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EIE 1.1 SMERLERMREE (Q,F,P) THIFEMHI {A )02, Yoor 1a, < oo JLFARAERAL
HIFE 70 Wb BEAEAT A, AL B IRELH B BT 751 {ng }o2, RTHTR 2 LIRS (952 ng := 0):

Bk = U Aj,

JE(MK—1,nk]

iP(Bk) < . (1.3)
k=1

FESCHR T, Borel-Cantelli 55 — 51 344 2 MCA, FATHRMLWTT — DM ERE R RRA:
3138 1.2 (Borel-Cantelli 55 5| ¥) 25 EMER2S0 (Q, F,P) il d

> P(A,) = (1.4)

HISERED] { A, A BN 2 LU F 4 P (1)—(4) 2 —
(1) {An )32, T,
(2) {An )3, (B O
(3) 17HE (1= J¥51 {p, )32, 1843

P(A; N Aj) = P(A)P(A)) < p,_,, - [P(Ai) +P(A))], Vi#j;
(4) FFIEETF R M = (M, ,),_, ... BS0E FOESLME S

=2 = (x,1,...) M

15
P(Ai N Aj) —P(A)P(A;) < M, - \/P(A)P(4;), Vi,
)
> 1a, = oo JLUFAEAERSE. (1.5)
n=1

FREIE A &4 (1) TR 1R K2 HM R R #E B rh & 8L [ Borel-Cantelli 25 — 5| 2, HABS
PR B SR ECA T1 2 Sk, BN, SCER (8, B 2.3.9) XFRLT A (2), SCHR [22, EHE 3.2) X
M2 (4) (FTIEWZE Erdss 1 Rennyi [10] M TAE), 2644 (3) (MAE—BUR A 2 4F, uniform mixing
condition) X M. 145 W id 3% T 3CHk [6].

1T M Dvoretzky F1 Erdos 19§ TAF Fh k Jii 3 FE B 40 R 25 5

EE 1.2 % {9, )00, RHRHE M ERMIE RS, % ES, - co, HAFTEIEHE C,6 > 0
i1

Var(S,) < C(ES,)*°, Vn>1 (1.6)
JRAL, B 55
C(ES,)?
Var(Sy,) < (hlIiESn)z*‘V Vn>1 (1.7)
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ST, T
lim_ Esg =1 JLFAbibpor. (1.8)

e e T RGHISUERTIE Borel-Cantelli 55 — 5| #E. (H3ZFr I, B SCHR 5 — 821 Borel-
Cantelli 5§ 53 /& Kochen I Stone '™ (&5 F (7] 2 WL ICHR [8, 21/ 2.3.10]).
3138 1.3 (Kochen-Stone F|E) 45 & /&

S B(4,) = o0 (19)
n=1
IFAET {4302, I8 Sy =14, + -+ La,, WIEHEATHZ
. Var(S,)
Jim ggye = (1.10)

WY 1a, = oo JUFARARREAL.

Mg (1.5) SR Z) -

EIE 1.3 Y07 14, = oo JUPAKE AL FE 73 BAR AT, A4AE H AR SR ETH 75 {ne )72,
XHR 2 LR EAFFIAMBENLAZ B (Z15E no := 0):

By = U Aj, Sm = 131+~-~—|—13m,

je€(mr—1,nk]

PR 752 (1.10) FJE T3 Ty 72
> P(Bi) = oo (1.11)

AR A Borel-Cantelli 25— 55 5| FRIEE L (Borel, 1909; Cantelli, 1917; 2 W.XCHR [11]) &
N Z WA, P ERTRWAGE R TAEA Borel M TAEZ JERELEITHE, 2 WL [1,6]
FISCHR [4,5,7,11-14,18-20] &, W& THIAM TAE, B 1.1 A 1.3 1FRR 5 UEBH L HA KA (Hik
NI, EIX LEHAF SCHR o I35 JA T PN E BRIk, A8 H AT AR R 2 A~ & B AR
JUREH, AR EATI R A B B B A. il — 20, — S B e R ) R (SHe) R E
FHRLFH T 3171 RGURAN Borel-Cantelli 5] 2 [3:6:15:16,21) " 5 R 7E i LU AJE 52 75 ) HP FRATT IO 285 SR e 4R 21
FEAG MR .

—F itz R 1.1 A 1.3 AT S — BCAS ) Borel-Cantelli 55— 55 5. F—1k 4
HAIEB.

