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The exact properties of dark matter remain largely unknown despite the accumulating evidence. If dark matter is composed of
weakly interacting massive particles, it would be accreted by the black hole in the galactic center and form a dense, cuspy spike.
Dynamical friction from this spike may have observable effects in a binary system. We consider extreme-mass-ratio inspiral
(EMRI) binaries comprising massive black holes harbored in dark matter spikes and stellar mass objects in elliptic orbits. We
find that the gravitational-wave waveforms in the frequency domain can be substantially modified. In particular, we show that
dark matter can suppress the characteristic strain of a gravitational wave at low frequency but enhance it at a higher domain.
These effects are more dramatic as the dark matter density increases. The results indicate that the signal-to-noise ratio of EMRIs
can be strongly reduced near 10−3-0.3 Hz but enhanced near 1.0 Hz with a higher sensitivity, which can be probed via the future
space-borne gravitational-wave (GW) detectors, LISA and TAIJI. The findings will have important impacts on the detection and
parameter inference of EMRIs.
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1 Introduction

Dark matter (DM) has been a challenging problem in mod-
ern astronomy, cosmology, and physics. Despite con-
vincing evidence from galactic to cosmological observa-
tions [1-3], DM’s particle nature is still speculative. As
one of the popular candidates for DM, the thermal weakly
interacting massive particle (WIMP) is very attractive in

*Corresponding author (email: tangy@ucas.ac.cn)

terms of detection directly and indirectly [4-6]. WIMPs form
a universal density profile in galactic halos [7], which can
be very cuspy near the galactic center and even constitute a
spike near the central massive black hole (BH) [8], affecting
the cosmic ray searches of DM [9]. Although major merger
events of host galaxies [10] and scattering of dark matter par-
ticles by surrounding stars [11, 12] can possibly weaken and
even destroy the spikes, many DM minispikes might be sur-
rounding the extramassive black holes, with a mass range be-
tween 102 and 106M⊙ surviving if the BH never experienced
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any major mergers [13].
Recently, the possibility of probing DM with

gravitational-wave (GW) experiments has been proposed.
In refs. [14, 15], dynamical friction from DM spikes was
shown to change the phase of a GW in extreme-mass-ratio
inspiral (EMRI) binaries with circular orbits and reduce the
signal significance if waveform templates without DM are
used for matched filtering. However, others [16] state that the
corrections of DM halos to the GW signal or environmental
effects are negligible. Later, studies with more effects [17-21]
continue and support the claim that the phases of GWs can
be modified to have impacts on future space-borne GW ex-
periments. Extensions to different DM candidates [22-25]
and discussions of back-reaction [20, 26, 27] have also been
explored. However, it remains unclear how the significance
of a signal is modified if the waveform templates with DM
are used for matched filtering.

The above investigations only focus on circular orbits and
the phase of a GW. However, EMRIs are more likely to form
from elliptic orbits and be detected by future Laser Interfer-
ometer Space Antenna (LISA) [28] and TAIJI [29-31]. A
more realistic approach would be to estimate how GW sig-
nals from elliptic orbits can be affected by dynamical friction.
Refs. [32, 33] show that a DM spike can enhance the eccen-
tricity and amplitude of a GW waveform in the time domain.
Therefore, enhancement of a GW signal on LISA and TAIJI
would be expected, which, however, seems to contradict the
above conclusions because circular orbits are simply special
cases with zero eccentricity.

In this paper, we study the impact of dynamical friction on
the GW’s characteristic strain and signal-to-noise ratio (S/N)
by numerically solving the coupled dynamical equations for
EMRIs in elliptic orbits and then analyze the effects in the
frequency domain. We first show that dynamic friction can
suppress the amplitude of a gravitational wave at a low fre-
quency but enhance it at a higher domain, and the S/N of
EMRIs can be strongly reduced near 10−3-0.3 Hz but en-
hanced near 1.0 Hz with a higher sensitivity, which can be
probed via the future space-borne GW detectors, LISA and
TAIJI. We suggest extending the sensitivity of detectors at
a higher frequency near 1.0 Hz for future space-borne GW
detectors. These effects will have important impacts on the
detection and parameter inference of EMRIs and provide a
potential probe of DM.

