms for both unknowns are verified from the
convergence histories.
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TABLE 6. Numerical results for Example 3 by the L? norm least squares finite element method
(left) /the least squares finite element method with the discrete minus norm (right).

m h 1/5 1/10 1/20 1/40 Order m h 1/5 1/10 1/20 1/40 Order
e — wnllrzaguey)  9-131e—1 2431e—2 6.244e—3 1.575e—3 1.98 e — wnllrziguy) — 9-127e—2 2.430e—2 6.237e—3 1.573c—3 1.99
U o - onll2puny)  11276-0 5.245e—1 2.621e—1 1.326e—1 098 1 |[lo —oull2oun,) 1127e—0 5.267e—1 2.627e—1 1.327e—1 0.99
(o = onu—un)lle 9.270e—0 4.722e—0 2.377e—0 1.193e—0 1.00 (o = onu—un)le 9.270e—0 4.722e—0 2.377e—0 1.193e—0 1.00
= wnllz2pom,, 3.047c—3 35130—4 4.412—5 5.551e—6 2.99 = wnllz2mom,) 3-441e—3 3.5130—3 4.412c—5 5.551c—6 2.99
2 o —oullia@pua, 1.193e—1 2.432%—2 5.946e-3 1.503e—6 1.98 2 [0 —onllrz@pun, 1.182e—1 2.430e—2 5.953e—3 1.503e—3 1.98
(o —oh,u—up)lle 817le—1 2.079e—1 5.239e—2 1.315e—2 2.00 [[(6 —on,u—up)lle 8170e—1 2.079e—1 5.239e—2 1.315e—2 2.00
= wnllopon,,  1.5950—4 6.891c—6 3.799c—7 2.3150—8 4.03 e = wnll2pon,,  1.574c—4 6.8630—6 3.797c—7 2.3150-8 4.03
3 lo —onll2@oua,) 8.609e—3 8.586e—4 9.233e—5 1.135e—5 3.02 3 lo = onll2@ouayy  7-772e=3 8.269e—4 1.003e—4 1.250e—5 3.00
(@ — onu—un)lle 5527e—2 6.517e—3 8.173e—4 1.027e—4 2.99 (o — onu—un)le 55532 6.517e—3 8.173e—4 1.026e—4 2.99

TABLE 7. Numerical results for Example 4 by the L? norm least squares finite element method
(left) /the least squares finite element method with the discrete minus norm (right).

m h 1/5 1/10 1/20 1/40 Order m h 1/5 1/10 1/20 1/40 Order
e — wnllzo(ague,)  8:082e—1 2.383e—1 6.356e—2 1.609e—2 1.98 e — wnllrzagun,)  8:093e—1 2.416e—1 6.583e—2 1.651e—2 1.99
U o - oall2@puny)  8601e—0 3.583c—0 1.686c—0 8412c—1 100 1 |[lo —oull2oun,) 8471e—0 3.593c—0 1.699c—0 8.456c—1 1.00
(o —onu—un)lle 32221 2.065el 1.125¢1  5.810e—0 0.96 (o —onu—unle 3.221el 2.065e1 1.125¢l  5.811e—0 0.95
[ = wnlliomon,, 8849—2 1.0150—2 1.205c—3 1476e—4 3.03 e = wnllz2pom,,  8899e—2 1.0130—2 1.208c—3 1477c—4 3.03
2 o —oullir@pun,)  2157e—0 4.519e—1 1.147e—1 2.91de—2 198 2 [o—oullir@pun, 2127e—0 4.525e—1 1.153e—1 2.922%—2 1.98
(6 —oh,u—up)lle 8596e—0 2.652e—0 7.256e—1 1.875e—1 1.96 [[(6 —on,u—un)lle 8593e—0 2.658¢—0 7.255e—1 1.875e—1 1.95
[ = wnll2pon,, 1.453c—2 54896—4 3.156c—5 1.9070—6 4.05 e = wnllz2pom,,  1.453c—2 5.4860—4 3.157c—5 1.008c—6 4.03
3 o —oullia@ua,) 5333e—1 4.399e—2 5.080e—3 6.36le—4 3.00 3 [0 —oulliz@un, 5-272%—1 4.375e—2 5.087e—3 6.416e—4 2.99
(@ — onu—un)le 1.499e—0 2.609¢—1 3.626e—2 4.699e—3 2.95 (e — on,u—un)le 1.499e—0 2.609e—1 3.625¢—2 4.699e—3 2.95

Example 4. In this test, we consider the interface problem with an L-shaped polygonal interface I', which is
described by the following vertices, see Figure 1,

(0,0), (—0.35,0.35), (0,0.7), (0.7,0), (0,—0.7), (—0.35,0.35).

The exact solution and the parameters are taken the same as Example 1. The numerical errors are displayed
in Table 7. For the case of the polygonal interface, all numerically detected convergence speeds still agree with
the theoretical results.