2 FIE 1.1 51 1.3 HIIERA

HNTAEMER 1.1 5 1.3, FATSUEN T 4s 5.
SIF8 2.1 % E BRI T4 {ny )20, RMEERAE (Q,F,P) HH—FFHM {4,122,
it By :=U A; (B3 no == 0), MaFH

JEME—_1,mk] 7

oo oo
D 14, <0 Y 1p, <o, (2.1)
n=1 k=1
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ilAn:ooﬁilgkzoo. (2.2)
n=1 k=1

IERA AL B R RS KR TSR PRAR AT 1998 FERE L2 BRI (REMR L) R JLEH
ZOLSCHR [2]), T2 BT 15 475 55 —1E 3 DA S 26 R AR A 2 R 301 ).

TR, (2.1) 5 (2.2) S, KA RAERTHT

BT 15y <X me_yimyg L1ags FTEL (2.1) B 4= BR02 BARARAL ).

B S5 1s, < oo, MAFELE N < oo ffif5

la; <1, =0, Vk=N, je& (ngp_1,n
TIE 14, =0,V > ny_q. BEM (2.1) ) “<=" HBHRGL. O
EIE 1.1 BOIERR € (1.3) XFHETFH {ng 15, ML, B Borel-Cantelli 5IFREN Y027 1p, < oo

JUTAMAR RS T (2.1) HESHE T (1.2).

an o a) =0

n=N

HYAHRE X ng WIR: RE X ng =0

ne :—inf{N>nk1:]P’< U An> <21k} k=1,2,...

n=N
12 B = Ujeine_,m A5 LT/
> 1
P(By) <P |J 4;)< ST
j:nk_lJrl
KAEFH (1.3). O

TR 1.3 BOMERR  BLAETE TA {n )5, BEAR (1.10) B (111) BOL, Eo By i= Uiy 440
Sy :=1p, + -+ 1p, . H Kochen-Stone AN Y77 15, = oo JLFAALRAL. T (2.2) #HEFH T
(1.5).

A AN (1.5) A7, B P(lim, e A,) = 1, JRE]

e} M
lim P A, ) =1 lim P A, =1

IBVHE X ng WR: € XL ng:=0 K

M
1
nk::inf{M>nk1:IF’( U A”>>1_2k}’ k:1,2,...
n=ng_1+1
i By = Usetne g A B Sm =1, +--- +1p,, ¥Ym > L. BIRP(By) > 1— 5, k=1,2,... Bt
ES,, > m — 1.
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Tk,
Var(Spm) = Y Cov(lp,,1s,) < V/Var(1p, )Var(13,)
1<k f<m 1<k, l<m
kit 2
<> () <2
1<k, l<m 2 1—-v/1/2
=34 2V2.
A, (1.10) A1 (1.11) SN BRI H L. O
3 e

FEASC ) RIS RA A, 55— 1E 3 SN (1.5) BROLI 78 70 W B4 AF R AEAE AR ET) B i 36 184
TH) {ng}oo, 45 (1.10) A1 (1.11) &z, Hrh By = A, & S, =15, +-- + 15,,. B _IEEMEIE
BT A

WX ~U({1,2,3}), Bl X 2% {1,2,3} FRISEMEZRS MmN E. SHMEZIEEE n, id

Agp_q = {X # 1}7 Agp 1= {X # 2}~

BAREAF] {A, )00, WL (1.5). X EARBUAE B8 T8 {ne )52, X By = Any, K Sy =
g, + -+ 1p,, NEEEF| ES,, = 2. BAIWT=:
Var(S,) _ 1

I > 0. 1
2 Es)e 28! 3.1)

FHz b il
tm =10, masy

k=1

M ¢, /& (e tEr) JEfs, JE A
Sm =tm - Lixz1y (M —tm) - Lixzoy =m —ty - Lix—1y — (M — 1) - 1yx—2}.

Pl i,

2

B2, A (M= tn)? =t (m — )] = T—S.

