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Abstract At present, the research of partial linear additive spatial lag models is
almost based on the estimation of mean regression. However, mean regression studies
the influence of covariates on the mean position of response variables in conditional
distribution, which can’t reflect the relationship between them in the tail of condi-
tional distribution, which is easy to cause the omission of information. In order to
overcome this defect, this paper constructs a partial linear additive spatial lag quantile
regression model (PLASLQRM). On the basis of fitting nonparametric functions with
free-knot splines, Bayesian estimation is carried out with the help of reversible jump
Markov chain Monte Carlo algorithm, and a Bayesian quantile regression method
(BFQ) based on free-knot splines is formed. In order to test the effectiveness of BFQ
method, this method is simulated and compared with Bayesian quantile regression
method based on P-splines (BPQ), Bayesian mean regression method based on free-
knot splines (BFM) and generalized moment method (GMM). The results show that
compared with the other three methods, BFQ method is less vulnerable to extreme
values and has more stable performance. Furthermore, when the error distribution is
characterized by sharp peak, thick tail and skew, this method has more advantages
in the estimation of parametric part and the fitting of nonparametric part. Finally,
the provincial carbon emission is selected as the empirical research object, and the
influence of various factors on its linearity and nonlinearity is analyzed by using BFQ
method, which further verifies the ability of this method to estimate parametric and
nonparametric functions in practical problem.

Keywords partially linear additive spatial lag model; quantile regression; Bayesian
estimation; free-knot splines
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A TH%E (Kelejian and Prucha, 1999; Lee and Liu, 2010) 1/ L&IGALIRAETHE (Jin and
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A FRRENE LS PR LRI % 8, S BRI IR 2 3% (Krisztin, 2018) 51 NF| 7 [H] i &L 5%
MEZR T, Horh ) 30 2R PR AT B s () JE AR R (PLASLM) RN T & Ff 2 S 50 Y rb 55 g i
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p
yz:Przwzzyﬂrx;rar+ng(z”)+€z, 7,:1,,N (1)
1#i =1

Pr(e; < 0|z, 2z) = T,
Hrp y, FoRWNAE Y P« DWIE, Y = (yi,v2, - ,un) |, 2 = (@i, Tiay -+, Tig) |
KRR X H i A g EWMHE, XT = (21,20, ,2n5) ", 20 = (21, Zi2s+  Zip) |
KonthABwE Z ME @ > p EWNHE, 27 = (21,20, ,28) ", pr A2 RBEZE[E HAHXK
BEMSH, wy Rx N x N g EBEFRLE W R 175 1 Floxs, B W hpxt
METEBIAE, ar = (01,0, ,arg) " ARERIZEAE, 7 € (0,1) RARTALA.
G- (-) RARFI— A HOCIE A, NHIRAESEOGHE KB R A TR, 305 2R L 2
SN ni(z) =0, G =1,2,-- ,p, BEHLRZEFIR € = (e1,60, - ,en) T, & NHOLT (24, 2)
PIBENL IR 2, HAELRE (24, 20) M FH 7 2 AECRE. MR Yu and Moyeed (2001) FIHIE,
BOE R P BENLIRZE e IRAMIERTFRb R 704 (ALD), kN e; € ALD(0, 0, 7), JEi AR

T(1—7) - (&
JEil0,0,7) = T—exp (<50 (2))

Hrp o A EZSH, o ARESH, 7 WRESE, p-(p) = p(r — I(p < 0)) BRI R
(loss function), I(-) AfE7~eAE. ALD &&FF UL 4047 (1 — S OB it 3 mT LR ORI
BAATRHIEES AR A TE R (Kozumi and Kobayashi, 2011), Bl &; = k& + £/ keo&; - n, Fo
g 5o, FEMOL, ¢ € exp(L), i€ N(0,1), by = s, k= iy MEER N, A
Ja BN MG EBHL p, o FDGHEEREL g, () BT FE 7.

B (1) SHERMAASEOCHERE g;(), j =1,2,- -, p, BIRTIEEHN B HEAT il
T EF AT, AR B FEASE RBORIEIT g; (), BHFRK B BRI 24l
H AT 5 8 1T

HRENMRALE G = (G Gos 5 Gr) Ty a5 = Go < G <o < Gy, < Gy = by M
ki MR aj, by AT, BT a; = mini<i<n(2i5), bj = maxi<i<n(2i;), EHURECH m;
1) B REEIEREL Byu(), = 1,2, | K, FORHERE g;(-) Fmmar FA A 476t

K;
9i(z;) =Y Biul2:;)8; = B (21)B;,
=1

;H\:EP BZ(Z”) = (le(Zij),ng(Zij), te 7BjKj (Zij))T %%Hﬂ%zﬁ’fﬁgﬁﬁﬁgﬁﬁé%%ﬁ%, *f‘%
BN K = 1+ my + Ky, B; = (Bjr, Bias -+, Bix,) T B R B R, 8IEN g;(-)
OFE ORI, AR (1) Fiboh “2etEr BERL (2):
vi=pY wiy+z o+ B (z)B+e, i=1-- N, (2)
1
H Bi(2:) = (B (1), Bf (zi2), - . B (zip)) T, B= (B{ . B3 -+, By )T BIFRUEHCN K x1
M, K =30 K. U@ 8B (2) MAREREE A

Y =pWY +X"a+B"(2)3+e,
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Hp BT(Z2) RoRgEHCN N x K WAERE, 25 i 1778 B (z). FE, id 1y = (1,1,---,1)7
AN x 1 %18, B = (Bi(z1;), Ba(225), -+ » Bn(zn;)) T N N x K; #E5ERE, MR35 6H 5
KRESOEIT T R, BRI TR S 95(2) = Som, SO Bulz)B; = 0 %4 F
14B;B; =0, it Q; = 13, B;, B, B HAIMLREAMEN T Q;8,=0,5=1,2,---,p