This paper is organized as follows. In sect. 2, we describe
how to determine the DM density profile near a BH, consider
dynamical friction when evolving EMRI systems, and ex-
pand the characteristic strain in harmonics. Later, in sect. 3,
we investigate how DM can affect the GW spectra in the sen-
sitive frequency domain of future detectors. Then, in sect. 4,
we illustrate how the effects can modify the S/N of EMRIs

and influence the detection and parameter inference of this
system. Considering the uncertainty that DM particles can
have different velocities, we also compare the possible influ-
ence of velocity dispersion on the characteristic spectra and
the S/N of GWs in sect. 5. Finally, we give our conclusion.

2 DM density and GW emission

We consider a massive BH dressed initially by a DM profile
ρi ∝ ρ0(r0/r)γ and growing adiabatically. A cuspy profile
would result from the gravitational concentration and is usu-
ally referred to as a DM spike [8]. We consider the adiabatic
growth of the Schwarzchild BH with relativistic effects taken
into account [34] and describe the DM density distribution
near the BH with mass MBH as:

ρDM (r) = ρsp

(
1 − 2Rs

r

)3 ( rsp

r

)α
, (1)

where the derived parameter ρsp = ρ0( r0
rsp

)γ, rsp =

βγr0

(
MBH

ρ0r3
0

)1/(3−γ)
, α =

9−2γ
4−γ , Rs = 2GMBH/c2 is the

Schwarzschild radius, and G is Newton’s constant. We con-
sider the power index γ ∈ [0, 2] for the initial DM profile,
which gives α ∈ [2.25, 2.5]. We determine the initial ρ0 and
r0 through the mass-velocity-dispersion relationship follow-
ing ref. [35], which correlates MBH and its host halo mass.
We then calculate the corresponding derived parameters for
ρDM . In Figure 1, we plot the DM density near the BH with
α = 2.4 in three cases with different BH masses. These
curves show explicitly that the density increases toward the
galactic center but suddenly drops near 2Rs because of the
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Figure 1 (Color online) DM density profile ρDM with α = 2.4 as functions
of the distance to the galaxy center with different black hole masses MBH.
The distance r is normalized to 104GMsun/c2.
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factor (1 − 2Rs/r)3, which arises because of the absence of
a stable orbit near the BH horizon. This figure also demon-
strates that DM density near the horizon is larger for a smaller
BH, which would have distinguishable effects on the GW, as
we shall show later.

The binary system of a neutron star or a stellar BH with m2

orbiting a massive BH with m1 surrounded by a DM spike is
generally elliptic, with eccentricity e and orbital frequency
forb (in the rest-frame of the binary). The system would lose
energy E and angular momentum L due to GW emission and
dynamical friction (DF) from DM,

dE
dt
=

⟨
dE
dt

⟩
GW

+

⟨
dE
dt

⟩
DF

,
dL
dt
=

⟨
dL
dt

⟩
GW

+

⟨
dL
dt

⟩
DF

, (2)

where ⟨·⟩ denotes the average loss of energy and angular mo-
mentum in a period due to GW radiation and DF, respec-
tively. For the GW emission, we use the post-Newtonian
formalism and keep the leading term [36] for our discus-
sions. The contributions from DF involve complicated in-
tegration over one period; therefore, they are evaluated nu-
merically. The relevant formulas are summarized in Ap-
pendix, eqs. (a3)-(a6). Here and hereafter, we neglect other
subdominant effects, such as the next-to-leading order post-
Newtonian contribution, dynamical hardening [37], and ac-
cretion [32]. As we shall show, the effect of DF can be larger
than the dominant GW contribution, including those of other
subdominant terms, which would not change our results qual-
itatively.

For a direct comparison with the sensitivities of space-
borne GW detectors, such as TAIJI and LISA, we shall gen-
erate the GW spectra in the frequency domain. We imple-
ment the formalism by refs. [38,39] and calculate the GWs by
summing the higher harmonics due to the elliptic orbit. The
frequency-domain GW spectra for n-order harmonic waves
and frequency fn = n forb have the power of harmonics [36]:

dEn

dt
=

G7/3

5c5 (2πMc forb)10/3gn(e), (3)

where Mc = (m1m2)3/5/(m1 + m2)1/5 is the chirp mass, and
gn is a Bessel function of the first kind (see eq. (a8) in Ap-
pendix). The characteristic strain of each harmonic is given
by

hc,n =
1
πd

√
2GĖn

c3 ḟn
. (4)

Here, the dot means the time derivative, ḟn = n ḟorb is the
evolution of the n-th harmonic, and d is the distance from
the source binary to the solar system. For sources at red-
shift z, the rest-frame orbital frequency forb and observed fre-
quency f satisfy forb = f (1 + z) and fn = n forb. We then
obtain the characteristic strain by summing over all harmon-
ics h2

c( f ) =
∑∞

n=1 h2
c,n.

