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Abstract Learning to optimize (L20) stands at the intersection of traditional optimization and machine
learning, utilizing the capabilities of machine learning to enhance conventional optimization techniques. As real-
world optimization problems frequently share common structures, L20 provides a tool to exploit these structures
for better or faster solutions. This tutorial dives deep into L20O techniques, introducing how to accelerate
optimization algorithms, promptly estimate the solutions, or even reshape the optimization problem itself,
making it more adaptive to real-world applications. By considering the prerequisites for successful applications
of L20 and the structure of the optimization problems at hand, this tutorial provides a comprehensive guide

for practitioners and researchers alike.
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1 Introduction

What is learning to optimize (L20)? Learning to optimize (L20) is an emerging area where
traditional optimization techniques are enhanced or even replaced by machine learning models learned
from data. Instead of solely relying on hand-crafted algorithms, L20 employs data to derive optimization
strategies using data-driven approaches. The motivation stems from the realization that there are patterns
in the way optimization problems are solved, and these patterns can be learned and generalized.

Why bringing learning to optimization? A short answer is that machine learning provides a strong
alternative to understand and wutilize the special structures of data for faster and better optimization,
which can be difficult if done analytically. It can be conceptualized as two ends of the same stick:

e On one end, consider a set that contains only one optimization problem, and it is the only single
optimization problem that we are interested in. Then the most efficient method is to solve it with a solver
and memorize the solution for retrieval when needed.
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e On the other end, when we are interested in solving all instances in an optimization problem class,

classic algorithms with worst-case guarantee are the best choices. We simply select the algorithm with
the best guarantee.
In real-world scenarios, however, the situation lies between these two ends. In a specific application,
the optimization problems of interests often are not arbitrary ones. Instead, they share some common
structures. Effectively exploiting these special structures can help with accelerating the optimization
process or generating better solutions. Sometimes, these common structures can be described in an
accurate mathematical language and used for deriving better optimization algorithms.

But in other cases, such structures are too vague to characterize explicitly; hence it is hard to utilize
them analytically to improve optimization. Machine learning, especially deep learning, is adept at
capturing hidden structures in data by learning from past experience. This capability is endowed by the
great capacity of learning-based models and the data-driven learning process. Therefore, when combined
properly with classic optimization, learning can help to achieve acceleration or superior performance.

When to consider L207? The first prerequisite for the success of all learning-based methods, including
L20, is the access to abundant past experience, i.e., in the context of optimization, many erxamples
of optimization problems and, often, also their solutions. According to the famous No Free Lunch
(NFL) theorem [168], we cannot expect an L20 method to work superbly on all optimization problems.
Therefore, the example problems must stand as a good representation of the problems to come in the
future, or, more formally, are drawn from the same task distribution.

There are two scenarios where L20 can improve optimization:

Scenario 1: When we need to solve similar optimization problems repeatedly. In this scenario, the
task distribution is concentrated. Because it is challenging to describe the distribution explicitly in a
math language, L20 is used to find solution “shortcuts”.

Scenario 2: When it is hard to formulate a optimization model. A good example is the term “natural
image”, whose accurate mathematical characterization is eagerly needed but very difficult to write as a
clean formula. In this case, we can use L20 to find better solutions by learning an optimization model
or method.

Train offline and then deploy. Unlike traditional optimization techniques, L20 methods typically
involve two phases: training and deployment. Training entails refining optimization algorithms or problem
structures using data. While this training process might be time-consuming, its outcome is advantageous.
After training, the derived optimization algorithms or problem frameworks tend to outperform their
conventional counterparts. They either offer significantly quicker results or yield solutions of superior
quality, especially when tailored to real-world scenarios.

Organization. Within this tutorial, we categorize L20 into three paradigms, each reflecting a different
level of integration between optimization and machine learning:

e Learning to accelerate optimization processes. In this approach, traditional optimization algorithms
or solvers are still employed, but certain procedures are replaced with machine learning models to
accelerate traditional algorithms, making this a more conservative application of machine learning to
the optimization process. Example: Learning for mixed-integer programming in Section 6.

e Learning to generate optimization solutions. This paradigm involves using a machine learning model
to directly generate solutions to optimization problems. The aim is to produce solutions far more quickly
than traditional algorithms, while maintaining acceptable accuracy. Example: Algorithm unrolling in
Section 3.

e Learning to adapt optimization. In this innovative paradigm, the optimization problem itself can
even be altered. Recognizing that solving optimization problems is often an approximation of the ideal
solution in many real-world scenarios, machine learning models may be employed to tune these problems,
making them closer to the desired real-world outcomes. Example: Plug-and-play methods in Section 4
and optimization as a layer in Section 5.

The rest of this paper is organized as follows. First in Section 2, we introduce some preliminaries on
machine learning and deep neural networks. Following this, we delve into L20 techniques for continuous
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optimization in Sections 3, 4, and 5. The order of presentation is determined by its dependency on
conventional optimization techniques. Methods in Section 3 aim at quickly finding solutions to certain
optimization problems. Sections 4 and 5 are directed at producing solutions that better align with real-
world needs, even if these solutions do not solve the original optimization problems. Section 6 turns
to mixed-integer programs. Given its distinct methodologies and relative independence from the other
sections, we have positioned it after the other sections.

Remarks on notation. The optimization and deep learning communities use two systems of notation
that can conflict with each other and cause confusions in some cases. The notation can sometimes differ
between different directions of L20. For example, a vector x is usually used to denote the optimization
variable and thus the iterate in an iterative algorithm in the field of optimization. However, in the context
of deep learning, & mostly denotes the input to a neural network or to a layer of a network. In this work,
we do not strive at creating a new system of notation that is consistent for both fields as it would read
unnatural to the audience from either community. Instead, we try to follow the commonly-accepted
notations by each field when there is no risk of confusion. When there are potential conflicts, however,
we will make it crystal clear the distinction between our notations and the usual ones. We humbly ask
caution from the reader for a better and easier understanding of the content of this article.

2 Introduction and deep neural networks

This section commences by providing an introductory overview of deep neural networks and how to train
them, along with various adaptations and methodologies that are broadly utilized by the L20 community.
We also examine prominent reinforcement learning methods that are broadly applicable in L20. Our goal
is to elucidate the fundamental concepts, advantages, and constraints of those common techniques.

2.1 Preliminaries of machine learning

From a mathematical perspective, many machine learning tasks are about creating a mapping derived
from data. Consider the task of image classification. Here, the aim is to establish a mapping that links
an image to a category, such as animals or plants. We work with a data set denoted as D = {(z;, y;)}}_1,
where x; from X denotes an image (with X being the image space) and y; € {0, 1} signifies its associated
category. Here, y; = 0 indicates that =; is an animal image, while y; = 1 indicates it is a plant. These
images can come from varied sources like photography. Their corresponding labels, y; usually added by
humans, are seen as the definitive answers to the image’s category. Machine learning methods typically
assume ¥; to be the accurate label for z; and design a mapping that links «; to y; for all j =1,2,...,n.
Specifically:

e According to the format and properties of x, we select a parameterized mapping g(+;0) : X — {0, 1},
where 6 involves all the parameters.

o We look for desirable parameters 6* such that g(x;;0%) ~y; for all j =1,2,...,n.

e With g(-;8*), we can predict the category of a new image @’ not in D with § = g(z’; 6*).
We clarify the following terminologies:

e The parameterized mapping g(-; 0) is termed a machine learning model or, more simply, a model.

e The process of finding desirable parameters 6* is called training. A model equipped with these
optimal parameters, g(-; 0*), is named a trained model.

e Utilizing the trained model to predict the category of a new image is referred to as inference.

e The data set D used during the training phase is termed the training set.

e A collection of images used during the inference phase is called a testing set.
This methodology is identified as supervised learning since each x; in the training set is paired with a
ground truth y; by an expert, resembling the expert supervising the training phase. Such a supervised
learning pipeline can be adapted for other tasks, where © may represent entities other than images, and y
might symbolize more than just image categories. Subsequent sections will delve into broader scenarios.
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2.2 Deep neural networks

We start by discussing the construction of a machine-learning model, with a focus on neural networks.
Neural networks are made of units termed as layers, where each layer is a basic function. Similar to
function composition, a layer of neural network can also consist of several (sub-)functions. The simplest
neural network is a single-layer perceptron, a linear binary classifier that makes binary prediction by
applying an affine transformation to its input & € R? and then thresholding the output, denoted as
g(z) : R - R,z + h = o(w'x +b), where h is the binary output of the network and o : R — {0, 1}
is a thresholding function, or activation function, yielding 1 if an input is positive or 0 otherwise. Here,
the weight w € R and bias b € R are the parameters of the single-layer perceptron; or we say the
perceptron is parameterized by @ = (w,b), which can be learned from data. To make it self-evident to
distinguish between network input and learnable parameters, we adopt the following notation to represent
a single-layer perceptron:

g(x;0) = o(w' x +b). (2.1)

A single-layer perceptron can be easily extended to have multi-dimensional outputs by introducing a
weight matrix W € R4 and a bias vector b € RY with d’ being the output dimension. The extended
mapping is defined as  ~ h = o(W Tx + b). When viewed graphically, each coordinate of either x
or h can be thought of as a node. Given a general matrix W, every coordinate of x is linked to every
coordinate of h. Therefore, such a mapping is usually called a fully-connected (FC) layer. Note that
the thresholding function in (2.1) is not the sole option for the activation function o in a fully-connected
layer. Below are additional activation functions to consider:

e ReLU o: Defined as & — max(0, x), where all operations are executed coordinate-wise.

e Sigmoid o: Defined as  — 1/(1 + exp(—x)), where all operations are executed coordinate-wise.

e Softmax o: For a vector @, its i-th component is transformed as o(x); = exp(z;)/(D>_,; exp(z;)),

where the sum runs over all components of the vector.
Multiple fully-connected layers can be stacked to form a multi-layer perceptron (MLP). Given an input
x € R% and a set of L fully-connected layers, each of which is parameterized by 8; = (W;,b;) and
denoted as g;(+; ;) : R¥™ - RY for any ¢ € {1,...,L}, an MLP is constructed as a composition
function, formulated in an iterative manner as

RO =z hD=g,hY;0,):=c(W,"n Y +b), i=1,...,L, (2.2)

and finally returns y = h(%). Note that in (2.2), the dimensions of W; and Wy, should be compatible with
x,y: dg = dip, and dj, = doy- The whole of learnable parameters, denoted as 8 = {Oi}le, can be trained
with data to take arbitrary values so that the resulting MLP is able to yield accurate approximations
of desired outputs. The power of deep learning lies at the capacity of neural networks to approximate
complicated mappings when it uses many layers, i.e., becomes deep [82]. MLPs are simple yet decently
effective in many machine learning tasks including L20. In the subsequent sections, we use the following
condensed representation for the entire model as given in (2.2):

y =MLP(x;0) or y=g(z;0). (2.3)
2.3 Training a neural network

Given initial parameters 0, typically with random values, training a neural network is to update these
parameters so that the neural network can approximate the target unknown mapping. This process
is also called learning. Training requires several components: (i) a dataset that we learn from; (ii)
a quantitative metric for the quality of the approximation on the dataset, called loss function; (iii) a
mechanism that minimizes the loss function by updating the parameters; (iv) regularization techniques
that avoid overfitting. Step (iii) is often, though not always, based on gradient descent, and the gradient
is typically, though not always, computed with the chain rule and backpropagation.
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Datasets. A neural network is trained on a finite set of data samples. Each sample consists of the
input to the network & € R%» and the desired output ¢y € R%ut. In this article, we refer to a as the input
and y as the label, and denote the dataset as D = {(x;,y;)}}; with N being the size of the dataset.
Note that the label y is optional and can be absent in unsupervised and self-supervised tasks.

The format of a sample (x, y) depends on the learning task of interest. For image classification, x is an
image and y is a scalar indicating the class of . For natural language translation, « is a sequence of tokens
in the source language and vy is the semantically equivalent sequence of tokens in the target language.
However, since L20 is aimed to learn how to solve optimization problems, an input to a network for L20
is what characterizes an optimization problem instance. For example, if a neural network is trained to
solve least squares in the form of min, ||d — Az||?, an input sample is = (d, A) and its label is the

solution y = z* = argmin, ||d — Az|? (assuming z* is the only minimizer).

Loss functions. Given a data set D of size N, the neural network to be trained g(-;0) : R%n — Rdout
is parameterized by 6 € R? and maps each input «; from DD to the output y;(0) = g(x;;0). Here, g(-; )
denotes an arbitrary parameterized mapping, such as the MLP defined in (2.3). A loss function provides

a metric to measure the quality of the outputs over the whole set {g;(6)},,

which we need for updating
the parameters in the neural network accordingly.

Considering the above-mentioned supervised learning setting where each input x; comes with a label
y;, we first pick a metric function ¢ : Réout x R%uw — R that maps a prediction-label pair (9;,y,) to
a scalar [; = ¢(y;,y;), which measures the loss or regret induced by the prediction. For example, the
simplest metric function, the mean-squared error (MSE), is defined by /(9,vy) := || —y||?>. Cross-entropy
(CE) is another commonly-used metric function in machine learning. A loss function can be defined as

a function of the parameter 8 over all samples in D:

N N
£O) =1 =" ((5,(60).9)). (24)

In unsupervised or self-supervised learning where the labels are absent, we can adopt a metric function
whose value only depends on the output of the network with I; = ¢(y;).

Backpropagation. To train the neural network, we try to find the parameter 8* that nearly minimizes
the loss function: 6* ~ argming £(6). Since neural networks are usually deep and thus overparameterized,
the learnable parameter 0 is extremely high-dimensional in most cases. To make the training feasible, it
is most common to adopt first-order methods to minimize the loss function, which requires calculating
the gradient of the loss function with respect to the parameter, i.e., 9£/96. The chain rule in calculus is
leveraged to do so efficiently.

Consider the i-th layer g(?(-;0() of the network parameterized by 8. The input to the layer is
h(=1  which is the output of the previous layer, and the output is h() = g (h(i=1);0()  which is then
fed into the next layer as input. Assuming we are given %, the gradient of the loss function with
respect to h("), the gradient with respect to the parameter and input of this layer can be calculated with
the chain rule as

oL oL oh®
90 — gr( 9’

oc oL onY
OhG-1 — ar()  pRG-1)’

(2.5)

(2.6)

where the latter is for propagating the gradient back to previous layers. The second terms on the
right-hand sides of both equations depend solely on g*. Therefore, this procedure can be performed
sequentially from the output layer to the input layer. This process is called backpropagation in contrast
to the forward propagation from inputs to outputs, as it essentially propagates the error signals in the
backward direction from outputs to inputs. Modern deep learning frameworks, such as TensorFlow
and PyTorch, provide out-of-the-box support of the backpropagation for most deep learning layers and
modules. Practitioners do not need to code them except when developing new layers.
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Training algorithms. Neural networks are mostly trained with first-order methods. For example,
we can directly apply gradient descent to minimize the loss function (2.4) over the whole training set.
However, since the training set for modern deep learning is very large, the most popular optimization
approach is stochastic gradient descent (SGD), which samples a small subset of the entire training set,
called a mini-batch at each training step. Such a training method is defined in Algorithm 1.

Algorithm 1 Stochastic gradient descent in supervised learning

Input: A data set D = {(wj,yj)}é-v:l, a model g(-; 0) with parameter 6 € RP.

1: Determine hyperparameters: the number of epoch E, learning rate «, mini-batch size M.

2: Initialize the values of 8 randomly.

3: fore=1to E do

4: Sample a subset D with size M: D c D.

5:  Calculate the gradient through backpropagation: d£/86, where £ := Z(m,y)e@ L(g(z;0),y).
6: Update the parameters @ < 6 — 048[3/80.

7: end for

8: return 6

Motivations behind such a mini-batch method are two-fold. Firstly, effective training of heavily
overparameterized neural networks requires so many training samples that the device memory cannot
hold all of them at once. Secondly, a proper amount of stochasticity helps the training algorithm escape
some local minima of £ while too much of it can significantly increase the variance of gradients, slowing
down convergence. Although SGD does not guarantee convergence to the global minimum 6* due to the
non-convexity nature of the loss function, it often yields a parameter 8 corresponding to a reasonably
low loss function value under properly chosen hyperparameters. (A hyperparameter tuning method will
be presented in the subsequent paragraph “Validation”.)

Modifications to SGD have been proposed for more efficient and stable stochastic training, among which
Adam [101] and its variants stand out. Adam updates the network parameters with the momentum, the
moving average of the gradients over time, which is normalized with the variance of the gradients. Adam
implicitly leverages the first-order and second-order information of the loss function and thus is faster
than SGD in many applications. SGD and Adam are enough for training neural networks used in most
L20 works and are good starting points for new applications of L20 before special needs identified.

Popular training techniques, including SGD and Adam, have been implemented in most modern deep-
learning platforms, eliminating the need for manual coding. In the rest of this paper, we will treat the
minimization of loss functions as solvable problems, shifting our emphasis to other critical subjects.

Validation. Although it is common to manually determine the values of hyperparameters (e.g., E, a, M
in Algorithm 1), there is a more systematic approach known as walidation. This method partitions a
complete dataset into two subsets: the training set Dy.in and the validation set Dy, . Algorithm 1 is
employed on Dy.in. The role of the validation set is to evaluate the model’s capability to generalize to
new data, enabling the selection of superior training hyperparameters. The validation loss function is
defined as
ﬁval(e) = Z K(g(w,@),y)
(,y)EDyar

Imagine we are comparing two hyperparameter configurations, (E,a, M) and (E’,o’, M’), and their re-
sulting parameters O(E, «, M) and O(E’, o', M), respectively. If Ly,1(0(E, o, M)) < Lya1(0(E', o/, M")),
then we conclude that (E, o, M) is better than (E', o/, M").

Regularization. While the training of a neural network is conducted on the training set, the ultimate
goal is to learn a network that can perform well on samples unseen during training. A neural network
with this ability is considered to generalize well or have a great generalization ability. However, an
inappropriate training process can hurt the generalization ability of a neural network by overfitting the
parameters only to the samples in the training set, resulting in poor performances on unseen samples.
Regularization methods aim to address this issue by adding additional constraints or penalties to the
learning process, encouraging the model to generalize better.
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Here are some commonly-used regularization techniques in deep learning and specifically for L20O:
(1) L1 and L2 regularization (Weight Decay), which encourages the model to find simpler solutions by
shrinking the weights, reducing their impact on the overall loss. (2) Dropout, which combats overfitting
by randomly disabling a proportion of the neurons during each training iteration. We clarify that no
neurons are dropped out during inference though their outputs are scaled down by the dropout probability.
(3) Early stopping, which forces the training process to exit early when the model’s performance on a
validation set starts to degrade. Early stopping prevents the model from overfitting by finding a balance
between training for too long (leading to overfitting) and stopping too early (resulting in underfitting).
(4) Data augmentation, which artificially increases the size of the training dataset by applying various
transformations to the existing data samples so that the model can learn to be invariant to such variations,
thereby improving generalization.

These regularization techniques can be used individually or in combination, depending on the specific
problem and characteristics of the dataset. With regularization, deep neural networks can become more
robust, generalize better to unseen data, and exhibit improved performance in real-world applications.

2.4 Important variants of neural networks

Recurrent neural networks. A recurrent neural network (RNN) is a special class of neural networks
designed for processing sequential data. Unlike standard neural networks that work with a single input
with a fixed size, RNNs manage an array of sequential inputs, denoted as ), ..., (™) € R%=  where
the input’s dimension is represented by di,. Given that the sequence length T differs between inputs,
traditional MLPs fall short, as they are tailored to fixed-size inputs. This variability is commonly seen
in applications like machine translation where each (¥ symbolizes a word, necessitating the handling of
sentences of diverse lengths.

To cater to this need, RNNs were introduced, with the core idea of weight sharing, that is to share
the same set of parameters between layers, so that the networks can have arbitrary depths. Moreover,
an RNN maintains a hidden state vector h(?) € R%mb which is assumed to be a lossy representation or
embedding of the previous inputs (1), ..., 2® with demp, being the dimension of the hidden embeddings.
Denoting the output dimension as doy;, a generic parameterized RNN g : R%n x Rdemb —y Rout x Remb
can be formulated as

y @ Y = g(z, h07D: ). (2.7)

Here, the i-th layer or iteration of the RNN yields the output of the current layer y(*) € R%u¢ which can
be used to calculate losses for training, and the hidden state h(*), which will be sent to the next iteration
to pass the previous information. In practice, we set h(?) to all zero or a randomly sampled vector. Note
that the operator g and its learnable parameter 6 is time-invariant and thus the network can be applied
to sequences with arbitrary lengths.

However, a vanilla RNN suffers from the gradient vanishing or explosion issue when processing very
long sequences [126], in which case the backpropagation to early steps involves too many multiplications
of the Jacobian matrix of g. While gradient explosion is more devastating for failing training, gradient
vanishing happens more often and prevents the RNN from learning long-term memories as the result
of early iterations receiving near zero gradients. The long short-term memory (LSTM) network was
proposed with two core techniques to address this issue. One is the introduction of self-loops so the
gradient can backpropagate better for longer sequences. The other is to make the self-loops dependent on
the context, i.e., the input sequences so that the network can condition itself to memorize or forget certain
parts of an input sequence. LSTM achieves empirical success in many fields such as audio analysis [170]
and machine translation [61]. For more details of RNN and LSTM networks and advanced techniques,
we refer the reader to [67].

RNN and its variants have been widely adopted by the L20 community. The reason is that numerous
optimization problems are solved with iterative algorithms, and the iterative formulation has a natural
correspondence with the recurrent structure of an RNN. Consider the gradient descent (GD) algorithm
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with a fixed step size that tries to minimize a differentiable objective function f(x) : R? — R. One
iteration of GD is formulated as (V) = (=Y — oV f(x(=Y). If we think of the gradient d~1) =
Vf(:l:(i_l)) as an input to the current iteration, GD can be written in a similar manner to that in (2.7)
as £ = g(d"~V 2~1; q). Here, the current iterate (*) corresponds to the hidden state h(®) in (2.7)
that carries a summary of all gradients information in the past, and the iteration is parameterized by
a single scalar «, the step size in GD. Based on this similarity, many researchers construct RNNs that
mimic iterative algorithms and then exploit data-driven learning in expectation of achieving certain levels
of acceleration. We will revisit this relation for algorithm unrolling in Section 3 with practical examples.

Convolutional neural networks. Convolutional neural networks (CNNs) represent a category of
neural networks that excel in processing grid-structured data. This includes 1-D grids like time-series
data and 2-D grids such as images. While a vanilla CNN has a structure akin to an MLP as seen in (2.2),
the core difference lies in its linear mapping. Instead of the generic linear mapping, & — W "2 +b, CNNs
deploy a unique linear mapping termed as convolution, represented by « — w * & + b, with w being the
convolutional kernel. For illustrative purposes, let us focus on the 1-D convolution. In this scenario, the
input & € R%» is a discretized variant of a 1-D function z(t). Concurrently, the kernel w € R mirrors
this, where the grid size K is also referred to as the kernel size. By denoting x[i] as the i-th component
of the vector @, the convolution operation, w * x, can be defined coordinate-wise as

K
(wxx)[i] = Z'w[k’] cxfi+k—1], foralli=1,2,...,di,. (2.8)
k=1

Note that the operation formulated in (2.8) is mathematically known as cross-correlation but is referred
to as convolution in most deep learning papers. Such a convolution can be easily extended to 2-D cases.
Contrasted with the generic linear mapping characterized by parameters (W, b), convolutional mapping,
defined by parameters (w, b), provides a more structured, parameter-efficient approach.

Convolution layers have three key characteristics that are fundamental to the success of CNNs in a wide
array of applications. To begin with, when the kernel size K is much smaller than the input dimension
din, the kernel w only locally interacts with part of the input, which endows CNNs with sensitivity to local
features. Secondly, the identical kernel is applied across all positions of the input. This design, referred
to as parameter sharing, serves as an implicit but strong regularization for better generalization and
computational efficiency of CNNs. Lastly, convolutions inherently exhibit equivariance to translations.
This means that the output of a convolution mapping remains unchanged, up to the identical translation,
when applied to a translated input. Consequently, this allows CNNs to effectively detect essential patterns
even when inputs are shifted, which is considerably challenging for traditional MLPs where the parameters
have one-on-one correspondence between input and output coordinates.

In the existing corpus of literature pertaining to L20, CNNs predominantly find applicability in two
principal use cases. The first is to incorporate convolutional layers to imitate certain operations in an
optimization process, especially when the optimization involves convolution operations itself. Examples
include convolutional compressive sensing, which we will explore in greater detail in Section 3 dedicated
for algorithm unrolling. The second use case leverages CNNs as black-box mappings, exploiting their
benefits in specific domains. For examples, 2-D CNNs have been observed to excel at natural image
denoising. Consequently, researchers have proposed the application of well-trained CNNs as black-box
denoisers, intended to be integrated in a plug-and-play manner within a larger optimization framework.
Section 4 is dedicated to covering L20 methods in this category.

Graph neural networks. Let us consider an undirected graph represented as (V,€&), where V is
the collection of vertices and &£ is the collection of edges. Each node is indexed by 4, and an edge
connecting nodes 4 and j is labeled as the tuple (¢,7). The graph-structured data can be described as
G = ({vi}tiev,{€i;j}(,j)ee), in which v; is the data attached to node i and e;; is the data attached to
edge (i,7). For example, in a social network graph, each node might symbolize a user with the data
v; giving information about them. An edge might signify a connection between two users, and the e; ;
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describes their relationship. It is worth noting that enormous optimization problems, especially discrete
optimization, can be expressed by graph-structured data [60,98]. We defer more details of this type of
approach to Section 6.