2.2 DIMERfEIT 73 0%

DU 7 R AT Al T R R A R AU S R 58 0 A (I 78, AR I 7V e B
RO, —J7H, N T gy (1) ffhih e @, A58 T Metropolis-Hastings 5% (M-H)
AL (Gibbs) AHEE AN ﬂfﬁﬁ/\uiﬂllﬁlEﬁ/iiﬁ%ﬂ%i?“*ﬁEl’]):%ﬁﬁﬁpkb‘@ﬂtﬁ
SKREEA B 5 T S5t 53— D7 T, A A 5L ek BOE 1T 6N o B, Gl R B0E T R A
HOANALE, XA 320 1 E it B ek B A T L IR A5 B0 005, ARHIE TR 1 A S B
TERNFHEZHL, RA D /R REESRFR S (RIMCMC) SL 7R 45T A8 [ 25 18] Py 5 45 2
(AR BB AT KA, A U e 5 AN BRI B o J ) g, S T AR R <
RIMCMC 5% (Green, 1995) 2 #0533 F T — OR8] 1) M-H 509%, 585 M-H R0k
i L8] 5 ZHAERE R (B AR, R DAEAN R 4EFE I 28007 2 R W B BR R A, A58 RIMCMC
FVEIXFRERE, AME%E Chen and Wang (2018) )52 15 0% FILE RS Bl AN BE s — A
R B AL G OE AT BSOS B RRARE A (BIRAS R EBE BTA  AUALE, AN A8
VEAERRE S R BN R AT 8] B & R, R T R R PR, R T ANE s AT .
U, WP (1) T E Y AU ST DU e il v B — s (R SR

FEX RS HEAT Bl TH A0, 5 Se M 8y i) DL 2 HrHE 28

i Alp) = In — pW, Y = A(p)Y = (J1, %2, ,Gn) ", IFH ALD KR & THRACAAAY
(2), MIELAL (2) W5 e

gi:x;ra+B:(zi)ﬁ+%1§i+ Eza&'m,i:l,---,N (3)

B (3) HIUR R HON:

N N @ -
L(?\P,H,U, &) = (H(Zﬂl@af ) exp ( Z -z —25;0(;@)5 — k1§i)2> |
20&;

=1

/\E'j € (617627 7€N)T 0= (aTaﬁT)Ta n= (771,7727 T 777N)T' EE{ Y = A(p)il?’ Dl]”‘ﬁ
T (2) HIAASR R AT R

N

L(Y|p,6,0‘, f) _ |A(p)| (H(27TE20_&)—1/2> exp (Z (( (P)Y> —Z; QO;C—OfZ (Zl)ﬁ — klgz)

R AR (2) AR o8 Hor R R R 20N

L(Y |p,8,0,€) = |A(p)|(2mkz0) ™ * |diag(€)| "% exp { - 2~1 (A(P)Y = $(X, 2)8 = k1&) " x

20

(ding(€))~ (A(p)Y — 6(X, 2)9 ?51@}, ()

)
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Hrp ¢(X’ Z) = (XTaBT<Z>>a diag(ﬁ) = diag(§1,§2, s ,§N)~

1. Jele e

AT T — 25 0 WU 1, B R SR BEE % S HUR S 11

1) ZE[AAH K R B p MBI, BHE p IS UL, AZL), Amm,Xmax 535
FATAREA S IR AERE W IRIROR . BN, JT I, p HIZER 435 7 (p) o

2) BHARE o W5EIA. BE o AN 0, T 2RI paol, E’J%’JT:E%&%
1. pu N o KERESH, HLRMNESECN 2 M S RiEmD N (1G).

3) SRR B, LR, BT B; Hw)\iﬁﬁﬁ 0, ISR o1k, MZTEIER
YA HLE AT R Q;8, = 0. ¢; A B; WIS S4L, HIMMESEC L M 3 )
BS54 (IG).

4) AN by FLE ¢ BIIISEIR AT, WE Ky IRAIIME A, BOIERA S A, 1T
AR a; = Go < G < - < Gy < Goeyen) = by XA [aj, ] AR ky + 1 AN IX ],
?Elﬂ?k}#'ﬁlﬁ'ﬁililﬂ?k}#ﬁ’]ttﬁjj GG = 1,2,k 4 1, B T LR
KFISEE A D(1,1, -, 1;1), Bk 15uﬁ g = (Gi1s G-+ > Gony) T ATBELEIX A [ay, b;]
I Ge it He S 4 A R A

k;!
U
5) HBVZHL ¢ AR . & RSB L IREUMI, o AHESE, B o R
BHCH = A S N DA A

zﬁAF%Iﬁ&%ﬁF%ﬁﬁ

T R ARE S AT DU A v 2 S 5 A 3 R A S B S IS B 4 A, AR
NSRS U4 AT AR L RST FR V72 UL S B 40 A AR SR S 3k K (4), T ek DL 307 52 B0 AN
Bt SR UM, AR BT S BN £ I S 5 B FR G

P00, C.0,6 1Y) o |A(p)|(2Far)~ fding(€)] <

1
)\max

Aj Ay =Ha; = o < G <+ < Gy < Giky+1) = b}

min

exp { - LAY - 9(X. 20— ) (dngl€) %

kQO'

