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18 Al IME 5K Lie BAL T RIS T RIS AR, RIS FRIT i LB 1 (2 R [1-3]),
AMIGE— T RARLAE () Ao TTRERI & 26071, T G T ARG R R oR . I JL 48, hit
SNSRI M, IR TR KA RE. Blln, fE2 SR ARME kAl b, A3 7 %28
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CAEENE B TEZ — (B WOCHR [4]). (ERAIR BRI R RIS, W8 45 72 ) T R G 7.
FR, 158 S PRI IR T 5t Lie 50395, Frb il B b AT 5 SR AR 2 2 M i J5 RE 4. (R
fEAL) (TR R —ROR U, 5 A RS RE (i i o0 7 FE2R, HSREMERZ K. H AR AT R AL
7592 5 R AN e (2 WOCHR [5]). SCHR [1-3] PRABALE T 4%4E Lie 5095 SCHR [4-6] 20 Hr AIER TS 1 4%
G Lie SLHAFAE B 0] REURD A D JELBS s STHR [7-9) RE T ASSK AR 2 4L A 58 AR Lie ARBUE BT 77
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FEAR G S ST ROTIR MR E R T REXS AR Lie AQHEE M SO U Ak 501

HAEZ T F A B BT iE i e 5 R AR HETE X (standard form), e SRR, Fykseiish =
PR ERIEAL. SCHR [17) 28 H TSR W B SRR A BRYE 7 ARAIT 5T

FRTT AR BB R R SRS AEAE 20 D 70 FEAKRIR K /- fiieiE £ 5 2 ARG % &
FIRHMES IR RIS, I E IR st T BUAAL . ARBULAT . tHEHLA R N DR RS54
AR, TR, LN PG 28 s H B RR (2 WK [18-21]). RITVEAERy 19 R HE A 2
MATEFEE R BT FTT 0. RATRGHTE 1 Wy AR IR (2 W08k [6,10-14,22,23]) &
FAEXSRR I R (2 0 SCHR [24-29]). FRATVANTE 50775 P A% OB RRIE SR BAT R 1) = A
e (Fr#EAl) FTRRN G (BFRBE BN I, passive) &5, HoE CAMTHEAA A& B 2EAl, HiEH T2
QU T TR AE S AR T iR BT SE AT R AR SR A 8 AL MBS, T3 v vk R0 o0 T AR X R R
[R5y, B B ORI ANE.

AR R TR TT 5 (T FrAE A AR R ) 25 HA T 75 SR AR 78 4L T S e i 5 13 J7 B0 R Lie
AREEE RS (W& R Lie ACR), HEMIZS H —FhBRACK A e AR L | $R it 5 (fw) o) 7%
YRR E T, IR H A SRRIE T B T3k T AR R AR Lie ARBMET (A0 Btk 8k L ATAR
P BEWERAE, P2, Levi . ELRIOME . AL RERIRESE) NI T ER ) 2
(B R [30).

AR TNELZHIT. 5 2 FAE TN FREREAM A Lie Fik. 38 3 WAHMTEAR
TIEFEARRE SR ZE 8. 58 4 WRAWIZONE. AHET RITVE, 4l T AT E R E A AT
TRERS B E X IR Lie BT BN EIE. 55 5 54 HoRVaPESRA], 150 AT £ Hh B0 A v A
FAER R I A . 28 6 745 — L8118,

AR SAEUECA S R, D 2 = (21,20, ,7p) NAZENE, u=(u,...,u?) NRAFRKEK
M, LA E 2 = (z,u) € RN (N =p+q) MRIFEIANE 0. = (04y,...,00,,0u1,...,0u). H Z1 £
AAETEBHIE. X a = (o1,09,...,0p) €ZE F12® = (2f,... 2B) eRP, L ol = !~ o), o] =3, i,
(x — 2% =TT (z; — 29)*, WM FH v, = 01l /931022 --- 957 KAFH D* = D21 D32 - Dy?,
He D7 RRT o MERE. R X ke Zy, 1 u® ={u), : 1 <j<qaeZl o <k} il
U = Uz u™; Hl Rlz,0U] iCHUI R ERRT HAZE o« MERE o F2EMs 20 H e 1058
ANTCEN 1 HRDEN 0 B RY BbriERk A&,

ACEBI T 0 2 T4 SN LT 30T (total derivative graded lexicographic rank) 2031,

2 WA FEXNR
AT AR S ARG B R T FESEAR B 52 7 VA IR — B A SCHE S A AR 4518 (5 030k [1-3]).
2.1 WOHENREESHE
WA SO R B0 n MY T7FR (4H)
A Az, u™)y=0, i=1,2,...,q, (2.1)

Hrb A' € Rlz, 0U]. 72 (2.1) BN FRRER 5 RS HUE LAt

x;k fz(agu,e):xl+e§1(x7u)+0(e2), z:1a27ap7 (2 2)
’LL; gj(xauae):uj+€¢j(xvu)+0(€2)v j:1727-~~7Q7
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BT (2.1) HEAEBH TS, WA Lie RESEAES, BEUEATTA (2.2) S0 FHE SO RIS M)
7o (FFEHr AR YRR,
X = a5 + )
RPAfiE LT3/ (ERGRED) @ = (€1, ...,€P, 01, ..., 07). (2.3) i (j) AN 1 2 p (q) KA, 1X B FH )24 0%
A HALIE (LU TRREL).
i (2.3) HIEADIRIT:
I 1 I X1 0 BB, X0 — X 45,5, (o) o, SERAMES 4, — {0 c 22
1< ol < nb. B G (e ) h Gy, ul®) - D! — S0, €0+ S €, B
PR 2 AEMETTREA. B Lie HUIAEN, 288 (2.2) 80 (2.3) BONTTIE (2.1) B0 FRE) 78 26
X W JE g3 N il

=39, (2.3)

XM (A)|azo =0. (2.4)

L (24) HRSLARE o, AREON 0, BIFF &8 A 7 i MR RE 2R TE ST IR DR o T RR AL, FRON (2.2)
8¢ (2.3) BIHE JTFE4 (determining equations).