GNNs map graph-structured data G to desired outputs y. Here we consider a simple one-layer message-
passing GNN to present its formal expression. The first step is defined as

hiZMLP<’Ui7 Z MLP(vi,vj,ei,j;Ol);Og) (29)
JEN(3)

Here each node ¢ collects information from its neighbor N (i), and then we invoke MLP for each node.
After the operation of (2.9), we obtain a hidden state h; for each node i. The second step is mapping
the hidden states to the output y. Based on the structure of y, there are two potential mappings. If y
illustrates the graph’s entire properties, all the states h; are combined, followed by an MLP invocation
for each graph. However, if y consists of labels of all nodes formatted as y = (y1,y2,...), an MLP is
invoked for each node individually. To elaborate,

Graph-level output: y = MLP < Z h;; 03), (2.10)
icV
Node-level output: y; = MLP(h;;0,). (2.11)

For the rest of this paper, the complete GNN model is condensed to

y = GNN(G;0), Graph-level GNN: (2.9), (2.10),
y; = GNN(i,G;0), Node-level GNN: (2.9), (2.11).

For a graph-level GNN, the parameters are given by 6 = (01, 83, 03), while for a node-level GNN, they
are 6 = (601,0,0,).

The GNN structure outlined earlier presents multiple advantages when dealing with graph-structured
data. Firstly, scalability is inherent in its design. It is crucial to understand that every MLP employed
is consistent across all nodes and edges. As a result, even when a new graph of varying size emerges, the
methodology to determine hidden states remains unaltered. Moreover, the same repetitive process can
be enacted on this new graph without modifying the MLPs. This implies that this particular message-
passing GNN is adaptable to graphs of any dimension. Secondly, the structure ensures permutation
invariance. Evaluating (2.9), (2.10), and (2.11), it becomes apparent that altering the indices of two
nodes does not impact the output of a graph-level GNN. On the other hand, for a node-level GNN, the
outputs adjust corresponding to the permutation of inputs. We refer to [92,172] for more properties and
applications of GNN.

2.5 Reinforcement learning

In addition to supervised learning discussed in Subsection 2.1, another important machine learning
approach is reinforcement learning (RL). Instead of relying on vast amounts of data with manually-
labeled ground-truth as in supervised learning, RL focuses on learning a decision-making policy through
interactions with the underlying system. This subsection introduces basic concepts of RL and provides a
concise guide for beginners.

Markov decision process (MDP). At the heart of reinforcement learning lies the Markov decision
process. Imagine playing a game where at every step, based on your current position, you choose an
action. This action leads to a specific outcome and potentially a reward. The goal is to maximize
rewards over time, and this setup is described by an MDP.

Formally, an MDP is a discrete-time stochastic process during time ¢ = 0,1,...,7. At each time ¢,
we have three random variables s;, a;,r;. The state variable s; reflects the system’s condition, like a
chess board’s layout or a car’s status (such as position and speed). The action variable a; represents
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the decision at time ¢. The reward variable r; is a value (typically real) given by the system or set by
individuals. An MDP is characterized by a tuple (S, A, p,r):

e S denotes the state space, encompassing all possible values of a state variable.

e A denotes the action space, encompassing all possible values of an action variable.

ep:S xS x A — R defines the probability of transitioning from state s to s’ after taking action a:

Pr(si11=8"|s;=s,a, =a)=p(s,s’,a) foralls,s’eS, ach, t=0,1,2,...,T.

e r:S x A — R describes the reward received after taking action a at state s.
Once (S, A, p,r) are specified, the MDP is fully defined. For every (s,a), if p(s,s’,a) = 1 for some s,
the transition is deterministic. Depending on the availability of p, the MDP can either be a conventional
control problem (known p) or a reinforcement learning problem (unknown p).

Reinforcement learning. Imagine that we cannot directly access the formula for p and view the MDP
as a “black-box”. Our interaction with this black-box is iterative: we observe state s; from it, decide to
take action a;, and then receive a reward r; and a new state sy in response. Given these interactions,
the challenge is: Can we deduce an optimal policy that gives the probabilities of taking different actions
for a particular state? This is the fundamental query addressed by RL. To elucidate, let us define some
RL terms:

e Environment: The black-box MDP (S, A, p,r) where p is not directly accessible.

e Policy: A parameterized model 7(a, s; @) that indicates the probability of selecting action a when
in state s. Mathematically, Pr(a; = a | s; = s) = n(a,s;0) foralla € A, s€S, t=0,1,...,T.

e Trial: With a given environment and policy, the distribution of random variables s;,a; are well-
defined. Concatenating all these variables together, it is denoted as T = {(s4,a;)}_,. The joint
probability distribution of 7, induced by the MDP (S, A,p,r) and policy 7(a,s;8), is denoted with
Py(1) and is given by

T-1

Py(T) :=Pr(so,ao,...,s7,a1) = Pr(so)< H Pr(a: | s¢)Pr(sit1 | st,at))Pr(aT | s7). (2.12)
=0

A realization of 7 is called a trial. A trial manifests when the policy interacts with the environment,
logging the resulting data.
The goal of RL is to minimize the loss function defined by the expected cumulative reward over time:

minigmize L7(0) == —Erpy(r) Zr(st,at). (2.13)

Policy gradient. The policy gradient is a technique of computing the gradient 9Ly /980, allowing the
use of first-order optimization methods like SGD or Adam, as discussed in Subsection 2.3. Specifically,
the gradient can be expressed as

VLr(0) =V (XT:T (s¢,a¢ )

TE(SXA)TH
T
- 2070 Jay) )d
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Using the joint distribution formula,

T-1

log(Pe(7)) = log(Pr(sg)) + (Z log(Pr(a; | 8¢)) + log(Pr(ss+1 | st,at))> +log(Pr(ar | s7)).
t=0

Note that Pr(sy1 | s¢,a:) and Pr(sg) are independent of 8. Therefore,

) ) )
20 log(Py(T ;a—g g(Pr(as | s¢)) ;870 m(ag, st;0)).

Typically, a deep neural network is selected as the policy model 7. Thus, in the above equation,
0log(m)/00 can be computed using backpropagation, as mentioned in Subsection 2.3. To solve (2.13),
one can employ Algorithm 1: interact with the environment M times, record a trial 7; each time, consider
a set of trials {7;}, a mini-batch in Algorithm 1, and update 6 similarly to Algorithm 1.

Q-learning. Let us examine the scenario where T' = co. To ensure that the cumulative reward is not
infinite, we introduce a discount factor v € (0,1) and define a new loss function as

Ly(m) = =Erip,(r) ZVtT(St7 a).

Instead of the Py in (2.13), here we use a more general joint distribution P, where 7 represents any
potential policy with 7(a, s) = Pr(a: = a | s; = s). Based on this, we define a Q-function @, : AxS — R
as

Qnl@r5) = Eropir) {Z A (s, ap)

t'=t

stzs,atza}

The Q-function measures the expected reward for the action a; = a as s; = s. Given the nature of MDPs,
this function remains time-independent. Hence, the Q-function can act as an evaluation metric for policy
m: the higher its value, the better the policy. The best policy’s Q-function, denoted by Q. = max, Q,
should satisfy the Bellman equation

Q.(a,s) =E|r(s,a) +'ymaXQ*(st+1,a’) Sy = s,a; = a] (2.14)
a’'e

The expectation here relies only on the transition probability Pr(s;11 = 8’ | 8¢ = s,a; = a), and is
independent of the policy 7. If the optimal Q-function @, is available, an optimal deterministic policy is
easy to derive as a; = maxgep Q«(a, s¢), assuming the size of A is moderate. Consequently, Q-learning’s
primary objective is to identify a Q-function that aligns with the Bellman equation.

For Q-learning, we adopt a parameterized machine-learning model to represent the Q-function
Q(a, s;0). Initially, we run the MDP, gathering data in tuples like (s,a,r,s’). Here, s represents
any state during the current run, a is the action suggested by argmax, Q(a,s;0), r = r(s,a) is the
reward value, and s’ represents the next state. Multiple such data tuples can be extracted from a single
run. After sufficient runs and ample data collection, the objective becomes to train the Q-function, so
that it reflects the Bellman equation. This is achieved by minimizing the loss:

miniemize Lo(0) := Z (y — Q(a,s;0))?, wherey =1+ g’lgi&(Q(a/’ 85 Oprev). (2.15)

(s,a,r,8")

In this scenario, we update 8 while keeping 6., constant. Through backpropagation, we can compute
the gradient of Lg, enabling us to apply Algorithm 1 to update 8. After adequate updates of 6, we
synchronize 6y, and 6. This cycle of updating @ continues until the computation budget is reached or
0,:cv and 6 converge to the same value.
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A start-up recipe. It is essential to understand that many of the widely adopted reinforcement learning
algorithms, like the policy gradient method and Q-learning, are already accessible through modern deep
learning platforms. Hence, there is no pressing need to build these algorithms from scratch. When
integrating these algorithms into your projects, the primary elements one must define in their code
include:

e a state space;

e an action space;

e a reward function.
Based on these components, one also configure:

e a stochastic policy model 7(a, s;8) for the policy gradient method; or

e a parameterized Q function Q(a, s;8) for Q-learning.

3 Algorithm unrolling

In this section, we present an important branch of L20 methods called algorithm unrolling, which
expresses a classic iterative algorithm as a neural network of a certain depth and replaces certain
components of the algorithm with learnable parameters. We start with a simple example of unrolling a
projected gradient descent algorithm (PGD) into a neural network. Consider a non-negative least squares
optimization problem

1
min f(x) = §||d — Az|? st. x>0, (3.1)
x

where A € R™*" is given, and d € R™ is the observation we have for the regression. We say d is the
input to the algorithm, which characterizes an instance of non-negative least squares along with A. PGD
for (3.1) is the iteration

2 = P (20D — oV f(2tV), i=1,2,..., (3.2)

where P, (-) projects its input to the non-negativity orthant, Vf(x) = AT (Ax — d), and « is the step
size. Py (-) coincides with the ReLU activation function, which is ubiquitously used in deep learning. If
we treat the iterate (¥ as a state vector of the i-th iteration and (o, A) as the parameters, with some
rearrangement, we can re-write (3.2) as a recurrent system

) = P, ((cAT)d + (I, — 0 AT A2V =: g(d, 2" Y; (a, A)), (3.3)

where I, € R™*" is the identity matrix and =: defines its right-hand side by its left-hand side. We
can see the correspondence between PGD (3.3) and RNN (2.7), with P, (-) being the activation function

1) This similarity essentially motivates the researchers to

and d the constant input to each iteration.
actually “relax” the algorithm into an RNN by parameterizing part of the algorithm to be learnable with
data, e.g., (o, A) in (3.3). Note that there are many ways of parameterization other than simply plain
conversion. We will discuss in more details later in this section.

Once the parameterization is done, we are left with a neural network that is expected to achieve
acceleration on a certain type of optimization problems after proper data-driven training. The original
motivation of algorithm unrolling [68] is that the conversion from an iterative algorithm to a neural
network enables data-driven learning for solving a specific type of optimization problem. At the cost of
convergence guarantee for worst cases, the resulting networks are observed to accelerate when applied to
unseen problems of the same type, as shown in Figure 1. Since its emergence, algorithm unrolling has
found broad applications, including but not limited to (natural) image restoration and enhancement [185],
medical and biological imaging [105], and wireless communication [13]. Algorithm unrolling is also referred
to as algorithm unfolding in the literature.

1) Note there is a difference in notation, where the state vector is denoted as (*) in (3.3) while it is denoted as h(9)
in (2.7).
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Figure 1 (Color online) Impressive acceleration can be achieved by algorithm unrolling methods (LISTA, LISTA-CPSS,
TiLISTA and ALISTA) compared with the classic iterative algorithm ISTA and its variant FISTA accelerated with
momentum. Algorithm unrolling uses orders of magnitude fewer iterations than ISTA/FISTA to achieve the same precision.
Left figure: noiseless case. Right figure: noisy case (SNR = 20). X-axis is the number of iterations; Y-axis is the normalized
mean squared error (lower is better). Plot source: Figure 1 of [108]

In this section, we strive to present a comprehensive guideline of how to unroll an algorithm in hand,
the major design elements to consider and useful techniques in practice. We first set up the basics and
notations for algorithm unrolling and introduce the key motivations behind it. Then we use learned
ISTA (LISTA) [68] for a case study to lay out the general routine of unrolling an iterative algorithm into
a neural network. After discussions on the key design elements and advanced techniques for algorithm
unrolling, we will conclude this section with the introduction to mathematical analyses behind algorithm
unrolling in the existing literature.

3.1 Basics and motivations
Generic formulation. We consider optimization problems in the form of

minimize f(x; d
inimize f(a:d).
where x is the variable to optimize and d characterizes an instance of such type of problems. We first
select a general iterative algorithm that targets regressing the optimal solution from the observation d
with the updating form
2 =g(d,20"Y;0), i=1,2,... . (3.4)

In this case, we say d is the input to the algorithm and 6 is the parameter of the algorithm that consists
of the knowledge of the optimization problem and the hyperparameters selected by users. We hope that
x(d) — z*(d), where x*(d) := arg Mingex(q) f(x; d) for all d of interest.

Algorithm unrolling unfolds the optimization iteration (3.4) into a neural network of a certain depth
and replacing certain parameters of the algorithm, i.e., @ in (3.4), into learnable parameters. The new
updates take the form

2@ = g(d, 2 D;00), i=1,2,...,T, (3.5)

where T is the depth of the neural network, and @) are the learnable parameters in the i-th layer. If
we use depth-invariant parameters, i.e., 0) = @ for all i, we will get an RNN, which is the case of the
first network derived using algorithm unrolling in [68]. We also say that the parameter 0 is shared or
tied across layers in this case. Many works that follow [68] propose to use time-variant parameters for
a larger model capacity and update them independently during training [29,39]. Other works also show
the benefits of a hybrid parameterization scheme that partially share parameters over time [1,108]. We
will discuss about this design choice in Subsection 3.3. The process of unrolling an iterative algorithm
into a neural network is illustrated in Figure 2.

The next step is to train the resulting neural network on a training set Dyai, of size N. Consider
a simple supervised learning setting where the target signal is accessible by users. Each sample in the
training set is an input-label pair (d;, :c;k) € Dyyain. Denote the resulting network as a end-to-end mapping
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Figure 2 (Color online) An illustration of a generic unrolling process that turns an iterative algorithm into truncated
neural network. The observation d can be seen as the constant input to all iterations. The parameter 8(9) can be either
temporally varying or constant, corresponding to a recurrent or feedforward system, respectively

G : R™ — R” that maps input d; to output :1:§T) = G(d;; ©), where ® = {01\ T_ . With a proper

(7) (T)
J

metric function £: R" x R" = R, (z; ', @}) — l; = {(x; ', x}), we train € by minimizing a loss function

N N
min £(©) = Zlcj = Zlcj U(G(dj;©),x3), (3.6)
Jj= J=

where c; > 0 is the coefficient of the weighted sum with Zjvzl ¢; = 1. When 7 is not available, we can
adopt an unsupervised metric function such as the objective function itself.

Motivations. Introduced to bridge the gap between classic optimization methods and black-box deep
learning approaches, algorithm unrolling combines benefits from both domains. By unrolling an iterative
optimization algorithm into a fixed-depth neural network, it can be trained to solve a specific distribution
of optimization problems, often achieving significant acceleration over the original algorithm on similar
problems. This learning ability allows the unrolled algorithm to adapt to the problem class and learn
optimal parameters for faster convergence.

At the same time, algorithm unrolling inherits the mathematical structures and domain knowledge
embedded in the classic optimization methods developed by experts. This inherited knowledge acts as
a strong regularization for the neural networks, constraining the search space and guiding the learning
process. Hence, the unrolled algorithms can be trained more efficiently, requiring fewer training samples
compared with generic deep neural networks.

Why can algorithm unrolling be effective? We consider algorithm unrolling to be effective if the
resulting network can, compared with the original algorithm, accelerate convergence to a desired solution
or generate a solution with better quality. The key motivations for the effectiveness are two-fold.

In one scenario, the optimization problems in a specific application are usually drawn from
a concentrated distribution. For example, the authors of [68] studied sparse-coding-based image
reconstruction on the MNIST dataset [104]. A common set of basis vectors is used for all images
from MNIST; hence the reconstruction problems are the same but have different input images. The
classic algorithms for these problems such as gradient-projection iterations work for a much larger class
of problems and are not tailored to the specific reconstruction problems where the images to reconstruct
share a common linear basis. Algorithm unrolling can learn from the training data about the commonality
and yield a neural network that takes a fast “shortcut” to the solution not known by human experts.

The other scenario arises where the optimization formulations derived by human experts fail to fully
capture the intricacies and complexities of real-world applications. Consequently, the exact minimizer
of such an optimization problem may yield suboptimal solutions. A prime example of this limitation is
the use of total variation regularization in image processing, which removes noise in flat regions while
preserving sharp edges but also introduces undesirable staircase artifacts in the resulting image. Total
variation regularization and subsequent improvements only partially model the inherent properties of
natural images. By applying algorithm unrolling, which significantly relaxes the original algorithm, we
can discover effective corrections to the original formulation’s algorithms and thus capture the nuances of
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data-specific information, which in turn yield high-quality solutions in practical applications, overcoming
the limitations of traditional, analytic formulations.

3.2 A recipe for algorithm unrolling — Learned ISTA as an example

Given a specific task, we lay out a general outline of unrolling an iterative algorithm into a neural network
for solving a specific type of optimization problems for the task:

Step 1.  Set up a proper modeling of the task as an optimization problem and identify a classic iterative
algorithm for solving the modeled optimization.

Step 2.  Unroll the iterative algorithm over time into the form of a recurrent system as in (3.3) and
truncate it a finite number of steps.

Step 3. Parameterize the unrolled recurrent system, that is to make part of the recurrent update form
learnable by directly replacing them with learnable parameters or generating them with a neural network
with learnable parameters.

Step 4. Train the unrolled and parameterized network with data.

The first and second steps are intuitive in most cases, especially when the original goal is to accelerate
a specified algorithm for a specific task, such as accelerating ISTA for sparse coding problems in [68] and
projected gradient descent for Multiple-Input-Multiple-Output (MIMO) detection in [137].

The fourth step can play an important role in the empirical success of a neural network derived with
algorithm unrolling. To train the network derived effectively, one needs a proper training objective
or loss function that is suitable for the task of interest, an effective training algorithm with necessary
regularization, and other training techniques that helps to stabilize or accelerate the training process.
We will present the basic training scheme and part of the techniques via the case study in this subsection
and have a more detailed discussion in Subsection 3.3.

The third step, i.e., the parameterization step, is the essential yet the most challenging step in the
methodology of algorithm unrolling. A proper parameterization is fundamental to the easiness of training
later and to the empirical performance and acceleration that can be expected during inference, but at
the same time, requires careful consideration of a number of design elements. These design elements
directly influence the architecture of the resulting network and thus its empirical performance. There is
no one “correct” way of parameterization, but it should be adaptive to the task of interest, including its
objective, data format, and common structures shared among the data.

For example, iterative shrinkage thresholding algorithm (ISTA), which was first unrolled in [68], now
has more than ten versions with different parameterizations and the resulting neural networks. These
variants have been proposed for varying purposes with adaptation for specific tasks. Some variants have
special parameter representation for improved trainability and interpretability [2,39,122]; some variants
introduce additional structures or modules so that the resulting network can generalize to a larger range
of data without re-training [1,19,40]; and other variants replace certain parts of the unrolled algorithms
with more advanced deep learning modules [182]. For its richness in the literature, ISTA is a perfect
example for algorithm unrolling to explain the multiple aspects of network design.

A case study with learned ISTA. We adopt the original learned ISTA (LISTA) network [68] as
a case study to go over the four steps laid out in the recipe. We choose LISTA [68] as the case study
example because it is the first algorithm unrolling work and the most impactful one in the sense that the
algorithm unrolled in [68], ISTA, has been investigated most frequently in the literature.

Step 1. Set up the optimization model and algorithm. The first step is to set up the optimization
model and identify a classic iterative algorithm for solving it. In [68] the authors strove at learning a fast
approximation to sparse coding problems by unrolling ISTA. Given an observation d € R™ as input, the
sparse coding problem is usually formulated as finding the optimal sparse vector * € R™ that minimizes
the LASSO objective function, which is a weighted sum of the squared reconstruction error and an #;
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sparsity regularization, formulated as
. . 1 2
Find :argm1n§||d—A:c||2+)\||:BH1. (3.7)
x

Here, A € R™*™ is the given dictionary that is often overcomplete (m < n) and X is a hyperparameter
that controls the regularization strength, which is usually tuned by hand on a set of sparse coding
problems. ISTA algorithm is an iterative algorithm for solving (3.7). In each iteration, ISTA essentially
takes a gradient descent step with respect to the squared reconstruction error term with a step size of «
and then shrink the non-zero entries towards zero through a so-called soft-thresholding function 7(+; p)
with a positive threshold p,

Classic ISTA [17): 2% =z —aAT(Az"Y —d);p), i=1,...,00, (3.8)
z® = 0,

where n(z; p) = sign(z)(|z| — p)+ is called soft-thresholding function which is applied to the input vector
in a coordinatewise manner. With a proper selection of the step size and the threshold, ISTA algorithm
is provably converging to z* at a sublinear speed of O(1/i). 2

Step 2. Unroll the iterative algorithm and truncate. In [68], the authors rearranged and merged
terms in (3.8) and truncate the iteration to a fixed number steps, say T, turning the algorithm into the
following form:

LISTA [68]: @ =n(Wyz0~Y + Wad;p), i=1,...,T, (3.9)
Wi=I,—-aA"A, Wy=aA", z© =o0.

Step 3. Parameterize the unrolled system into a neural network. With the unrolled and
truncated system in (3.9), the authors in [68] directly converted the W37 and Ws matrices and the
threshold p into learnable parameters that are shared across all layers, thus turning ISTA into a recurrent
neural network. We denote the learnable parameters of the resulting RNN as the concatenation of the
two matrices and the threshold 8 = (W7, Wa, p). Note that while we allow the parameters to be updated
through data-driven training, we can still initialize them in the same way as we set them in standard
ISTA. This initialization scheme provides a good starting point that is already a good approximation to
ISTA in the first place, which can help the training process in the next step.

Besides directly converting Wi, Wy and p into learnable parameters and sharing them across layers,
there are many other ways of parameterization resulting in different variants of LISTA. For example, a
simple extension to the original recurrent version of LISTA in [68] is to untie Wy, W5 and p and instead
learn layer-dependent parameters (Wl(i)7 WQ(Z-)7 p®) for all i € {1,...,T}. This untied parameterization
strategy is widely adopted in following works such as improved LISTA for sparse inverse recovery [39] and
algorithm unrolling for other algorithms [29]. The main benefit of this strategy is that it radically increases
the number of learnable parameters in the resulting network, lifting the complexity of parameterization
from C(m(m +n)) in [68] to C(Tm(m +n)).>) The increased complexity in parameterization enables the
neural network to learn more complicated mappings and thus expect potentially better acceleration, but
it also makes the training process more difficult and requires special techniques for a stabilized training
process to actually achieve that expected acceleration. We will have a thorough discussion in the next
subsection about the trade-offs between various parameterization strategies.

Step 4. Train the resulting neural network. To set up a proper training process, we first need to
generate a training set. In [68], the authors assumed that all sparse coding problems of their interest are
drawn from the same distribution. To be specific, the inputs, {dj}éyzl, are N image patches extracted

2) Typically for ISTA, we set the step size o = 1/L, where L is the largest eigenvalue of AAT and threshold p = \/L.
3) We use a different notation of C(-) to represent the complexity of parameterization to distinguish it from the time
complexity of computation for an algorithm or a neural network, which is denoted with O(-).
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Figure 3 (Color online) Comparison of LISTA an FISTA for solving sparse coding problems on the testing set. It takes
18 iterations of FISTA to reach the error for LISTA with just one iteration for n = 100, and 35 iteration for n = 400. Plot
source: Figure 3 of [68]

from one dataset. All sparse coding problems share the same dictionary matrix A, which is learned
beforehand on the same dataset with an online dictionary learning algorithm.

As we elaborated in Step 1, the objective of the original LISTA is to learn a fast approximation to
optimal solutions of sparse coding problems, i.e., the minimizers of the LASSO objective &* in (3.7).
Therefore, the loss function for training targets at regressing towards x*. The authors of [68] trained
LISTA networks in a supervised setting, where they adopted a coordinate descent algorithm to solve the
sparse coding problem (3.7) exactly to generate the optimal sparse code x; given each input d;. In this
way, a training set of N input-label pairs Diyain = {(d;, a:j) é\':l is generated. LISTA networks are then
trained on this training set to minimize the mean squared error (MSE) between the approximated sparse
codes and the ground-truth sparse codes,

N
. T *
min £(©) =) 1} lz$" — 273, (3.10)
p

(1)
J

it is computed using (3.9) with d; being the input. In practice, the network is trained with stochastic
optimization algorithms such as SGD and Adam, where training data are fed in mini-batches randomly
sampled from the whole training set to calculate the loss function values and the gradients with respect

to the parameters through backpropagation.

where © = {(Wl(i), Wz(i)7 p)}E | involves all the parameters to learn and ; ’ is dependent on @ since

Deploy and evaluate. After the offline training is finished, the final act is the deployment of the
trained network for solving new optimization problems. To evaluate the empirical performance of a
trained LISTA network from the last step, we first prepare a testing set in the same way as we do for
the training set — all problems in the testing set share the same dictionary but the input vectors are
different yet unseen during training. Figure 3 (from Figure 3 in [68]) shows the evaluation of LISTA
on the Berkeley image database, where the input vectors are 10 x 10 image patches and two dictionary
matrices are learned: one dictionary is 1x complete, i.e., m = n = 100, presented in red in the figure;
the other is 4x complete, i.e., n = 4m = 400, presented in blue. LISTA is compared with FISTA [17],
an extension to ISTA accelerated with momentum, in terms of how fast the prediction error decreases as
iterations go on. It is reported in [68] and we quote here that it takes 18 iterations of FISTA to reach
the error for LISTA with just one iteration for n = 100, and 35 iteration for n = 400. Hence one can
say that LISTA is roughly 20 times faster than FISTA for approximate solutions.