3 Effects on the GW spectra

Now, we can quantify the effects on the GWs from DM
spikes. To make our discussions more concrete, we first il-
lustrate a binary system with an MBH of m1 = 104M⊙ and
an inspiring BH with m2 = 10M⊙ (M⊙ = Msun is the Sun’s
mass). With initial inputs of fini and e0, we numerically solve
the coupled differential-integral equations for the orbital fre-
quency forb and eccentricity e, from which we can obtain the
values of the characteristic strains for each harmonic.

We assume a four-year observational time for a space GW
detector. If the EMRI binary does not coalesce within 4
years, we truncate at a maximum frequency of fmax = f (t =
4 years). Otherwise, we can terminate the evolution at a max-
imum frequency of fmax = c3/(2πx3/2GMBH), with the factor
x ≃ 6, as we are considering the nonspinning Schwarzschild
BH [40].

In the left panel of Figure 2, we show the typical charac-
teristic strain of a GW from EMRIs with/without DM spikes.
We choose a binary source placed at a redshift of z = 0.01
with the initial values fini = 10−3 Hz and e0 = 0.75. Different
harmonic contributions up to n = 10 are plotted as solid black
thin curves, which are summed to obtain the total character-
istic strain hc as the solid black thick curve. Each harmonic
can be identified as a thin black curve with a different start-
ing frequency fn = n fini. Unlike the cases with circular orbits
where only the quadruple mode n = 2 contributes, GWs from
elliptic orbits have a wide band in the frequency domain, and
many harmonics can be comparable in terms of strain at some
frequency ranges. The relative importance of each harmonic
also depends on the eccentricity e, as we shall show shortly.

Next, we investigate how DM spikes can modify the GW
spectra. In the same plot in Figure 2 we consider the DM
density profile with three power indices, α = 2.3, 2.4, and
2.5, and show the total GW spectra as dotted blue, dot-dashed
green, and dashed red curves, respectively. The initial con-
ditions are identical, fini = 10−3 Hz and e0 = 0.75, but the
spectra can be substantially different in some cases. When
α = 2.3 or γ = 2/3, the dotted blue curve is almost identical
to the black one without DM. However, as we increase the
index α or γ, we see the sizable deviations that can distin-
guish DM profiles. Two general features appear in the green
and red curves in comparison with the black one and reflect
two important effects on GW emission from DM’s DF. The
first feature is that the GW spectrum is broader with DM in
action, and the second feature is that the strain is generally
suppressed at lower frequencies but enhanced at a higher do-
main.

The above two effects have a common physical rea-
son: The DF tends to increase eccentricity or slow down
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Figure 2 (Color online) (Left) GW characteristic strain and effects from DM’s DF for an EMRI at z = 0.01. For illustration, we choose m1 = 104 M⊙,
m2 = 10M⊙, the initial orbital frequency at fini = 10−3 Hz, and eccentricity e0 = 0.75. The solid black thin curves indicate the different harmonics, which are
summed to give the solid black thick curve without DM. When DM is considered, the corresponding strains are plotted as dotted blue (α = 2.3), dot-dashed
green (α = 2.4), and dashed red (α = 2.5) curves, respectively. Sensitivities from LISA and TAIJI are shown as the purple and light blue curves. (Right)
Evolutions of harmonic hc,1, eccentricity, and the relative contribution of DF as functions of orbital frequency.

the decline rate, while the GW emission alone decreases e
monotonously and circularizes the orbits. To verify this ex-
planation, in the right panel of Figure 2 we plot compara-
bly the corresponding n = 1 harmonic hc,1, eccentricity e,
and the relative contribution of dynamical friction to the fre-
quency evolution d fDF/d f . The top figure clearly shows the
effects on the characteristic strain hc,1, namely, suppression
at low frequency and enhancement at a higher range. Sim-
ilar patterns are also applied to other harmonics. These be-
haviors reflect the modification of the eccentricity evolution,
as shown in the middle figure. As we can observe, when
the index α increases, e decreases more slowly than in the
case without DM and can even increase for large α. e → 0
without DM as the system approaches the plunge due to the
circularization of GW emission, whereas e with DM can be
sizable before the plunge. The bottom figure indicates that in
the early phase of evolution, DF dominates the back-reaction
from GW emission. As the system evolves, GW gradually
dominates and starts to decrease e and circularize the orbit.
The relative importance of DF and GW emission depends on
the DM density profile and the distance between the binary
components or the orbital frequency.