HR 3 HEXA X, BRI 2 HEMAOHE TR, 158 & N of BEEE X

E 2.1 TP 3 R RENTRAFE AR R ARG, AT BR 3 SR BE X AR (2.3) MIAER, thid
JSL PSRRI VA B — MRS A R (2 WL SCHR [4,5)).

0

2.2 XI#R Lie X¥

W TR (2.4) MREN S. B E AL, S MRz, HEERNE o c S
M — Xk LG FR R T (2.3), I, (2.3) HIE Rk l— AN PE2sTa], idh £. A, FATATLAL S 1 £ A
L H .

F 2.2 EO T REESARHEE RFR) BB, XNFR (2.2) B (2.3) AR EGRREL &8 F1 @7 2R
FIHAF BRI R A 8], BT R N R RGN, T, fREE S 2 AR T bR 200 2 ).

B Lie BRH, X} £ H’]ffié‘%/l\m? X =850, MY =019, & XAF Lie F:

[X,Y] = XY - YX = (X(®%) - Y(9%))0.s, (2.5)

ML= 0] £ H R Lie £R%L B2, #RHE R 7% (2 1) WIXFR Lie £AE MM, AHMER X € £ A
Y € £, H Lie B [X,Y] € £. Flk, TATE NHML

SIEE 2.1 X (2.5), AlAIE (X(P) — Y(qﬂx), i= 1,2,...,N) €S.

Lie FOEM4EHUR BAE LM A1 23 (B 4E 5L (2 WO [32)).

E 2.3 ASUNFEEATRYEIRIFR Lie QAL

3 WHEARFGENERTZMLE L
AATEE MASC B IR R TTE (MRS SR 5% SR A RS LS ig.
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3.1 HEEHEERERDRERE

WD REZEEN 2 = (21,20,...,2n) FEEN & = (01,8%,...,0M) —Musn 2 T4, B
D C R[z,0®]. ibtlsr 2 W4 D ERY 3 (W2l g Bod s sk B rik) MESEN Z2(D); id%
W () P 2T Q KR -Ritt RAA Prem(P/Q); H J ICHFHIES M) ZFIRE B 1 I3, H 1
it D KA Z L

N MR R LRSI AL R (S 0k [18-23,31]).

EIE 3.1 (FHEFIERE) A EMm2IT < F, M2 04A D, FIEFIE R
A B P W E — Mo 2 T4 C i 2

(i) ¢ =W T3,

(ii) Prem(D/C) = 0;

(iii) Prem(I/C) = 0.

EX 3.1 (FFEFE) X Z0aRA D, e e 3.1()-3.1(1) M 204l ¢ #-o8 D 1Y
FHIEDI4E.

EIE 3.2 (RFHHE) ¥ C A2Ta4 D MEFHEFISE, WA R =AM R

(i) Z(C/J) c Z(D) c Z(C), Z(D/J) = Z(C/J);

(i) Z(P) = Z(C/J)U Z(D, J),
Hodr 7 52 O B RIRE BT I AL

EIE 3.3 (Rl fEHEWMs 2T < F, W& s 2 mA4A D,

2(D) = Jz(cr/ ),
k

Herc, £ D (AT FREFIES, H Jy 2 Cp BRI RIRE 25T 1R

PR A s B AT RRAE B S BT 0 MR

(1) =ftbgsky. B 3.13) I ¢ BA =M.

(2) F RN, EH 3.1(11) 3.2(1) M 3.2(11) FKn D MERECRET T CMESES, HH T £0
i, Z(D) = Z(C), Bl D =0 Ml ¢ = 0 Z[FIff. XEMERM D =0 (AR A] LA R AR ¢ = 0 i)
W T A 2 A B

(3) ATARGT . BB 3.1(ih) VEWIRFIESI4E C = 0 AR HIEFR ¢ BN (passive). ATk
Ji % SR U R IE SR L T SRR D = 0 AR5 2.

(4) ALY oM. AT 20505y 22 T 20 1) 3 5 A mE 2 A 00 i BAL O R BAS AT 20 REAE 1 AESUAR
I It

3.2 ANAAFHEISEER LGS EE

W C RAT LS ZHARHESIE, & ¢ PE S (FUPHRIMETSH) 26N 2 =
{Door}, FFH (HFENFH) &N 2 = (DP(D2®P) | D2®P € 2,0 < B € ZN}, MX NS4 5
ER L]

2 = 00\{ 2, U P}. (3.1)
DRLtE, RRAEZI SRS BT AR C = 0 HR A 7 A3 nT R s i bL R G
Jas(DO®%) s t KNI =0, s< N, aecZfl, (3-2)
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H Do®° € Py, dos €L, Jos € R[2,00] 2 C HIHIA.

HTZHFHEME Z(C) TlHE B HSEUEM, B, AT W T E X.