3.3 Design elements, techniques and applications

In this subsection, we overview the various design elements, techniques, and applications that were
developed to meet specific practical requirements. Researchers have created a rich body of literature by
developing diverse design elements. We will explore the key design elements featured in the literature,
discussing their origins, the impact of different design choices, and their advantages and disadvantages.
To help improve the understanding of these design elements, we will establish connections with practical
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examples from the literature. We will also discuss the training techniques known to be effective for
algorithm unrolling.

Share parameters across unrolled iterations? The first design element to consider when unrolling
an iterative algorithm is: do we share the parameters across layers in the resulting network? Although
it is trained and tested with a fixed number of iterations, the original LISTA [68] unrolls ISTA into
an RNN where all iterations share the same set of learnable parameters. In this case, we also say
that the network has tied weights in the literature. As the authors stated in [68], the recurrent system
derived with unrolling, if truncated to a fixed number of iterations for all inputs, can also be viewed as
a feedforward neural network of a fixed number of layers with tied weights. Based on this perspective,
most work that followed [68] proposed to unroll algorithms into feedforward networks by breaking the
parameter sharing design, which means the learnable parameters in different layers are untied and learned
independently [29,39,122]. The untying process converts the recurrent formulation (3.9) into an MLP-
type architecture:

LISTA untied: z® = p(W 20 + Wd;p), i=1,...,T, (3.11)
z® =o0.

In this feedforward formulation, we denote the set of learnable parameters as @ = {(Wli)7 W;), PN
The two types of networks are both valid choices for algorithm unrolling but they have their pros and
cons depending on the scenarios and should be decided accordingly to make the most out of L20O.

It is worth noting that networks derived with algorithm unrolling actually process non-sequential inputs
in most L20 applications despite them being RNNs. For example, in the case of unrolling gradient descent
that we formulated in (3.3) and the original LISTA [68], the input to the network is a single vector d,
which is the input to the corresponding optimization problem. This means that the resulting RNNs only
exploit the idea of parameter sharing and the recurrent structure, and there is no temporal correlation
in inputs for them to capture. In some applications, however, the recurrent parameterization still has
certain advantages over the non-recurrent counterpart.

To be more specific, an RNN and a feedforward network derived with algorithm unrolling differ in
different aspects:

e Capacity. An RNN uses shared parameters across time and thus is compact in terms of the overall
number of learnable parameters. In contrast, a feedforward network can have different parameters in each
layer, independently learned from data. The total number of learnable parameters is thus proportionally
increasing as the network goes deeper. This discrepancy in the compactness of parameterization results
in differences in the capacity of the resulting networks, by which we mean the ability of the network to
approximate complex mappings when the learnable parameters take proper values [82]. With a larger
of amount of parameters, feedforward networks have greater capacity to learn more complex mappings
when compared with RNNs.

On the other hand, however, the compact parameterization of an RNN brings benefits at the hardware
level, e.g., lower storage and memory requirements for containing the trained network and for the
computations. The hardware efficiency allows RNNs to be deployed on resource-constrained platforms
such as edge devices [73,190] and distributed or Internet-of-Things (IoT) systems [191].

e Flexibility. An essential benefit of the idea of parameter sharing in RNNs is the flexibility of applying
them to inputs of varying lengths and generalize among them. While an RNN is truncated to a fixed
number of iterations during training in [68] and most algorithm unrolling works, it is straightforward
to apply it for an arbitrary number of iterations for inference on new optimization problems. In fact,
there is a natural need for such flexibility in L20 networks because some optimization problems are
intrinsically more difficult than others and thus require more iterations to converge well. On the other
hand, feedforward networks obviously lack such flexibility. Once the number of layers is decided during
unrolling, the number of parameters is also fixed, and there is not a trivial way to properly apply
parameters in previous layers to later layers. A simple extension that allows a trained feedforward
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network to process longer iterations is to append iterations after the last layer using a classic iterative
algorithm [78].

e Trainability. RNNs are generally considered harder to train compared with feedforward networks,
especially when they are trained with long sequences or a large number of iterations in the case of
algorithm unrolling [126]. This difficulty of training is caused by gradient vanishing (the more common
case in practice) and explosion issues. Consider an RNN whose recurrent layer has an ill-conditioned
Jacobian matrix. Gradients will be scaled downwards or upwards when backpropagated to earlier time
steps with the Jacobian matrix multiplied to the gradients repeatedly. Practically, the gradient explosion
issue can be mitigated with gradient clipping. However, alleviating the gradient vanishing issue for
an RNN usually requires modifications to the architecture, which is impractical in algorithm unrolling
because the architecture is decided by the original algorithm. In contrast, feedforward networks are
generally easier to train but certain training tricks are also needed in some cases, especially when the
resulting networks are deep and thus have too many learnable parameters. We will have a further
discussion on training techniques later.

How to parameterize the resulting network? This is the core question that practitioners need
to answer when adopting the algorithm unrolling methodology. The answer to this question decides the
architecture of the resulting network, thus its capacity, trainability and empirical performance achievable
in the end. To find the better way of parameterization for the task of interest, we need to carefully
consider of a number of factors. While it is impractical and overwhelming to list every piece of work in
the literature and describe how its parameterization is done, we list three major factors that have driven
different designs of parameterization: (i) data structure, (ii) task goal, and (iii) interpretability. Here, we
limit the discussion to algorithm unrolling methods that strictly follow the formula of the original iterative
algorithms. Variants with more advanced and more heavily parameterized deep learning extensions are
elaborated in discussions of other design elements below.

— Data structure describes the inherent complexity of the data distribution of the task that we strive
to tackle using algorithm unrolling. It has direct influence on the decision of parameterization because
the resulting network should at least provide the capacity to cope with that data complexity. The
parameterization design of the original LISTA [68] already reflects such consideration, where the authors
proposed to use the same learnable matrices W7 and W for all sparse coding problems in the dataset.
The rationale behind this parameterization strategy is rooted at the assumption that all sparse coding
problems share the same dictionary A, which decides the value of W7 and W5 in classic ISTA iterations
as formulated in (3.9). Therefore, it is reasonable to learn the same W; and W for all problems so that
some common shortcut can be utilized through data-driven learning from those optimization problems.

However, if the data structure is more complex, e.g., the optimization problems use varying dictionaries,
the original LISTA might fail to generalize. To deal with this increased data complexity, the authors
of [1] proposed Ada-LISTA (standing for Adaptive LISTA) which augments ISTA by replacing the input
dictionary A in each iteration with two matrices G; and G5 that are linearly transformed from A with
two learnable matrices Wy and W:

Ada-LISTA [1]: =@ =n((I, — aYG] G2V + WG] d; p9), i=1,...,T, (3.12)
G =WiA, Gy=WyA, z©=o.

Here, the parameter matrices W7 and W5 are shared across layers but the layerwise learnable step sizes
and thresholds are untied, similar to (3.11). It is worth noting that in the formulation of Ada-LISTA the
input to the network now is an observation-dictionary pair (d, A). This augmentation endows Ada-LISTA
enough capacity to learn from and generalize among sparse coding problems with varying dictionaries.
But this capacity is still limited. The authors showed theoretically and empirically that Ada-LISTA can
adapt to variants of a clean dictionary perturbed with column permutations or (small) random noises. If
we expect the dataset contains more general sparse coding problems, further improvement to the network
is necessary.
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— Task goal is the target that we expect the resulting network to yield. In the original LISTA [68]
and many following works [1,2,122], the task goal is to learn fast approximation to the minimizer of the
LASSO objective * as we denoted in (3.7). In some applications, the goal is to recover an unknown
signal, which we denote as £* € R" to distinguish it from the minimizer of an objective function. The
recovery is based on its observation generated with a forward model. A simple example of a forward
model is a linear mapping perturbed with noise:

d= Az +e, (3.13)

where A represents the forward linear mapping and e is the random noise. When &* is sparse, the
minimizer of LASSO x* is a decent approximation to £* when the ¢; penalty level \ is properly selected.
However, * is not a perfect recovery of * due to the bias introduced by the uniform ¢; penalty on all
coordinates [57]. Therefore, the two task goals are subtly different.

The difference in task goal sometimes requires a change of the parameterization strategy. For example,
instead of minimizing LASSO, the authors of [39] unrolled ISTA into a feedforward network, aiming at
solving the linear sparse recovery problems formulated in (3.13) with the sparsity assumption on &*.
They theoretically showed that the Wl(i) and Wz(i) matrices in LISTA (3.11) need to asymptotically
satisfy a coupling relationship, i.e., Wl(i) — (I - WQ(”A) — 0 when 7 — oo, so that the output of the
network converges to &* as the number of layers increases. With this result, the authors proposed to

sustain this coupling structure throughout all layers, leading to the following parameterization: )
LISTA-CP [30]: & = (@) + WO (d— Az-VY; p@), i=1,...T, (3.14)
z® = 0.

In contrast, it is shown in [2] that, however, if the resulting network is expected to converge to the
LASSO minimizer, it must tend towards ISTA iterations up to a learnable step size a(?) in each layer.
The threshold of the soft-thresholding function is set to p(¥) = a(9) X accordingly:

Step-LISTA [2]: =@ = n(zY + oW AT (d - Az(7V); o)), i=1,...,T, (3.15)

2(0) —

We refer the reader to [37] for more works in the literature targeted at the two different task goals.

— Interpretability is demanded in the field of algorithm unrolling for understanding how the acceleration
is achieved via data-driven learning or for a more transparent computation process than black-box deep
learning. The derivation of an interpretable network might bring up an architecture with special structures
as a by-product and thus a new way of parameterization.

For example, the authors of [122] explained the acceleration of LISTA from the perspective of matrix
factorization on the Gram matrix of the dictionary A. This perspective can derive a re-parameterized
variant of the original LISTA which achieves similar convergence rate. In the case of linear sparse recovery,
the authors of [108] theoretically showed that all layers in the coupled LISTA formulated in (3.14) can
use the same matrix W up to a learnable step size. Instead of being trained with data, W is analytically
generated by solving a normalized mutual coherence minimization with respect to the dictionary A. This
analytical formulation leaves only the layerwise step sizes and thresholds for learning: 4

ALISTA [108]: 2 = n(zY + a@W T (d — A2V, pO), i=1,... T, (3.16)
z® =o.
When to stop the iteration? While it is most standard to have an algorithm unrolled and truncated

to a fixed number of iterations, it is usually needed to have a more sophisticated and adaptive strategy
to decide how many layers or iterations are needed for a specific input. This need is well-motivated by

4) We omit the usage of the advanced soft-thresholding technique called support selection in [39] for simplicity.



Chen X H et al. Sci China Math  June 2024 Vol. 67 No.6 1211

the fact that optimization problems are not difficult to the same level. For problems that are easier to
solve, it is possible to approximate the solution with only a few layers, while more iterations are needed
for other more difficult problem instances. Similar motivation stirred the dynamic inference direction in
the field of deep learning, where the researchers also want the network learn to exit early if the input is
easy [155]. This direction is also related to the optimal stopping time in control theory.

Another approach is to design a dynamic mechanism for algorithm unrolling to achieve this goal.
For example, the authors of [189] designed a stopping policy based on reinforcement learning (RL) that
dynamically decides the stopping time of a recurrent process for image restoration. The stopping policy
is learned with Deep Q-Learning [120]. A similar RL-based approach is adopted in a plug-and-play
method [165] for solving inverse problems in the image domain, where the authors learn a CNN-based
policy network that simultaneously predicts the stopping probability and the parameters of the outer
iterative framework. The network is trained using the actor-critic framework [151]. While it is designed
for a plug-and-play method, we believe the dynamic stopping policy in [165] is still valuable for the
practitioners in algorithm unrolling to develop their own dynamic strategy.

Besides RL-based methods, the authors of [38] proposed a dynamic stopping strategy implemented
with a variantional auto-encoder (VAE) that learns when to terminate iterations early. The authors
interpreted their proposed framework from a variantional Bayes perspective and connected it with RL.
However, their method is still based on a neural network truncated to fixed maz length and only learns
how to exit early, resulting in the lack of flexibility to extend to longer iterations.

Domain-specific designs. When algorithm unrolling comes to certain domains, we can do more
than simply strictly following the original formulation of the iterative algorithm when unrolling and
parameterizing it. Instead, we can customize parts of the resulting network to satisfy specific
needs emerging in those domains. While the customization comes with the cost of losing the strict
correspondence between the original algorithm and the neural network derived, which slightly undermines
its interpretability, we can expect much better empirical performance.

One scenario where special designs are needed is in the field of wireless communication systems and
scientific imaging where we need processing real-valued data and optimization problems. However, most
modern deep learning frameworks do not support processing complex-valued input out of the box. To
make algorithm unrolling still applicable in such applications, for example, the authors of [13] used real-
value decomposition to transform the original problem formulation so that a project gradient descent
algorithm can be unrolled for solving MIMO detection problems in wireless communication systems.

Another important and ubiquitous example is the exploitation of convolutional neural networks in
algorithm unrolling. CNNs have been proved to be extremely effective for image-based tasks thanks
to the great properties of convolutional layers that we discussed in Subsection 2.2. Therefore, when
algorithm unrolling is applied to such tasks, it is well-motivated to combine it with CNNs. For example,
in [182], the authors unrolled ISTA algorithm for natural image compressive sensing. The optimization-
based compressive sensing minimizes a LASSO-type objective but assumes the image signal has a sparse
representation under some linear transformation, say ¥, such as DCT and wavelet transformations.
However, this assumption only approximately holds and barely captures the complexity of natural images.
Therefore, the authors of [182] proposed to insert two separate two-layer CNNs, F @ and F® into
each layer of the network, with F() replacing the ¥ transformation and F@) replacing the backward
transformation, which is usually UT in classic algorithms. For better regularization and interpretability,
the authors also proposed to penalize || F®) o F®)(2(®) — 2| during training so that the learned F)
and F(®) are encouraged to follow the symmetry constraint.

This combination of algorithm unrolling and more advanced CNN modules has been empirically proved
to be successful on the task of natural image compressive sensing [182], and been later applied to many
other image-domain tasks, especially the field of biomedical imaging, e.g., CT imaging [70, 96], photo-
acoustic tomography (PAT) [74], magnetic resonance imaging (MRI) [129], ultrasound imaging [145]
and Shepp-Logan phantom and human phantoms [4]. Another case of introducing CNNs to algorithm
unrolling is where the optimization problems are themselves modeled with convolutional operators, such
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as convolutional sparse coding [150], which is later extended in [108].

Instance adaptivity. Neural networks derived from algorithm unrolling typically learn parameters
corresponding to components in the original algorithm, such as step sizes in gradient descent and
thresholds in ISTA. Once the training is completed, the set of learned parameters is fixed. However, the
optimal choices for these components are often instance-specific. To address this, some works propose
adaptively generating these components for each instance using information from the current iteration
or past optimization trajectory, a property known as instance adaptivity. Two main methodologies exist
for instance-specific generation.

One way is to adopt neural network-based augmentations. The authors of [19] proposed an extension
to ALISTA (3.16) that generates step sizes and thresholds using an LSTM module. The LSTM network
takes the /1 norm of the residual of the current iterate and the ¢; norm of the residual transformed with
the W matrix analytically generated as in [108]. The outputs of the LSTM network are two scalars. This
method is based on the authors’ observation on the correlation between the £1 norm of the residual and
the ¢1 norm of the difference between the current iterate to the ground truth signal in each iteration. A
recent work [109] also utilizes an LSTM network for generating the diagonal matrix that preconditions
the gradient step, the additive bias term, and the step size of the momentum term. The authors derived
the basic mathematical conditions that successful update rules commonly satisfy. The overall framework
derived in this way shows great adaptivity and even the ability to generalize cross datasets and tasks.

Another method for generating the instance-specific components for iterations is via analytical
derivation which guarantees theoretical convergence. The authors of [40] introduced a new ALISTA
parameterization augmented with momentum acceleration for the sparse recovery task, and then
analytically derived the formula of the instance-optimal key components of the ALISTA algorithm (3.16),
i.e., the step size, soft-thresholding threshold, step size of the momentum term and size of the selected
support. This formulation leaves reduces the number of learnable parameters in ALISTA to only tuning
three scalars but endows the resulting network with great adaptivity.

Training techniques. Here we have a brief introduction to the selection of training objective and
regularization techniques in algorithm unrolling training.

— Training objective mainly depends on the task goal, which we have discussed about its relationship
with the design of parameterization. Task goal also decides the training objective and the loss function
utilized for training. We still take LISTA as an example, which can be trained to either (i) approximate
the LASSO minimizers, or (ii) recover unknown signals.

We generally have two ways to achieve the first goal. One approach is to generate optimal solutions
of the optimization problems in the training set using a third-party solver, which for sure induces
computation overheads during dataset generation and requires the precision of the solver. The neural
network is then trained to regress the generated solutions using a regression loss function, e.g., the mean
squared error (MSE). The second approach is to directly adopt the LASSO objective function as the loss
function and to train the network to minimize the objective value at the output of the whole network.
In this case, however, extra caution is required for potential numerical stability issues, especially when
the objective includes logarithmic operations. In the case of LASSO, we have observed numerical issues
when the /; penalty level \ is large (around or larger than 10~1). Our conjecture is that the absolute
value function consistently yield gradients with magnitude 1, which is likely to be scaled upwards and to
cause gradient explosion during backpropagation.

For the second goal, it is straightforward to train the neural network in a supervised regression manner
as long as the ground truth signals are accessible for training. However, this accessibility is forbidden
in certain real-world applications. Two workarounds for this limitation are: (1) we can change the
formulation of the optimization problems so that the optimal solutions approximate the desired signals
better, and then fall back to the previous case; or (2) we can train the neural network on synthesized
problems whose ground truth signals are generated instead of solved. The latter approach requires the
neural network to have good generalization ability to generalize from synthesized problems to those in
real-world scenarios.
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— Regularization techniques are designed for more stabilized training process and better generalization
ability of deep neural networks. Firstly, most of standard deep learning regularization techniques
introduced in Subsection 2.3 can also be used for algorithm unrolling training, such as early stopping
when the network performance stops improving on a hold-out validation set. Secondly, customized
regularization terms can be added to the training loss function to encourage sustaining special structure in
the neural network derived. A good example is the regularization term added for training ISTA-Net [182]
which enforces the composition of the forward and backward convolutional modules to approximate
identity mapping, as we discussed earlier in the Domain-specific designs paragraph. Moreover, special
training schemes can also serve as implicit regularization on the training process. For example, a stage-
wise training strategy with learning rate decaying was adopted in [29,39] for training resulting networks
with untied parameters, which was empirically shown to help with stabilizing the training and achieving
better performance.

Applications. The application of algorithm unrolling extends across a diverse array of fields, where
its implementation has been markedly successful. Particularly in the area of image restoration and
reconstruction, a burgeoning literature has emerged, reflecting its widespread applicability. Within this
field, algorithm unrolling has been utilized in classical low-level restoration tasks, such as denoising [185],
deblurring [48], inpainting [1], super-resolution [63] and video background subtraction [34]. It also
plays a crucial role in image artifacts removal tasks like JPEG artifact reduction [164]. Furthermore,
reconstruction tasks, e.g., natural image compressive sensing [116, 182], have also benefited from the
application of this method. The scope of algorithm unrolling is not restricted to the aforementioned areas
but also encompasses scientific imaging domains, including seismic, medical, and biological imaging. An
exhaustive and well-integrated review of algorithm unrolling in the context of biomedical imaging can
be found in [105]. Additionally, this technique has found resonance in wireless communication systems,
offering solutions to various challenges such as resource management [153], channel estimation and signal
detection [76], and LDPC coding [162]. A seminal survey that elaborates on the methods of algorithm
unrolling within communication systems can be referred to in [13].

3.4 Mathematics behind algorithm unrolling

In algorithm unrolling techniques, iterative optimization algorithms, or their generalized variants, are
treated as deep neural networks. This raises many interesting mathematical problems, some of which are
still open or not well-studied. In this subsection, we present some of them. For more aspects on related
topics, readers can refer to [37,121,138].

Model selection. Let us recall the recipe introduced above. The first step is to set up the optimization
model and its associated iterative scheme. The optimization problem is naturally determined by the user’s
interest, while determining the specific formula of the iterative scheme is an art. Within the general
framework presented in Subsection 3.1, the challenge lies in specifying the operator g in (3.5). Clearly,
not all operators are suitable. Some must be dismissed, such as:

e g(d,xz;0) = x + 1. This operator does not yield a fixed point.

e g(d,x;0) = 2x. Tteration through this operator cannot converge unless the starting point is « = 0.
A very recent study [109] marks an initial step in this direction. The authors study some basic conditions
that such an operator g should satisfy. Based on these conditions, they proposed a structured iterative
scheme that exhibits superior performance on convex problems.

Expressivity. Assuming the optimization model and associated iterative algorithm are determined,
given an operator g, consider the following two sequences:

e Sequence 1: {x(V}7_ | generated by (3.4).

e Sequence 2: {x(W}T_ generated by (3.5).
This raises a question: are there parameters {0)}7_ in (3.5) such that Sequence 2 is significantly
better than Sequence 1, provided that the parameters € in (3.4) is properly chosen? If not, algorithm
unrolling may not be a wise option, as it induces extra cost of training without surpassing traditional
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algorithms. Fortunately, many works have demonstrated and quantified the potential advantages of
algorithm unrolling over traditional methods. For example, in [39], the authors show in the context of
LISTA that, a conventional algorithm typically converges in a sub-linear rate, while there exist parameters
such that algorithm unrolling yields a linear rate. For more results, readers may refer to [1,2,40, 108,
152,171,174,176,180]. Note that these results only show the existence of desirable parameters, but
do not guarantee such parameters can be obtained by training. In machine learning, such results are
categorized as the expressive power of machine learning models, regarding unrolled algorithms as a deep
neural network.

Training. Given the existence of parameters such that algorithm unrolling surpasses conventional
methods, the question arises: Are there algorithms to compute such parameters with theoretical
assurance? Specifically, one needs to solve minimization problems like (3.6), which is essentially a bi-level
optimization. The lower-level optimization is defined by (3.5) and the upper-level optimization is given
by (3.6). Although complete results with the optimality guarantee still lack, some studies like [31] identify
some theoretical properties of the gradient of the loss function. Further references to related topics can
be found in Subsection 5.2.

Generalization. Note that, even if problem (3.6) can be perfectly solved, there might still be a gap
between the trained and ideal models. The gap results from the differences between the training set Dyyain
(defined before (3.6)) and the upcoming new instances not in Di,in. To quantify this gap, one needs to
create a testing set Diest = {(d;, :U;)}J, where all instances are independent of those in the training set.
Then one can define the loss function on that testing set as

Liest(©) = Z ((G(d;©),x).

(d,x*)EDtest

If a relation like

Liest(©4) < L(O,) +6, where O, := argmin L(O)
e

can be established with a reasonable § > 0, the trained model is said to have robust generalization
performance on instances not found in the training set. Luckily, tools in statistical learning such as
Rademacher complexity analysis can confirm such results. Refer to [18,41,94,102,140] for more details.

4 Plug-and-play methods: DNN-assisted optimization model

In this section, we present the plug-and-play (PnP) framework with DNN assistance, which incorporates
deep learning-based image denoisers into classic iterative algorithms. More precisely, this is achieved by
substituting an analytic expression with a trained neural network (usually an image denoiser), followed by
the immediate deployment of the modified algorithm to optimize the subjects derived from the identical
task distribution. Additional training of the modified algorithm is optional.

4.1 An introduction to plug-and-play methods

Here, we provide a demonstration of the PnP framework, integrating a neural network with a
classical optimization algorithm, the alternating direction method of multipliers (ADMM). Consider the
optimization problem: minimize,era f(x)+g(x). While a direct minimization of f+g¢ can be challenging,
minimizing f and g separately might be considerably simpler. Hence, one can alternately tackle f and g
in an iterative manner. This is facilitated by introducing an auxiliary variable y:

minimize f(y) + g(x), subject to = y. (4.1)
x.y

Subsequently, the ADMM is employed to solve (4.1) in an iterative fashion:

, . i : 1 i i
2 = Proxg, (™Y — w~Y) .= arg min {Bg(a:) + §||a: — (yi Y — 1))||2}, (4.2a)
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, , . 1 , .
y = Proxaf(as(z) + u(z_l)) := arg min {af(y) + §||y - (a:(z) + u(’_l))HQ}, (4.2b)
y
w® = =D 4 g _ O, (4.2¢)

In the above, (4.2a) and (4.2b) are the proximal operators for f(y) and g(x), where « and 3 are step
sizes. (4.2¢) updates the dual variable w. Under mild assumptions on f and g, the global convergence of
ADMM can be proved. Specifically, from any starting point z(®, y© 4 the sequences ¥ and y¥
will converge to the optimal solutions of (4.1). One can refer to [30] for more details of ADMM.