- 1\ I B
(A(p)Y—¢<X,Z>9—k1§>} (U) eXp{_UlNg}g -,
exp {_83 (2mpa0) " ? exp {— a’a }%tw?alexp {—Si} X

o 20,0 204
L _E; BTﬁj 1 3
[[@reo) 7 exp 5 I{Q;B; = 0}p;~F texpq — X
j=1 i9 J
L b
[T 25 oot ) ®
j=1

g\:qj k = (klv ) ) C_ (Clv"' 7(;?) y P = (()0 7k}7)—r7 E%A}: ATZF:FE(J*Z%%
B3 (5), MIfEE U%/\’%iﬁlﬂﬁé RS Z‘ﬁ%@‘f@iﬁl



B PRACHR, ARl B0 ARk mobn = 6 2 o7 5 ] VAR g DL 307 - 163

1) AT p, SR BB BUE R T ot

LAY - XTa— BT(2)8 - )T x

20

wmaa>%mmy—x*a—BWzm—Eg@. ©)

7T(p|9,]{7,€,0',€, QO,Y) X |A(P)| eXp{ -

2) X T &, H kA IR0 50 A1 % 2 eR B R A DL R REE:
77(52‘|P,97 k7 (707¢7Y) X 5;1/2 €xp {_;(61511 +E3€2>} )

o — P ways — ] & — B (2)B)? koo, i3 = E?+2Lﬁ%%@m$#F%
ﬁ%ﬁE%?ﬁX@m%“ﬁ«ﬁwE%%lﬂ;ﬁ%#F%%ﬁﬁ

3

7T(51|p7 evka <70—7 QD,Y) o8 GIG(1/2>517%3)7 1= 17 e 7N‘ (7)

3) Xﬂ‘ﬂlwz(@aa@la"'a@p)—r EPH‘J Pa *n @Ja]::la ,p,/d‘ﬁ:):—ﬁ'ﬁ %ﬁ an: IJjj

T 2
T(falp,0.k,C,0,6,Y) X 1G ( 24+ 25, T2 4 ), (8)
2" 20 2
T
, K; v BB s
WWWW%KJ@YMUG<2+2 5. o

FELE p, & o KT, i (5) AR 0, k, ¢, o BIERE S5 7018

7T(9, k>C7U|pa£7 QOvY) X0 BN = {_210_(9 - §>TE(9 - g)} I{Qﬁ = O}X

_aagan _y (85452 N2 1 [s2 452
o2 = expq —— X
2 o 2

Yo +3 1 kj
1 (2457 2 @;*
|=["= < ) H (bJ—Ja) Ajexp{—A\,;}, (10)
j

Jj=1

Ht E = diag(J ")+ 2+ ¢T(X Z)(diag()) (X, 2), diag(J ™) = diag{p; 1, o7 Ik,
o, Ik}, Q = (Q1, - ,Qp) = 227101 (X, Z)(diag(€)) " (A(p)Y —ky8), S2=2-1%¢+
L(AP)Y — ki€) T (diag(€) M (A(p)Y — k&) — 070,

4) KT o, WG JE R A (10) o a] #5 K25 R Ja 36 0 A s fin = o3 A

Yo +3N s2+ 52
2 ’ 2 '

m(o)p, 0.k, (&9, Y) x IG (
5) X 6= (aT,8T)T, MR (10) H TSR G 3o /M G LI I £ 76 RS 4077
w(0]p, k, ¢, 0,6,0,Y) o N(0,E7 o) I{QB = 0}. (12)
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;H\:E':'%iﬁ «Q E&MW‘ﬁE%ﬁﬁijﬂ Za = E; , Ea = gpalj + = X(dlag(g))_lXT’ i@fﬁrﬂj%j\j
fa = k%E;lX(diag(f))‘l(A(p)Y —~ BT (2)B — k1€) E’J%EIE*"%H i

m(alp, Bk, (0,60, Y) o N(pia, Ea).

ZH B M TT 25N 8 = 200, B = o) g, + 2 BT(dlag(g)rlEj, HBIAH 1) B
Ny = EE7 B (diag(§) H(A(P)Y = XTa =30 B — klf) ()2 JuiEas oA, B,

W(ﬁj|paavﬁ—j7kagvaa§7(pvy) X N(Njan), .]: 15 , P-

Ak, 8; T R T EM %M Q;8; = 0. ZH Panagiotelis and Smith (2008) HIfiti%, R
MZTCIEE AT N (uy, X5) PHEBREE 87, I (13) X g7 BEAT IR, RIS 2 AT
WRISRE 65, 2 (13) KRB :

Bi =85 —%;,Q] (Q;%;Q,)7'Q;8;. (13)

H(Goi=1,,p WEKEFERSAIELT:

(Yo +3N) kj
1 (2452 Ajp;®
W(kj7Cj|p7a7ﬁa k—j7c—j707£7 ()07Y) X |‘:‘| 2 <2> (Jja Aj eXp{i)\j}'

3. HFFBET

MHTE ZE AR S AT v LUR H, S50 p WIS E 500 A7 FE AN H L AR5 S5 70 A o6
e, EEEAT RIS AR RO IR E. DR OIX— Al i, ASCRHA Chen and Chen (2021)
fiid, X2 p Ll M-H #lit, B, UL ESHON p, RIESHON 6, fEIXTA] (-1,1) £/
TP AT AT, W p FIRIEE p*, JFHHEIRIEE p* BIRZR R, KB
WS04 U(—1,1) MEENLEBCR T2 R R, WA p* 1F4 p BOBIFE(E, S IUFELE %
ik fe. Hrb, 0, NIHEBSH, R, MIHEITEA:

— m(p*]0, k. ¢ 0,& 9, Y)
fto =i {1’ (10, k. G0, €0,Y) CP} |
_arctan((1 — p)/6,) — arctan((—1 — p)/é,)
7 arctan((1 — p*)/d,) — arctan((—1 — p*)/6,)"