EX 3.2 (4% HSBEEHES 2 = 00\{ P, U 2} TR NEONHESIEE ¢ 4% it
N dim(C). Fr 2 KT o IMREUCER MO C =0 = ©° FI4EEL D8 n,.

PR UG S, 5 0 THI 1) B

EIE 3.4 (AMRZ4EER)  XSATTLMAFHESIE ¢, HY4EE dim(C) AIRMAE X 2, WE—1
s=1,2,...,N #FE kS € Zy (i =1,2,...,N), fif§ {DFeds :i=1,2,...,N} C Py BEZEMHh n,
(s=1,2,...,N) #HEFR.

WERR 4B dim(C) ARMIAZEFMRSHFEE 2 RARM (W (3.1)). HAFAE s FRXHE
(1<i < N) FUER ke Z+, 1§ Drid* ¢ Py, WX &' > k, DV e d° FRECNSETHL, MIFAELIRZA
B FBEREN T DT A n, ZTEBRIG. M ERE 5 BRI O

SCHiR [20] 45 H R e

EIR 3.5 (BEAUEH) W C —RATAMMHESIEEH d = dim(C) A M, WXL EYMEA 20 € RY
FHSHSEE FRYIE) 2., = a € RY, f71E C = 0 [ME—JE R (Taylor) LA @ = {@1,..., @M},

S

o4 (z) = Z %(z—zo)a, s=1,2,..., M,

HEBONTH ¢ Mtk m, Hd o = (a, ... an) € ZY, ¢, N R MR HF Dod° MPHER 20 € RY
ERME. ZERSETEUE o MEHE.
PLEAFAES IS BV AR, B0 T R X R SRR i T R AR A (2 WL SCHR [6,10-14]).

4 MENIR Lie RYGEWERE X

HRE Lie REEEIR WA, #i5E Lie AAEEEAN T8 @ H A2 (S WOCHR [32]). MM, FIZE H %
Tk 2 TR R 51 SR B RN SR B T T2 Lie MBS MW B0 — PPV, BDRIE X AR Lie 1R
) R R AR .

4.1 EFEER

RNGE—iET, & 2 = (21, 20,. .., 2n) = (z,u), L (2.3) FIERBEE N @ = {0, 02,..., 0V}, H
Q= ¢i(z), @PH = ¢l (2), N=p+q. W D=0 2 (2.4) HE IS T (2.1) BINFREfEH. 77
FEAss D MR T @ M— M 204, B D ¢ Rlz, 0®]. WILEHIESISE ¢ M4l d. BT C 1
LRPEMERD ¢ RATLIN. T, 78 (3.2) 1, WISK Ja.s € R[2] (UK EH R 2, H d, o = 1. Y]
FJC) # 0 I, HRTERRFREA, Z(D) = Z(C). \ifi, KiE D=0%M TR Cc=0 (BN
mik [6,12-14]).

4.1.1 3R Lie REH R KR
XD RHESIE C, & IR IHME S 20 € RY, @SB FBHIEEN
V={acR VHHEFE C=0,2|., = a FF1EM:—fFHT R EE ),
YA T R g
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EIE 4.1 (RomE) & C MYEECH &, WX T =117, s(20) # 0 BIFME R 20, V 22 d 4EZ
M2 H vV =R

JUERR ST IRER M TR IR ZE I Vv Rt A4, BARE V c RY WHEE a € RY,
R C s B2t i s 2 iR, BriL, e 3.5 51, BL 2|, = o TEAVIMER C = 0 fA7EME
—fRNTER B, I, a e V, Bl V = R% O

4.1.2 — P EHEIE

I 20 € RY 15 J(C) |2, # 0, MHTEH 3.5 41, (FE NS FEHINE a € V X RiME—fi@
®(a) €S, BT Lie /A8 £ MIITER X, = ®(a)- 0. (W (2.3)). RZIRER. R, FA1/55) 1-1 meg

vV L, YaeV, 3¢(a)=X,eL (4.1)

H C =0 MZMEVERIFIRME G E o 2. FFHEE 2 150 (2.5) AISIEE 2.1 &0, XF £ FAEEPITHR
Xo Al Xy, FF1E X € L AT Xe = [Xo, Xp). AT, B (4.1) F1, X SR C = 0 15— Mi# @(c), H
ceV & a b MEEL, iIdH ¢ = ¢(a,b).

PEAE V' ESIN Lie #2.

EX 4.1 (Lie B)  WHEE a,bc V, 2 XH Lie B (ILH [a,b]) N [Xa, Xb] (= Xe) STMFISE
SEAVIME ¢ = ¢(a,b), Bl [a,b] = ¢ = ¢(a,b) = (¢'(a,b),...,¢%a,b)).

HH, RATH R E 2.

EIR 4.2 (FMEHE)  fELL B UK Lie BUF, V #L Lie REL, F5 £ M (B ARSI E).