Now, let us revisit the optimization problem (4.1) and ADMM in the context of image processing. For
example, imagine a scenario where the goal is to recover an image, denoted as x*, from its observations
b. The connection between b and x* can be expressed as

b= Azx* +¢,

where A models the observation physics, such as CT, and ¢ represents the noise during observation. For
simplicity, we assume A is a known linear operator. To recover * from b, one can solve an optimization
problem

minimize (1/2)|| Az — b||*> + \TV(z) . (4.3)
TER? e — N —
f(=@) g(=)

The function f(x) measures the consistency of its input  with the data we observe. The function g(x)
serves as a regularization term that measures the noise level in @ and the “TV” within g(z) stands for
total-variation® [134]. Therefore, the roles of the proximal operators can be summarized as

Proxg, : noisy image +~—  less noisy image, (4.4)
Prox,f: less consistent image +  more consistent image with observation.

Note that the function f is determined by data, while the function g is designed manually. The design
of the regularization function g reflects our understanding on the structural property we wish an ideal
solution * to possess. Given that g only provides a simple approximation to the complexity of real-world
image structures, it raises the question: why not supersede g or Proxgy with a more effective denoiser
that might not originate from optimization? This leads us to the essence of the “plug-and-play” strategy:
plug a stand-alone denoising operator into (4.2a):

2V = Denoiser, (y~Y — u(Y), (4.2a')

and play as (4.2a’), (4.2b), and (4.2¢). In (4.2a’), o plays a similar role of A in (4.3), denoting the
estimated noise level in the input to the denoiser, which is accepted by most modern denoisers as a
hyperparameter. The higher the noise level o, the more aggressive denoising is performed.

Specialized denoisers, such as BM3D [49], is more sophisticated than TV, and thus is more promising
to yield visually better results than solving (4.3). Today, one can consider a denoiser based on a well-
trained deep neural network, such as DnCNN [184], within (4.2a), and witness remarkable performance
in image-related tasks.

4.2 Histories, motivations and a recipe for DNN-assisted plug-and-play

History. The PnP methodology dates back to the work [160], where the authors creatively replaced one
of the two proximal operators in ADMM with a manually-designed denoiser (such as non-local means [33],
K-SVD [6], and BM3D [49]). The resulting ADMM, detailed in eqrefeq:pnp-admm-1, (4.2b), and (4.2c),
exhibited greater performance than the original ADMM.

At the beginning, PnP had not been explicitly linked to deep learning or deep neural networks. It
was not until the emergence of [118,133,185] that the notion of “learning operators” was integrated into

5) For a 1D signal represented as & € R?, the total variation is given by Zfz_ll |z[i 4+ 1] — «[¢]|. In the case of a 2D image

denoted by & € R91 %42 the TV is formulated as Zf;ll Z?;ll V(i +1,5] — 2[5, 5])2 + (=[i, 5 + 1] — =[i, 5])2.
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the PnP framework. Instead of using a manually designed denoiser, these studies replaced the proximal
operator by a deep neural network that is trained with data. The empirical efficacy of this approach
significantly surpassed previous implementations of PnP.

Motivations. Focusing narrowly on image denoising, deep neural networks, especially convolutional
networks, have been the state of the art. The concept of residual learning [77] and techniques such as batch
normalization [91] make network training significantly more effective, leading to trained networks with
greater capacity and flexibility to process more real-world images. DnCNN [184] and more advanced
variants [114, 183, 186] integrate these techniques with convolutional neural networks and are vastly
superior than analytical denoisers such as BM3D.

Therefore, it is well-motivated to use CNN denoisers in the PnP framework. On top of the great
network capacity brought by stacking up more layers, the intuitions behind the success of CNN denoisers
might also lie at the convolutional operation itself. Paper [158] shows convolutional operations naturally
generate self-similarity in its output due to its inherent parameter-sharing structure, which makes CNNs
very suitable for image restoration tasks, even if they have random parameters. See more discussion at
the end of the next subsection.

A recipe for DNN-assisted plug-and-play methods. Procedures for deriving a DNN-assisted
PnP method are more straightforward than other L20 frameworks as the derivation involves a minimal
modification to the original optimization scheme:

Step 1. Based on an optimization formulation, select an iterative solution method.

Step 2. Identify one or more parts of the method that can be replaced with DNN denoisers.
Step 3. Train the DNN denoisers on proper datasets.

Step 4.  Plug the well-trained DNN operators into the original optimization algorithm, and play.

4.3 Design elements and techniques of plug-and-play algorithms

Options and selection of plugged-in denoisers. Among the initial attempts of CNN-based
denoising, DnCNN [184] stands as a significant development, which is grounded in VGG networks [143].
DnCNN set the new state of the art for image denoising through the incorporation of residual learning
concepts [77] and the employment of batch normalization layers [77]. DnCNN is used for PnP
in [135]. Another representative CNN denoiser was proposed in [114], which devised an encoder-decoder
architectural complemented by skip connections.

It is noteworthy, however, that these denoisers are configured to address inputs with a singular, fixed
noise level. In scenarios with the presence of multiple noise levels within images, the approach necessitates
the training of distinct CNNs, each tailored to the specific noise levels encountered. Consequently, the
application of these models becomes contingent on the precise noise characteristics of the inputs, thus
underscoring a limitation in their generalizability across diverse noise conditions.

In an effort to overcome the aforementioned limitation pertaining to flexibility and adaptivity, a novel
CNN denoiser, termed FFDNet, was introduced by the authors of [186]. It enables the handling of inputs
contaminated with noises across a spectrum of levels through the utilization of a single network. The
unique implementation accepts a noise level map as an auxiliary input, thereby fostering adaptivity to
varying noise intensities.

Such adaptability is vital for PnP. As the iterative process of PnP advances, the quality of the denoiser’s
input also improves (i.e., less noisy). Consequently, an optimal strategy entails a gradual decrease
of the noise level corresponding with these improvements. This is a capability uniquely afforded by
FFDNet [179], making it a strong candidate in contexts demanding adaptive responsiveness to varying
noise conditions.

In a more recent PnP work [183], the authors proposed a new CNN-based denoiser that essentially
combines FFDNet and the U-Net architecture [110]. U-Net is effective in image-to-image translation,
because The skip connections introduced in U-Net provide the CNN-based denoisers the ability to
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synthesize features at different scales, thus generating more visually vivid features for better image
restoration performances.

Parameter tuning in PnP methods. Using learning in plug-and-play (PuP) methods is not just
about finding the right denoising tool or helper. It can also help figure out the best settings for the PnP
process itself. Although denoisers (including the DNN-based), are integrated into PnP frameworks in a
hot-plugged fashion, each iterative step necessitates the determination of particular parameters, such as
the step size of the other proximal step and the noise level specific to the current iteration. The calibration
of these elements demands coordination in a sense for optimal performance of PnP. Intuitively, the step
size of the other proximal step influences the “noisiness” of the input to the denoiser.

Recognizing the complexity of this interaction, the authors of [165] proposes to learn a policy network
using reinforcement learning, to meticulously tune these parameters and even decide the appropriate
stopping time of the PnP iterative process. The new optimization method can get results as good as
those from using perfect settings, which are usually based on ground truth we cannot normally access.
However, the introduction of reinforcement induces an extra step of learning a policy network besides
pre-training the plugged-in denoiser.

Discussion on denoisers as image prior. A key motivation of adopting CNN-based denoisers in
the PnP frameworks besides the network capacity is that convolutional neural networks serve as better
image prior. But why do CNNs capture the features of natural images so well? In Subsection 2.2 we
have discussed the three key characteristics of a CNN that are fundamental to its empirical success: local
interaction with inputs, parameter sharing and the equivariance to translations. Here we provide another
perspective that is slightly out of the context of PnP but related. The authors of [158] showed that
even a randomly-initialized CNN can be used as a handcrafted prior with excellent results in standard
inverse problems including denoising. The network is trained to fit a degraded measurement by mapping
a randomly generated but fixed 3D tensor without any other explicit regularization. They called this
phenomenon deep image prior. In [158], the authors attribute it to the convolutional filters themselves,
which naturally impose self-similarity in the outputs. When combined with skip connections such as in
U-Net, such self-similarity structures can be sustained at multiple scales in the image, which is essential
for the visual quality of the restored images.

4.4 Mathematical analysis on the convergence of plug-and-play methods

Concerning the convergence of PnP-ADMM, theoretical guarantees were initially attempted in [149],
based on the unrealistic assumption that the denoiser’s derivative was doubly stochastic. Next, [36]
proves the convergence of PnP-ADMM through the implementation of a more pragmatic assumption
pertaining to “bounded denoisers”.

Enforceable convergence conditions for PuP-FBS and PnP-ADMM were given in [135], using the fixed-
point analysis. Their assumption is a particular Lipschitz condition imposed on the denoisers, which can
be achieved by applying normalization when the denoisers are trained. A more recent study is [156].

The aforementioned fixed-point framework was extended in [46] to the RED-PRO framework.
Independently, [79] introduces a technique of learning projection operators onto the compact manifolds
of true data. Under specific assumptions regarding the manifold and the adequate representation by the
sampled data, they establish that their method for the synthesis of a PnP operator can, with statistical
assurance, approximate the projection onto a low-dimensional manifold of data.

Enforcing special structures in denoisers. The integration of PnP with L20 has been revealed
to confer theoretical advantages. Most of the existing theoretical insights into the convergence of PnP
towards the desired solution depend on specific conditions associated with the denoisers. Despite the
intrinsic difficulty in furnishing such guarantees for manually crafted denoisers, such as K-SVD and BM3D,
the adoption of learning-based methods affords a flexibility that facilitates the convergence conditions.
Normalization or regularization strategies on the Lipschitz continuity and its variants of DNNs are
useful tools for such purpose. Notably, spectral constraints have been applied to both DNNs [15,16,124]
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and generative adversarial networks (GANs) [32,119]. Regularizing Lipschitz continuity serves to stabilize
the training process and increase the network’s robustness to adversarial attacks [131,166].

In a specific illustration, the researchers in [119] innovated a strategy to normalize all weights to be
congruent with unit spectral norms, thereby circumscribing the Lipschitz constant of the entire network
to a maximum value of one. Concurrently, the authors of [135] introduced a normalization technique
explicitly tailored for the training of deep learning-based denoisers, ensuring compliance with the Lipschitz
condition, further substantiating the theoretical strengths of the amalgamation of PnP with L20.

5 End-to-end learning and optimization as a layer

“Predict then optimize” is a process used in decision-making processes, especially when predictions about
future data are necessary for defining how to optimize and their constraints. The technique starts with
training a machine learning model, then applies to model to predict future data, and finally optimizes
the decision based on these predictions. Typical examples include predicting travel times for route
optimization, predicting sales for inventory optimization, and predicting returns and volatility for portfolio
optimization.

Suppose we have a set of decision variables  and a random variable Y, which represents some future
events so is currently unknown. The relationship between the decision & and the random variable Y is
represented by a loss function f(«,y), which measures the performance of decision « given the realization
y of Y. In the predict-then-optimize technique, the first step involves building a machine learning model
sp to predict Y based on some features 3. This yields a prediction § = s¢(3). The next step is to
solve the optimization problem according to the model prediction §: ming f(x,g). In a conventional
predict-then-optimize pipeline, the learning and optimization are separated. In the training phase, we
collect data pairs in the form of {3;, y}}? ,, and train a machine learning model sg that maps each 3; to
y;. Here y is an “ideal prediction” under the input 8, which should be built upon domain knowledge. In
the prediction phase, we make decisions @ according to the model prediction under the upcoming input
B. Specifically, it is

n
Learning: miniemizeZK(stg(ﬁi),yi*); Predict-then-Optimize: minizmize f(x,s0(0)). (5.1)
i=1
Here ¢ measures the difference between sg(3;) and y}, which might be taken as the squared error,
cross-entropy, etc.

Note that the quality of the decision x obtained from this optimization problem is typically measured by
its actual loss f(@,y), rather than the predicted loss f(x,y). This introduces a discrepancy between the
process of making the decision, which is based on the predicted loss, and the evaluation of the decision,
which is based on the actual loss. This discrepancy is a key challenge in the predict-then-optimize
technique. To mitigate this discrepancy, different approaches have been proposed and explored:

e Stochastic optimization. This approach uses the samples and other prior knowledge of Y, given
the contextual information 3, to model its randomness by a distribution D(3). Then, the decision is
made by minimizing the expected loss:

minixmize Ey~pglf(z,y)]-

e (Distributional) robust optimization. This approach takes into consideration the uncertainty
in the predictions. It finds the decision that performs best under the worst-case scenario within a certain
uncertainty set around g, say B(9), leading to the following optimization problem:

minimize max f(x,y).
z YyEB(Y)
Distributional robust optimization combines stochastic optimization and robust optimization by intro-
ducing an ambiguity set D:

. E, _ z,y)].
mm}EmlzeDreng()%) y~D[f (%, y)]
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5.1 End-to-end learning

More recently, the approach known as end-to-end learning or decision-focus learning [24,53, 54,97, 167]
integrates the optimization step into the learning process, which serves as a straightforward approach
to address the discrepancy induced by (5.1). It does not rely on an intermediate prediction step in the
traditional approaches but instead attempts to learn a direct mapping from features 3 to decisions x*.
Specifically, in the training phase, we collect data pairs in the form of {3;, €} }_;, and search parameters
such that the final decision x; matches the ideal solution x;:

n
minigmize Zg(wi, x}), where x; = argmin f(x, s¢(3;)).
i=1 ®
Here, ¢ directly measures the difference between the model-based decision @; and the ideal decision ;.
Once such a training process is done, the predict-then-optimize format remains the same with (5.1).

A general form. In the context of end-to-end learning, we no longer depend on the intermediate
variable y. Therefore, in this subsection, we can rewrite the function f(x,sg(8)) into a more general
form fg(x,B) and introduce some explicit constraints that the decisions & must satisfy for reasons such
as safety, regulations, and physical feasibility:

minimize fg(x,3)  subject to gg(x,3) =0, he(x,3) < 0. (5.2)

Finding the optimal parameter € in (5.2) can be expressed explicitly in the bi-level optimization problem:

1 -
miniGmize - Zﬁ(sci,w;‘), subject to x; = argmin{ fy(x, B;) : go(x,B;) = 0, hg(x,3;) <0}. (5.3)
i=1 x

For simplicity, we ignore the case when the lower-level problem may have multiple solutions. This
approach yields the mapping

xg : B argmin{fe(x, ) : go(x,3) = 0,hg(x, 3) < 0}.

Pros and cons. In the traditional approaches (5.1), errors from the standalone prediction step Jy :=
y* — g can propagate to the optimization solution, and the error can be difficult to control since, even in
linear programming, arbitrary small errors in data can lead to an arbitrarily large error in the solution.
End-to-end learning avoids this issue by optimizing the decision variables directly with respect to the
actual loss. Additionally, end-to-end learning does not explicitly model the randomness in the data,
but instead tries to directly learn a good decision mapping from data. So, it may perform better than
stochastic optimization when the distribution of the data is complex and difficult to model

On the other hand, end-to-end learning does not explicitly consider the worst-case scenario, making it
less suitable than robust optimization for cases where robustness is crucial.

In addition, the solution mappings of most optimization are generally not differentiable, so they prevent
the gradients easily flow back through in the backpropagation algorithm. We address this challenge below.

5.2 Differentiation through solution and KKT system

In order to learn a mapping xg, a common approach is to approximate the gradient

2 Uwo(B0). )

for every training data point 4, and then employ an SGD-like algorithm, such as Adam [101], to find a
desirable 8. The key obstacle is to “differentiating through” the solution, i.e., to compute

w08 (5.4
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with xg(3;) being the solution of an optimization problem. Even when the underlying optimization
problem is a linear program, the differentiation is ill-defined. Specifically, a linear program may have
multiple solutions, and even when the solution is unique, it is locally piece-wise constant with respect to
the coefficients of the objective and those in the constraints. In this case, (5.4) is either zero or undefined.
To obtain an informative gradient with respect to 6, modifications to the optimization formulation is
necessary.

The Karush-Kuhn-Tucker (KKT) system is a set of equalities and inequalities that describe what
optimal primal and dual solutions should satisfy. Under proper constraint qualifications, the KKT system
is a necessary and sufficient optimality condition. Specifically, we introduce dual variables A and v for
constraints ge¢ and hg respectively, and the KKT system is then defined for the primal-dual solution tuple
(z, A, v) as follows:

g@(wv)"’/a/@) =0, v=>0, hg(iL‘,,@) <0, (55)

where the operator Gg is defined by

Yo (g, B) + (222 (2, 8)) T A+ (22 (x,8)) v
ge(ma)HV?ﬁ) = gg(m,,@)
vo hﬂ(wvﬁ)

Since the above equation (5.5) describes the optimality condition of (x, A, v), the decision xg(8) in (5.4)
must satisfy the KKT system above, serving as the « in (5.5). This method enables one to determine
the differential of xg(3) with respect to 6. Furthermore, to illustrates the dependency of A, v on 3 and
0, we use the notions Ag(8),ve(3). By assuming the smoothness of f, g, h and applying the implicit
function theorem, one can derive dxg /00 from (5.5) as

d
2 76(®o(B), Xe(B),v6(B), B) = 0 (5.6)
0Go Oxg 0Gg ONg = 0Gg Ovg  0Gg

9z 00 " ox 06 ov 00 " 00 ° 57)
0z " (D" (w0 "]" _ _[0Gs 0Go 0Go] " 0G0 58)
00 00 00 | ox OXx Ov 20 - '
When the system is not differentiable at a certain solution, the Jacobian matrix JGg := [% % %]

is not invertible and, thus, the above step (5.8) fails to hold. In subsequent paragraphs, we will review
different means to address this problem.

Additionally, it is worth noting that solving the system defined in (5.7) or calculating the inverse of
the Jacobian matrix JGg is computationally expensive. Suppose £ € R4, XA € R%, v € R%. The
complexity of calculating dxe /06 via (5.8) will be O((dy + da + d3)3). In the entire training process
(i.e., solving (5.3)), typically thousands of such gradients have to be evaluated, resulting in considerable
computational demands. To address this issue, various techniques, such as Neumann approximation [62]
and Jacobian-free training [59], have been proposed and explored. An earlier work [8] applies the KKT
approach to certain quadratic programs.

Heuristics. When the solution mapping is nondifferentiable and even discontinuous, one often applies
heuristics [69]. Take, for example, a situation with a singular Jacobian matrix. Instead of directly solving
the system as in (5.8), one can compute the least squares solution for system (5.7). Specifically, we solve
the following quadratic optimization problem as an approximation to (5.7):

{399 0Ge age]d 0Ge

2
+ Alldlf?,

oxr O\ Ov

00

minidmize

where the last term \||d||? serves as a regularizer to ensure the magnitude of d does not become excessively
large. The scalar A € R controls the intensity of this regularization. Iterative methods, like the conjugate
gradient approach, can be employed to solve this optimization problem. The number of iterations is
determined by the desired accuracy specified by the user.



Chen X H et al. Sci China Math  June 2024 Vol. 67 No.6 1221

Adding regularizer. To address the non-differentiable issue of the solution mapping, when the
underlying optimization problem (5.2) is convex, a common approach from [?] is to add a small quadratic
function, & ||«||3 and, therefore, yielding the new objective function fg(x, 3, ). This makes the problem
strongly convex and the solution not only unique but also differentiable. Another choice of regularizer is
the logarithmic barrier function [113], which is often used on conic optimization.

Perturbation. Gaussian smoothing or Gaussian perturbation is a standard technique used to make
the differentiation of nonsmooth or discontinuous functions possible. This technique can be particularly
useful in optimization problems where standard gradient-based methods are unable to operate due to the
non-differentiability of the objective function. We leverage the methodology illustrated in [21] as a prime
example: perturb the parameter in the solution mapping xg¢ and take expectation as follows:

xge: B Epnonior)[®oren(B)].
Assuming the dimension of 0 is n, the smoothed solution mapping can be explicitly expressed as

1

1
208 = st [ e (= Il Jeo.en(Bin

1 / ( Lo 2) /
= exp| — —||0" — 0| |xe (3)dO".
/(27'('82)”8 IeRn 252” ” ( )
According to the standard real analysis, the mapping x¢ ., as a convolution of g with a smooth mollifier,
must be smooth as long as xg is measurable. Its gradient can be derived by

0 0 1
—xg.:(8) o5 €XP ( - @Hel - 6||2> ® o (B)d6’

1

00 - V/(2me?)ne //G]R" 00
1 1

— e [ ew (- ghle o)
\/(27752)”5 'eR™ 2e

0 1
55~ 5221 = 61 ) @ o (30

0
1 1 1

1
= Enn(o1) L" & Toten (ﬂ)} .

Here, ® means the outer product. With proper assumptions on fg, ge, hg, it can be shown that
O0xg.:./00 — Oxe/00 as ¢ — 0. To calculate the smoothed gradient in practice, we can use the Monte-
Carlo method: sample enough points {n;}}, that yields n; ~ A/(0,I) and estimate the gradient via

0

1 L1
%we,e(ﬁ) ~ M ; gnz Q@ Toten; (5)

5.3 Fixed-point layer

The KKT system is not the only optimality condition. Convex optimization problems with two or more
components, as well as certain nonconvex optimization problems, also have another form of optimality
condition of the fixed-point equation. To quickly introduce it, we use the following problem as an example:

1
mini%ﬂze §||Aac —b|* + |Dz|: subject to I < x < u, (5.9)
zER™

where
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The function ||Dz||; is also known as one-dimensional total variation. This problem includes the following

components:
e the least squares term, 3||Ax — b||?, which is Lipschitz differentiable;
e the ¢1-norm, || - |1, whose proximal operator is simple and closed-form;

e the finite-difference operator, D, is a simple convolution-like matrix, and so is its adjoint D*;

e the box constraint, I < x < u, is easy to project onto.
By applying the technique of operator splitting Condat-Vu splitting [47,161], * is a solution of problem
(5.9) if and only if there exists y* such that z* = [x*; y*] satisfies

where 7 is called a fixed-point operator constructed with the following individual operators: VZ%HA:I: —
b|?> = AT(Az - b), D, D*, prox,, and projy ). With z = [&"u"]", 2" = T2F is given by

xhtl = PTOJ (1,4 (x* — aD*u” — aA T (AzF — b)),

'u,k'H = pI'OX5H”>1k (uk + 6A.(2$k+1 — wk)),

where Proxg.|» can be computed via the Moreau identity ProXg)|. |« (x) —|—ﬂpr0x571”_”1 (B~ 'x) = z. When

the solution is not unique, every solution «* must satisfy this fixed-point equation along with some y*.
In general, let d denote all the data that define an optimization problem, and consider the operator

T(-;d). We call z* a fixed point of T(-;d) if z* = T(2*;d). We say that the fixed-point problem

solve, z=T(z;d)

is equivalent to the optimization problem if every optimization solution * forms a fixed point z* (possibly
along with another subvector in z*) of 7(+;d) and the converse also holds. Below we briefly review two
common fixed-point operators. More fixed-point operators are covered in [136].

A fixed-point layer, introduced also as the deep equilibrium model [10], given by T, is the mapping:

d—z* or dw—x,

where z* is a fixed point of T (-; d) and x* is an optimization solution that can be obtained directly from
z*. In other words, d is the input and z* or «* is the output. Computing the output can be done by
either iterating the fixed-point operator or otherwise solving the original optimization problem.

When the input d depends on 6, the fixed-point z* is also a function of . In addition, it is possible

for 7 to also include tunable parameters 6; when this happens, we write Ty.

Relationship with RNN. A fixed-point iteration, especially when the operator Ty involves trainable
parameters 6, is reminiscent of RNN in that the iteration maintains a memory and gradually refines
its estimate of the solution. However, fixed-point iteration is equipped with a rich, solid mathematical
theory regarding its convergence behavior. As we will see below, it gives rise to cheaper approaches to
obtain a gradient or a descent direction than RNN.

Example: Davis-Yin fixed-point operator [50]. Consider
mini%ﬁze f(x) + g(x) + h(z),
zER™

where f, g, h are proper, closed, convex functions and h is differentiable. Assume total duality [136].
Then x* is a solution if and only if it satisfies

0 € df(x*) + dg(x*) + Vh(z"),

where 0f and Og are subdifferentiables of f and g, respectively. They are possibly set-valued. Hence,
solving for x* is equivalent to the problem:

findgepr 0€ (A+B+C)zx
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with A = 0f, B = dg, and C = Vh. The Davis-Yin splitting refers to the equivalent problem: for a > 0,

solveyern 2 = (I — JaB + Jaa(2Jag — I — aClag)) 2,

=:Tpvys

where Jop := (I + oB) is the resolvent of B and, with B = g, equals prox, . The last two problems are
related through

x* = Jpz*.
When Vh is Ly-Lipschitz and T has at least one fixed point, the iteration

M= Tpys2"

z
converges to a fixed point z* = Tpysz*, and zk = J 52" converges to a solution x*.
When g = 0, we have J,p = I and Tpys degenerating to the forward-backward splitting. When
h = 0, we have C = 0 and Tpys degenerating to the Douglas-Rachford splitting. Their corresponding
optimization iterations are widely known as the proximal-gradient method and the ADMM.

Differentiation through a fixed-point layer. To run a backpropagation algorithm through a fixed-
point layer, there are three approaches: traditional, implicit, and Jacobian-free.