Nl )

Var(Sp) = Var(ty, - 1ix=1y +(m —tn) - l{x=2y) =
T2 (3.1) B

Bigt At ey AR R T —EH 2023 AR (R % HY A QRS Ak 1) M ITRAZ IR T4 P
8 “EA—F (REHLERKRZ LMD B SR, B & AieiRA2 69 AKE 3 B8ORS 69 A, Biften iR
APk ZENEHIRG LA, RRFRAMBGTEEL, RARATALNAERE. F—hF05FRtHmE
FRALR L R BT HIL Yo, AR RN, RELIT IR R, 7 Fwd, Bk, Frodl,
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1 Chandra T K. The Borel-Cantelli Lemmas. Springer Briefs in Statistics. Heidelberg: Springer, 2012

1265



WA %S Borel-Cantelli 55— 2f 5| #H—ANFd

2 Cheng S H. Advanced Probability Theory (in Chinese). Beijing: Peking Uinv Press, 1996 [fii?ﬁ mENERR. I

e b RUR A A, 1996]

Chernov N, Kleinbock D. Dynamical Borel-Cantelli lemmas for Gibbs measures. Israel J Math, 2001, 122: 1-27

Chung K L, Erdés P. On the application of the Borel-Cantelli lemma. Trans Amer Math Soc, 1952, 72: 179-186

Davie G. The Borel-Cantelli lemmas, probability laws and Kolmogorov complexity. Ann Probab, 2001, 29: 1426-1434

Dedecker J, Merlevede F, Rio E. Criteria for Borel-Cantelli lemmas with applications to Markov chains and dynamical

systems. In: Séminaire de Probabilités LI. Lecture Notes in Mathematics, vol. 2301. Cham: Springer, 2022, 189-238

7 Dubins L E, Freedman D A. A sharper form of the Borel-Cantelli lemma and the strong law. Ann of Math Stud, 1965,
36: 800-807

8 Durrett R. Probability: Theory and Examples, 5th ed. Cambridge Series in Statistical and Probabilistic Mathematics.
Cambridge: Cambridge Univ Press, 2019

9 Dvoretzky A, Erdés P. Some problems on random walk in space. In: Proceedings of the Second Berkeley Symposium
on Mathematical Statistics and Probability. Berkeley-Los Angeles: Univ California Press, 1951, 353-367

10 Erdos P, Rennyi A. On Cantor’s series with convergent 1/¢,. Ann Univ Sci Budapest E6tvés Sect Math, 1959, 2:
93-109

11 Estrada L F, Hogele M A. Moment estimates in the first Borel-Cantelli lemma with applications to mean deviation
frequencies. Stat Probab Lett, 2022, 190: 109636

12 Freedman D. Another note on the Borel-Cantelli lemma and the strong law, with the Poisson approximation as a
by-product. Ann Probab, 1973, 1: 910-925

13 Frolov A N. On strong forms of the Borel-Cantelli lemma and intermittent interval maps. J Math Anal Appl, 2021,
504: 125425

14 Hoover D R. First Borel-Cantelli equalities incorporating known dependency structure (English, Italian summary).
Metron, 2002, 60: 21-30

15 Hussain M, Li B, Simmons D, et al. Dynamical Borel-Cantelli lemma for recurrence theory. Ergodic Theory Dynam
Systems, 2022, 42: 1994-2008

16 Kifer Y. The Strong Borel-Cantelli Property in Conventional and Nonconventional Setups. Lecture Notes in Mathe-
matics, vol. 2290. CIRM Jean-Morlet Series. Cham: Springer, 2021, 235-261

17 Kochen S B, Stone C J. A note on the Borel-Cantelli lemma. Illinois J Math, 1964, 8: 248-251

18 Lamperti J. Wiener’s test and Markov chains. J Math Anal Appl, 1963, 6: 58—66

19 Luzia N. A Borel-Cantelli lemma and its applications. Trans Amer Math Soc, 2014, 366: 547560

20 Petrov V V. A note on the Borel-Cantelli lemma. Statist Probab Lett, 2002, 58: 283—286

21 Philipp W. Some metrical theorems in number theory. Pacific J Math, 1967, 20: 109-127

22 Simon B. Functional Integration and Quantum Physics, 2nd ed. Providence: Amer Math Soc, 2005

23 Xie J, Zhou R. A note on an SLLN of Dvoretzky-Erdos type. Statist Probab Lett, 2023, 195: 109769

Ot s W

A note on the first and the second Borel-Cantelli lemmas

Jiansheng Xie & Qihang Wang

Abstract Let {A,}72; be a sequence of events and let S := "> 14,. We present in this note equivalent
characterizations for the statements P(S < co) = 1 and P(S = oo) = 1, respectively. These characterizations are
of Borel-Cantelli lemma type and of Kochen-Stone lemma type respectively, which could be regarded as the most

general version of the first and the second Borel-Cantelli lemmas.
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