Example 5. In this test, we still consider the L-shaped interface and we investigate the performance of the
method dealing with the problem of a singular solution. The exact solution is selected to be

uo(x,y), in QO)

wB W) = 0,07, o,

with the parameters A\g = A1 = pg = 11 = 1, where u® is given as

le%

ul(r,0) = ;—u(—(a + 1) cos((a+ 1)8) + (C2 — (a + 1))Cy cos((a — 1)6)),
W(r, 0) = %((a +1)sin((@ + 1)) + (Cs + a — 1)Ch sin((a — 1)0)),

in the polar coordinates (r, ). We let o = 0.5444837 be the solution of the following function

asin(2w) + sin(2wa) = 0,



718 F. YANG

TABLE 8. Numerical errors for Example 5 by the least squares finite element method with
discrete minus norm.

m h 1/5 1/10 1/20 1/40 1/80 1/160 Order
u—unl2@oun,) — 4712e—2  2.100e—2  9.502e—3 3.369%e—3 1.308e—3 5.158¢—3 1.33

Lo —onlli2@puay)  7.779%—1 6.119e—1 4.950e—1 3.612e—1 2.506e—1 1.76le—1 0.50
(6 —onu—up)le 1.089e—0 7.980e—1 6.278e—1 4.428e—1 3.133e—1 2.170e—1 0.52

: KL

| A‘ﬁkﬁﬁvAV 22X
NRRRRRRRSREkEK
NERRRRRNRKRKRRRR
RRRRRRRREES

F1GURE 3. The spherical domain and the tetrahedral mesh of Example 3.

with w = 37 /4, and the constants C and Cy are

cos((a+ 1)w) 2(A + 2u)
Ch=——71r—=, (Cy=——

cos((a — Dw) A+
The source term f = 0 on the domain QoUS;. The exact solution has the regularity that (o, u) € H*™*(div; QU
Q) x H72(Qo U ) for Ve > 0. Hence, we solve this problem by the least squares finite element with the
discrete minus norm. We consider the linear accuracy m = 1 for this test, and the results are shown in Table 8.
It can be observed that the convergence rate for the energy norm is O(h%5?), which is consistent with the
regularity of the exact solution and the theoretical analysis. The L? errors for both variables are less than the
optimal convergence rates, i.e. O(h'?) and O(h%-%1) for u and o, respectively. The reason may be traced back
to the singularity of the exact solution.

Example 6. In this test, we consider the interface problem in the cubic domain Q = (0,1)3. We take I' as a
spherical interface with the radius » = 0.35 centered at the point (0.5,0.5,0.5). Let the exact displacement u be

24
u(‘T?yaz) =|2° Ji(l—x)y(l—y)z(l—z), in QU Q4.
26

The parameters A, p are discontinuous across the interface with Ag = 10, Ay = 1, uo = 10,1 = 1. We adopt
a series of tetrahedral meshes with the mesh h = 1/4,1/8,1/16,1/32 to solve this problem, see Figure 3. The
numerical errors under all error measurements are reported in Table 9 for both methods. The numerical results
illustrate the accuracy of the methods in three dimensions.
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TABLE 9. Numerical results for Example 6 by the L? norm least squares finite element method
(left) /the least squares finite element method with the discrete minus norm (right).

m h 1/4 1/8 1/16 1/32 Order m h 1/4 1/8 1/16 1/32 Order
lw—wnlliz oo,y —1483e—1 4.786c—3 1.307e—2 3.335c—4 1.98 lw—wnllpz@oue,)  1-149%e—1 4.639c—2 1.291e—2 3.334e—3 1.95
1 o —onli2ua, 1.556e—1 7.528e—1 3.92le—1 1.948e—1 1.01 1 o —onli2@ue,) 1.563e—0 7.55le—1 3.925e—1 1.960e—1 0.99
(o —oh,u—up)lle 5089e—0 2.636e—0 1.353e—0 6.859e—1 0.98 [[(o —oh,u—up)lle 5.089e—0 2.637e—0 1.353e—0 6.857e—1 0.98
e —wnlli2 oo,y  1-147c—2 9.065c—4 1.023c—4 1.233c—5 3.03 e —wnll2@ous,)  1-153c—2 0.058c—4 1.022c—4 1.230c—5 3.04
2 o —onll@uuay 21991 5.603e—2 1.443e—2 3.685e—3 197 2 |[lo—onl2@pun,) 2197e—1 5.693e—2 1.449¢—2 3.691e—3 1.98
(o —on,u—up)lle 7.433e—1 1.902e—1 4.888¢—2 1.239e—2 1.98 [[(0 —on,u—up)lle 7.433e—1 1.90le—1 4.887e—2 1.238e—2 1.98
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