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Abstract  Rectangular cantilever plates, commonly employed in aerospace structures such as straight wings and
satellite solar panels, are susceptible to complex coupled bending-torsional vibrations under dynamic loads. These
vibrations, particularly under resonance conditions, pose significant risks of structural damage or failure. While existing

studies on resonance suppression for such systems have primarily addressed bending vibrations, the control of coupled
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bending-torsional interactions remains underexplored. This study investigates the efficacy of distributed nonlinear energy
sinks (NES) in mitigating multi-modal coupled bending-torsional resonances, aiming to advance vibration control
strategies for such geometrically flexible systems.A dynamic model for the coupled bending-torsional vibration of
rectangular cantilever plates with distributed NES cells was developed using the generalized Hamilton’s principle and
Newtonian mechanics. The governing equations incorporate nonlinear energy transfer mechanisms inherent to NES
devices, enabling analysis of their energy dissipation effects. The Galerkin truncation method was applied to discretize
the coupled partial differential equations into a reduced-order system, while the harmonic balance method was employed
to compute steady-state responses. Numerical validation via the fourth-order Runge-Kutta method ensured solution
accuracy and robustness. Parametric studies highlighted critical relationships between NES design parameters and
vibration suppression performance. Under constant NES mass conditions, increasing the nonlinear stiffness coefficient
significantly enhanced energy dissipation efficiency, particularly in higher-order resonance modes. Optimal damping
ratios were identified to balance transient energy absorption and steady-state stability. Comparative analyses revealed that
distributed NES configurations outperformed localized arrangements, achieving up to 60% reduction in resonance
amplitudes across multiple coupled modes. Frequency-response curves demonstrated a broadening of effective vibration
attenuation bandwidths, confirming the NES’s adaptability to multi-modal excitations.The results establish that
strategically designed distributed NES systems can effectively decouple bending-torsional interactions and suppress
multi-resonance phenomena. By leveraging nonlinear stiffness and optimized damping, the proposed approach addresses
limitations of conventional linear absorbers in handling mode coupling and broadband excitations. This work provides a
theoretical foundation for passive control strategies in lightweight aerospace structures, where simultaneous mass
constraints and multi-axis vibration challenges exist. The findings offer practical guidelines for tuning NES parameters in
applications ranging from satellite deployable mechanisms to high-aspect-ratio aircraft wings, paving the way for
enhanced reliability in resonance-critical environments. Future research will explore transient vibration scenarios and

stochastic loading effects to further validate the robustness of distributed NES configurations.

Key words coupled flexural and torsional vibration, nonlinear energy sink, distributed vibration absorption, harmonic

balance method

a| = L 8 T =4I VIS 5045 R 0 PR
Tian %000~ EAWB 75, S il TEER
AR P AE 0 AR5 i I RO BT AR 2134
S0 48y T — 00 2 R B B D
Ry . AR 3T BB
59 B 190 1 9o R 2 R 0 BT
B, 0T T BRI, AR T R
B T T2 2% 53 PEA B8 T A AR 1
T8 R R B IR £~ TER A BDRHR,
8 8 45 1 D O Y ML, 9 00 JL R B
HET T HFIC. E L0 M T TR A7 AR KR
L6, RS T KR 3K L AR 75 4188 5 S 3 )
W2, Sheng % $RE1h T HEARLE 7 SRR

&

FERU MR WU <5 U, e &
AR T ZAFAE . JEIE B B AR A M (N IR 2 3
{4 2 i AL RS S R 3h, er EALR . R R
AN BE A5 T 46 A 38 5 A T vt R AT o 2R B0
MIMEE T, R Al e WTIERE h, HlUA LS 2 R
2R 1S AL AR Bl . IX AR e & 5 BUR M4
R 57, L AR RS L R v i R e A 45% B
2, S AT AR A . BB RN S AR S R AR
AT BB R 2 e Ve B B . R, B
S HLRS B IR 3 A IR 345 1 LU IR S F 7 2
TRERFHANE .