WERR RAR, o R EE. HONTERE A R FFUEH o fREF Lie FL. % [a,b] = ¢, W [Xq, X
= Xe. MITH ¢([a,b]) =9(c) = Xe = [Xa, Xp] = [¢(a), ¢ (b)]. O

4.2 HHEREZE

HET L 4.2, RIS HHE R ¢ = é(a,b) FI— DD, HILSHFEMD HIE Lie {CHL5
(AN R
F1H WESHERAER T 9. SMEZ a,be V, I (25), &

Xp(apy =V - 0., (4.2)
H v =d(c) = (v,92,...,0V)e s, H
TF = X, (9% (b)) — Xp(®*(a)), k=1,...,N. (4.3)

¥ C B HSHE 2 FIBIINET o SHN (Do, D} (i=1,2,...,N), XLk
FHEX —AHRFET © SHSFHHERT), HAEEETHMAERE 0 = (0',...,0N) LiE
4

D(0) = {D*1OY,..., D e,..., DN, ... D*neN}, (4.4)

BIEFLZE RN © MBS SHE.
F2H IHH c=9¢(a,b). NTHE d(a,b), TEH (4.3) A (4.4) #E D(¥). Ak, & Cq N CH
1) @ ¥k ®(a) € S JGIIFRT ®(a) M THA. SR, 1 (4.3) AL, D(V) HEH Cq M Cy, HE
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FHEE L B, 8 D(V) I Co M Cy, 3047 RIE TTAMAE HAL S8 3 8 . AT, B (4.1)
M (4.2) %0,

¢(a,b) = D(V) |z(c,.cp)- (4.5)
X (4.5) H R TR AT Hy R TS RO
J - D(¥) = Prem(Prem(®(¥)/Cq)/Cp) (4.6)

S, Hob T = J(2) 2 Co F Gy MW IR LR BIA RN R2) . AR, (4.6) 42
P(a) F1 @(b) MWIME (SHEFHEUE) KIFRE, A, (4.5) A1 (4.6) 45 HARREA: T £ 0 NHEVIE
c= ¢(a,b) = [a,b] FIAF.

Zb, BAVBREI TS ¢ = 6(a,b) WED. FHEHET H A0 48005 BUn 5k

B 3L WEEHWER EEgESE YV WA e (= 1,2,...,d), FFE (45) 4 a =g,
b=c;, WE&HH Lie #

$(eires) = [ei 5] = cljen, (4.7)

RAF cfy, B Lie 0% £ ERIMIXT R X; (= X.,) RIS EL o).
F a1 DL RO B R AR s 4 1R R
F 4.2 WMEAMER. NTE 2 BHRRZIERCL, BAMREYIR T = J(2) MERIEE L&
WHE R 2o € RN fHi45 J(20) # 0.
F 4.3 —BOERE V =R BIARMER: ¢ GB i RN 1, HARN 0) RE 3 DHINE 6.
gi b, BAVEBIE T R ARSI & 21T AR Lie 1RBLEE 8 S5
iR fEAKIEH e 4 RS E () W 7R () SR Lie AESEH.
BN —A (W) s AR () A.
With: R A BURFR Lie MBS AL .
FFia:
W1 MEE A B EH D FIRESE ¢ (TR [6,12,14] HEE);
FIB 2 Wi C MSEPEE. 455 MISHEHAEF T 4.4) (H (3.1);
HB 3 FE (4.3) F (4.6), SRIGHE (4.5);
LB A AL (A7) T a=e; M b=e;, BIEHE X; = ¢(e;) FHIMFR Lie ARECEEHH L .
“hR.

5 E4l

FATHE 25 %€ J7 R — LERF IR XS AR AL 2 2 W€ (4, a0, xeh i Ta] 22 ) (81 A R e e 48 ek A i it
RG] DAFS B sl N5 R O B Sy AR P HE R, 53— T T, S B 52 7 A I DA A (0 2% At T 3R
B LERFIRAIAR. PTEA, 35 4 53R I SRS 6 45 € T RE RS RN AR A5 S8 T SIEEAT 2B SR A 1 52 2 A
R T B R R S R AR IR A 30245 A B 081 S 5 B2 (AT 2 e A T S
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5.1 BEROHIENES
e o TR
Y +3yy +4y° =0 (5.1)

IRFR X = 7(t, 9)0; + n(t, y) 0, KL ERIIKFR Lie 48EL

5.1.1 HHERNTRE
B 1 IEZ TR E TR D XN Z DA AT t <y <7 <n FHRHES4E

e + 8y>7e + 6yne — 4y®ny + 12y%n,

Nyy — 2Ty + 12y7y,

21y — T4 + 61 + 6yT + 12y3Ty,

Tyy»

Tty — OYTey + 271 + 12y2Ty + 2ny,

Terr — 120373y + 6my + 12977 + 24y, + 12yn.

BAR, HAII94E 0 HHL, $ Zero(D) = Zero(C).

HB 2 MRS C TUEHEE SEBEN Lo = (0w, My, Meys Tyys Teey, Tae ). NI, SECTFEL
E£hN 9= {7 M Mys Ty Tes Ty Tt Tey §- WA E X 3.2 H1 C HI4EEh d = 8.

MBS NET D = (D1, D% D% D D% D3 Dot Do), Hit ol = {0,0}, o} =
{1,0}, a = {0,1}, a? = {0,0}, a3 = {1,0}, a2 = {0,1}, oF = {2,0}, a2 = {1,1}, HAEE—FIE A5
A RRT ¢ My B SR R R © BERDY © (U, U?) = (B, U, UL 02 0 U 0 07 ).