[FIT, E T s AN by AL E ¢ R, PIA SR RIMCMC ByAAE4EH0n A2
S AR Ky B G BEATRIRE. 4 BRI T B E 759 O 2% DU S0 il oH 1 — M, B8 — IR
HFE R, RIMCMC Bykii s R H = Fh 07 Ao 5 S5 60 B 30— /N5 28 (Birth), MR
— AT AL (Death) FMIFEEN—A5 5 (Move). fBUE MET k; AN R AR by, SEI1—ANH1
DIRESR dy,, MIBR— A CARERS AL MBS — AW RN 1 — by, — dy,. % Poon
and Wang (2013) FIfilti%, WMEE by, = 0.4min{1, \;/(k; + 1)}, di, = 0.4min{1,k;/);}, &
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IR RUHPIRS A Tl ANBCH 7 251 (detailed balance condition).

=M AT T TR IR

FEIN—N1 R, TR AL R I 51 0 A U (ay,by) HHBEALE BN EE 1
IRINE] AT m b I EOE HE I RO B AR ¢ PRI AL, NS SN O
Ky =k + 1, i R AL B IR 0N

R;’- = min {1, 1A} ,
Vi

Hobt A = (VA 02, 2 57 18 S M S ERE ¢ A

ER— T, RAENCH R RALE ¢ PRENLES — D RUE FEBRZ A, KRR
TR R AL E AR R E, SN RN O k= ky — 1, RIET S AL
BRERZEN R;l = min{1, /@ A}.

M — T, R fi N CAFE R mUh BEALE I — A BT B s LR AL E, (HIX
TR s TR R RAL RERUR — N AL B, e W R AL BRI, sk AR e
AR T RHIAL R, AT A B BRI E R, DA ISR A AU SR R, A
Chen and Wang (2018) W77k, Rk —A> k; 4EMJTHIAE ¢; = (cji,-- o) T, FFMALE
S8 0, RIEZHUN 6y, BAEXIA] ()1, 12) L AIBURATIE 204G sh L o), B mifr B
G WA e, T2, RARBNEFHT R RRIEY GALE ¢ = G+ ¥jc;, BT R
Nk =kj, 6y, NHBESHL, XIE] (Y1, 50) KIE N:

Q =A{v; : G =G +jej,a; <Gy <bji=1,2,- 5 kj} = (Y1,952)-
R RALE ¢ RSERN:

m arctan(1;2/dy,) — arctan(t;, /0y, ) }
i = i {1’ retan((hy — ) d,) — arctan(( — 0)/00,) )

A 25 5 B0 73 A S5 AR B 23 A R AL, T BAA Gibbs SRR VE BT RE.
B, MRYE BRSSO SR S AT, ALY (1) BT B ASURE SR AT DU A ok
IR

B 1 A E RS EIVIE p©, 000 kO ¢O) 50) ¢ ,0) B p) g0 kO B 50
€D o B+ RIEAIZE R,

L2 MERMHER A (6) g M-H kA pt+Y;

L3 MEMER A (11) HigH Gibbs FFIEA K oD,

B4 WEAFERASAR (14) 2 H RIMOMC B4R KCHD Fil ¢+,

B S MWEKMHFFER A (12) g Gibbs #AEEE R 00D iz AR (13) 15211
%)’a‘ﬁ/‘] ﬂ(t-&-l);

B 6 MEMARRS AR (8) A1 (9) IS Gibbs HikfZEA K o0+,

BT MEMER A (7) HIEH Gibbs fFEEA K 0D,

WIR S RRIRFAEAA BB AN T — WA B 8, PR 2 2 7, ARl




166 TFEL VTR B4
3 H{EHRH
3.1 HBHIMFEETEFHG ERIELE

SE BRSO M e 2 ISR AR, W A A B S AR B B R S IR R R —. %
BB A & AL A, 8 2 2 Jw s iy, 5 S T7EM b, RSO 7552 = W AE 5
Mo 452/ AR () RS e i B A R et

FE AN AR I A AR S E i -

Y =pWY + X a+g1(Z) + g2(Zy) + &, (15)

Kby = (Y1, Y2, ayN)Tv X' = (1,22, ,&N), T; = (ﬂfilafiz)Ta H 2y, i BIRMFR
WEIES AN, 21 = (211,201, s 281) |5 Zo = (212,292, s 2n2) |, H 201, 20 AHEL AL S35
RMEIZI 045 U(0,1) A U(=1,1), i = 1,--- | N. JfE T AR SCHR 0 75 15 B 9
W 91(2)) = 24, 92(Zy) = Z3, N = 100. e, = ¢ — F~ (1), F N ¢ KAk %, Bers
Mg Wk P () AIMERBENLRZTUN 7 ECN 0. e = (61, ,en) T, BRIRBLHIELBE
MLURZE e; IRMFRHEIEZRS 7040, 25T Rook AHARHIE 2 IR EFERE W, AHR AL 5 R A
p=050a=(a,a) =(1,-1)".