BRGSO 1) 2 M, DA TR R B 5
[ OGVE, T 1T 2 22348 o B IR G M 31T 7 KREW
fiff 7T, Revenkol'! 7E = 4E s PR LAl b, K TR
G PR RLE B R o 52 1) 77 4F A I ) 25 )

(NAM) K ek i 8 35 S ML 3 AR 1 S8l B0 1 R 30
Kumar 2500 W1 7% 7 AR £ 1 B B0 AN [R5 B M 9 7
TNHEAEZEHEM (CCLP) FIIRIE DL, ik 282X
AR 25 M IR 7, e T AR AR BN R 1 DA R SR %



& 4

EIWERESE : R SRR S AR 5 (2 IR B e 20 A 2R R4 ) 989

IR r

RE L0 BB AR I R Bl e LR AT 4 1, AR 5T
ARG RAI. A HAEZ % f2 &I (nonlienar
energy sink, NES) RX} &8 i #E 47 R s # il & — 1
UF 5. NES AE A — MR g iR e &, BA
PRARAIHT V5 DR AR 1 B B o Joia 22 /N S50 i 10),
Geng %501 2 Hh R4 14 R4 ik /7 >k FR 1) NES 1)
KRB, BEFT 15 7 AR B2 1 fe B 110 B 25 i vz A1
RSN, Zeng S 78 30 B 1 22 1) v 1) [ g — B
Tk, JEAE [ o2 WE Ak IR T A0 % e B — PG BR AL 2
7 —F245 NES. Zhang FB FEH 7 —Fh g5 & AR 2 1%
RE B VM FEL A R SR SR O IR 4% (NES-PEH) K
) = B R ER. A, A T
NES-PEH #iil| 3 BBz 1) 24 . S &I 4 i 1 0k
TofE L JEZR 1 1) NES, B A& v #1261 5 JE 28
PENIEE. SIS BETE T RS B 2 B 2% (TMD)
AINES X il il (1) 22 40 B AR 1 A B IO & R
B FHAR DR 52 e A . 2R S U O IR I 1 A O
¥R, 24> NES fgoif @ KT 84 NES 3
5 H BRSNS AR SR, 74T 7 24 NES ju
TUAH G 3 5 10 4 R 1) 28 49 1) Ak o SRR AL ok SR
E DO v R i RSB N N EE Rt E | 357
P e BRI R Pk IR K e 10 22 e R B JEh 14 R 1 AR A
A, o T HR I NES &R A 7k T RE =
BLRE ST ISR X EetF SR W] NES A& — M8 36 F
I BRI RS A e

AR LM Re SV R L 32 (0 8 FH VG B AR S 1 gk
PRI, LEAR B4R B 45 1] 87 FH 90380 2 38 v ) 0t 7
Yir{d. Wang SV A58 7 AN AEH R, NES
X RERLME 25 MR BN 52 . Kang 2209 B 5T T NES
X RHRLZ B TH A 3R B I @K 520 . Guo S5O i AL T
NES o 42 il 11 38 8 < B 3 1% 1K) 5200 Tian 5521 HF 5%
T NES [ = 4E6 T2 AL 378 = 75 sl (i 9k
AR BN FVEAT A, BRSPS W B S NI
FEIEI NES >RSI 25 4 1 7= e B 4% 1. (=) EER3) 1
i —Fhpr B g 5E AL NES, 8IS SEIGHT A T %68
=L IS 30 J15 M N, Zhang Z50PY LLEE T NES X
3l 2 M AR N 2 M AR el R AR 1) 22 S, B AT TR
LA 1 ) NES JAR R, Phar R &F2 ik 17 —Fh
Al AR NES. Zhang 50200 SR H EUE B
EREIT T BA AN NES B9 48 E A RS ] 7L Fh
BERT BT FEBRAN ER BE NES )3 A S i fh in) /5, %o

LA FE T W Fh NES (IR 2 RE. Tian %0280 32 1
TR T S5UAep 4 4 R R B U B 78 SR A = NES R Ik 4 12
fiE. Fasihi 25029 FI| Fif NES 1 JE Hi RE R UCEE 235 — H
FH P 3R HEAT A AW SR IRCER . T 2R 0 B 5 T
NES 2% B 518 [ E 26 1t 30 ) e M S 4R sl il 1
F2M. He 2B B 5T 1 75 SR IR AT NES M 45 & I ELR
PEEE LN ZN )2 ) . )] R AR A T R VAR
SERIBEIN NES B 110 % 25 4 M 40 1) i 8. _E R A
ViHA NES #8818 45 XA AT $2 ). (5 ff 2> e A 1 25
R G IR BN ADHI I 5T