In the traditional approach, the forward computation iterates z**1(0) = T(2*(6);d(#)) for a finite
number of times, k¥ = 0,1,..., K — 1. (The choice of K is either fixed and adaptive to the need of
approximation accuracy.) Then, backpropagation is based on the differentiation of that formula

0

S 0) = LT (0):d(0)) 452 (0) + JaT ((0): d(0)) 15 l6), (5.10)
which establishes the relationships among successive %zk(ﬂ), k=0,...,K -1, and %d(@).
The implicit differentiation approach is based on the fixed-point property:
z"(0) = T(z"(0),d(0))
= D 0) = LT (2 (0):d(0) 552 (0) + JaT (2" (0); d(0)) 1 6)
= D) = (- T ) AT (2 ) (),

which establishes the relationship between %z*(@) and %d(&). There is no restriction on the choice of

the forward computation method. Suppose the forward method generates Z, an approximate of z*. Since

z* is unavailable, the backprapogation algorithm is left to use the approximate formula

o
00

N _ . 0
0) = (I — J.T(%d) " JaT (3 d) 75 (0).
The Jacobian-free approach [59] allows any forward computation method to generate 2(6), and, starting
from 20 := 2(0), it performs one fixed-point iteration z*(8) = T(2°(0); d(0)). It uses z'(6) as the output.
To apply backpropagation, the Jacobian-free approach uses

0

10) = JaT((0):d(0)) 5

— d(e
20”° (6),
which is free of computing the Jacobian, J,7 (z*;d), and any matrix inversion.

A variant of the Jacobian-free approach [27] performs more than one fixed-point iteration. Specifically,
from 20 = £(9), it performs K > 2 fixed-point iterations: z*+1(0) = T(2*(0);d(0)), k =0,1,..., K — 1
to return 2% (6). For backpropagation, use (5.10).
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Comparisons of different approaches. The forward computations of all the approaches return
an approximate fixed-point z* or an approximate solution x*. The traditional approach, as its
backpropagation uses (5.10), must record all the fixed-point iterates 2% z!,... 2%~1. The other
approaches do not need to record the fixed-point iterates. The variant of the Jacobian-free approach
needs to record only the last few iterates, and the number .

For gradient backpropagation, all the approaches need to compute Jq7. The main differences
lie in the Jacobian Jg7. In the traditional approach, the Jacobian is computed K times. In the
implicit differentiation approach, it is computed only once, but the inversion cost is generally cubic
of the dimension n. The inversion can be approximated by the Neumann approximation [62] at a
lower cost, which grows with the number of terms used in the approximation. The Jacobian-free
approach [59], though completely avoids the Jacobian and inversion, does not produce a gradient. The
authors [27,59,117], under different assumptions such as contraction and linear independence constraint
qualification, show that the obtained directions are descent direction despite not equaling gradients.

6 Al-guided mixed-integer optimization

In this section, we turn to mixed-integer programming (MIP), an important class of optimization problems
where some or all of the variables are constrained to be integers. MIP finds extensive use across
diverse fields such as supply chain management, transportation, energy systems, finance, and more.
Unfortunately, MIP is generally considered to be NP-hard due to its integer constraints. It might be
quite challenging to solve a fairly large MIP instance. To efficiently solve a specific type of MIP, one has
to dive deeply into the theory and practice related to that MIP type. Only then is it possible to design
a customized solver that surpasses general solvers on that particular problem class.

Given the multitudinous types of MIP, this process can be quite laborious. However, thanks to recent
progress in machine learning, it has become possible to develop customized solvers built on a general
solver and a dataset, without requiring too much expertise. This section will present some typical uses
of machine learning for mixed-integer linear programming (MILP) and some associated practical and
theoretical open questions.

Remarks on notation. In Section 6, we adopt the following conventions for notation. Boldface
lowercase symbols, such as x, denote vectors. Typically, x; signifies the j-th element of vector x. It is
important to distinguish between x; and x;; the former refers to a vector indexed by j, the specifics of
which are determined by context. On the other hand, bold uppercase symbols, like A, indicate matrices.
By default, A; ; is the value at the matrix’s i-th row and j-th column, while A, . signifies the entire row.

6.1 Preliminaries
A general instance of an MILP problem is represented as

;reliRr}m c'x, st.xeXynmp={r:Azob I<x<u, z;€Z Vjcl}. (6.1)
Here, A € Q™*"™ ¢ € Q™", and b € Q™. The symbols I and wu signify the lower and upper bounds
of the variables, respectively, and are coordinate-wise selected from I; € Q U {—oo},u; € QU {+o0}.
The dot o represents the type of constraints, chosen element-wise from o; € {<, =, >}. The index set
I C {1,2,...,n} includes those indices j where the variable x; is constrained to be an integer. Each
MILP instance can be described as a tuple (¢, Xyrp).

Basic concepts. The set Xypp that describes all the constraints in (6.1) is termed the feasible set.
An MILP instance is considered infeasible if Xyp = 0 and feasible otherwise. For feasible MILPs,
inf{ch :x € Xpip} is referred to as the optimal objective value. If there exists * € Xypp such that
c'z* <c'z, Ve Xymwp, then * is designated as an optimal solution. There can be a situation where
the objective value is arbitrarily low, meaning that for any R > 0, the inequality ¢"a* < —R is satisfied
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for some * € Xyqrp. In such scenarios, the MILP is said to be unbounded, or its optimal objective
value is —o0.

Approaches and challenges via ML. Addressing an MILP involves determining its feasibility and
boundedness, as well as providing an optimal solution when possible. A direct approach to applying
ML techniques on MILP, and indeed the one adopted in the early research literature, involves training
a neural network to map an MILP to its results. For example, suppose we consider the scenario where
MILPs are feasible and bounded. In this context, we attempt to approximate the optimal solution of an
MILP through a trained neural network:

™ ~ NeuralNetwork (e, XyLp).

Assuming the availability of sufficient data, this approach is theoretically doable. Given a collection
of MILP instances and their corresponding solution {(ck,XMIka,:cZ)}ff:l, the neural network with
parameters 6 can then be trained using the following minimization problem:

min Z |z} — NeuralNetwork(ex, Xpip, ; 0)||
("

Here, the objective is to minimize the sum of the normed differences between the optimal solutions and
the outputs of the neural network for each given MILP instance. However, this approach presents two
fundamental challenges:

e Ensuring feasibility: The outcomes of an NN are not inherently constrained by the stringent
requirements of an MILP problem. Unlike in the case of continuous optimizations where constraint
violations may be bounded by a small upper limit, there are no guarantees that the results from an NN
will be feasible in the context of an MILP problem.

e Verifying optimality: Even if the NN’s output is an optimal solution, validating its optimality is
nontrivial. Unlike in continuous optimizations where conditions like the KKT can validate optimality,
there is no straightforward method to confirm the optimality of a solution generated by a neural network.
These issues highlight the limitations of a purely data-driven approach and point towards the necessity of
incorporating algorithmic approaches. The conventional MILP solver is instrumental in overcoming these
limitations by serving as a safeguard, ensuring the optimality of the solutions. Concurrently, the NN can
be integrated into the solver to leverage its strengths. The intuition offered by the NN can facilitate
adaptive and efficient problem-solving, providing initial estimates, or “warm starts”, to guide the solver.

To summarize, a more effective practice of machine learning for MILP problems is utilizing neural
networks to guide traditional solvers, rather than replacing these solvers entirely with neural networks. In
the remaining subsections, we will dive into various components of MILP solvers, outlining how machine
learning methodologies can be incorporated to enhance their performance.

6.2 Improving branch and bound by ML

The branch and bound (BnB) algorithm is a widely employed method for solving general MILP problems
and forms the foundation of modern MILP solvers. It operates on the principle of “divide and conquer”,
and is guaranteed to provide an optimal solution when it exists. Throughout the BnB process, numerous
decisions need to be made, such as variable selection and node selection. While these choices do not
affect the final result, they substantially impact the algorithm’s efficiency. Unfortunately, there are no
theoretical guidelines on making the best decisions for general MILP. Therefore, these decision-making
strategies often rely on practitioners’ expertise and experience. Machine learning (ML) can be a helpful
tool in developing these strategies. Before introducing ML for branching, we will first present some key
components in BnB: LP relaxation, branching, and bounding.

6.2.1 Branch and bound

LP relaxation. Removing all the integer constraints in (6.1) (i.e., ;,j € Iis no longer required to be an
integer) results in a linear program (LP), known as the LP relaxation of (6.1). The resulting feasible set is
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denoted as Xpp, and the LP relaxation is formulated as mingex, ,, ¢ ' @. The LP relaxation plays a pivotal
role in solving the MILP. If the LP relaxation is infeasible, one can confidently assert the infeasibility
of the original MILP. If the LP relaxation is lower unbounded, one can deduce the unboundedness of
the MILP, given A, b, ¢, I, u are all rational data. If the LP relaxation produces an optimal solution
denoted as z, this solution provides a lower bound for the MILP as

c'z < cT:c, for all x € XyLp.
If  fulfills all the integer constraints, then it can be concluded that z is the optimal solution to the
MILP. However, it might be quite challenging to identify such an x if the LP relaxation has multiple
optimal solutions. More commonly, the LP relaxation may not present a solution that aligns with all the
integer constraints. To measure this, we define the set of indices that x violates the integer constraints:

frac(z) == {jel:z; ¢ Z}.

Branching. Suppose frac(z) # (). To obtain a solution that has less violation than z, we select an
index j € frac(x) and generate two sub-MILPs:

MILP,, : min c'x st. xe XwmiLp,, = {z: x € Xmiep, 2 > fgj]},
x

MILPgown : mine '
@x

T s.t. x e XMILPdDWn = {33 Y S XMILPamj < LQJJ}

Since XpmiLp = XMILP,, U XMILPyoy,s the feasibility of the original MILP can be determined by the
feasibilities of the two sub-MILPs, and the optimal solution, if it exists, must be the best among the
two optimal solutions of MILP,, and MILP4own. Thus, solving the original problem can be reduced to
solving two sub-MILPs. To address MILP,, and MILP 4own, We relax their integer constraints, yielding
LP relaxations denoted as LP,, and LPgown, respectively. The LP optimal solutions are denoted as z,,,,
and Zq,yy,, respectively. Compared with the original LP solution z, z,,, and &4, are closer to the
MILP’s optimal solution in two respects:

o (Feasibility) Both Z,, and T4, are more likely to yield integer solutions. Typically, in the cases
where integer variables are binary, LP,, fixes ; as 1 and LPqgown fixes x; as 0, satisfying x; € Z. Even in
the general cases, LP,;, and LPgown help narrow down the search space by eliminating non-integer values
in ([z;], [z;1)-

e (Lower bounds) The solutions z,,, and Z4,,, provide tighter lower bounds than z:

c'z< min(chup, ¢ Typwn) <c'm, forall x € Xyppp. (6.2)
This is because the union of feasible sets of LPy, and LP4own forms a strict subset of the original LP
relaxation:

Xep € Xep {2y > [z;1}) U (Xep N {25 < [z;]}).

If frac(z,,,) = 0, we conclude that z,, must be an optimal solution to MILPy,, and at least a feasible
solution to the original MILP. Tts optimality will be determined after solving MILP4own. Otherwise, we
conclude that z,,, is still not a feasible solution to the original MILP, and we repeat the above process
and branch MILP,;, into two sub-problems. We handle MILP 4oy, with a similar approach.

Bounding. If we view each sub-MILP as a node, these nodes together make up a binary tree known as
the BnB tree. In this context, the original MILP is regarded as the root node of the entire BnB tree, and
MILP,, and MILPqown are seen as the two children of the root, and subsequent sub-problems of MILP,,,,
are considered children of MILP,,;, and so on. Expanding this tree fully can be time-consuming. While
in practice, some nodes might be pruned. To discuss the pruning method, we first need to understand
two basic concepts:

e (Upper bound) During the branching process, as soon as we find a feasible solution for the original
MILP, we store it in memory. It remains there until a solution with a lower objective value is found
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and replaces it. This stored solution, denoted as &, is known as the incumbent solution and serves as an
upper limit for the optimal objective value:

where x* represents any optimal solutions of the original MILP. The upper bound of the optimal objective
value, represented as f := ¢!z, is known as the global upper bound or the primal bound.

e (Lower bound) As mentioned before, the LP relaxations of the MILP or sub-MILPs provide lower

bounds of the objective value. After obtaining z, we get a lower bound f := ¢’ z, denoted as the global
lower bound or the dual bound. After LP,, and LPyown are solved, the dual bound will be updated with
a higher value min(chup, c¢"x4..n). This process continues throughout the BnB procedure.
As we progress through this procedure, the primal bound decreases while the dual bound increases until
they converge. Based on these two bounds, we can prune certain nodes in the BnB tree. If the optimal
objective value of the LP relaxation of a sub-MILP exceeds the global upper bound, we can prune this
sub-MILP (or node) as neither it nor its children can produce a solution better than the incumbent
solution. It is important to note that this includes instances where the LP relaxation is infeasible since
any children of an infeasible sub-MILP must also be infeasible. A full description of BnB is provided in
Algorithm 2.

Algorithm 2 Branch and bound algorithm

Input: An MILP instance (e, XypLp); Variable selection rule; Node selection rule
Output: Label “Infeasible”, Label “Infeasible or Unbounded”, or an optimal solution ;

1: Active node set S <= {}. {The set S consists of tuples structured as (d, f,X). Each of these tuples symbolizes a node
within the BnB tree. Here, d stands for the depth of the node, f signifies a local lower bound of the node - equivalent
to the node’s parent’s optimal LP objective value, while X C Xypp characterizes the feasible set of the sub-MILP
corresponding to the node.}

2: The global lower bound f < —oo, the global upper bound f < 4o0.

3: Push a node with data (0, f, Xpapp) into S.

4: while S is not empty do B

5: Pop a node (d, f,X) from S with the node selection rule.

6: if The parent’s objective exceeds the upper bound: f > f then

7 continue

8: end if

9: Update the global lower bound: f < min(g ¢ x)cs f-

10: if The lower and upper bound converge f = f then

11: return . B

12: end if

13:  Solve (¢, Relax(X)) and denote its optimal solution as @ if feasible. {Here (¢, Relax(X)) represents the LP relaxation
of (¢,X).}

14: if (¢, Relax(X)) is infeasible or its objective exceeds the upper bound: ¢’z > f then
15: continue
16:  else if (¢, Relax(X)) is lower unbounded then

17: return Infeasible or Unbounded.

18: else

19: if x satisfies integer constraints: frac(z) = 0 then

20: if & has better objective ¢’ z < f then

21: Update the upper bound and the incumbent: f < c'z, T < x.
22: if The lower and upper bound converge f = f then

23: return . B

24: end if

25: end if

26: else

27: Pick an index j € frac(z) with the variable selection rule.

28: Create two branches: Xup = XN {z : 2; > [z,1}, Xdown = XN {z: z; < |z;]}-
29: Add (d+1,¢" 2, Xup) and (d 4+ 1,¢ "2, Xgown) into S.

30: end if

31: end if

32: end while
33: return Infeasible if f = +co else return T
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Efficiency analysis. The BnB approach is known to terminate in finite steps when applied to MILP
problems with rational parameters, regardless of the sequence in which variables and nodes are chosen.
However, the effectiveness of the BnB method significantly depends on the strategies used for variable
selection and node selection. As demonstrated in Figure 4, certain examples show a case of how varying
variable selection rules result in final BnB trees of different sizes. The same conclusion is observed in
Figure 5 with various node selection rules.

These examples prompt us to question: What are the optimal strategies for variable and node selection
for a specific type of MILP instances? Unfortunately, there are no definitive answers to this inquiry.
It is still typical for practitioners to develop these strategies based on a trial and error approach.
By testing many different strategies on a specific type of MILP (e.g., scheduling, bin-packing, vehicle
routing), practitioners can gain domain-specific knowledge that informs the development of new strategies.
However, this iterative process is problematic due to the following:

e Its labor-intensive nature.

e The absence of a systematic methodology. The acquired domain knowledge is specific to the type of

MILP and does not easily translate to other domains.
Hence, it would be advantageous to develop a systematic approach to autonomously create or discover
effective variable and node selection rules. The remarkable advancements in machine learning techniques
in recent years lead us to ask: Can we leverage machine learning to extract powerful strategies from data?
In the following subsections, we will show how to learn variable and node selection rules with machine
learning.

6.2.2 Variable selection

The variable selection rule, also known as the branching rule, determines which variable to branch on
when multiple fractional values are present in the current LP relaxation solution. To identify the ideal
variable to branch on, we collect information related to all potential variables and make decisions based
on the collected data, which may include:

e the original MILP: ¢, Xyp;

e the current MILP and its LP relaxation: X, Relax(X) and z (defined in Algorithm 2, Line 13);

e data generated during BnB: f, f, =, S.

All the aforementioned information is accessible during the BnB procedure. Now, let us present the
formal formulation of a branching rule:

s; =V(j,+), j° =argmaxs;. (6.3)

jé€frac(z)

In this formulation, - represents the collected information, and V is a mapping function that assigns a
real number, which is named as a score, to a variable. Subsequently, the index with the top score is
selected for branching. In case of a tie, lexicographical order is usually adopted. The mapping V forms
the cornerstone of this rule and is undoubtedly the main component we aim to design or learn. Some
typical handcrafted branching rule is listed here:

e (Most infeasible branching) We use the fractionality as the score: s; = min(z; — |z;], [z;] — ;).

e (Strong Branching) A primary aim of branching is to improve the lower bound. The strong branching
(SB) rule seeks to achieve this by testing each variable j € frac(z) to see which one significantly tightens
the lower bound the most. Suppose there are ng.,. elements in frac(x), a full strong branching constructs
2Nfrac SUb-MILPs with

Xjup =X {z 25 > 2,1}, Xjdown = XN {7 < |z;]}, J € frac(z).

Subsequently, we solve the LP relaxations of these MILPs {(¢, X; up), (¢, Xj down) } jefrac(w)- The solutions

of these are represented as {Z; ., Z;down}jefrac(z) respectively. The improvement in the objective

of the two sub-MILPs, obtained by branching along z;, is computed as d;u, = cT§j7up —c'z and

0j.down = chjﬂown — ¢ z. Given a small number ¢ (say e = 107%), the SB score of z; is derived by

sj.sB = VsB(J, ¢, X, &, €) = max(0; up,€) X max(d; down, €)- (6.4)
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Figure 4 Variable selection can influence the size of the BnB tree. Consider the MILP: min 11z + 12z2 + 133 + 1424
subject to 1 +x2+x3+ x4 > 2.5, 2+ 223 > 2.1 and all the variables must be binary. The root node represents an optimal
solution & = (0.95,1,0.55,0) to the LP relaxation and its corresponding objective ¢’
fractional: x1 and z3. We have to decide which one to branch on. If we adopt the first approach—branching based on the
fractional element with the smallest index—we will choose x1 to branch on, leading to the tree shown in the left figure. On
the other hand, if we employ a different strategy—branching based on the element with the largest fractionality—the choice
is determined by argmax; min(z; — |z;], [z;] — z;). In this case, z3 is selected, resulting in the tree in the right figure.
Continuing this process in either case will yield different BnB trees. Note that, in this case, the node selection strategy will
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Figure 5 Node selection can influence the size of the BnB tree. Consider the MILP: minxzq + 2x9 + 3z3 + 424 subject
to 1 +x2 + 3 + x4 = 2.5, 2 + 223 > 2.1 and all the variables must be binary. We consistently branch based on the
element with the highest fractionality but employ different strategies for node selection. In the figure on the left, we employ
a depth-first order for node selection, which results in the need to solve a total of 9 LP problems. The order to access nodes
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e (Pseudocost branching) The pseudocost (PC) branching rule is essentially an SB approximation
that relies on historical data. It observes that a single variable is often branched multiple times. For
example, in the left tree in Figure 4, xo and x3 are branched two times. Therefore, historical objective
improvements can be stored and averaged for each variable, providing an estimate for predicting the
SB score. Specifically, we maintain two quantities d f;,p and ¢ f; down for each variable x; and they are
initialized by zero. Every time we branch along x;, we calculate the “objective improvement per unit”
and store its historical average in 6 f; up and ¢ f; down respectively:

c'a;,,—c'z cz;
@j] -z

)

With the two maintained quantities, we can calculate estimates for objective improvements: d; ., =
(@j] — gj)éfj,up and J; down = (gj — ngj)éfjdown. Plugging these estimates into the right-hand side of
(6.4), we will obtain an approximated SB score, named the PC score s, pc.

(Imitating SB)  Simple branching rules, such as the first fractional rule and the most fractional rule
presented in Figure 4, are straightforward but may lack effectiveness due to their short-sighted nature.
The strong branching rule (6.4), while leading to potentially higher lower bound increases, requires solving
multiple LPs, and hence is computationally expensive. While the pseudo-cost rule reduces the overhead
compared with SB but is often found to be less effective in improving node efficiency. A powerful yet
efficient approximation of SB without solving large amounts of LPs would be greatly beneficial. Motivated
by this point, we are developing efficient branching rules that imitate SB while the complexity is controlled
by a budget B (informal form):

min Y > > lsjss — V(@) s.t. Complexity(V) < B. (6.5)

v
(¢,XmiLp)EM BnB node j

(Evaluating branching rules) To evaluate the performance of a mapping V for a given MILP
instance, it is necessary to use a consistent node selection rule, for example, Depth-First Search (DFS),
commonly adopted in contemporary MILP solvers. This enables the evaluation of the BnB performance
given the mapping V and its resulting variable selection strategy. In particular, it is recommended to
embed a timer in the BnB algorithm and track the upper bound f and the lower bound [ in real-time.
These quantities at a specific moment ¢ can be denoted as f(t) and f(¢). Assuming the BnB begins
solving (¢, XyLp) at time ¢ = 0 and finishes at Tiy,q, a typical metric can be expressed as follows:

IV, (& Xatiup), ) = a /O "UF ) - £(0)dt 4 Tona. (6.6)

In BnB, the upper bound f decreases over time t while the lower bound f increases. When the gap
f(t) — f(t) vanishes, we obtain an optimal solution of the MILP. Hence, we aim for the primal-dual gap
to decrease as rapidly as possible. This drives the first term in (6.6). In addition, a scalar « balances the
two terms in (6.6). In contrast to the compromise goal (6.5), a more ambitious goal is to seek a variable

selection rule V that minimizes the measure across a set of MILP instances M:

min > I, (e, Xnwp), @) (6.7)
(e,XmiLp)EM

6.2.3 Learning to branch

Utilizing modern machine learning tools and optimization solvers, it is possible to quickly implement
a pipeline targeting (6.5). This pipeline can be universally applicable to any data set M, regardless of
the need for specialized knowledge related to the specific form of the MILP instances in M. Although
incorporating domain knowledge into machine learning may enhance performance, we are suggesting here
the feasibility of an elementary model that operates without such knowledge. The pipeline consists of
the following critical stages:
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o (Parameterization) Initially, one needs to define the input - of V and establish the explicit form of
V. There should be a sufficient number of parameters in the form of V to allow a search for parameters
that best fit (6.5). Neural networks, due to their strong representation capacity, are a good choice to
express V. (For further comprehension on parameterizing a mapping with a neural network, refer to
Subsection 2.2.) One has the flexibility to choose from various neural network structures or sizes (in
terms of the number of parameters). Once the neural network’s structure and size have been chosen, the
complexity of invoking the neural network is limited by an upper bound, which satisfies the constraint in
(6.5).

e (Data collection) Following this, it is necessary to collect data for training during the BnB process.
At each BnB node, we collect “(feature, label)” pairs. The feature refers to the specific values of the input
- under the current circumstances, while the label corresponds to the target we want the neural network’s
output to match. In this case, we can use the SB score as label.

e (Training and validation) This stage follows a standard supervised learning procedure. Given those
“(feature, label)” pairs, we can train a neural network to fit the strong branching. In the training process,
there might be some hyperparameters that should be tuned by hand. We can use a separate validation
set to help us choose the best hyperparameters.

e (BnB with trained models) Upon completion of the training, the trained neural network can be
applied during the BnB process. Specifically, one can invoke the neural network to assign a score to each
branching candidate in frac(z) in Algorithm 2, and select the candidate with the highest score to branch
on, just as in (6.3).

The entire pipeline develops branching rules with machine learning, and is named learning to branch
(L2B). In the subsequent paragraphs, we will individually discuss the components of this pipeline.

Parameterization and complexity. We discuss several neural network-based scoring rules and
compare their complexity with traditional score calculations like SB and PC.

Approach 1: Separate models. The most straightforward parameterization method treats each
variable as an independent entity. Features of variables are gathered individually and processed separately
using a shared neural network. More specifically, the feature vector for each variable may include elements
like f; = (cj,lj,uj,zj, 2,85 pc), where c;j, lj, u; are as defined in (6.1), z; signifies if x; is mandated
to be an integer (where z; = 1 if j € I and z; = 0 otherwise), z; is the j-th component of  as defined
in Line 13 of Algorithm 2, and s; pc represents the PC score. The ultimate goal is to build a machine

learning model, such as an MLP (2.3), that can map this feature vector to the strong branching score:
VSepa(ja C, l7 u,z,x, SpcC; 0) = MLP(f]v 0) ~ 54,SB) (68)

where 0 denotes the parameters in that neural network.

Graph representations. To enrich the previous model, we will consider the relationship between
variables and constraints in Approaches 2 and 3. To clearly describe this point, we adopt the language
of graphs. We start by demonstrating how to model an MILP instance using a bipartite graph, as shown
in Figure 6. Variables are represented as nodes in the “V” group, while constraints are represented as
nodes in the “C” group. No edges exist within each group. An edge with weight A; ; connects the i-th
constraint to the j-th variable if A; ; # 0. Each variable node carries a feature vector f;, and each
constraint node carries a feature vector g; that may include quantities related to that specific constraint,
like g; = (04,b;). (Recall (6.1) for the definition of “o,b”.) For each variable node j € {1,...,n}, N(j)
is denoted as the set of its adjacent constraints. Conversely, N'(i) denotes the set of variables involved in
the i-th constraint “A;.x o; b;”.