FRALAN AL AR F8 52 e 5 A 5 M PR ASE SOV KNS -

BB (15) Fm AR Y 19 0.05 A1 0.95 A28, 0 BIE A Yo.0s, Yoes, At Y
KT 0.95 58 Ay in k10, /N 0.05 0300 5 v k2 10, B, 25 v > Yo.0s,
M Ypew =y +10; & y < Yo05, W ypew = y — 10, Y HIHEHUARFEAZ, HILARRE 7
AEL Ry me) 827 A AT IR S AR B Ve EAT AR 0T

FENRA G R AE B BLAY (15) 38 FH 2T B eh i SORE 2R 1 DU B 23 Bl 05 v
(BFQ), =T E TR V- A 20 =1 A 757 (BPQ), 1 H BT SRSk 1 3R [ VA 77 7%
(BFM) Al Du (2018) & HH A7 (GMM) #H T, AT =% KM MCMC Fikikfr
T, EH R TR SERHAT A,

DA 79535k FH =1k B MRSk R R ECRIT OB %, BFQ J7iERSERESEN v, =
s2 = 1,7 =7 = 1,82 = 0.005,57 = 0.005,\; =2, j =1,---,p, I 5, F 6, MEME
XS E R FAE 26% it FENE SNSRI o A h i ICYIME. BPQ 7R FH [ B L
WEEAE RIEST, B ky = 22, ko = 26 NENRBEN TS, HEAKRHESHNNEYS BFQ MHH.
BFM A2 o BUFMES 540 1G(1, 1) fEReLR, HekimES kB S BFQ —2.
GMM H W7 SN NV [REGH Sy

R T B 0.1, 0.5+ 0.9 =AML ed, s RA 77 BFQ F1 BPQ £ =AM s 3 ik
£ 6000 X, & FEETIT 4000 X, HUE T 2000 MMAEREARRSMEE ASE S THE. YMERNH
JiiE BFM il GMM RBETE 0.5 A0 s b AT A vk, S8 Tl s Bl v 80, SR T 4
iRz (MADE) KA

200

1 o _ 1<
MADE; = 5.0 > 19;(i5) — 9;(%;)|, MADE = » >  MADE,,
i=1

j=1
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Hoeh {7,129 RN [ag,b,], j=1,---,p, LREREEHAIN 200 MK, 6;(35) ForE
HHEH, g;(Z;) R REHHAE.

R 1AER 2 s T B RS2 e A S e DA 52 S A s e B DU R O VR A T 2
BoONFE 1 AUUE N, “EUEAZ R E ML, 7£ 0.5 006 mkb, S48 B 773 BEM.
GMM IS BT AR B R 45 SR Lo r 8RR 754 BFQ. BPQ Bl TH25 S BE AL 35
E2, MR 2 W AETS ey, —J7 T, NSEIETHERKE, 75 0.5 700 sS4k, B ao 4G
THESL, AR BEQ J7iEM S HUl vHE 2 SRR S f s, AR iR AR 8D, S8kt
(RS FE A, flvh &5 R AR, WU S BdE 2 e N, BRQ Tkl LB TR A S %
SR AT, YR AR E. RN, 0 8LEE 7575 BFQ A1 BPQ MIS 5l vh 45 A E AN
FrUEiR LB T HME BT 77 BEM Al GMM A5 4558, X2 0 2450005 52 538 E T 2
A7 35181 YA B I 1B YA 77 VR0 S B ) U B S AR, BT P s 5. b4h, £E 0.1, 0.5 A1 0.9 =
AL AL, BFQ 7RIS BT SE bR R SR E#E T BPQ ik, U0 EAR M & 4R
TR FH DU 7 2 25 0] U 5 R A 3 e B I e, (ER BT B Bl 1Y SRR SR AT I A T B 2
bl T4 TR 25 34T I A T BE AR .

H—JiH, NAESEE 5 I vH SRk E, 1E 0.5 AL, BFQ /7% MADE fH
/N, GMM J7¥: 1) MADE B K, BHIER 75 7 =R 5 kA0 LA SO i BFQ X AESEOLTE R
B ARG AR B, 11 GMM 7R E SR AN B 5 28065 4 Ik T 45 SR AH AL
[ 8 0.5 Zphr kb, /A8l 4773 BFQ M BPQ (1) MADE {8 B/~ ¥4 [0l 15 5
BFM Al GMM FIftiiH{E; 7€ 0.1, 0.5 M1 0.9 =N kb, BFQ J5i:K MADE H# /N T
BPQ J7ERIhTHA, BRI BRI G T, BT H T R SR AT A TR AR L T A
THRE AT Bl E 30 BAR S (EA9 0IE R 2, AT BFQ J7iA4E 0.1, 0.5 A1 0.9 =AAFH
SIS A MADE {2 A Z RS BPQ JikAH AT 8N, R BH BFQ ik RAh 145 S A1
X R RS g AL/, X 2R B Ak T H R e 5 A b R A AR 1