T3 2 o= (0,02, Hp @l =, @2 = 7. IEFEWMEA 20 = (to,y0) = (0,0) (J(20) # 0) I
EREEWASEUE

2y = (0,70, T T, Ty Tet Tay) = (aa,-,a5) = @,
g‘zo - (ﬁa ﬁtvﬁya%aﬁa?yaﬁtaﬁy) = (bl, .. .,bg) =b,
FEBE C = 0 X MLHFEIHA ©(a) = (7,7) M D(b) = (7, 7).
SAERHILLS 20 550 D (@), AR {Ca, Co) ILLIRBAISSENHEI R (4.5), 8 ¢ = 6(ab)
=D(®) |2(Ca co)» HIATEN

¢>1(aa b) = O = agby + arby — azb; — asby,

b7 —a7b
(,252((1,, b) = (I)% = w + a5b2 - a2b5 + 0,21)3 — a3b2,
- asbr — arb
(,253((1,, b) = (I);/ = % + 3(a1b4 — a4b1) + 2(a1b8 — agbl) + (1662 — agbﬁ,
¢4(a7 b) = % = asbs + a1bg — agby — asby, (5.2)
¢°(a,b) = ®f = arbs — agby + azbg — agbs + asby — azby,
¢°(a,b) = ®; = asbs — agbs + asbs — agby + agbs — asbs,
(,257((1, b) = (I)%t = 2(0,3[)1 — albg —+ (l5b1 — a1b5 —+ a2b8 — agbg) —+ 6(0,21)4 — (l4b2) —+ ((l5b7 — a7b5),
arbg — agh
¢8(a, b) = (I)%y = (a6b1 — albg) —+ 2(a3b4 — a4b3) —+ agbs — agbg —+ 2(a5b4 — a4b5) — %
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HB 4 BhriEsE o, = e; (i = 1,2,...,8) fEN Lie & vV = R® [JE, WAE (5.2) 4 a = e,
b=c¢; (i #j) 138 Lie A& (W3R 1) LAEZLMHEE

1

1 _ (o 3 _ 7T 4 8 _ 2 3
caz3=1 c3=-2, c¢4,=3, c¢5=-2, =1 cjg=-3, 017—5, Cig = —2,
5 _ 2 1 _ 7T 2 _ 3 5 _ 2
g =—2, ¢3=1, cy=-1, c3y=06, c33=-1, c=-1, c3=1 (35=2,

1
s _ 6 _ s _ 4 s _ (. 6 _ 7 _ 8 __
=2, c=1, =1, c5=1 c¢5=-2, cr=1 c¢56=-1 c¢57=1, C67*5-

HRARE [R5 20, W Lie /A3 L = Span{Xy,..., X} BRIFER Lie FURMSEHIH A, Hb X, = ¢(e)
(W (4.1)).

5.1.2 XI#R Lie BT E

TS 5.1 AR VI Lie B B 45 58 7 FRRF IR BR, B i 772 (5.1) 58
XFFR Lie B

RHMERTRE (5.1) AR HEE, Bk, AR PEREE ¢ =t +¢ v =u, BIAAX
PR 0, € Span{Xy,..., Xs}. B (5.2) &1, 8, NI ey, Bl Xy = 0, FHEAHE 1 S% 58 WXTFR & 1 &
HAR SR

Yo, SMERK X =70, + 00, € L, B [X, X4] = —70; — n:0,. MITBL X = X; (i # 4), I Lie
FARBBBIN L X; BIRT 7 A BUEIA S, BRATHEIR L 26 A 21 e 7 FR4H ¢ RIS 21 78
(B e 2H. 0, T FHARRAE B AR ISR R e i 8 4L 8 PR X, B, B X = X, [ X6, X4] =0
BE| 7 = = 0. NTIFE] Xg MR FEHEL D = CU {rg, me}. X LT HIRHE 51 45 50545 B4
PN C" = {m, &, 3n—ym),, n+2y°, }. FEVMEFNT D(n,7) |2, = e FREC =0, 152 7 =y, n = —2¢7,
Bl X6 = yd; — 2y30,.

TRATH RIRE I I F2 A5 21 L AR B0 R, B

(1) M [Xs, Xy] = —Xe S ETHAFEIN Xo HEH Xg = tyd; + 37 (1 — 2ty)dy;

(2) HH [X3, X4] = 2X5 = X3 = —t2y0; + y(1 — 2ty + 2t2y?)0y;

(3) HI [X5,X4] = 2Xg — Xy = X5 = t(1 — ty)(0y — 25°0,);

(4) M [X1, X4] = 3X3 = X1 = 390, + (1 — 2ty) (1 — ty + t2y)y;

(5) M1 [X7, Xy] = —(X5 + X3/2) = X7 = (1/2)(1 — ty)t(td; + y(1 — 2ty)d, );

(6) H [X2, X4] = 6X7 — X1 = Xo = (ty — 1)(£20; — t(1 — 2ty + 2t%42)d,).

M, &M L = Span(Xy, Xa, ..., X3g).
F1 HE (5.1) BIXFR Lie A%
leisej]  e2 e3 es es €6 er7 es

e1 0 e1—2er 3e3 -2 er eq — 3eg e2/2 2e3 + es
) ) ber — eq -e2 es —e3 0 2er
es 2es 0 €6 0 es
eq eq — 2eg 0 es +e3/2 eg
es -eg er 0
eg es/2 0
er 0
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F 5.1 MHECEESKMESEH, UL SIS Lie ARG BIMOMA: ARGy e, H
FH 5277 23R fift ot e 4H B I R OROR B AR 7 SR e i M
5.2 w7 HIZRNES
THHERE 1+ 3 MR =4tk sh 7 72
U = OUgg + OUyy + p(uu,), (5.3)

(ISR Lie 1RAL ot o 6 1 p RAFEHHL

5.3 IR Lie X454

AV HAABINIR X =70, + €05 + €Oy + 10, + 00y (FEH 7. & (v Al ¢ BINAZRE (t,2,y, 2,u)
IER AR BORAE TR 58 N ITFRLE I R Ge. F LTI STk [13) P EHIEE, fEF t <z <y < 2
<u=<T<E=<(=<n=<¢ FHEGR ARSI