Approach 2: Features augmented with graph information. We can enrich f; by incorporating
the relationships between variables and constraints. Rather than independently gathering features for
each variable, we collect additional features that represent the neighborhood of z;. These features can
include statistical information about {g;};car(j), such as the distribution of constraints with o; being

equal to “>",“=" and “<”, respectively, and the mean and standard deviation of the set {bi}ieN(j)~ We
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can also consider more complex features including information about variables that are adjacent to x;’s
neighbors, like the mean and standard deviation of these variables’ objective coefficients, lower bounds,
and upper bounds. These values can be appended to f; to create an enhanced feature vector f; aug,
which provides a more comprehensive view of a variable. Using these enhanced features, we can more
accurately predict the SB score:

VAug(jv C, la u,z,x,Spc, A7 o, b7 0) = MLP(fj,aug; 6) ~ 54,9B- (69)

Approach 3: Graph neural network. Graph neural networks (GNNs) offer a way to represent
and capture the essential information about the relationships between variables and constraints, without
manual intervention. Specifically, we alternate between passing information from variables to constraints
and vice versa, iteratively updating the feature vectors:

g; <+ MLP (gi, E MLP(Qi,fyAi,j;Ol);Oz),
i eEN (i
JEN® (6.10)

fi (*MLP(fj, Z MLP(infj7Ai,j§03)§04>-

i€N(j)

After several iterations, the final resulting variable and node features are denoted as {fjgnn}7—; and
{gi gnn}i%1. An independent model is applied to each f;gnn to predict the SB score: MLP(f} gnn; 05) ~
s;sB. For more information about the merits of GNNs, such as scalability and permutation invariance,
please refer to Subsection 2.4. The complete model can be abbreviated as

VGNN(j7 C, l7 u,z,x,Spc, Aa o, b7 0) = GNN(]7 g7 0) ~ 55,9B- (611)

Here G = (A, {f;}7_1,{9:}i2,) represents the entire input to a GNN and 6 = (61, 02, 3, 64, 05) includes
all parameters in the GNN. A comparison between these three methods can be found in Figure 7. Note
that this diagram only displays one iteration of message passing (from variables to constraints and back),
while in practice, multiple rounds might be employed.

Complexity analysis. Initially, we will discuss the complexity of SB and PC. In SB, the primary
computational overhead lies in solving 2nga.. LPs. There is still no polynomial-time algorithm for
finding an exact LP solution. The simplex method, often used for LPs in BnB, may exhibit exponential
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Table 1 Summary of the complexities of branching rules

SB PC Approach 1 Approach 2 Approach 3
O(CLp nfrac)  Onprac)  O(CMLP Pgrac)  O(L nnz(A)) + O(CyrLp ngrac)  O(L Cyrp nnz(A))

complexity O(2") in the worst case [25]. Despite typically not reaching this upper limit, the LP solving
overhead is still substantial in real-world applications, with its complexity being somewhat unpredictable
due to these potential worst-case outcomes. In summary, the cost of calculating the SB score is
O(CLp nNirac), where Crp denotes the complexity of solving a single LP. In contrast, the cost of PC
is significantly lower. It consists of two parts: updating 6 f; up, 6 fjdown for the chosen j and calculating
jups 0j,down for all j € frac(xz). The first part is dominated by standard BnB computations, and the
second part is of O(ngac). Hence, the overall complexity of PC is simply O(ngac). To simplify the
analysis, we will use Cyipp to denote the complexity of each neural network used in ML-based strategies.
In Approach 1, we use an individual model for each candidate in frac(z), resulting in a complexity of
O(CmLP Mfrac)- In Approach 2, when passing information from variables to constraints, the complexity
for each constraint is proportional to its number of neighbors. Adding all these complexities, the total is
O(nnz(A)). The complexity of passing information from constraints to variables is the same. Thus, the
complexity of Approach 2 is O(L nnz(A)) + O(CvmLp Nrac), where L is the number of message-passing
rounds. Using similar logic, the complexity of Approach 3 is O(L Cyvrp nnz(A)) + O(CyvLp Nfrac). Here,
the first term can obviously dominate the second one due to nnz(A)) > n = ngac, so it can be expressed
as O(L Cyp nnz(A)). A summary of all complexities is provided in Table 1.

Note that Cypp is solely determined by the architecture and size of the neural network and can be
fully controlled by the user. On the other hand, Crp depends on the properties of the LP instance and
the solver used, making it less straightforward for the user to control. This complexity explains our claim
that neural networks can fulfill the constraint presented in (6.5). As we progress from Approach 1 to
Approach 3, both the computational load and the power to fit the SB score increase. In practice, the
choice of method should make a balance between efficiency and effectiveness.

Data collection. Regardless of the approach chosen, it is necessary to collect sufficient data to train
the chosen ML models. The collected data must correspond with the input structure of the ML model.
Now let us take Approach 1 as an example. We maintain the data set Dgcp, in memory and initialize
it as empty. Assume we have a set of MILP instances M available. During data collection, we iterate
over all instances in M and execute BnB (Algorithm 2) for each instance. When Algorithm 2 invokes the
variable selection rule, we perform the following steps:

e Compute f; for all branching candidates j € frac(zx).

e Run SB and calculate the SB score s;gp for j € frac(x).

e Append these newly gathered data to Dgepa:

]D)Sepa — DSepa U {(.fja Sj,SB)}jEfraC(g)-

Finally, the set Dgcp, becomes the training data set. The data collection procedure for Approach 2 aligns
with that of Approach 1, with the only modification being the replacement of f; with f; ... and the
re-naming of Dgeps to Dayg. The procedure for Approach 3 slightly differs as the GNN’s input requires
features from the entire MILP, not just those of variables with fractional values. For Approach 3, the
data set is labeled as Dgnn, and the following steps are taken when BnB calls the variable selection rule:

e Compute f; for all variables in the current MILP j € {1,...,n}.

e Compute g; for all constraints in the current MILP ¢ € {1,...,m}.

e Run SB and compute the SB score s;gp for j € frac(z).

e Define G = (A, {f;}}_1,{gi}/21), where A corresponds to the current MILP. Append these newly
collected data to Dann:

Denn = Dann U {(G, frac(zx), ssp) }-

Note that the data form presented here are simply the basic format. Users can enhance this framework
by adding more features. For example, in variable-related features f;, the reduced cost (an essential
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concept in LP) can be included; in constraint-related features g;, the dual variable can be added to
indicate if the corresponding constraint is active. Such advanced feature engineering can be found in the
relevant literature [181]. Another important trick is invoking SB with a probability. Triggering SB at
each BnB node might be extremely time-consuming. As such, we can call SB and gather data with a
small likelihood, say 10%, and in other instances, resort to less expensive branching rules like PC. This
tactic is discussed in [130].

Model training and validation. Once we have the datasets Dsepa; Daug, 0r Dann ready, we can
proceed to the model training phase using standard machine learning procedures. For the first two
approaches, the machine learning models can be trained by minimizing

min Lsepa (Dsepa, 0) 1= > 4(s,MLP(f:0)), (6.12)
(.fas)eDSepa

min Laus(Daus,0) == Y (s, MLP(£:0)). (6.13)
(f7s)e]D)Aug

In these equations, ¢ represents the loss function, which should be manually chosen. A typical loss
function might be the squared error: £(a,b) = (a —b)%. For the GNN model, the loss function for training
can be formulated as

min Lany (Dexy, ) = > ) u(s;,GNN(},G:0)). (6.14)

(Q,J,S) €DgnN JET

All these minimization formulas can be seen as specific forms of (6.5). Given the complexity of neural
networks can be directly controlled as demonstrated in Table 1, the constraints in (6.5) can be met.
Furthermore, minimization over the parameter space can be executed with “back-propagation” which is
built into many modern machine learning tools. See Subsection 2.3 for a comprehensive introduction on
training machine learning models. Note that certain hyperparameters, like the size of the neural networks
and the learning rate, should be manually chosen during the training procedure. These hyperparameters
are typically chosen through the validation process. In addition to the MILP set used for training M, we
prepare an independent MILP set M/, where we execute the same data collection procedure to result in
the validation set D'gepa, D' ayg, or D'gnn. Using the validation set, we compute the loss function values
L-(-,0,) with 0, as the parameters trained via (6.12), (6.13), or (6.14) with varying hyperparameters.
The hyperparameters that yield the lowest loss function value on the validation set are selected. This is a
standard validation procedure in machine learning. The model validated with a separate set M typically
exhibits robust generalization ability, meaning it performs well on instances not included in the training
set M.

Branching with training models. Once the model has been trained, it is straightforward to apply
it. Given an MILP instance, we run BnB and trigger the trained models when BnB calls for the variable
selection rule. Subsequently, each branching candidate is assigned a score, and we choose the candidate
with the highest score for branching, as indicated by (6.3).

Exploring new rules with reinforcement learning. Instead of trying to imitate the strong
branching, a more ambitious question arises: Can we develop a branching rule that directly aims to
minimize the primal-dual gap integral (6.7)? In comparison to fitting the strong branching, this method
offers two potential advantages:

e The possibility to outperform strong branching. Despite the thoughtful design behind the strong
branching rule, it may not be optimal in terms of (6.7). Directly devising branching rules based on (6.7)
may lead to a more powerful and innovative rule.

e Freedom from reliance on the resource-intensive strong branching during the data collection phase.
The strong branching can be exceedingly time-consuming on large-scale instances. Even a single BnB node
might take longer than fully solving the MILP using economic branching rules like the pseudocost. This
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can result in inefficient data collection, while a training process that is independent of strong branching
can remedy this issue.

Although the supervised learning pipelines discussed earlier in this section are not applicable to solve
a minimization problem like (6.7) due to complex dependencies between the branching rule V and the
objective function I(-), this problem fits perfectly within the scope of reinforcement learning (RL). First,
we demonstrate that the branch and bound method (Algorithm 2) is a well-defined, albeit complex,
Markov decision process (MDP), assuming we use a fixed node selection rule like depth-first search
(DFS). The key elements of the MDP can be defined as follows (for introduction of MDP and RL, refer
to Subsection 2.5):

e State: All the data available when BnB calls for the branching rule: ¢, Xyp, X, z, f, @, f, S.

e Action: The action space consists of frac(x) and the action is the variable selected for branching.

e Transition: Given the current state and action, execute BnB until it invokes the branching rule again.
The resulting new state is the transitioned state and thus the transition probability is defined.

e Reward r: If BnB does not stop, the reward is the negative of the primal-dual gap r = —(f — f) at

that point; if BnB stops, the reward is the negative of the total solving time r = —T¢,q. This definition
will accurately reconstruct (6.6) when integrated over time.
Using these definitions, we can deploy RL to achieve the minimization outlined in (6.7). Please refer
to Subsection 2.5 for an introduction to RL. Contrary to the supervised learning methods (6.12)—(6.14),
where we first gather data using the strong branching rule in the BnB framework and then train ML
models to fit the SB, RL approaches interact with the BnB: we obtain the state from BnB, make a decision,
and send that action to BnB. BnB then returns a reward, indicating whether the lower bound has become
tighter or whether BnB has stopped. Using this reward as a guide, we train the ML model. Both basic
RL methods, value-based methods like Q-learning and policy-based methods like policy gradient, can be
applied here, and we will delve into how these two methods can be utilized in learning to branch.

Q-Learning. The Q-Learning algorithm aims at learning a scoring function, also known as the @
function, which maps state-action pairs to scores. Given our definition of GNN model from (6.11), we can
consider the input G as the state and j as the action. Thus, GNN(j, G; 0) can be seen as a parameterized
Q function. Instead of imitating strong branching as in (6.14), Q-Learning seeks to make the Q function
conform to the Bellman optimality equation, which is an optimality condition for (6.7):

mein Z (y — GNN(4,G;0))?, where y =7 + max GNN(5, G5 Oprev ). (6.15)
j/
(G.3,m,9")

Here, G’ represents the subsequent state given the current state G and action j, and Ope, denotes the
parameters established before the current training round. For example, one can randomly initialize
Oprev, execute the BnB, and compile a collection of 4-tuples {(G, 7,7, G’)}. These are then trained using
(6.15) to derive . This new 6 then serves as @pyey in the next training round, eventually yielding Opnext,
and so on. Upon obtaining the final parameters 6., the corresponding GNN model GNN(,;8,) can
be deployed as a branching score within BnB. When the BnB invokes the branching rule, the action
Jx = MaXjepac(@) GNN(J, G; 0,) can be returned as the selected index to branch on.

Policy Gradient In contrast to Q-Learning, policy-based methods utilize a conditional probability
distribution as the policy. This policy distribution is state-dependent and proposes a probability for all
potential actions. The goal is to train the policy distribution to suggest actions reliably. By making
a small modification, the GNN model from (6.11) can be treated as such a policy distribution: If we
denote the outcomes of the GNN as s; for j € {1,...,n}, we can combine the scores of all branching
candidates into a vector (s;);efrac(z) and apply a softmax function to that vector. The resulting output
vector can then be seen as a conditional probability distribution and each entry in that vector represents
the probability to select a specific index for branching. Such a probabilistic policy based on GNN is
denoted as pgNN(j|G; 0). Now, we use this probabilistic policy as the branching rule and execute the
BnB on multiple MILP instances, resulting in a collection of trajectories. We gather the states, actions,
and rewards from these trajectories. With this data at hand, we can compute the gradient of the function
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(6.6) with respect to the parameters in the policy and use this gradient to update the parameters, just
like Subsection 2.5. After training, suppose the final parameters are 8,.. We then use pann(j | G; 0.) as
the branching rule: sample an index from this distribution and branch along that index.

Bibliographical notes. The methodology of approximating SB via machine learning models can be
traced back to 2014 [115]. Initially, research on this topic yielded Approaches 1 and 2 presented in
this paper [7,99]. From 2019 onward, innovative representations of MILP, including bipartite [60] or
tripartite representations [52], as well as their related GNNs, have been introduced. Since then, such
GNNs (described as Approach 3 in this paper) have been a fundamental model for ML applications in
MILP. Recent research has explored alternative neural network architectures, such as transformers [106]
and hierarchical structures [181]. More recent advances can be found in [71,72,123]. The exploration
of reinforcement learning for crafting branching rules emerged later. Preliminary studies showcased that
the performance of rules based on RL faced challenges in matching up to those derived by imitating
SB. However, recent developments have significantly propelled this domain forward, making RL not only
viable but also often outpacing imitation learning in certain contexts. Note that the methods presented
in this section are only foundational setups that illustrate the potential of reinforcement learning for
branching rules. To achieve competitive results, we recommend referring to recent literature [35,55,125,
132,139, 188], which provides more advanced techniques.

6.2.4 Node selection and learning to search

Revisiting Algorithm 2 for the BnB method, we can see that at Line 5, the BnB calls the node selection
rule (also referred to as the searching rule). This rule selects a node from the set of all active nodes
S (active nodes being those that have not been solved or pruned) and pops it from S. As illustrated
in Figure 5, this searching rule can impact the efficiency of BnB. We outline some standard searching
strategies used in MILP solvers below.

e Best-first search. This strategy selects the node with the smallest local lower bound. Looking at the
global lower bound formula in Line 9 of Algorithm 2: the global lower bound equals the smallest of all
local lower bounds from nodes in S. By removing nodes with smaller local lower bounds from S earlier,
the global lower bound can be improved quickly.

e Breadth-first search. This method selects the node with the least depth. Intuitively, nodes with
lower depth usually possess a smaller local lower bound. Therefore, breadth-first search can also improve
the global lower bound. However, best-first search is a more direct approach, and the breadth-first search
technique offers little benefit over it.

e Depth-first search. This method selects the next node candidate at the maximum depth in the tree.
Unlike the best-first search, the depth-first search is more likely to produce feasible MILP solutions, often
early in the search process, allowing for a faster improvement of the upper bound.

e Hybrid search. This strategy involves switching between different search methods. For example, one
might initially employ the depth-first search to find a feasible solution quickly, and then transition to the
best-first search to improve the dual bound.

To summarize, a searching rule in BnB is formulated as

(d, f,X) = argmax S((d, f',X'),"). (6.16)
(&', X')€S

In this equation, the mapping S assigns a score to each node, relying on its data (d', f/,X’) and other
beneficial information “”, such as the original MILP (¢, Xymrp). Then the node with the highest score
(d, f,X) is chosen for exploration, as outlined in Line 5 of Algorithm 2.

Target analysis. The ultimate goal of the node selection rule is the same with the variable selection
rule: to minimize the primal-dual gap as quickly as possible and reduce the size of the BnB tree. Formally,
assuming a fixed variable selection rule such as the pseudocost rule, we seek the optimal node selection
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rule over a set of MILP instances M:
Tena

msin Z I(S, (e, XpmiLp), @) = a/ f(t) = f(t)dt + Tena- (6.17)
(e, XmiLp)EM 0

Here, f(t), f(t), and Teng have the same definitions as those in (6.6). To further clarify the ambitious
objective in (6.17), we discuss “lowering f(t)” and “boosting f(t)” separately.

e Improving the dual bound. Initially, we discuss how to improve the dual bound as rapidly as possible
by choosing nodes in a suitable order. It can be demonstrated that the best-first search, previously
discussed, is indeed optimal under this criterion. Assume we have two nodes (d, f,X) and (d', f/,X’) in
the set S with f < f’. The best-first search proposes to explore (d, f,X) first. If we decide to explore the
other node first, even when (d’, ', X’) yields an incumbent %, the node (d, f, X) cannot be pruned because
f < f' < e"x. This implies that investigating (d, f,X) cannot be skipped under any circumstances. The
dual bound can only be enhanced after the exploration of (d, f,X), thereby demonstrating that the
best-first search is indeed optimal under this measure.

e Decreasing the primal bound. Contrary to improving the dual bound, no node selection rule that
guarantees optimal primal bound reduction exists. None of the strategies introduced previously can
assure the production of a feasible solution to the MILP and a consequent reduction of the primal bound.
However, this presents us with an opportunity for improvement: one can design an effective strategy
based on the domain-specific knowledge of a certain type of MILP, or develop a rule from data using
machine learning techniques.

Inspired by the above analysis, we will develop a strategy to reduce the primal bound rapidly. Intuitively,
if we can identify the node in S containing the optimal solution of MILP x* (i.e., finding the node
(d, [,X) € S such that * € X), selecting that node will be a logical choice. Branching along this node
may yield incumbents & with a lower objective function and will ultimately provide the best primal bound
because that node comprises the feasible solution with the smallest objective. Therefore, an ideal node

scorer can be defined as
M *
Sret((d, £,X),x") = {1’ e G,X’ (6.18)
0, otherwise.
However, this mapping is not directly applicable as a node scorer in BnB due to its dependence on the
optimal solution x*. Therefore, it can be advantageous to develop an efficient mapping that approximates
Sief without relying on «*. Formally, this can be written as
H}Sin Z Z HS((dv f? X)7 (C, XMILP)) _Sref((d7 f7 X), LE*)H s.t. CompleXitY(S) < B. (619)
(e,XmiLp)EM (d, f,X)€S
Here, S denotes the active node set generated during the BnB process on the MILP instance (¢, XpmipLp)
and z* is one of the optimal solutions to (¢, XyLp).

Upon examining the formula in (6.19), one might ask: Is (6.19) essentially the same as solving an
MILP? We argue that finding the mapping S in (6.19) is significantly less challenging than directly
finding a solution to an MILP, especially in the early stage of BnB. To illustrate this, consider the
scenario where we have just explored the root node of the BnB tree. Based on Algorithm 2, there will be
two child nodes in S: (1,e"z,X,;,) and (1, ¢z, Xgown). Now we must decide which node to explore first.
As discussed earlier, it would be beneficial to explore the node containing the final optimal solution a*.
The goal of S in (6.19) is merely to predict whether «* is in X, or Xgown, without needing to determine
the exact value of *. In common scenarios, both X, and Xqown are large sets containing many feasible
solutions because BnB is in the early stage, so determining x* in either of these sets can only provide a
rough estimate of «*, far from determining the precise location. Thus, the mapping S in (6.19) is much
less complex than solving an MILP, yet useful in BnB node selection. In the following paragraph, we will
discuss how (6.19) can be effectively implemented using machine learning.

Learning to search. Developing a machine learning model to act as a searching rule is referred to as
learning to search (L2S). Similar to L2B, as discussed in Subsection 6.2.3, L2S follows the same pipeline:
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parameterization, data collection, model training and validation, and the application of the trained model
within the BnB process.

Parameterization. Here we present a method to express all the inputs of S “(d, f,X), (¢, XmiLp)”
in a format compatible with a GNN. This enables us to parameterize S with a GNN. To start, consider
the original MILP (¢, Xyup). As depicted in Figure 6, each variable and each constraint can be regarded
as a vertex, thus conceptualizing the MILP as a bipartite graph. The feasible set Xyrp is determined
by (A,o,b,l,u,z), where z € {0,1}" denotes the variable type (i.e., z; = 1 for j € T and z; = 0
otherwise). Here, (¢,l,u, z) can be viewed as features to characterize a variable, and o, b characterizes a
constraint. The connections between variables and constraints are expressed by the matrix A. Compared
with the original feasible set Xyr,p, the feasible set corresponding to a BnB node X only differs in terms
of I and u, as BnB only tightens the lower or upper bound of a variable (see Line 28 in Algorithm 2).
We denote the new variable bounds as I’ and u’. Finally, the variable feature is defined with f; =
(¢j,15,u5,2;,1';,u'j) and the constraint feature is defined with g; = (o;,b;). We then apply the message
passing procedure defined in (6.10) for several rounds to obtain updated feature vectors { f; gnn}7—; and
{Gignn }2; and propagate them together, applying an MLP as MLP(Zj fignns 2 ; Gignns d, £ 606), of
which the output is a real number. This result can be regarded as the probability of * € X. We use
G = (A {fi}7-1,{9:}i%1,d, f) to represent the input of the GNN. The entire model can be denoted as

Sann(G:0) := MLP ( > Fignn Y Gignn: d, f; 96) ~ Set((d, f,X), x%). (6.20)
=1

Jj=1

In the equation above, 8 = (61, 05,03,04,605), with 6;,05,03,0, being defined in (6.10). This is a
graph-level GNN rather than a node-level GNN. (For the definition of types of GNN, please refer to
Subsection 2.4.)

Data collection and model training. The processes of data collection, model training, and
validation closely follow the pipeline outlined for L2B in Subsection 6.2.3. For each MILP instance
in the training set, we run BnB, and when BnB calls on the node selection rule, we gather data in the
form of G. This data is then appended to the dataset Dinpyut, which is initialized as an empty set:

DInput — ]DInput U {g}

In Dinpus, each element corresponds to a node in the BnB tree. Once BnB has been completed for an
MILP instance and an optimal solution «* is obtained, we can determine whether x* is included in each
BnB node, enabling us to assign labels to each node. If the node corresponding to G includes x* (i.e.,
Siet((d, f,X),2*) = 1), we set sg = 1, otherwise sg = 0. The dataset for training a search strategy is
then defined as

Dsearch = {(F,56) } G eDrupus -

With the above data set, we train the GNN with

ngn Z |8GNN(g;0) — Sg|.

(G,56)€EDsearch

For information regarding model validation and hyperparameter tuning, please refer to Subsection 6.2.3.

ML-based node selection. Once the training phase is complete, the trained GNN model, denoted
as Sann(G; 0), assigns a score to each BnB node. When BnB calls upon the node selection rule, we select
the node with the highest score. If Sgnn is a good approximation of S,ef, as previously discussed, this
node selection strategy is advantageous for reducing the primal bound and can be employed during the
early stages of BnB. After several iterations of BnB, it may be beneficial to transition to the best-first
search strategy, as previously mentioned.



Chen X H et al. Sci China Math  June 2024 Vol. 67 No.6 1239

Bibliographical notes. The presented L2S framework serves as a basic configuration to demonstrate
its potential applicability. In practice, to achieve more competitive outcomes, neural networks are
typically employed to compare two given BnB nodes rather than assigning a score to a single node [75,100].
For other efforts on ML-based node selection, please refer to the designated reference [103,178].

6.3 Cutting plane methods

Besides the branch-and-bound method, the cutting plane method is another important algorithm in
solving MILP. Rather than employing the BnB approach that generates and solves multiple sub-MILPs,
the cutting plane method progressively incorporates linear constraints into the root LP relaxation. We
first introduce some basic concepts in the cutting plane method and then present how to utilize machine
learning in it.

6.3.1 Introduction to cutting plane methods

Cuts and separators. Here we adopt the notation outlined in Algorithm 2. For a given BnB node
(d, f,X), we solve the LP relaxation (¢, Relax(X)). For simplicity, we assume such an LP is feasible and
bounded, and hence we can achieve its optimal solution z. Suppose x violates the integer constraint:
frac(z) # 0 and therefore x ¢ X. If there exist a = (a1, ...,a,) € Q" and B € Q such that

a'z<B, YreX, a'z>},

then we term («, 8) as a cut or a separator of this BnB node. Since z ¢ X, adding the additional constraint
a'z < B to X will cut off certain points (including at least ) from Relax(X), while preserving the MILP
feasible set X:

X=Xn{x:a'xz<B}, Relax(X)C Relax(X)N{z:a'z < j}.
Let us denote z’ as the optimal solution to the LP relaxation after adding the cut. Surely it holds that
c'z’ > ¢ x. Therefore, such a cut can tighten the LP relaxation and hopefully improve the lower bound.

Intuitively, a cut separates  from X and Figure 8 visually demonstrates this concept.