M IR EE R 0T UUE A SRR BFQ J7iEG v RO i, JRRFE T IR 7724 BFQ
1 BPQ J& T hr % mH, BEM A1 GMM J& T-3E RNV, 5307 55 =] 3588 5 fe /M A 1 % 2=
Y0 2 ARAL TE A S 3 1 SR AR 5% 2 7 5 Al N RIRTS S 5l ih . S inaUs
B ZE LA 2 MAH EL, B2~ J7 FEE 25 5 32 5 W (B T8, (64525048 [l VA 7 H 30 5 6 RS 77 AR
BRAW 2, WIS B [ A 772 BEM 1 GMM §4s TR A 43 A7 8k 5] 9 75 % BFQ. [6)
i, BFQ 1 BPQ AR JE T4 r £ (01 V3 77 v BRI AR 2@ 1 e i sR 2, (H A I R
AN BRI B R B AR K ZE . BPQ 7 T (8 0 7 Bk A T O R (] B HE S
(1) U AR 9T RO A, 15 AN ORI, B B AN S8, 1XR 320508 25 B it 1 ok B A v
KRG B E. BEQ JiEk NPT S AN EONAL BN S5, KRBk 5 /R T R SR
B AT BT AR 1 2 B P 6T AN O B AT SRR, 5671 o B A B e B A =
B B IE RSP, ATTHE i T 60 BRI G ROR, & BFQ ikt BPQ HiERA L1
T2
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THELUF AR ERE
* 1 BERZREEZME M ARG ITTERIR
SH BFQ BPQ BFM  GMM
7=01 7=05 7=0.9 7=0.1 7T=05 717=09 7=05 7=05
HMH 0.268 0.448 0.847 0.169 0.278 0.850 0.519 0.548
U 0.147 0.042 0.184 0.172 0.169 0.180 0.042 0.151
r B [-0.020, [0.366,  [0.485, [-0.171, [-0.053, [0.495, [0.437,  [0.249,
K 0.556]  0.530] 1.209) 0.509] 0.609] 1.205]  0.601]  0.847
H)E 0.966 0.941 0.924 0.955 0.938 0.894 0.944 1.011
PRAER 0.147 0.042 0.184 0.172 0.169 0.180 0.042 0.151
“ = % [0.384,  [0.666,  [0.450, [0.322,  [0.523, [0.359,  [0.723,  [0.769,
a 1.548]  1.216] 1.398] 1.588] 1.353] 1.429] 1.165]  1.253]
i -1025  -0.922 -0.896 -1.049 —0.926 —0.881 —0.917 —0.938
PR 0.232 0.219 0.228 0.317 0.265 0.253 0.105 0.114
o R [—1.478, [-1.351, [-1.343, [-1.673, [-1.448, [-1.380, [-1.122, [-1.164
8 —0.572]  —0.492] —0.449] —0.424] —0.404] -0.382] —0.712] —0.712]
¢1(-) MADE; 0.316 0.315 0.327 0.328 0.345 0.333 0.227 0.242
g2() MADE;  0.302 0.281 0.305 0.359 0.324 0.308 0.234 0.194
MADE  0.309 0.298 0.316 0.343 0.335 0.321 0.231 0.218
* 2 BEZREESE M A ITERLE
SH i BFQ BPQ BFM  GMM
7=01 7=05 7=09 7=01 7=05 7T=09 7=05 71=05
HE 0.246 0.563 0.775 0.082 0.228 0.879 0.820 0.798
PrfERR  0.099 0.059 0.066 0.059 0.155 0.061 0.085 0.117
r ] [0.042,  [0.438, [0.653, [-0.005, [-0.104, [0.748,  [0.687,  [0.567,
a 0.434]  0.675] 0.909]  0.215]  0.520] 0.966] 0.953]  1.029]
B 1.218 1.093 1.126 1.684 1.142 1.181 1.538 1.893
PRdERR  0.280 0.177 0.262 0.394 0.218 0.303 0.286 0.288
“ =K [0.706,  [0.754,  [0.640,  [0.960, [0.736,  [0.581,  [0.900,  [1.270,
a 1.804] 1.440) 1.658]  2.470] 1.567] 1.786) 1.940] 2516
B 1449  —1473  —1459 —1.133  —1.202  —1.409 —1.574 —2.148
PRdERR 0.341 0.249 0.310 0.390 0.278 0.347 0.390 0.389
« R [-2.135, [-1.958, [-2.083, [-1.932, [-1.738, [-2.122, [-2.193, [-2.859
8 —0.799]  —0.996] —0.873] —0.400] —0.628] —0.728] —0.783] —1.435]
¢1(-) MADE; 0.396 0.328 0.340 1.557 0.398 0.885 0.202 0.489
g2() MADE; 0.318 0.350 0.434 1.068 0.358 0.604 0.566 0.619
MADE  0.357 0.339 0.387 1.313 0.378 0.745 0.384 0.554

3.2 FRIRES M T ERILLE
FEAG TR AN, SR 1 R AR A8 20wl el B AT I DA AR B, s SRR R e Al Dy 2 Sl R 26
P 18] B (Bl VAR A B EAT A T, 2k (a] B (el )R 2R 3 3 B BEATL iR 22 IR IE 5 0 A, T
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PR IR VE NS AN BRI AT I AN A ™ A B AR B0 TR ZE AR R 45 BB H LR ZE T, IXAE
RRFESE A 3 BUR AR R A B A IE S 70 A0 A B i, 2 Mg Al TH S R A AE R 22, RIS
FOURE AR Ak AN [ R Z2 B T DU A 7 5 AR BLHEAT BU AT 7, 38— B IRIEA ST BFQ
JTERITTATYE LR A

0 AR A PSR

Y =pWY + X a+g1(Z1) + 92(Z2) + &5, (16)

HY = (yr,y0,,yn) s X7 o= (21,20, ,an), 2 = (@, 22) ", H i, 20 B
WHEIES I3, Z1 = (211,201, ,2N1) 2 Zo = (212,200, 2n2) |, Ho 2z, 2zi0 AHEBHSL
MRS 534 U(—1,1) M U(0,1), ¢ = 1,---,N. GEREN 91(Z1) = sin(nZy),
92(Z5) = 4Zy(1 — Z32), Mi&E4EfE N N x N (] Case M EIHLE W = 1, @ Ty, Ty =
(LnlT — L)/ (m = 1), 1, BaRBEBN m x 1, TEEN 1 WHE, N =r xm, @ R
Kronecker FefH, MR AR REE N p = 05,0 = (1,-1)"T. HE N =100 L& N = 400
PIFEAR R &, SR AR E W BN (r,m) = {(5,20),(5,80)}. e, = — F~Y(1), F N
e MDA, € = (e1,--- ,en) |, WLIRBLBENL R % e, IR DUFPARIRI 4340, 43 5l 2 IEZS 43
i N(0,1), RI7o040 x2(1) A5 (1) MRIPE 34 Cauchy(0,0.5). 248, BEAE =70 H
BRI RIT AR LRIV 3 A ik U, Kl 42328 2 I O AE A JEE B2 ) 2 A S 3

fE1=01. 7=05. 7=0.9 =FPor00 b, XF AR BIFEA R 5% 2 0 A Rk
iz IR AT, SR S EE R 3.1 MIE % E, BFQ. BPQ 1 BFM J5 ki
FEIEAR 6000 X, #3517 4000 K, BUE 2000 MMAEFEAR RISSMEAE ARG THE, HIYF 7
EEE 20 IX.