C= {¢2a ¢yya ¢mya D ¢tyv Dtas Pty @ — UPy; OUTyy + 204, Tu,
Tz Trys OUTps + 2¢y, UTgy + 2¢ya UTtz + 200, UTy + 2¢4;
guvfza 26¢9¢ - ngyvat - fzv 57—3? - £t7 Cua szTt - Cya
5Cz + O’fy,JTy - Ct§77ya7796’77t777uau'7_t —un; + 2(15}7
ﬁ%ﬁ%ﬁ%y\j Q = {(ba ¢ta¢az7¢ya7—7 TthwaTy7€a§y7Can} &%ﬂﬁ J = U. E&ji%% (53) ﬁ d = 12 é&g@
YRR Lie £8%4.

/7"\ (I) = (@17@27,_,,@5)7 :/H\:EP él = ¢7 (1)2 = Ta (I)s = 57 ®4 = <7 @5 = na j_JFi’E‘ Oé; = {k7lam7nap}
€25 N O 1 2 FHILNE § NGRS t oy ys 2 Bl w 1 ks 1oms n B p MRS EL TG, 45
HEHET

1 1 1 1 2 2 2 2 3 3 4 5
D = (D™, D%, DY D% D% D% D% D% D% D% D D),
Hrft ol = o} = o} = o} = o} = {0,0,0,0,0}, o} = o} = {1,0,0,0,0}, o} = o3 = {0,1,0,0,0},
a) = a2 =1{0,0,1,0,0}. MATEERE U = {0, 02 ¥ v v} ERFERN
DY) ={Uh, ¥}, 0L, U, U2 07 W2 W2 R wl ut U0
VA 20 = (0,0,0,0,1) € RS (J(z) # 0) M EREREMANSHUE
a=2|, =(ai,as,...,a15) M b=2|, = (b1,bs,... b).

B C = 0 FIXT RS 59

O(a) = (7,7) MM @) = (7,7)
SAME A LT (), AR {Ca, Co} AR BHS EVER T (4.5), Bl ¢ = ¢(a,b) = (c1, ca,
.. .,012) S R12, F\:EP
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c1 = asby + aghs + a11by — azbs — azbg — a4b11,
co = a7b3d — azb70 + agbyo — asbgo + agba — asbg,

o
c3 = (asbio — a10b4)g + a7by + agbz — azbg — azbr,

¢4 = agby + a10bs + agbs — asbg — azbs — asbo,
¢s = —agbs + asbg + agbr + a11bg — arbg — agbi1,

ce = 2(—asby — agbs — a11bs + asbs + asbg + asbi1),

o = 2(@3[)5 — a5b3)§ + (agblo — alobs)(f — 2a962 —+ 2a2b9 (54)

1)
2(asb11 — ay1b
cg = w — 2asbs + 2a4bs + a10b7 — arbio,

cg = (asby — azbs)d + aghs — agbg + a11b10 — aobii,

c10 = 2(a11b3 — a3b11)g + (agb7 — arbs)d — 2(agbs — asbyg),
c11 = (aiobg — GQbIO)% + (asbg — agbs)o + ai1bs — agbi1,
c12 = a12(2b1 + bg) — (2a1 + as)b12.

HbRAERE ;= e (1 = 1,2,...,12) 1R Lie %L V = R 192, WAE (5.4) F4 a=e;, b=e¢;
(i # 7) 193] Lie K (WK 2) KEWTFE, Ho {e1, e, e3,ea} B Abel (AIAZH) A%, Hid
€16 =26 —e1, 7 =0/6, d=2/6, s =2/c. BIX, % Lie REUMIET LM HHCH

Bo=-2 =2 d=di=ch=dhi=-1, dy=dn=7

7 6 3 1 1 2 10 2

Cg5 = C39 =2, (3 =C39=C30=—1, ¢33y =—0, ¢33, = 5

8 10 6 4 1 2 3 g

Cys = Ci9 = Ca11 =2, Cyg=Cy11 = —1, Clg=—0, Cj10= 5

=1, =0, cy=0; Cgo= Cé,lu = 0615,212 =—1; cg=-9,

Gy =1, C?,lo =-1 05,10 = %7 Cg,u =-1 091),110 = —%, 0?0,11 =-1

* 2 HIE (5.3) HIXFR Lie A%k
[€i7€j] €5 €6 er es €9 €10 €11 €12

el 0 0 0 0 0 0 0 -2e19
€2 €16  —e€2 —e3 —ey dey 0 ser 0
e3 2e7 —e3 —deg 0 €16 —eq —2ve10 0
eyq 2es —eq 0 —oeg 2e10 yes €16 0
es es deg oe1l 0 0 0 0
e6 0 0 —eg 0 —e11 —e12
er —del0  —es —eg 0 0
eg 0 yer —es 0
€9 —ve11 0 0
€10 —e9 0
el 0
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5.4 STFR Lie ¥

AR, WTTHE (5.3) WIS 5B Bz AR A B8R40 B W RRA: 2 o TA4HR ¢y 2y y F 2 [
SEREXRR (BT AL es5y eon ern Al ern, B X5 = 0y, Xog = 0, X11 = 0y, X12 = 0,) MIFK K
TAHE ¢y xy y F 2 BGENRR (EXRL eg, Bl Xg = 0, + 20, + 20.). T IHIHE H A A& W AR
X1\ XQ\ X3\ X4\ X7\ XS *D X10~