AR S I e g A T A A R A A
LR TE B B Y, 15 3 T MR S A HL R B 1
[ A AR A5 3 P v ke — O A A2 3
7 VSR 1) 25 HHL RS A R BT AR L M 3 ) i 9. 7
25ty AR R [ A AR AT IR L, AR S e
FR B e B 2= K AR A AR RN k. WAL T B
NES (18 8 [ 9% s b7 8t 5 AR AR L, Bt
T NES 28 AR 2l A0 54 e 97 #8453 T A 20
P 78T 7 NES ZH00 IR BRI 520,

1 BEEERBERTSHBAHNERER

Wil 1 s, BRI N L, 98N b, bl €
2, FLR AL wx, 1), SRR IIEE N o(x, 0.
p AR SR E L, A Jy BT AR, A D9 AT v
E NV, ¢ T ¢y 73 A N ARCES A1 e 1 2 1k
BELJE, 1, BT Ol R AR, 1, 2
WRBTHLBIESRE, v AVRALL, G BTV & NES g
TG 1A LA BRI R AT B R AT AR 1Y
2%, BOL G AL AR BOR. JUH 2 8 i 7 A
AR IR MR, 3K BEL () 255 ph AR 1 R 4 1R W [ 1 35 29
K, P, 31 28 b 9 A A S AT B NES ot
A LB SR IR 4 5 T S5 AR TR, DU B 4
I Z SRS, W 1, IS NES Mool i fe

u,(L, t)

1 AR A S RO

Fig. 1 Model of bent-torsion coupled cantilever plate



990 VAl 2

Eitd 2025 3 57 B

R B s RS AL, W0 1 ORI R, NES
MEoCH BT m. ARZVEIEE oy DULPHJE &5 oy 4

J. %1 N B E RS
W3 fE

T = fj jh 2p Wail + .7 y)dydzdx—

L1 2
EpAb(w, +—b SOyt )dx Q)
TEOE T
U= 0 24 EAb2<p2w szdx+f0 %hz(l - %z)w,xxzd)H
fo 5G1p¢,x2dx+ IOL%EA(%w,)f)dx 2)

K52 150 M G e S5 P 2T AR R
NES f e /) 2apE i,
X NES JICKH 52 5153 M 15 280 1125 7 72

-

Mgy + k(= vi)? + on (Ui —vi) =0, i=1,2  (3)

2 uy A ouy, 43 9 N ETJE P NES B G i & i
5, v F vy 435 NAR B SR RTHS R WAL AL RS

b
Vi=WLE DL, i=12 “4)

NES fdsefEH 28R E8) 770
Fi = kn(i — ) + N Vi — i),
CAVADSE i €]

L
fo [6(x = L)F,1v1 +6(x — L)Fpva]dac+

i=1,2 (5

IOL §(x— L)F sin(Qf)vodx (6)
BEARIT 6 NAKFL 7T BR AL
R4 ey 25 i A 53 Ji7 2
Fz1 WS

Table 1 Material parameters of the plate

Parameter Value Parameter Value
E/GPa 200 G/GPa 45
pl(kgm™) 7850 ¢/(N-s'm™) 50
v 03 ¢/(N-s-rad™) 03
him 0.01 A/m? 2343 x 107
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I/m* 1.9525%10°8 Ijm* 7.81 x 1078

5[22 (T - U)dr + jf 50di =0 %)

N T2 R AR [ iR ) AL A 1Y) B B RE A,
FINL LRI ¢; 1 ¢y, FHEBEN 17138 Bl 0 ik
M EEA AR E. 45K (3) 5 2R-
NES R4t /)% 771

3
b
MU + kN(Mi —-wp+ E‘PL) +

b ,
CN (Mist WLt E‘PL,t) = O, 1= 1,2 (8)
1, 1,
PAW,i + ElpW,xpxx + EA gb - 6/’1 OP,x—