3 FIER 4 A T VURHRZE A T DUFh VR A TSI AE R, S T T R R, R T
A BALEE . ZHI TR 071 % (MSE) Sk &

n

1 ~.
MSE = = 0! — 9)?
nz_x 2,

Joh, © FoRBHIUA, & FRH | VBRI, n FoR B IVCHL e s T
MADE SREE RV ECR, ERARUMRI % (SSE) MEBMFI % (Bias) KEE
Rl AR

SSE(g;) = {/E[ﬁj(z) - gj(z)]QdZ}l/Qa Bias(g;) = /[Eﬁj(z) —g;(2)]*dz.

Hor, I RRARFEA I Al TR UE S, B RAIXTE [ay,b5], 5 = 1,--- ,p WESFRIEEHES
f¥] 200 % R L IIER R ARITAU, g;(2) Fom R BUILA1E, g;(2) R B HE. & 3 M
R A PR ERRAE R IE B AT, MADE,. MADE, Ml MADE {HHUE ALY
SR8

B5E, EARFRRZZ 00 A T XA FIRE AL DURR T VARl T 45 R AT B, IRAER 3 Ak
4, WAHIFIRZE 73 A1 A 73 AL s AR A 87353009 100 AT 400 HIfhTHES SRRE , BEA FEA R E 1
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= 3 #HA=E 100 FEESH T MAASH C THMG ARG T RIS

BFQ BPQ BFM GMM
7=01 7=05 =09 =01 =05 7=09 =05 7=05
¥ME 0216 0507 0.571 0.607 0.554 0.654 0.668  1.190

p  ARMER 0076 0.034  0.043  0.042 0.036  0.038 0.041 1.879
MSE, 0350 0.002 0.043 0.103 0.081 0.094 0.170 2.878

¥ 0908 0950 0.905 0.810 0.897 0.884  0.423  1.720

a1 FRAEIR 0256 0.171  0.231  0.267 0.178 0279  0.687  2.671
MSE,, 0.081 0.020 0.045 0.144 0.142 0.107 2208 7.821

Y —0.898 —0.904 —0.959 —0.764 —0.831 —0.763 —0.829 —0.341

az  FRUEIR 0.260  0.169  0.233  0.274  0.196 0.278  0.786  2.884

oA H - Ak

r MSE,, 0.065 0.030 0.061 0.162 0.117 0.198 1.841 8.936
Bias;  0.009  0.007 0.001 0.002 0.020 0.062 0.009 4.734

gi(-) SSE; 0524 0459 0.483 0.920 0.867 0917 2485 7.777
MADE; 0.447 0.389 0413 0.640 0.627 0.681 0.694  3.952

Bias;  0.011  0.033 0.001 0.173 0.068 0.075 0.359  1.025

g2() SSE» 0392 0.351 0.370 0.886 0.872 0.878 1.810 7.831
MADE, 0.322 0.296 0.315 0.611 0.608 0.660 0.717  3.332

MADE 0.38 0.351 0.369 0.627 0.609 0.678 0.701  3.767

Y 0445 0493 0429  0.532  0.514  0.655  0.629  0.753

p  AHER 0076  0.077  0.069 0.084 0.067 0.072 0.049 0.748
MSE, 0.071 0.002 0.073 0.125 0.036 0.073 0.053 0.683

¥IE 0.869  0.960 0.924 0.867 0.921 0.909 0.788  0.702

a1 RRMEER 0237 0172 0218 0274 0211 0.196 0.249 1.321
MSE,, 0.026 0.012 0.016 0.034 0.024 0.052 0250 2.697

¥ —0.959 —0.964 —0.975 —0.936 —0.950 —0.903 —0.814 —1.264

o o FRUEIR  0.229  0.175  0.212  0.279  0.203  0.199 0.254  1.324

MSE., 0.026 0.018 0.021 0.053 0.041 0.033 0.148 3.121

Bias 0.029  0.017 0.004 0.001 0.004 0.006 0.339 0.137

g1(-) SSEy 0.436 0.394 0.417 0.790 0700 0.774 0.741  4.021
MADE; 0.373 0.344 0.365 0.705 0.638 0.659 0.673 1.312

Biass 0.037 0.008 0.032 0.175 0.011 0.038 0.020 0.924

g2(-)  SSE; 0.315 0.292 0312 0.597 0.572 0.598 0.709  3.674
MADE, 0.258 0.243 0.257 0.481 0.484 0.486 0.497 1.536
MADE 0.324 0.290 0.316 0.593 0.584 0.589 0.592  1.465

$EK, —J7H, WA ESHER -l B0 MSE (B SR EFARLERS, S50 T ok i
FUE, A TH RO 2 bR sy, U 2 M08 2 A TH R W S); 59— 7 T, AESEER Al i
Bias; . Biasy. SSEi. SSE, Al MADE {5 tBAEAZ /), 5t B Bl %6 1 AR 75 R (X048 KO I pR B0
AR BRI . SHRE, BEEREACE BRIIER, DRI IERIAG T 45 RAR LU SIS, W
A B