WRRIINIRN X = 70, + €00 + (O + 10 + ¢y, ML X = X, H Lie FAFRA,

(X1, X5]=0=n=8=G=n=¢: =0,
[XhXQ} :OjTIZSx:CmeZ%ZO’
[Xthl] :Oé'ryzfy:gy:ny:(by:oa
[X17X12]:0:>Tz:€z:<z:nt:¢z:0u
Ty — T+ 27, + Y7y + 27, = 0,
fftgtfxfrfyé.y*'z{z :Oa
[X1, X6 = 0= 8¢~ 1¢ — 2Co — Gy — 2C. =0,
n—tn — xny —yny — 2. =0,
Loy + xdy + yPy + 2¢, = 0.
UL TR R s N o 2 I ¢ R RS IRHIE S A ) X X NI A {p—u, T, €, ¢,
22—}, Bl 7 =¢=¢=0,1n=2z2 ¢ =u M, HEGH

X1 =220, + udy. (5.5)
W‘i, XX =X, e]
(1) M [X2, X1] = 0 B3 Z A {ur, + 227, ué, + 22E,,uly + 22(,, 20 — uny, — 221, ud,
+22¢. — ¢}
(2) M [Xo, X5] = 2X6 — X FBIZ TR {1+ 2t, & + 22, G + 2y, m, u — i s
(3) M [Xa, X1o] = 0 HBIZTRA {7., &, oz, 02}
LA B Z UM ¢ R TR ILRRE S A3 3

{¢ — tu,do7 + Sot* + ox? + §y?, & + 2ta, ¢ + 2ty,n}.

L ELEAT B Xy = (62 + 2 + L), — 220, — 2tyd, + tud,.
MRS HE, FRATIAT 2
X3 = —2t20; — (ot + 2° — 00y?)0, — 2xy0y + U0y,
Xy = —2tyd; — 2xy0, — (6t* — 0éx® + y2)8y + yuy,
X7 =20 + gax, Xg =y + %am X0 = y0, + %I5y~
%JH:, ﬂﬂl‘ﬁ%ﬁ L12 = Span{Xl, XQ, ey Xlg}.
i 5.2 fEML BRI REY, REEARE IR Xy Xev Xov X1 A X0, FE N FHFFE
ISEREE R (LR RMFEH) #E () T T RREDNFR Lie A3 B8, i EE RIS 1 it
FX PRI R
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6 it

ASLEET o TR AR ITIE, B TR Lie R3S RY &2 75 BRI, Fox, 45 1 1
TERTFR Lie ARELGE T B BVE. X ARG Lie 5%, ARGVEMH B X R Z BT HL4A 45 5 T FEIINTFR Lie
B2, I ROE B 1 SR e 2L MERE, 9 Lie AREOW SORI SRR o3 7 RE R 18 7
k. TR, 258 BE B DUR LA HT A

(1) AROEIREE () o J7HE (A1) REPRIAEST SR et g T R A R 2SR A 8 R
Lie fRESE M 4L, 1A BRARSK AR € Ty PRI HME RS, B A AR & T € () 1800 5 72 58 4 X R
R, I 4 5 S, AR/ 1R T R Rt R AT DA GE 007 R AT FR4EXT AR Lie 404K

(2) T e ) SOMPR. 458 FAE ] B T H B0 T R E T R R A IR I & 25T X
STRR, UNASTHAR . Backlund XTFR 2543 % FREE.

(3) IEHFAIFR Lie AREME R BT FA 2. Lie AREHE TR T 450 F 2, Rk, A4
TRIE G T T RERERR Lie AU (170 4 A0t

(4) RITVERIHTR . A4 HEE 3R BRSO T SRR A SR S (T e R R 78, i
B 7 SR TTIRAERIE TR R L 2K ) @ PR A R, IFes T R ITIEIET R L H.

Sk

Bluman G, Kumei S. Symmetries and Differential Equations. London-New York: Springer-Verlag, 1991

Ovsiannikov L V. Group Analysis of Differential Equations. New York-London: Academic Press, 1982

Olver P J. Applications of Lie Groups to Differential Equations. London: Springer-Verlag, 1991

Ibragimov N H. CRC Handbook of Lie Group Analysis of Differential Equations, Vol. 3. London-Tokyo: CRC Press,

1994

5 Clarkson P A, Mansfield E L. Open problems in symmetry analysis. In: Geometrical Study of Differential Equations.
Contemprorary Mathematics Series, vol. 285. Providence: Amer Math Soc, 2001, 195-205

6 FEARMREE, AR, BT RIENFEMSIE () oy RS O SE S AR s 0, hERE H0E,

2010, 40: 331-348

7 Reid G J. Algorithms for reducing a system of PDEs to standard form, determining the dimension of its solution space

[

and calculating its Taylor series solution. European J Appl Math, 1991, 2: 293-318

8 Reid G J. Finding abstract Lie symmetry algebras of differential equations without integrating determining equations.
European J Appl Math, 1991, 2: 319-340

9 Reid G J. A triangularization algorithm which determines the Lie symmetry algebra of any system of PDEs. J Phys
A Math Gen, 1990, 23: 853-859

10 FEAREAE, TRISER, BALR. — MRS IR (d) MR Mathematica F2/F A KR, THE B AR,
1997, 14: 375-379

11 FEARREE. o e (H) AFRAEN SR - B RRETIEE TR S N . B4, 1999, 19: 326-332

12 Temuer C, Pang J. An algorithm for the complete symmetry classification of differential equations based on Wu’s
method. J Engrg Math, 2010, 66: 181-199