Generating cuts. Indeed, the literature reveals an extensive array of potential cut candidates
applicable to an MILP. In this context, we introduce the Chvtal-Gomory cut (CG cut) as a representative
example. Consider a scenario in which we deal with a pure integer program where all variables are required
to be non-negative integers. In the context of equation (6.1), we assume I = {1,...,n} and l = 0,u € Z'}..
Let us assume that the i-th constraint of the MILP takes the form a;r x < b;, with a; representing the
i-th row of the matrix A and b; being the i-th element in b. From this constraint, we can derive a cut
through the following rounding technique:

la;) Tz < [b;]. (6.21)

T2 Legend
Le=(-1,-1)

3 ® A feasible solution x € Xy.p

<~ Cutl: z; +21, <5 1 O The current LP optimal solution @

' A An LP solution after adding Cut 1
2

Cut 2: z1 + 25 <3 i O An LP solution after adding Cut
1 2 T

Figure 8 An example of cuts. The MILP feasible set is defined with Xnpp = {(z1,22) : 1,22 € Z,0 < 71 < 2.5,0 <
z2 < 2,21 + x2 < 3.5}. Suppose we run the simplex algorithm and obtain an LP optimal solution & = (1.5,2). To tighten
the LP relaxation, one can introduce an extra constraint. In this example, both Cut 1 and Cut 2 can fulfill this purpose,
as they both separate & from all feasible solutions @ € Xy, p. In other words, both cuts will successfully eliminate & while
preserving the feasible set Xyr,p. However, the efficiency of these two cuts differs. Using Cut 1, the LP solution becomes
(2,1.5), leading to a lower bound of —3.5. With Cut 2, an LP solution is (1,2) and the lower bound is —3. Clearly, Cut 2
is better as it provides a greater enhancement to the lower bound
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Here, |a;| signifies the element-wise floor operation. Clearly, any feasible integer solution € X must
satisfy (6.21): |a;| @ < a] ¢ < b; due to the non-negativity of «, and |a;] '@ must be an integer, which
implies (6.21). Thus, adding the constraint (6.21) to X will not cut off any desirable solutions. Given
x, it is straightforward to examine if |a;] "z > |b;] is true. If this condition is met, (6.21) will serve
as a valid cut that separates  from X. Through this methodology, one may potentially create as many
as m cuts (equivalent to the number of constraints), a significant amount. Furthermore, there exists a
wide variety of practical techniques for generating cuts, such as strong CG-cut, MIR-cut, lift-and-project
cut, and so on [169]. Each of these can give rise to a substantial quantity of cuts applicable to an MILP.
While this tutorial refrains from diving into the vast scope of papers on this subject, it may offer a typical
number of cuts as a guide for newcomers. Given an MILP of size A € Q599%1000 the number of all the
potential cut candidates might exceed 10%.

Selecting cuts. Given the large number of potential cuts, it is impractical to incorporate all potential
cutting plane candidates. The reason is two-fold: (1) the resulting LP relaxation might be significantly
enlarged and subsequently challenging to solve; (2) many cut candidates cannot significantly improve
the lower bound. The first reason is relatively straightforward, while the second one can be illustrated
by Figure 8, where Cut 1 is obviously undesirable as it cannot improve the lower bound. Therefore, it
becomes vital to select part of the cut candidates and then resolve the subsequent LP.

Cutting plane methods. The procedure detailed above can be executed iteratively. Specifically, we
first generate cuts, then select from among them, add the chosen cuts to X, and resolve the LP relaxation.
This sequence of actions is repeated continuously until either a satisfactory solution is discovered or the
designated budget is reached. This entire iterative approach is known as the cutting plane method or
separation method, which is summarized in Algorithm 3.

Algorithm 3 Cutting plane algorithm

Input: A feasible and bounded (sub-)MILP (e, X); Cut selection rule;

Output: An optimal solution to (e, X) or a tightened feasible set X';

1: Initialize X/ + X

2: while The time budget is not reached do

3:  Solve (e, Relax(X’)) to obtain its optimal solution &’;
if ' € X (i.e., all the integer constraints are satisfied) then

return z’ as the optimal solution;

end if
Generate a bag of cuts {(a, Bi)}?;lo such that a,L-Tz < B; for all ¢ € X, and a;g > Bi;
Select a subset of cuts from {(ai,ﬁi)}{';/o according to the cut selection rule; {The selected cuts form a new set
{(ei, Bi) ier -}

9:  Update X": X/ «+ X' N (Njer{z : o] & < B;});
10: end while
11: return X’

If this algorithm is directly applied to the original MILP (¢, Xymirp), and an ample computational
budget is allocated, integer programs with rational data can theoretically be solved within a finite
number of steps, provided that the cuts are appropriately selected (as demonstrated by Gomory [65,66]).
However, a pure cutting plane method usually requires an extremely large number of iterations to produce
the optimal solution in practice, making it far from efficient compared with the BnB method. Such a
situation remained unchanged until Balas et al. [11] showed that the cutting plane method is efficient
when combined with the BnB. State-of-the-art MIP solvers typically combine BnB and cutting planes
with one of the following approaches [3]:

e Cut and branch. We first apply Algorithm 3 on the original MILP (¢, Xypp) with a controlled budget
and obtain a tightened feasible set X'. Afterwards, the problem (¢, X’) is solved with BnB (Algorithm 2).
With the global lower bound already improved through the cutting planes, this cut-and-branch procedure
often concludes earlier than the standard BnB method, without the necessity of traversing the entire BnB
tree.
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e Branch and cut. The MILP is solved with BnB, while all BnB nodes might be tightened by the

cutting plane method. The cuts included at the root node (the original MILP) are considered global
cuts, whereas those integrated into a sub-MILP are viewed as local cuts. Local cuts, valid solely for the
sub-MILP and its subsequent child nodes, must be discarded when the exploration extends beyond that
specific subtree.
In this paper, we only consider cut-and-branch for the sake of simplicity. However, this narrowed scope
does not significantly deviate from the practices commonly employed in real-world applications. Modern
MILP solvers utilizing the branch-and-cut method typically allocate more computational resources for
cuts in the original MILP (or the root node) compared with those in a sub-MILP, due to the global
applicability of the cuts added at the root node.

6.3.2 Learning to select cuts

Similar to the rules for selecting branching variables and BnB nodes, the rule for cut selection can be
stated as: assign a score to every potential cut and choose the topmost 7% of them. Generally, the score
assigned to a cut is influenced not only by the cut (ay, 5;) itself, but also by the MILP data (¢, X). The
scoring function can be expressed as

Si,cut = C((C, X)a (aia 61)) (622)

Based on this equation, we want to discover a mapping C that assigns high ratings to effective cuts and
low ratings to ineffective ones. It is worth noting that the cut selection proportion v% is another critical
aspect that can be optimized using machine learning. However, in this context, we treat it as a manually
tunable hyperparameter for simplicity’s sake. Like the variable selection rule stated in Subsection 6.2.3,
the cut selection strategy can also be parameterized by neural networks and trained via both supervised
and reinforcement learning approaches.

Supervised learning. We present an exemplary application of supervised learning for the selection
of cuts, drawing inspiration from the principles of strong branching. In SB, rather than immediately
proceeding with a branch, the solver simulates branching on various candidates to assess their potential
effect on the objective function. Similarly, in cut selection, the most impactful cut, in terms of objective
improvement, is a good choice. By incorporating a cut of the form o < ; into the set X and evaluating
the modified LP relaxation, the resulting shift in the objective value provides a valuable measure of the
cut’s effectiveness. Specifically, this idea can be formulated as
Ai T T

Sicut ‘= ——, where A; = min c' x—c z and i, = argmax ;. (6.23)
Ai* x€Relax(X)N{z:a] < B}

Here, s;cut represents a score assigned to the i-th cut a/x < B, quantifying its effectiveness.

Such a “look-ahead” cut-scoring function maximizes the dual bound improvement greedily, but it is
computationally demanding as it requires solving multiple LPs — one for each proposed cut. Considering
that the number of potential cuts even might exceed the count of linear constraints in the original MILP,
the computational load due to LP evaluations is notably expensive. Still, there is potential to leverage
neural networks as fast approzimators of the scoring function delineated in (6.23). This mirrors the
strategy where neural networks have been utilized to imitate SB, as expounded in Subsection 6.2.3.

Parameterization. Here we present a GNN-based method to parameterize the scoring mapping, C,
that maps (¢, X), (a;, 8;) t0 8 cus. Drawing inspiration from Figure 6 in Subsection 6.2.3, we consider
each variable of the MILP as a node. Similarly, every constraint, including the additional constraints
{a]x < B}, is also treated as a node. For variable nodes, we define their feature vector as fi =
(¢, 5, uj, zj,gj). For constraint nodes, the associated feature vector is captured by g; = (o;,b;) for the
range 1 < ¢ < m and g; = (<, Bi—m) for the range m+1 < i < m+m’. Given the additional constraints,
we must expand the matrix A € Q™*"™ to Ay € Q(m“”')x”. The initial m rows of Ay are identical
to A. The succeeding m’ rows are defined by A; . cut = @;j—p for all m +1 < i < m+m/. With the
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concepts defined above, we can apply the message passing rule (6.10) for several rounds and obtain the
outeomes {F; gun ¥y and {gi g}
{ngnn};';fn"il to fit the cut scores in (6.23): specifically, MLP(g; gnn; 03) = Si—m cut- Summarizing, the
entire GNN model can be represented as

Finally, a dense neural network is employed individually on

CGNN(i, Geut; 9) = MLP(gH-m,gnn; 98) X Sicut 1<e< m'.

Here, Geut = (Acus, { f; }?:1, {gi m‘Lm,) serves as the GNN input while 8 = (61,62, 03, 0,,05) represents

i=1
all the parameters in the GNN, with 61, 62, 03, 0, being defined in (6.10).

Data collection and training. For each MILP instance in the training set, we collect G.,; and
calculate {si’cut};’il based on (6.23), each tuple (gcm{si,m};’;}) is treated as an individual sample.
Following this, we identify the top 7% of cuts based on their scores, integrate them into the MILP,
and thereby generate a tightened MILP instance. For this new instance, another sample is collected.
By iterating this procedure across multiple cycles, we accumulate a series of training samples. After
processing all the MILP instances in the training dataset and consolidating the gathered samples, our
compiled training data is denoted as: D¢yt. Utilizing this dataset, our aim is to optimize the GNN in
order to best predict the cut scores:

’
m

min Z Z Z(C(ly gcut; 0); 5i,cut)~

0 ;
(Geut s {51,001, ) EDeue =1
Within this context, the loss function, denoted as ¢, might be the mean squared error or perhaps
the cross-entropy as will be seen in (6.29). Other procedures, like model validation and the
tuning of hyperparameters, align with conventional machine learning methodologies. Please refer to
Subsection 6.2.3 for details. Upon successful training, the trained GNN serves as the surrogate for the
mapping C as presented in (6.22), equipping us with a GNN-driven strategy for cut selection.

Reinforcement learning. Here we present an alternate method utilizing reinforcement learning (RL)
for cut selection. We start by outlining the motivation behind the application of RL. While the cut
selector, derived from (6.23), might appear optimal for a single round of cutting planes, it is actually a
local optimization strategy. Such a greedy approach might not necessarily produce the globally optimal
cut selection strategy as defined by

max 3 1(C,(e,X)) i= /0 ™ far. (6.24)

Here M aggregates all conceivable (sub-)MILPs encountered during cutting plane methods, with f(t)
representing the lower bound at a specific time ¢, and T.,q marking the termination of Algorithm 3.
Termination can result from achieving optimality or due to budget control. To obtain an effective cut
selection rule in the sense of (6.24), one can adopt reinforcement learning. By presuming the selection of
the single best cut in every cycle, Algorithm 3 can naturally be formulated as an MDP:

e State: The previously defined G, describes the current state.

e Action: The cut to be selected. We use ¢ € {1,...,m’} to denote its index.

e Transition: Upon selecting a cut, it is added into the MILP, resulting in the tightened feasible set X’
as Line 9 in Algorithm 3.

e Reward: This is dictated by the dual bound, with higher values being more desirable.
With these definitions, methods such as Q-learning and policy gradient methods, as highlighted in
Subsection 6.2.3, can be conveniently adopted for enhancing cut selection. For example, when using
Q-learning, one can simply replace j with ¢ and the policy GNN(4, G; 0) with Cann (4, Geut; 0) in (6.15).
To adopt the policy gradient, one may treat Cann as a stochastic policy rule, where the output corresponds
to the likelihood of selecting a particular cut candidate. However, it is worth noting that the action space
for cut selection is much larger than that of variable selection so that its training is also much more
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challenging. To provide context: for an MILP instance described by A € Q5%9%1000 " the action space
for variable selection consists of all the fractional variables, typically of sizes 20 ~ 50. While in the cut
selection, the action space involves all the cut candidates, typically of size that may exceed 10* as we
mentioned before. Expanding the number of cuts in a given round further inflates this action space. For
example, the size of the action space will be (11004 ) if we select 10 cuts each time.

Bibliographical notes. The incorporation of machine learning into the cutting plane method emerged
relatively late compared with the evolution of learning to branch. Several factors contribute to this delay.
Firstly, unlike the straightforward criterion of strong branching for variable selection, cut selection lacks
a universally accepted standard. Secondly, as previously discussed, the action space for cut selection is
considerably larger. Nevertheless, with the development of deep reinforcement learning, there has been
a growing interest in learning for cut selection. The discussions on supervised learning in this subsection
are mainly inspired by [88,128], notable for their analogy to strong-branching imitation. In parallel, the
reinforcement learning aspects are informed by studies such as [154,163]. Other noteworthy contributions
to this field include [23,93,157]. For a comprehensive review on this topic, readers may refer to [51].

6.4 Primal heuristics

In addition to branch-and-bound and cutting plane methods, primal heuristics are also an important
technique in solving MILP. Although heuristics lack the optimality guarantees that BnB offers, they are
typically more computationally efficient and able to promptly reduce the primal bound. Modern solvers
usually first resort to heuristic methods before implementing BnB, treating BnB as a final solution. This
subsection will discuss primal heuristics and how machine learning can enhance them.

6.4.1 Introduction to heuristics

Any procedure aimed at swiftly creating a feasible solution T € Xyp without promising optimality is
termed a primal heuristic. The motivation behind primal heuristics is to rapidly reduce the primal bound
f =c"Z. If a desirable primal bound can be obtained in the early stage of BnB, it is plausible to prune
a substantial portion of nodes in the BnB tree. (Refer to Lines 6 and 14 in Algorithm 2 for pruning.)
The following are some typical primal heuristics:

Rounding methods. The aim of rounding methods is to construct a solution that satisfies the integer
constraint from a fractional solution, such as an optimal solution to the root LP relaxation z. If frac(x) #
(), some fractional values may be rounded to an integer value. A simple rounding method is as follows:

ngj, if ¢; > 0,
oy =4 [z;], if¢ <O, (6.25)

[z;], ifc; =0,

where [z] denotes the nearest integer to . This rounding method may generate a solution &’ that violates
the linear constraint Axob. However, if the generated solution x’ satisfies all the constraints, we consider
T

a feasible solution has been discovered and mark ' as Z and update f = ¢ ' Z.

Diving methods. Essentially, diving methods are incomplete BnB methods. In BnB branching, only
one child node may be generated instead of two, as prescribed in Algorithm 2. A common diving method
is the fractionality diving, running BnB with a branching strategy that selects the fractional element with
the smallest fractionality
js = argmin max{z; — [z, ], [z;] — z;}

jéEfrac(z)
and generates a single child node defined as the following rule until either infeasibility is reached or a
feasible solution x is obtained:

Xenia = XN {z : 25 = [z;]}. (6.26)
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This differs from the typical most fractionality rule that we might adopt in a complete BnB; a diving
heuristic does not aim to find the optimal solution and improve the dual bound, but instead seeks to
quickly identify a feasible solution by selecting the element with the smallest fractionality. Given that
such a method resembles diving into the BnB tree, it is aptly termed as a diving method.

Neighborhood search. Given an estimated solution &, one may explore integer solutions within the
neighborhood of . For example, a subset of the values in ® can be fixed to match &, forming a “sub-
MIP” with the remaining unfixed variables. The sub-MIP typically has fewer variables than the original
MILP and is hence likely to be solved in less time. Formally, an index set J is determined to create the
sub-MIP as follows:

min CTJZ s.t. © € XvLp, T = .’)ASj for 7 el (627)
x

If & is not feasible, a feasible solution in its neighborhood is sought; if it is already feasible, the goal is to
find a feasible solution better than . If this goal is achieved, the optimal solution to (6.27) is designated
as &, and f is accordingly updated.

Note that many heuristics do not guarantee the generation of a feasible solution within a given time
limit. One strategy may be to allocate a time budget for each heuristic and try different heuristics either
prior to or during the BnB process. If a feasible solution with a superior primal bound is discovered,
BnB will update the incumbent Z and the primal bound f. Refer to [22] for more practical heuristics.

6.4.2 Learning to predict a solution

Given that the primary aim of primal heuristics is to discover a feasible solution with as low a primal
bound as possible, it is always beneficial if we can train a neural network to predict the MILP solution.
Even though the predicted solution might not be fully accurate, it can be immediately employed in
rounding methods and neighborhood searches. Moreover, it can support diving methods by suggesting
the branching variable. Applications of a machine learning-based solution predictor in primal heuristics
will be discussed in the following subsection. This subsection will focus on how to train a solution
predictor. The training process adheres to the previously-mentioned pipeline: parameterization, data
collection, model training, and validation.

Assumptions. To streamline notation and highlight the principal concept, we presume all the integer
variables to be binary: [; = 0,u; = 1 for all j € I, and our solution predictor only predicts the values of
these binary variables. This assumption is applicable for Subsections 6.4.2, 6.4.3, and 6.4.4.

Parameterization. Here our goal is to build a parameterized mapping that maps (¢, XymiLp) to
the predicted solution &. The three parameterization approaches, (6.8), (6.9) and (6.11) detailed in
Subsection 6.2.3, are all applicable for solution prediction. We will now illustrate the structure of the
GNN for solution prediction, bearing in mind that the other two apporaches can be adapted similarly.
The solution predictor’s input is (¢, Xyurp), which can be represented as

Gg=(A, {fj}?:lv {g:}i21)

to suit the GNN, where f; = (¢;,l;,uj,2;) and g; = (0;,b;). We then apply (6.10) on G for multiple
rounds to obtain the outcomes { ijgnn}?:l and {g; gnn}j;. Finally, a binary classifier is applied on
{fj,enn}jer to predict a probability distribution of the binary variable values,

GNN(4,G; 0) := MLP(f; gnn; 07) = pj, (6.28)

where p; signifies the probability that £; = 1, and 1 — p; represents the probability that ; = 0. Given
the above GNN, to derive a predicted solution from the GNN outcome p;, one can either sample Z; from
the Bernoulli distribution with probability p; or decide the values directly by setting £; = 0 if p; < 0.5
and &; = 1 otherwise. The parameters of the GNN, denoted by 8, include 8 = (61, 05, 03,04,607), where
01, 02, 03, 0, are as defined in (6.10).
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Data collection. The process of data collection in this context is straightforward: collecting pairs
of MILPs and their corresponding solutions in the format (G,z*). Given a set of MILP instances for
training, one should execute BnB on each instance to obtain its optimal solution. By aggregating these
pairs, a dataset denoted as Dg,) can be established.

Model training and validation. This phase follows the standard end-to-end training procedure and
employs the binary cross-entropy loss function to determine the parameters in GNN:

mein Z Z -z} log(p;) — (1 —z})log(1 — pj). (6.29)

(G,xz*)€Dso1  JEI

This type of cross-entropy loss is typically employed in binary classification scenarios. To understand
cross-entropy, consider that a perfect fit implies p; = 1 for all j€l:2} =1 and p; = 0 for all
J € I: 27 = 0. The tuning of hyperparameters and model validation follows the same process outlined in
Subsection 6.2.3.

6.4.3 Incorporating solution predictors into heuristics

Having trained a GNN solution predictor as per (6.28), the question arises: How can it be effectively
utilized to assist with MILP solving? Using the predicted solution & directly as  might entail risks, given
that such a solution predicted by the GNN might be not just suboptimal, but also infeasible. Nonetheless,
incorporating this predicted solution with the three categories of heuristics previously introduced can yield
significant benefits. In this subsection, we outline some methods for merging neural network predictions
with primal heuristics.

Rounding. A straightforward method to incorporate the GNN in rounding is to directly use the
outcome of the GNN, pj, as the z; in (6.25). A safer alternative would be to set an acceptance threshold
for p;. Let us say the threshold is denoted as £ € (0, 1), only variables with a probability of being 0 or
1 that exceeds & are accepted: x; =1ifp; > ¢ and :r; =0if 1 —p; > &£ For all other cases, we use
(6.25) to create values of «’. Please note that neither of these rounding methods can guarantee feasibility.
However, due to their minimal computational cost, it is still worth attempting these methods. If a new
feasible solution is discovered, it will be highly beneficial; if not, the rounding results can be discarded.

Diving. The output of the GNN can potentially enhance a diving method. Given the GNN outputs
{pj}jer, one can simply use p; as the z; in the fractionality diving (6.26). This leads to the branching
rule for diving being defined as
Jx = argminmax(p;, 1 — p;).
J

The other aspects of diving remain unchanged and follow the fractionality diving approach. If the GNN’s
output is closer to the optimal solution of the MILP x*, such an ML-based diving method can potentially
yield a better solution compared with the conventional fractionality diving.

Neighborhood search. Based on the idea of “fixing some variables and solving the sub-MIP”
introduced in (6.27), an ML-enhanced neighborhood search approach can be formulated: variables
exceeding a certain acceptance threshold ¢ are fixed, with the remaining variables left unfixed, and
the resulting sub-MILP is then solved:

min ¢’z st.oaj=1forje{jcl:p;>¢}, x;=0forje{jel:p;<1—¢h (6.30)

zeXMILP
Let J(§) ={j€l:p; >&}U{j €l:p; <1—¢} represent the set of variables to be fixed. If J(€) is large,
the sub-MIP is easier to solve due to its smaller size but the possibility of causing infeasibility increases
due to the GNN-output not guaranteeing feasibility. If J(£) is small, the opposite scenario is expected.
By adjusting &, the size of J(£) can be controlled. However, to ensure feasibility when high-confidence
prediction errors are present, one might have to use a very small fixing set and cannot fully leverage the
results of the GNN. Figure 9 illustrates an example of this, a typical situation in practice. To address
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Figure 9 Determining the threshold in neighborhood search. In this example, we are working with 16 binary variables.
For simplicity, we have sorted these variables according to the confidence measure max(p;, 1 —p;), accepting and fixing only
those variables that exhibit sufficient confidence. With the methods in (6.30), we must set £ > 0.8 to maintain correctness,
consequently fixing only the first three variables. However, if we utilize (6.31) with 7 = 2, thereby allowing a maximum of
two elements to be incorrect, we can set £ = 0.65 and fix an additional five variables

this, the constraints in (6.30) may be relaxed, permitting a small error ratio within the set J(£):

min ¢’z s.t.( doooa-x)+ > :cj)gr (6.31)

zeXMILP . .
je{jclp;>¢€} je{jelp;<1-£}

In this equation, 7 represents the tolerance for errors in J(&). If 7 = 0, (6.31) becomes (6.30). If 7 =1,
the constraint in (6.31) allows for a single element in J(§) to differ from the GNN’s prediction. This
method, known as local branching [58] in the MILP community, offers considerably more flexibility than
(6.30).

6.4.4 Improvement heuristics

The methods described earlier aim to produce a feasible solution ® € Xyrp for an MILP from its
potentially infeasible estimate &. Additionally, some heuristics can improve an existing feasible solution
T, which are usually named improvement heuristics. For example, the technique of local branching, as
outlined previously, can be employed to discover an improved feasible solution &' from a given & through

T =—argminc' z  s.t. ( Z (1—=x;)+ Z xj> < T (6.32)
@EXmMiLp jeljelz; =1} je{jelz,; =0}

This constraint ensures that T and Z’ differ in at most 7 coordinates, effectively limiting the search

TZ, it indicates that Z is the optimal solution within this

to a “neighborhood” around . If ¢'&' = ¢
neighborhood. In this case, one may enlarge 7 to explore potentially better feasible solutions within a
larger neighborhood. Otherwise, if ¢'Z’ < ¢'Z, an improved solution has been found. In such cases,
the process repeats with &' as the new starting point, potentially leading to a sequence of increasingly
better solutions Z”,x"’,... This iterative process is subject to computational constraints, emphasizing
the heuristic nature of quickly finding feasible solutions without guarantees of optimality.

While local branching confines the search to a neighborhood, the actual scope of this neighborhood can
be vast due to the unknown specific coordinates where & and =’ differ. Totally there are (Z) variations,
where n is the number of variables. The complexity provides a chance for machine-learning approaches
to predict these specific coordinates, thereby simplifying the MILP by reducing the variable number to T,
with the remaining variables fixed. In other words, the goal of this approach is to imitate local branching
through ML models.

A straightforward implementation involves the following steps:

e Collecting data. Iteratively apply local branching to obtain a series of solutions Z',Z”,Z", ... until
a computational limit is reached or no further improvements are found. Compute difference vectors to
indicate changes between successive solutions:

y/ — |i _i/|7 yl/ — |EI _E//|, yl// — |i” _E/”|,
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Here | - | denotes the coordinate-wise absolute value, and [Z — Z'| € {0,1}" describes an indicator vector
that measures whether  and T’ are different. We want to train a neural network that maps (¢, XyiLp, T)
to y’, maps (¢, XpLp, ') to y”, and maps (e, Xyanp, ) to y””, etc. The data is collected in the form
of

G=(A{fi}j=i{gi}it0), £ = (¢l u4, 25, T5),

g = (A, {fj/'}?:lv{gi iz1)s f]/ = (Cj7lj7ujﬁzj?j/7‘)a

G" = (A7 {fgl'/}?:lv {gi}?;l)v -fj” = (Cj7lj7uj7zj7f;'/)ﬂ

Repeat the process for all MILPs in the training set and collect all the data together.

e Training. The GNN structure follows (6.28) and training follows (6.29).

e Inference. After training, the model is then capable of identifying which variables should remain
unfixed. Given a new MILP with a feasible solution, one can structure the MILP data into the previously-
mentioned format G and apply the ML model, which outcomes a y. For each variable j, y; might be a
continuous value, with higher values suggesting a greater likelihood that the corresponding variable x;
would change to achieve a better feasible solution Z’'. Consequently, by ranking the elements of y and
selecting the top 7 variables, denoted as J,, to remain unfixed, and fixing the values of the remaining
variables to their current values in . A sub-MILP is then formulated:

min ¢’z s.t. x; =7; for j &I,
zEXMILP

Solving this reduced MILP may lead to a better feasible solution. If no better solution is obtained,
one may enlarge the neighborhood size 7 and retry. Repeat the above process until the time budget is
reached.