Observing that the strain in the frequency domain depends
on the Fourier transform is also helpful for understanding the
above effects in the time domain:

h( f ) =
∫ tc

0
h(t)e−i2π f tdt, (5)

where h(t) is the time-domain GW, and tc is the coalescence
time. If we have an EMRI in a circular orbit, the spectrum

will almost be monochromatic without orbital evolution. The
actual strain size depends on how much time the system has
stayed at the frequency forb. If the orbit is elliptic, then differ-
ent harmonics can be obtained by decomposing the orbit as
the superposition of monochromatic components. The strain
for each harmonic depends on how much time the corre-
sponding component can last. When we include the DM’s
DF, the binary system accelerates, and the evolution time
scale is shortened. Then, the low-frequency components will
be relatively suppressed, and the high-frequency ones will be
enhanced.

4 Signal-to-noise ratio

Now, we discuss how the above effects can change the signal-
to-noise ratio of EMRIs at space-borne GW detectors. After
obtaining the characteristic strain, the resulting S/N is then
calculated using

(S/N)2 =

∞∑
n=1

∫
h2

c

f 2
n S n( fn)

d fn. (6)

Here, S n( fn) is the spectral density of TAIJI [41] or
LISA [28]. The sensitivity curves from TAIJI and LISA are
indicated in Figure 2 as light blue and solid purple curves,
respectively. Because they are qualitatively at the same level,
we shall mainly refer to TAIJI for the later discussions.

In the left panel of Figure 3, we show how the values of
S/N change with the DM density profile index α in eq. (1).
We choose four illustrative examples with two initial or-
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Figure 3 (Color online) (Left) S/N against the DM density index α. All curves have m1 = 104 M⊙ and m2 = 10M⊙. The black lines (solid for z = 0.01 and
dashed for z = 0.1) are obtained with fini = 10−3/(1 + z) Hz and e0 = 0.75, while the red ones (solid for z = 0.01 and dashed for z = 0.1) are obtained with
fini = 10−3.5/(1 + z) Hz and e0 = 0.95. (Right) The S/N for the EMRI binary at z = 0.01 as a function of the mass of central BH and secondary objects (we
fix the inspiring body mass as m2 = 10M⊙ (the first one) and the central BH mass as MBH = 104 M⊙ (the second one)), with initial conditions fini ≃ 10−3 Hz,
e0 = 0.75, and z = 0.01. The solid black curve describes the case without DM; the dotted blue one, α = 2.3; the dot-dash green one, α = 2.4; and the dashed
red one, α = 2.5.

bital frequencies and eccentricities at two redshifts z = 0.01
(solid) and 0.1 (dashed), fini = 10−3 Hz and e0 = 0.75 (black
curves), and fini = 10−3.5 Hz and e0 = 0.95 (red curves).
These curves suggest a general pattern in which increasing
the profile index α leads to suppression of the S/N, although
the details can differ. For instance, for the top black curve, as
α approaches 2.5, S/N changes more slowly. This result is
due to the lower sensitivity of the space GW detector at high
frequency, as shown in Figure 2. When the enhanced strain
at high frequency is below the sensitivity curve, it will not
substantially contribute to S/N. On the other hand, for the
red curves with a lower starting frequency, the reduction of
S/N can be more dramatic because their dominant strains are
mainly in the frequency domain of sensitivity.

Reducing S/N can have substantial effects on EMRI de-
tection and parameter inference. Our results show that S/N
may be reduced by up to one order of magnitude. If an EMRI
is on the edge of detection threshold S/N ∼ 8, it may be com-
pletely lost if the DF of the DM spike is considered, although
the precise value of S/N depends on the DM density index
α. As a result, the detectable cosmic volume will also be
modified. In addition, because the precision of parameter in-
ference is proportional to 1/(S/N), it is straightforward to see
that determining the parameters of the binary source will also
be affected.