13 Temuer C, Bai Y. An algorithm for determining approximate symmetries of DEs based on Wu’s method. Chinese J
Engrg Math, 2011, 8: 617-622

14 Temuer C, Bluman G. An algorithmic method for showing existence of nontrivial non-classical symmetries of partial
differential equations without solving determining equations. J Math Anal Appl, 2014, 411: 281-296

15 Hereman W. Review of symbolic software for lie symmetry analysis. Math Comput Modelling, 1997, 25: 115-132

16 Alan B. New symmetries from old: Exploiting Lie algebra structure to determine infinitesimal symmetries of differential
equations. Https://open.library.ubc.ca/media/download/pdf/831/1.0079839/2, 1993

17 Li Z, Schwarz F, Tsarev S. Factoring linear partial differential systems with finite-dimensional solution spaces. J
Symbolic Comput, 2004, 36: 443-471

763


https://doi.org/10.1017/S0956792500000577
https://doi.org/10.1017/S0956792500000589
https://doi.org/10.1088/0305-4470/23/17/001
https://doi.org/10.1088/0305-4470/23/17/001
https://doi.org/10.1007/s10665-009-9344-5
https://doi.org/10.1016/j.jmaa.2013.09.040
https://doi.org/10.1016/S0895-7177(97)00063-0

FEAR G S ST ROTIR MR E R T REXS AR Lie AQHEE M SO U Ak 501

18 Wu W T. Mathematics Mechanization. Beijing: Science Press; Dordrecht-Bosten-London: Klnwer Academic Publish-
ers, 2000

19 Wu W T. Basic principles of mechanical theorem-proving in elementary geometries. J Systems Sci Math Sci, 1984, 4:
207-235

20 Wu W T. On the foundation of algebraic differential geometry. MMPR, 1983, 3: 289-312

21 b, B RE, REHE, S TR S HUEHEN] — FE T MMP #RGESR . b5t Blas ik, 2006

22 FEARREE, /bl MR IR G R RHES 5. B4R, 2002, 45: 1041-1050

23 Temuer C. An algorithmic theory of reduction differential polynomials system. Adv Math (China), 2003, 32: 208-220

24 Temuer C, Buhe E, Xia T C. Non-classical symmetry of the wave equation with source term. Chinese J Contemp
Math, 2012, 33: 157-166

25 Bluman G W, Temuer C, Sahadevan R. Local and nonlocal symmetries for nonlinear telegraph equation. J Mach
Phys, 2005, 46: 023505

26 Bluman G W, Temuer C. Conservation laws for nonlinear telegraph equations. J Math Anal Appl, 2005, 310: 459476

27 Bluman G W, Temuer C, Anco S C. New conservation laws obtained directly from symmetry action on a known
conservation law. J Math Anal Appl, 2006, 322: 233-250

28 Yun Y, Temuer C. Classical and nonclassical symmetry classifications of nonlinear wave equation with dissipation.
Appl Math Mech (English Ed), 2015, 36: 365-378

29 Liu L, Temuer C. Symmetry analysis of modified 2D Burgers vortex equation for unsteady case. Appl Math Mech
(English Ed), 2017, 38: 453-468

30 de Graaf W A. Algorithms for finite-dimensional Lie algebras. PhD Thesis. Eindhoven: Technische Universiteit
Eindhoven, 1997

31 Kolchin E R. Differential Algebra and Algebraic Groups. New York-London: Academic Press, 1973

32 Ji¥de. BAEL dbnt SEHE HRAE, 2013

A mechanical algorithm for constructing structural constants of
the Lie algebra of symmetry of differential equations based on
Wu’s method

Chaolu Temuer, Kangkang Wei, Yufeng Yao & Dao Su

Abstract A mechanical algorithm for constructing an isomorphism image (a Lie algebra with the same structural
constants) of the Lie algebra of symmetry of a differential equations without solving maximum symmetry of the
equations is given based on differential form Wu’s method. The algorithm increases the efficiency of computing
whole symmetry and can be applied to mechanical analysis and decision of various properties of the Lie algebra
of symmetry of a (partial) differential equation. The illustrative examples show the efficiency and extensive
applications of the given algorithm.

Keywords differential form Wu’s method, (partial) differential equations, Lie algebra of symmetry, deter-
mining equations, mechanical algorithm

MSC(2010) 03F03, 03F65, 35A30, 5870, 58J72
doi: 10.1360/N012018-00165

764


https://doi.org/10.1016/j.jmaa.2005.02.007
https://doi.org/10.1016/j.jmaa.2005.08.092
https://doi.org/10.1007/s10483-015-1910-6
https://doi.org/10.1007/s10483-017-2180-8
https://doi.org/10.1007/s10483-017-2180-8

	引言
	微分方程对称
	微分方程对称及其确定
	对称 Lie 代数

	微分形式吴方法的基本概念和结论
	特征列集算法及零点分解定理
	不可约特征列集维数及母点定理

	确定对称 Lie 代数结构常数算法
	算法理论
	对称 Lie 代数的 Rd- .4  表示
	一个同构定理

	结构常数算法

	算例
	常微分方程的算例
	结构常数的确定
	对称 Lie 代数的计算

	偏微分方程的算例
	对称 Lie 代数结构
	对称 Lie 代数

	讨论