This pipeline represents a basic approach, and achieving competitive results may require incorporating
advanced techniques from recent research [86,148,173]. We provide some references for other learning
heuristics in the next paragraph.

Bibliographical notes. The success of AlphaGo [142] showed the promising combination of machine
learning techniques and exact searching methods. Machine learning excels at swiftly delivering intuitive
high-level guidance. Conversely, search methods, like the Monte Carlo tree search utilized in AlphaGo,
offer a refined, precise solution grounded on the foresight provided by machine learning. This framework
closely mirrors the ML-enhanced heuristics described earlier: the ML model yields a rough solution, while
exact mathematical procedures refine and produce an MILP feasible solution based on ML predictions.
Within ML4CO (machine learning for combinatorial optimization), heuristic learning has become one of
the mainstream approaches. While the ML-guided rounding explored in this subsection is straightforward,
the inspirations for ML-assisted diving and neighborhood search in this paper are drawn from the works
of [141] and [52,85] respectively. The following references are highlighted for other aspects on this subject:
[45,56,80,84,86,87,107,111,123,127,146,148,173].

6.5 Configurations

Modern MILP solvers integrate the aforementioned BnB, cutting plane, and heuristics, along with
other techniques not detailed in this note, like presolving. These solvers provide a collection of
hyperparameters to allow users flexibility in controlling specific components. Here, we highlight some of
these hyperparameters:

e (LP) Which algorithm should be employed for the LP relaxation: simplex or the interior-point
method?

e (Cut) The budget for the cutting plane method and the order of trying different kinds of cuts.

e (Heuristics) The budget for heuristics and the order of trying different heuristic approaches.

e (BnB) The chosen branching and searching strategies. It is worth noting that numerous manually-
designed strategies are not covered in this note.
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Let us represent the k-th hyperparameter as hy. By consolidating all the hyperparameters into a vector
h = (hy,...,hk), we define a configuration. The performance of an MILP solver greatly depends on this
configuration. Typically, an MILP solver offers a default configuration hgefauit- Developers derive this
configuration from diverse and general-purpose datasets to ensure its reliability. For datasets catering to
specific MILP instances, hgefauis might be conservative and not the optimal choice. To obtain the optimal
configuration for a specific MILP set M, one would need to solve:

min > M((e, Xuwe), b), (6.33)
(c,XMmiLp)EM

where M measures the solver’s performance on a specific MILP instance (¢, XyqLp) under a given
configuration h. This performance can be assessed based on time consumption, the BnB tree size,
among other metrics. While in this note we only consider the sum over all MILP instances in M, other
possible methods include the maximum (for robust hyperparameter optimization), the geometric mean,
etc. Compared with the learning methods discussed in Subsections 6.2, 6.3, and 6.4, the hyperparameter
optimization approach treats the MILP solver as a black box, without diving into specific components
like heuristics, cuts, and branching. This methodology is also referred to as black-box optimization or
algorithm configuration.

Hyperparameter tuning. Solving (6.33) is usually challenging due to several factors: the non-
differentiability of M, its non-convex nature, and the fact that some hyperparameters are categorical
rather than continuous. Yet, while pinpointing the global optimum of (6.33) can be challenging, finding
reasonably good sub-optimal hyperparameters is tractable, with ample research available in the field.
Strategies like random search [20], grid search, Bayesian optimization techniques [144], and meta-heuristic
methods [64] have been explored. For a comprehensive overview, see [177]. For hyperparameter tuning
in the context of MILP challenges, refer to [14,81,89,90,187]. This paper will not delve into specifics of
any single hyperparameter optimization technique. Instead, we will treat problems in the form of (6.33)
as solvable modules and focus on leveraging machine learning techniques to enhance configuration.

Adaptive configuration. Assigning a uniform configuration to all instances in M as per (6.33) lacks
flexibility and typically does not yield the optimal outcome. For example, let us imagine M consists of
two distinct MILP types. For one type, allocating a substantial computational budget to heuristics might
drastically shrink the primal bound and BnB tree size. However, for the other MILP variety, heuristics
might prove ineffective, warranting a minimal allocation. Using a strategy like (6.33) would struggle to
produce a universally efficient configuration for these diverse MILP types. Rather than settling for a one-
size-fits-all solution, adaptive configuration offers a more dynamic alternative: configuring each instance
uniquely based on its needs. One direct method to achieve this is to tune the hyperparameters for each
specific MILP (¢, Xpmirp) to pinpoint its optimal configuration h.. Subsequently, a neural network can
be trained to map each (¢, XyiLp) to its respective h, within all instances in M. However, this method
might be too ambitious and rarely adopted in practice. A more practical strategy is partitioning the
instances in M into several clusters, designating a unique configuration for each cluster, and then training
a classification model based on these clusters. Once set up, when we meet a new MILP instance beyond
M, we can invoke the classifier and assign a configuration to this MILP based on its classification result.
Here, we delve deeper into this workflow.

Clustering. The purpose of clustering is to divide the entire set M into several subsets, represented
by M = ﬂcczl M., with each subset referred to as a cluster. The goal is to make the instances within each
cluster similar enough that a universally effective configuration can be applied to them. The criteria for
clustering can be quite diverse and may include:

e (Data source) In real-world scenarios, M might be gathered from various origins, such as different
teams across various businesses. Even though all these problems can be formulated as MILPs, treating
instances from distinct sources separately can be more effective.
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e (Domain knowledge) Utilizing background information about the MILPs in M can facilitate
clustering. Take the vehicle routing problem as an example; MILPs derived from weekday data and
weekend data might be clustered and configured separately, based on such insights.

e (Trial and error) A more generic clustering approach is trial-and-error. Imagine a scenario where

only one binary hyperparameter & is considered: the LP relaxation algorithm. The value of h represents
which method to use, with 0 for the simplex method and 1 for the interior-point method. By testing
both options across all instances in M, it is possible to divide M into two clusters: My, where the
simplex method outperforms the interior-point method, and M, encompassing all remaining instances.
For cases involving multiple hyperparameters, this standard trial-and-error approach might be expensive,
and practitioners may choose to eliminate certain undesirable configurations based on experience.
For each identified cluster M., hyperparameter tuning akin to (6.33) can be employed to derive the
optimal configuration h. tied to that cluster. Every MILP instance is tagged with a label to signify its
cluster affiliation. If an MILP is part of M, the corresponding label is p, € RY, with the c-th component
set to 1 and the rest marked as 0.

Training. With the defined clusters, our next step is to establish a mapping from a given MILP
instance, represented as (¢, XyLp), to its corresponding cluster indicator, p.. To accomplish this, one
can utilize a parameterized model like Approach 2 (Graph-augmented neural networks) or Approach 3
(GNNs) as detailed in Subsection 6.2.3. Here, for demonstration, we use Approach 3. By employing the
method outlined in Subsection 6.2.3, data in the form of (¢, Xyprp) can be converted into GNN-friendly
inputs denoted as G = (A, {f; J=1> {g:}™,). Following this, we apply the message passing mechanism
(6.10) to G. The results are labeled as {f;jgun}7—; and {gjgun}7>,. By aggregating these results, we
derive two feature vectors, » j fj.enn and ZZ gj,enn, that characterize the nature of the MILP instance
(e, XpiLp). An MLP is then applied to these vectors. The neural network’s output is formatted as a C-
dimensional vector, depicting the likelihood of the MILP instance’s association with a particular cluster.

This complete model can be represented as

m

n
HGNN(Q; 0) := MLP ( Z .fj,gnn, Zgj,gnn; 09) = (plap2a v 7pC) S RC'
=1 i=1

In this context, p. indicates the probability of the MILP aligning with cluster M., and 8 =
(61,02,03,04,0y) embodies all the GNN’s parameters, with the definitions of 81, 03, 05, 6, presented
in (6.10). To effectively train this GNN, we collect data represented as pairs (G, p.), compiling them into
Deonfig- Then we fit the GNN’s output with p.. Formally, this is described as

min Z (p., Hann(G; 9)),

]
(g7p* ) eDcunfig

where {(p,q) = ZcC:l pelog(g.) is taken as the cross entropy, a generalized form of the binary cross
entropy defined in (6.29).

Inference. Once the GNN has been trained, it can be utilized to categorize a specific MILP, even if
it is outside the training set M. Assuming the output from the GNN is p, and the classification aligns the
MILP to cluster ¢, (where ¢, = argmax, p.), we can then apply the configuration h., to the presented
MILP based on this classification.

Bibliographical notes. The concept of instance-adaptive or instance-aware algorithm configuration
is far from new, with initial implementations tracing back to works such as [95,175], to the best of our
knowledge. This direction has gained arising interest in recent years [9,28,83]. The methodology and
pipeline presented within this paper draw inspirations from two state-of-the-art MIP configuration works
[147,159]. For a comprehensive review, please refer to [112].
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6.6 Numerical results

In this subsection, we present numerical results of learning to branch, learning to select cuts, learning
heuristics, and learning configurations on a common type of MILP problem, namely Set Covering. This
classic problem in combinatorial optimization aims to find the minimum number of subsets needed to
cover a given set of elements. Formally, let U = {1,2,...,m} denote a set of m elements, and let
S ={51,52,...,5,} be a collection of n subsets of U. The objective is to select the smallest number of
these subsets such that every element in U is included in at least one of the selected subsets. This can
be formulated as the following MILP problem:

n
min r; s.t. ri>1, VieU
26{0,1}" Z_; J Z ] = )
j= Ji€S;

where x; is a binary decision variable that equals 1 if subset S; is selected and 0 otherwise. The objective
function minimizes the total number of subsets selected, while the constraints ensure that every element
in the universe U is covered by at least one of the chosen subsets.

In our experiments, we randomly generate Set Covering instances with a Python software package
named Ecole [130]. The generation scheme follows the convention in [12], which has been recognized
and followed by recent work such as [60]. Set Covering instances for training, validation and testing are
generated independently.

Our experiment serves as a numerical showcase on a common ground of the effectiveness that can be
expected out of different L20 methodologies for mixed-integer optimization. We select works to report
based on consideration of both representativeness and reproducibility.

Environments. The experiments were conducted on a high-performance workstation equipped with
an Intel(R) Xeon(R) Platinum 8163 CPU and 8 NVIDIA Tesla V100 GPUs, utilizing SCIP 8.0.1 [26] as
the baseline MILP solver and PyTorch 1.8.1 for neural network training. Additionally, Ecole 0.8.1 was
deployed to generate problem instances and to facilitate the extraction of bipartite graph representations
from MILP instances. This setup also included the use of Ecole’s provided demonstrations for learning
branching strategies and solver configurations.

ML-based branching, cut selection, and configuration. We reproduced numerical results of three
existing methods, one for each direction. We implemented [60] as a representative for ML-based branching
methods, [163] for ML-based cut selection and [159] for ML-based solver configuration. [60,159] are based
on graph neural networks (GNNs) that take bipartite representations of MILP instances as inputs. [163]
exploits reinforcement learning to learn a cut selection policy. Note that here we reduce the configuration
space of [159] to only 16 possible candidates to make the label generation time manageable.®)

All three methods are trained and evaluated on a common dataset of Set Covering problems released
by the authors of [163].7) The dataset contains a training partition of 10,000 instances of Set Covering
problem, a validation partition of 2,000 instances and a testing partition of 100 instances. During training,
we follow the exact hyperparameter settings (e.g., learning rate) used in the original implementation.

Results of the average solving times and primal-dual integrals are reported in Table 2, which clearly
show that all three ML-based methods outperform SCIP 8.0.1 with default configuration by significant
margins in both metrics. Moreover:

e While the ML-based branching method [60] achieves the best performance, it requires an expensive
process of collecting high-quality branching examples to facilitate supervised learning to imitate the full
strong branching policy. This characteristic limits its scalability to larger problems as the complexity of
example collection becomes prohibitive.

e The ML-based configuration method [159] runs a similar process to collect training labels for each
instance-configuration pairs (primal-dual integrals within a fixed time limit in its case). The time cost

6) We set heuristics and separating parameters among [‘DEFAULT’, ‘AGGRESSIVE’, ‘FAST’, ‘OFF’], resulting in a
configuration space of 4 X 4 = 16 elements. Other solver settings are set to default.
7) Please refer to https://github.com/MIRALab-USTC/L20-HEM-Torch.
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Table 2 Results of ML-based branching, cut selection and configuration on Set Covering problems with 500 constraints
and 1,000 variables. Numbers reported here are the average on 100 testing instances

Time (seconds) Primal Dual Integral
Method
Value Improvement Value  Improvement
SCIP default [26] 11.82 - 103.13 -
ML-based branching [60] 2.03 +82.83% 24.76 +75.99%
ML-based configuration [159]  4.24 +64.13% 44.18 +57.16%
ML-based cut selection [163] 3.12 +73.60% 59.66 +42.15%

grows linearly with respect to the size of configuration space and exponentially with respect to the number
of solver parameters considered. Therefore, it is essential to exclude non-promising configurations early,
which is one of main contributions of [159].

e In contrast, the RL-based cut selection method [163] is free of such data collection process and thus
is more scalable to larger-scale mixed-integer programming problems.

Learning heuristics. For the heuristic learning component, we incorporated methodologies from the
research presented in [86], available at https://github.com/facebookresearch/CL-LNS.git. This approach
is grounded in the strategies discussed in Subsection 6.4.4, but it further integrates sophisticated ML
models such as graph attention networks (GAT) along with an enhanced training protocol known as
contrastive learning. In this experiment, we leveraged Ecole to create two distinct sets of problem
instances: one set involving smaller problems with dimensions n = 1,000 and m = 500, and another set
consisting of larger problems with dimensions n = 4,000 and m = 5,000. Each set involved 1,000 MILP
instances for training and validation, alongside additional 100 instances for testing.

In contrast to the evaluation metrics applied to ML-based branching, cut selection, and configuration
where the emphasis is on the duration taken to achieve a certain primal-dual gapour heuristic performance
assessment employs a different criterion. We evaluate the effectiveness of heuristics based on the quality
of the best solutions they can gemerate within a specified time limit. This alternative metric is commonly
used in relevant literature.®) Specifically, we employ the following two metrics to measure the heuristics’s
performance:

e The first metric is a curve that tracks the best achievable objective value over time, ¢'Z(t), with
Z(t) representing the optimal feasible solution at time ¢. This value is computed as an average across all
100 test instances.

e The second metric assesses the comparative performance at a specific time ¢ across the test instances,

detailing the number of instances where the ML-based heuristics outperform, the instances where SCIP’s
provided heuristics win, and the instances where both approaches result in a tie.
While the first metric provides a broad overview of average performance, the second offers a deeper
analysis, examining outcomes in an instance-by-instance manner. In our analysis, we benchmark our
findings against the heuristics provided by SCIP. It is important to note that SCIP employs various
manually crafted heuristic strategies rather than relying on a single method. However, using SCIP’s
default configuration is unfair here. This is because SCIP’s default mode is not solely focused on primal
heuristics; it also dedicates significant computational effort to branching and cutting processes. Therefore,
we use the aggressive heuristic mode in SCIP, encouraging SCIP to allocate more resources towards
heuristic processes and minimizing the focus on other computations.

The results using the first evaluation metric can be seen in Figures 10 and 11, while those corresponding
to the second metric are detailed in Table 3. It is worth mentioning that our implementation involved
a scaled-down version of the GAT network and a reduced batch size during training, diverging from the

8) The rationale behind this metric lies in the nature of heuristics as somewhat independent components within an
MILP solver. Evaluating heuristics based on the optimal objective achievable within a fixed time frame aligns with their
fundamental purpose: to quickly generate feasible solutions with potentially lower objective values. Conversely, branching
strategies, cut selection, and solver configuration are deeply tied with specific solvers, making it impractical to isolate and
evaluate these modules as standalone entities. Consequently, their performance is inherently linked to the overall execution
time of the solver where they are integrated.
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Table 3 Comparative victory count across test instances for various heuristic approaches

Performance on small-scale set-covering problems (size: 500 x 1000)

Running time (secs) 1 2 4 6 8 12
Learned-Heuristic wins 98 72 24 5 4 4
SCIP-Heuristics win 0 17 36 38 33 28
Tied 2 11 40 57 63 68

Performance on large-scale set-covering problems (size: 5000 x 4000)
Running time (secs) 100 | 200 | 400 | 800 | 1600 3200

Learned-Heuristic wins 99 93 88 79 67 50
SCIP-Heuristics win 0 3 5 8 17 26
Tied 1 4 7 13 16 24

configurations recommended in [86], due to the memory limit of our hardware.”) The numerical results
clearly show that: Initially, the ML-based heuristic demonstrates an overwhelming advantage; however, as
the computation progresses, this advantage diminishes and might even fall behind the heuristics provided
by SCIP. This phenomenon can be attributed to the intuitive nature of machine learning models in
contrast to the precision of mathematical algorithms employed by SCIP. Consequently, leveraging ML
techniques to swiftly derive a feasible solution is promising, particularly in outperforming SCIP in terms
of quickly finding superior feasible solutions within a limited timeframe.

6.7 Summaries

The above-introduced techniques may leave readers questioning how these methods are integrated within
an MILP solver, and what connections exist between the ML-based approaches and the MILP solver
itself. Figure 12 offers an illustrative answer. Here, we highlight the motivations of the aforementioned
ML-based modules:

e (Learning to branch) Branching rules have a significant impact on the size of the BnB tree. While
the SB rule is effective in controlling the BnB tree, it can be computationally expensive. Training a
neural network to quickly approximate SB has proven effective, and recent research suggests that novel
branching rules beyond SB can be discovered.

e (Learning to search) Quick discovery of BnB nodes containing the optimal solution may lead to
better feasible solutions and a substantial reduction in the primal bound. Neural networks can be trained
to predict whether a BnB node contains the optimal solution, thereby guiding the order in which nodes
are processed.

9) Specifically, we set the embedding size in GAT as 32 rather than 64, and set the batch size as 8 rather than 32.
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Figure 12 A recipe of machine learning in solving MILP. Here each ML module interacts with a certain component in
the MILP solver: obtaining the training data from the solver and returning actions to guide the solver. Note that this is a
simplified diagram. In modern MILP solvers, some heuristics might be employed before the root LP relaxation or following
the cutting plane stage, and specific cuts might be considered before heuristics or during the BnB phase

e (Learning to select cuts) Properly adding cuts to the LP relaxation can greatly enhance the dual
bound. However, indiscriminately adding all possible cuts can lead to computational challenges. Neural
networks can be used to predict the impact of potential cuts on the dual-bound, guiding the selection of
priority cut candidates.

e (Learning heuristics) Before initiating BnB, swiftly finding a feasible solution with a low objective
value can reduce both the primal bound and the overall BnB tree. Neural networks can help predict the
solution values for MILPs. While the predicted solutions might be infeasible, they can still serve as a
foundation for constructing feasible solutions.

e (Learning to config) Since MILP instances may not all require the same optimal configuration,
clustering them into distinct categories allows for specialized hyperparameter tuning. Neural networks
can predict the category an MILP instance fits into, facilitating the assignment of adaptive configurations.
While this overview may inspire the start of hands-on projects, questions about the selection of the right
techniques or theoretical foundations might still arise. Others may wish to delve into the open challenges
in this field. In the following, we will provide insights into these aspects.

Practical questions. This paragraph aims to guide the reader on how to choose the appropriate
method from the many techniques detailed previously. Below are specific questions and answers to assist
in this decision-making process:

e Which solver component should be improved using machine learning? The answer depends
on the specific MILP instances. We recommend employing a “ground truth observation” strategy. For
example, when considering heuristics, to identify if the MILPs of interest are suitable for learning
heuristics, one might first solve an MILP instance to retrieve its optimal solution. If we hypothetically
had this optimal solution (ground truth) prior to running the solver, it can be used as the predicted
solution @ in the heuristics detailed in Subsection 6.4.3. The aim is to see if this optimal-solution-driven
heuristic can reduce the solving time. Here are potential outcomes:

— If the solving time is not notably shortened using these heuristics, it indicates learning heuristics
for this instance is useless because a learned model cannot surpass the performance of the optimal solution.

— On the other hand, if there is a noticeable benefit, it demonstrates the possibility of learning
heuristics, assuming the neural network can predict the solution accurately.
This same approach can be applied to other modules. To check the viability of learning to config, one
can tune hyperparameters for each MILP instance separately and observe the effect of this optimal
configuration (the ground truth). In learning to branch, one can use SB score as the ground truth; in
learning to search, one can use (6.18); in learning to select cuts, one can use (6.23). Using this ground
truth observation method allows for quick decisions on which components should be boosted using ML.
If the ground truth does not significantly improve the solver, pursuing that approach must be useless.
Otherwise, it merits consideration.

e What sequence should one follow when trying different ML modules? We suggest the
following sequence: start with learning to configure, then move to learning heuristics, followed by learning
to select cuts, and finally, delve into learning to branch and search in BnB. The reason for prioritizing
configuration is its minimal need for interaction with the solver and its relative independence. If a simpler
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method is already efficient, it negates the need for more complicated ones. The sequence of other modules
is then determined by their dependency on solvers and frequency of interaction.

e Among the three parameterization methods in Subsection 6.2.3, which should one opt
for? We recommend the following sequence: Approach 1, followed by Approach 2, and lastly, Approach 3.
The reasoning aligns with previous points: starting with the simplest to implement and progressing to
the most complex.

e Should one utilize supervised learning or reinforcement learning? Supervised learning is
suggested to begin with, owing to its straightforward training process. Moreover, recent studies [132,142]
indicate that expert strategies in supervised learning can initialize the policies in reinforcement learning.
Reinforcement learning becomes an option when: (1) Supervised learning has been executed, but there
is a quest for an even superior model. (2) Determining the supervised learning ground truth becomes
intractable, necessitating reinforcement learning. For example, if certain MILP instances have more than
10° variables, then acquiring full strong branching at a single BnB node can demand thousands of LP
evaluations. Clearly, it is impractical to employ full strong branching to determine the supervised learning
ground truth.

Theoretical questions. In this paragraph, we introduce theoretical aspects concerning the application
of ML to MILP, while highlighting recent literature contributions. Common theoretical concerns in
general machine learning contexts include the expressive capacity of specific ML models (e.g., GNNs),
the methodology behind training ML models and its theoretical convergence assurance, and how trained
models generalize to instances absent from the training dataset. Let us discuss these within the context
of MILP tasks.

e Expressivity. The expressive power measures the ability of given ML models to fit certain mappings.
For example, within the framework of learning heuristics (refer to Subsections 6.4.2 and 6.4.3), the GNN’s
expressiveness can be quantified using the metric:

L£(0,Dge1) :=  sup Z |zj — |p;ll, where p; = GNN(j,G;0). (6.34)
(G,z")€Dsal ey

Here, GNN refers to the GNN detailed in (6.28), and |-] indicates nearest neighbor rounding. If
infg £(0,Dso1) = 0, it implies that this class of GNNs has strong expressive power. For any € > 0, a
corresponding @ exists such that the GNN’s predicted solution is proximate to the optimal one, within a
distance of €. Otherwise, employing GNNs to approximate MILP solutions inherently introduces errors.
In such cases, GNN may not be universally adept as a solution approximator for every instance in
Dgo1. Existing research, such as [42-44], has made strides in understanding the expressiveness of GNNs
concerning MILPs. A key takeaway is that while standard GNNs are universally solution approximators
for all LPs, they falter for all MILPs. Instances of MILP with pronounced symmetry may exhibit inherent
representational inaccuracies, prompting practitioners to break this symmetry using methods like random
features.

e Training. Possessing robust expressiveness merely confirms the existence of a @ that minimizes error.
This arises a question: Are there methods to calculate such a @ within a time limit? While algorithms,
such as Adam [101], can address (6.34) and often yield a satisfactory @ in practice, the theoretical
foundation to ensure the derivation of a @ so that £(0,Dg,) < ¢ within a complexity limit remains
elusive.

e Generalization. Even if one successfully identifies 6, = argming £(0,Dg.), there still exists a
significant question: Is 6, applicable to an independent dataset Dg ;7 Unfortunately, to the best of
our knowledge, such theoretical results still lack, although the generalization ability of ML models is

numerically tested in almost all papers focusing on machine learning for MILP.

Although we define the above concepts in the context of learning heuristics, they can be naturally extended
to other ML modules presented in this paper.



Chen X H et al. Sci China Math  June 2024 Vol. 67 No.6 1255
7 Conclusions

This tutorial has provided an in-depth exploration of L20, a promising frontier that integrates the
strengths of machine learning with traditional optimization techniques. By examining numerous
optimization cases, we have demonstrated that L20 has the potential to reshape the way optimization
problems are approached and solved dramatically. ~Whether it is about accelerating established
algorithms, directly producing solutions, or even reconfiguring the optimization problem itself, L20 offers
a range of methodologies to cater to various application scenarios. While L20 thrives in environments
with ample past experience, its application must be carefully selected, keeping in mind the nature of the
optimization problems and the availability of representative data. Although most approaches introduced
in this paper remain at a research stage and are not yet ready to be used in commercial solvers, we
firmly believe that the incorporation between machine learning and optimization has just begun and will
continue to evolve.
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