Hx, FEFR—AFEA T E T XA RRZE DA R DR iRm0 T2 R AT L. thak 3 M
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R4 HAE 400 RESH N MEAEHE TG ENETERLE
BFQ BPQ BFM GMM
7=01 7=05 7=09 7=01 7=05 7=09 7=05 7=05

YA 0.297  0.386  0.306 0.240  0.276 0.128 0.415 0.469
P R 0170 0.162  0.156 0.176  0.226  0.152  0.115  0.168
MSE, 0.228  0.032 0.219  0.275  0.098  0.220  0.041  0.031
YA 1.039 0.985 1.034 1.040  0.984 1.020 1.001 0.991
ar  ARrEIR 0127 0.093  0.128  0.140  0.107  0.146  0.048  0.051
MSE,, 0.006  0.004 0.004 0.007 0.006 0.005 0.001  0.004
YA —0.963 —0.978 —0.985 —1.007 —1.002 —0.969 —0.997 —0.989
az  AREIR 0133 0.095  0.132  0.149  0.108  0.144  0.047  0.051
MSE,, 0.009  0.003  0.004 0.006 0.004 0.005 0.002  0.001
Bias; 0.000  0.013  0.017  0.001  0.000 0.000 0.000 0.001
gi(-)  SSE; 0251  0.236  0.242  0.702 0624  0.753  0.161  0.132
MADE; 0.219  0.203 0.219 0.634 0.616  0.652  0.136  0.099
Biasy 0.001  0.004 0.011  0.009 0.014 0.089  0.040  0.004
g2()  SSE, 0.175  0.144  0.165  0.533  0.494  0.529  0.121  0.125
MADE, 0.145 0.120 0.134 0462 0414 0420 0.091  0.082
MADE 0.182  0.158 0.174 0554 0539  0.567  0.110  0.101

¥E 0.352 0.648  0.366 0.764  0.746 0.776 0.844 0.728

p PR 0.070  0.036  0.013  0.094 0.075  0.009  0.013  0.907
MSE, 0.023  0.041  0.117  0.083  0.064 0.127  0.138  1.358
Ml 1.014 0993  1.027 0971 0979 1.049  1.060  1.033

a1 AREER 0112 0.029 0.146  0.161  0.103  0.144  0.036  0.216
MSE,, 0.001  0.001  0.001  0.002 0.002 0.006 0.003 0.021
YA —0.980 —0.991 —-1.016 —0.965 —0.981 —1.026 —1.040 —0.975

) as  ARUEIR 0115 0.080  0.152  0.168  0.104  0.139  0.037  0.286
MSE,, 0.001  0.003 0.004 0.006 0.006 0.008 0.004  0.019
Bias; 0.006  0.006  0.006  0.003 0.001 0.001 0.000 0.013
g1(-)  SSE; 0.212  0.192  0.325 0.730  0.689  0.719  0.207  0.208
MADE; 0.184  0.159  0.290 0.623  0.611  0.635  0.175  0.160
Biasy 0.004  0.002  0.005 0.003 0.011 0.016 0.003  0.019
g2()  SSE 0.143  0.132  0.163 0484  0.462 0.520 0.133  0.207
MADE, 0.120 0.094  0.132 0422 0405 0.424  0.102  0.155
MADE 0.151  0.135 0205 0.523  0.508  0.558  0.141  0.152

oA WH A

4 TR, A 100 3B 400 BIREAS, 1E 0.5 2 AL AL, B4R 22 IR M FRTE IEAS A, W2
B B BME . briERAT MSE {A LA AES 6 53 (1) Bias; « Biasyy SSE;. SSE, Al MADE
fH, BEFEET7E BEM M GMM g5 R g EEAR T 67 3 m 1575 % BFQ #1 BPQ
(RIS T-45 TR, 32 BH 240 22 43 A i B IR AS 0 A IR — S PRI, YA IR1A 5 v b oA B el )= 7 v 5
AR BRI, R 22 53 A 120 ) J R 1) 25 A O] VG 2 AT R8I TER A2 S EU TR )2 AR S H
&, bR 77k BEQ 1 BPQ IS V45 RIS T ¥ME 15777 BFM FI GMM, Bt
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S E RN U 7 v B BR[0T U 7 v TS B T A B R 0 SR R . REI Y, iR ZEIRAR R
e R DL R AR AS B0 7R =R ARIERS AR N, BFQ J7 il e S B HE S 800 0 vk
TRbREEAR /N T e 7k, Rk — Ul B YR 75 BFQ 7B A AE Ab FE 226 J5 2 24
By B PR, T ELTE AR I O A AS B B B B e iR A e AR B AR, 7R
0.1+ 0.5 Al 0.9 =47 fidd, ANERZERMATF >4, BEQ J7%E IS EAEHESHER 0 14k
T RARLE BPQ AR RILE IR H, UBH LT B o1 SR 263 AT DLt i o A 2 =] 3 4k o
R HBE T8 T RE SR AT B A T R TR 4

HAAERNE, R —HEAEET, £ 0.5 0S4, SR AFFEA, Sk EREY
fHIE3 777 BFM Al GMM At i 1354, #aifkiR, MSE. Bias;. Biasyw SSE;. SSE, Al
MADE {BAEA IR 2 5340 Z (B 1 S ECR, 1A £ B3 777 BFQ F1 BPQ BIfli 145 R 7
AN TR 22 40 A7 18] 0 22 BEAR /DS, 285 22 A0 A 1IE 2 0 A o B8 MDA B 1 1R RT3, X2y
AEL [0 VA 9 PRAE A T B A 2 R ST R ZE IR IERS 0 A7 X — 2 56 B R R 2 —. A EE
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