3 1
FA [2W W ( i 24h2)‘p v mx}w ot
1 1
EA (gbz - Ehz) (90’)% 'HPSD,xx) Woxx T C1W,y—
5(x—L)Fyy) —8(x— L)F,p — 6(x — L)F sin(1) = 0

1 1 1
- EPAbz‘P,n +EA, (_Ebz‘p + ﬁhzﬁo) W,xxz""

b
C2,; + Glpﬂo,xx - 55()‘7 —DFn—

b b
zé(x —L)F,— Ed(x —L)Fsin(Q1) =0

)
RN S A R (1 BHJE TR AR Ze R T, WT LAAR
BT B )30 5 Ak
w(0,0)=0, w,,(0,)=0
Woxx (L, 1) = 0, W»xxx(L,t)_O} (10)
00,0=0, ¢.x(L,1)=0

2 ERERERSHERHES R

T e T ANEIRAE R G, SRAF R 1L IS

PRI, TR Zm 2 ) 7 R ) AR 2R e T BHJE TR 4k
PRI, 153 R G e IR A T R
— EIW,xxxx —pAW,s =0 (11)
= L ARy + Gl =0 (12)

12
BB AR GNRBD & 2 A LIRS BN

N
w(x, 1) = Z‘Ii ®) ¢i(x) (13)
i=1

N
e =" 0;HP;(x) (14)

=1



& 4

EIWERESE : R SRR S AR 5 (2 IR B e 20 A 2R R4 ) 991

A, gi(0) FT ,(x) 73 AIARGR R GuR 1 25 il R 20 (1 5

i RS ) SRR RV B 2, O,() 1 by (x) 433

B ARG LA IR B0 j BB () SCAR B

LEESE R PR E g N i i P

@i (x) = Cy cos(Bix) + Ca sin(B;x) + C3ch(B;x) + C4sh(B;x)
(15)

CDJ' (x)=Cs cos()/jx)+C6 sin(ij) (16)

X, Cx (K=1,2, -+, 6) AFEREL, XI5
SEATHE, B; Ay, 53 59 A% 2 (R RFAE AL

SRS S IS

w/(,O,t):O, w (,(,),’t):O } (17)
w’'(L,n=0, w"(L,H)=0

00,n)=0, ¢ (L1)=0 (18)

B0 (15) F=X (16) RN A A0 (17) Fi=k
(18) 1§

1 0 1 0 Ci
—cos(B;L) —sin(B;L) ch(B;L) sh(BL) || Ca| _ 0
0 1 0 1 Cs
sin(B;L)  —cos(B;,L) sh(B;L) ch(B;L)/\C,
(19)
1 0 Cs
~sin(iL)  cosyiL) )( C ) =0 (@0)

RS T R AR g, 7R (19) Al
(20) H) RBUEREAT 5 25 T 0
Ci=-C;
Cr=-Cy
C1[cos(B;L) + ch(B;L)] + C [sin(B;L) + sh(B;L)] = 0
C1 [sin(B;L) — sh(B:L)] — C2 [cos(B;L) +ch(B:L)] = 0
(21)

Cs =0,

HT AT A RS A A A DA B o A2 [ A A
AR 1 h 24, BRI AR INE 2 Pos, W]

WAEZSHAET, i) & B A RS —

PR BT, AT RE S R PR 2B RS 5 3 LR,
e ¢ BUE 1, 5 IR e EON

Cecos(y;L) =0 (22)

¢i(x) = % {cos(Bix) — ch(Bix) + & [sin(B;x) — sh(B;x)]}
cos(B;L) + ch(B;L)
~ sin(B;L) + sh(B:L)

&=
(23)

*2 WM THSHEEENER

Table 2 Natural frequencies of bending and torsional of plates

Bending/(rad-s™!) Torsional/(rad-s™")

Ist-order 51.22619108 321.0325087
2nd-order 321.0522493 963.0975264
3rd-order 899.046 0247 1605.162543
4th-order 1761.489317 2247.227562
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