Finally, we discuss the effects on S/N change of different
masses of central BHs and inspiral objects with a fixed initial
frequency and eccentricity. In the right panel of Figure 3, we
show how DF from DM spikes affects S/N for EMRI systems
with different mass ratios. First, we fix the mass of the sec-

ondary object m2 = 10M⊙ and change the mass ratio of the
binary system by changing the central BH mass with the ini-
tial parameter fini = 10−3/(1+ z) Hz, e0 = 0.75, and z = 0.01.
In general, reducing S/N is less significant in a more massive
BH system. This result is due to the larger DM density of a
smaller BH near a BH horizon because of the inverse power
law in eq. (1). Another feature we notice is that S/N de-
creases as the BH mass exceeds ∼ 6 × 105Msun, which is due
to the time evolution of the EMRI system. Because the max-
imum frequency before the plunge fmax ≃ c3/(2π63/2GMBH)
is inversely proportional to the mass, more massive systems
have a shorter inspiral time before reaching the plunge phase.
Therefore, the signal strain will be reduced for EMRIs with
larger central BHs. Second, we also adjust the parameter m2

and fix the central black hole mass MBH = 1 × 104M⊙ with
the same initial conditions. One can see S/N increases with
m2 or reduced mass µ = m1m2/(m1 + m2) ≃ m2. This result
can be easily explained as follows. According to eqs. (3), (4),
and (a5), we can obtain the relationship between GW strains
and reduced mass, which is hc,n ∝ µ1/2. Substituting this re-
lationship into eq. (6), we can obtain S/N ∝ µ1/2. Notably,
when the mass ratio is large enough, the minispikes are more
likely to be destroyed by the process of the merger of host
galaxies [10]. Therefore, extrapolation to a higher mass ratio
of m2/m1 & 0.01 should be done with caution.

5 Effects of velocity dispersion

In this section, we discuss the effects of DM particles with
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velocity dispersion on GW spectra and the signal-to-noise ra-
tio. Note that the exact form of velocity dispersion is un-
certain because of the lack of direct observational evidence
of the vicinity of black holes. Here, we follow the standard
treatment via the Eddington inversion procedure [42]. Using
the phase space to describe the DM particle distribution, we
can obtain the DM density distribution. Function [26] is

ρDM (r) =
∫ vorb

0
v2 f (Er)dv, (7)

where Er is the relative energy per unit mass, and f (Er) is
the phase space distribution function. The upper limit of the
integration is determined by the orbital velocity of the sec-
ondary inspiral object vorb. Here, the integration indicates
that only particles moving slower than the orbital velocity
vorb contribute to dynamic friction. Note that vorb is deter-
mined by the orbital dynamics and is time-changing, as the
secondary object moves along the elliptic orbit with typical
velocity v2

orb . c2/3, so do the DM particles.
In Figure 4 we show that the effects on GW characteristic

strains and the signal-to-noise ratio from EMRIs can be mod-
ified by DM and velocity dispersion. In the left panel, we plot
with all other parameters identical to those in Figure 2. The
black curve represents the characteristic spectra from the GW
of EMRIs or IMRIs without DM; the solid red curve is ob-
tained with DM and neglecting velocity dispersion, and the
dashed red curve is obtained by considering velocity disper-
sion. One can easily identify that the features in sect. 3 re-
main, although the magnitude is now smaller. The reason is
that the eccentricity, in this case, decreases faster than in the
case without velocity dispersion, but it still decreases slower

than in the case without DM. The evolution of eccentricity
agrees with that in ref. [43].

We also show in the right panel of Figure 4 how the effect
on the S/N curves of GWs changes when velocity disper-
sion is considered. The solid red curve is identical to that
in Figure 3, while the dashed blue one shows the modifica-
tions when velocity dispersion is considered. As expected,
the magnitude of the modification is reduced but still sizable
and relevant for future searches when the power index of the
DM density profile α is larger than ∼2.4.

6 Conclusion

We have discussed the effects of DM on the binary system
of a stellar BH or neutron star orbiting a massive BH sur-
rounded by a DM spike. We have considered the cases with
general elliptical orbits and demonstrated that a DM spike
can substantially modify the evolution of the binary system
and correspondingly affect GW emission. In particular, we
have found that the DF from DM can modify the GW’s char-
acteristic strain and frequency distribution, namely, suppres-
sion at low frequency but enhancement at a higher range.
These effects will affect the detection and parameter infer-
ence of EMRI sources by reducing the signal-to-noise ratio
at space-borne GW detectors, such as TAIJI and LISA. Ex-
tending the sensitivity to high frequencies near 1.0 Hz will
be useful for future space-borne GW detectors. For various
EMRIs, the impact of these effects can differ by up to one or-
der of magnitude, depending on the DM density distribution,
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and is generally more substantial for smaller central black
holes. Furthermore, we have investigated the possible reduc-
tion of these effects when considering DM’s velocity disper-
sion. All of these results, which are illustrated in Figures 2-4,
suggest that gravitational waves from EMRIs may provide a
new probe for DM detection 1).
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Appendix

We consider an EMRI system comprising a massive BH with
a mass of m1 and a compact object with a mass of m2,
m1 ≫ m2. We define the total mass as M = m1 + m2 ≃ m1

and the reduced mass as µ = m1m2
m1+m2

≃ m2. Using Keplers law
of an elliptic binary system, we have the relation for radius r,

1) While we were finalizing the manuscript, two preprints [43,44] appeared. Both papers discussed the effects of DM spikes on the evolution of eccentricity,
which partly overlap our results in the middle of the right panel in Figure 2.
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eccentricity e, and semilatus rectum p,

r =
p

1 + e cosφ
, e2 = 1 +

2EL2

G2M2µ3 , p =
L2

GMµ2 , (a1)

where E and L are the energy and angular momentum of the
system, respectively. Because of the GW emission and DF,

E and L are evolving according to

dE
dt
=

⟨
dE
dt

⟩
GW

+

⟨
dE
dt

⟩
DF

,
dL
dt
=

⟨
dL
dt

⟩
GW

+

⟨
dL
dt

⟩
DF

, (a2)

where individual contributions are given by

⟨
dE
dt

⟩
GW

= − 32
5

G4µ2M3

c5 p5 (1 − e2)3/2
(
1 +

73
24

e2 +
37
96

e4
)

(1 − e2)3/2,

⟨
dE
dt

⟩
DF

=
2G3/2µ2ρspr2

sp lnΛ

p(α+1)M1/2 (1 − e2)3/2
∫ 2π

0
dφ

(1 + e cosφ)α−2

(1 + 2e cosφ + e2)1/2

[
p − 2Rs(1 + e cosφ)

]3,

(a3)

and⟨
dL
dt

⟩
GW

= − 32
5

G7/2µ2M5/2

c5 p7/2 (1 − e2)3/2
(
1 +

7
8

e2
)
,

⟨
dL
dt

⟩
DF

=
2Gµ2ρsprsp

α lnΛ(1 − e2)3/2

pα+5/2M

∫ 2π

0
dϕ

(1 + e cosφ)α−2

(1 + 2e cosφ + e2)3/2 (1 + e cosφ)α−2[p − 2Rs(1 + e cosφ)
]3,

(a4)

where lnΛ ≈ 10 is the Coulomb logarithm [45] due to DF. Using the relations p = a(1 − e2), a = −Gmµ/(2E), and forb =√
GM/a3/(2π), we can obtain the differential equations for orbital frequency and eccentricity,

d forb

dt
=

96
5

G5/3(2π)8/3µM2/3 f 11/3
orb

c5 (1 − e2)−7/2
(
1 +

73
24

e2 +
37
96

e4
)
+

6(2π)2/3α−1G1−α/3uρsprsp
α lnΛ

M1+α/3 f 2α/3
orb

· (1 − e2)−α−1
∫ 2π

0
dφ

(1 + e cosφ)α−2

(e2 + 2e cosφ + 1)1/2

(1 − e2) −
4(2π)2/3(GM)2/3 f 2/3

orb

c2 (1 + e cosφ)

3

, (a5)

de
dt
= − 304

15
G5/3µM2/3(2π)8/3 forb

8/3

c5 e(1 − e2)−5/2
(
1 +

121
304

e2
)
−

4(2π)2α/3−1G1−α/3uρsprsp
α lnΛ

Mα/3
forb
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· (1 − e2)−α
∫ 2π

0
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(e + cosφ)(1 + e cosφ)α−2

(e2 + 2e cosφ + 1)3/2

[
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. (a6)

Notably, the relation

e
de
dt
=

p
Gmµ

dE
dt
+

e2 − 1√
Gmµ2 p

dL
dt
, (a7)

ensures de
dt ≤ 0 in the absence of DF. One can easily check⟨

dE
dt

⟩
GW
< 0,

⟨
dL
dt

⟩
GW
< 0 and their relative size. However,

because of the factor e2 − 1 < 0 in the front of the second
term above, de

dt can be positive in the presence of dynamical
friction when the absolute value of

⟨
dL
dt

⟩
DF

is large.

The function gn(e) [36] is defined by

gn(e) =

n4
{[

Jn−2(ne)−2eJn−1(ne) +
2
n

Jn(ne) + 2eJn+1(ne)−Jn+2(ne)
]2

+ (1 − e2)
[
Jn−2(ne) − 2Jn(ne) + Jn+2(ne)

]2
+

4
3n2 Jn

2(ne)
}
.

(a8)
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