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Abstract We discuss modeling of nuclear structure beyond the 2-body interaction paradigm. Our first

example is related to the need of three nucleon contact interaction terms suggested by chiral perturbation

theory. The relationship of the two low-energy effective coupling parameters for the relevant three nucleon

contact interaction terms cD and cE that reproduce the binding energy of 3H and 3He has been emphasized

and the physically relevant parameter region has been ilustrated using the binding energy of 4He. Further

justification of A-body interaction terms is outlined based on the Okubo-Lee-Suzuki effective interaction

method used in solving the nuclear many-body problem within a finite model space. The third example we

use is an exactly solvable A-body extended paring interaction applied to heavy nuclei with a long isotopic

chain; in particular using 132Sn as closed core system illustrates a remarkable relationship between the

extended pairing strength G(A) and the size of the valence space dim(A) for the members of the Sn-isotope

chain: G(A)=αdim(A)−β with α=259.436 and β=0.9985 which is actually a one parameter expression

since β is practically 1. These three cases present evidence for the need of better understanding of the

NNN-, NNNN-, and A-body interactions in nuclei either derived from ChPT or from a phenomenological

considerations.
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1 Introduction

The high precision, QCD derived, nucleon inter-

action that describes the NN-scattering phase shifts

and the deuteron, when applied to the light s- and p-

shell nuclei points to the necessity of NNN-interaction

terms
[1, 2]

. Thus, the conventional two-body interac-

tion paradigm is challenged and the need of 3-body and

possibly A-body interaction define a new research fron-

tier. The structure of the three-body terms has been

studied previously using the meson exchange theory
[3]
.

However, with the advance of the Chiral Perturbation

Theory (ChPT)
[4, 5]

the structure of the three-body in-

teraction has been clearly identified and well justified

via QCD.

Higher many-body interaction terms (e.g. NNNN-

interaction terms) are also part of the interaction as

derived from QCD via ChPT
[6]
. The Okubo-Lee-

Suzuki (OLS) effective interaction method, employed

in solving the nuclear many-body theory, also intro-

duces interaction terms beyond the common 2-body

interaction
[7, 8]

. All this seems to be pointing to the

need of A-body interactions for the description of the

nuclear structure. It also raises the question about the

importance of the A-body interactions in very heavy

nuclei. Fortunately, there is an exactly solvable A-

body model - the extended pairing model - that is ap-

plicable as an A-body interaction to very heavy nuclei;

therefore, it can help to address this question
[9–11]

.

In the next section we briefly discuss the micro-

scopic nuclear physics hamiltonian; the types of the

high-precision NN-interaction potentials and their fail-

ure to properly account for the structure of the nuclei

with more than two nucleons. In Sec. 3 we discuss

the values of the cD and cE parameters of the NNN-

intercation
[2]

and their physically acceptable regions as

deduced from the binding energy of 3H, 3He, and 4He.

In Sec. 4 we further extend our argument for A-body

nuclear interactions by using the modern OLS effective

interaction in finite model space method. In Sec. 5 we

briefly discuss the results of applying the A-body Ex-

tended Pairing Interaction (EPI) to few long isotope
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chains like Sn and Pb nuclei. Last section is our con-

clusion about the needs of the future nuclear structure

modeling based on A-body nuclear interactions.

2 Modeling the nuclear interactions

Unlike the electromagnetic and the gravitational

interaction, the mathematical form of the nuclear in-

teraction has been very elusive. This is due to the

fact that the nuclear interaction arises non-trivially

from the quark structure of the nucleons and thus re-

lated to the theory of the QCD. Never the less, the

field of nuclear structure modeling has advanced sig-

nificantly, based on general quantum mechanical prin-

cipals and techniques. In particular, the microscopic

approach has been very successful especially with the

advance of computational techniques and computer

power that have allowed for the construction of ef-

fective high-precision meson and/or QCD derived NN-

potentials. The free parameters of the high-precision

NN-potentials are usually fixed by the experimental

two-nucleon scattering data and describe the 2-body

system extremely well
[12]

. Unfortunately, these poten-

tials produce unsatisfactory description of the 3- and

4-body systems
[13]

.

A nuclear many-body system near equilibrium can

be viewed as subject to a mean-field Harmonic Oscil-

lator (HO) potential. It is well-known that one can

understand the magic numbers and the shell structure

of nuclei within the 3-dimensional HO approximation

plus a spin-orbit potential
[14]

. Using the HO single-

particle states one can write a general Hamiltonian

with one- and two-body terms. Despite the significant

symmetry relations, due to rotational symmetry and

due to the fermion exchange properties and the hermi-

tion requirement on the energy operator, the number

of independent phenomenological parameters is often

more than a dozen - usually it is of order of few hun-

dred for the valence NN interaction alone. The inde-

pendent parameters of the interaction are often fitted

to experimental data by starting with some initial val-

ues that come from a relevant theory or model.

Many of the high-precision NN-potentials, com-

monly used to build the microscopic interactions for

multi-nucleon systems, have very complicated but me-

thodically developed structure in terms of spin, iso-

spin, and angular momentum components although

sometimes there is a very complicated radial depen-

dence. For example, the Argonne V18 potential has

18 different terms
[15]

. Other potentials use non-local

terms like CD-Bonn
[16]

and Nijmegen
[17]

. However,

when applied to A > 2 systems all of these potentials

have a serious difficulties that were eventually over-

come by using three-body interactions
[4, 13, 18]

.

By the end of the twentieth century it become

clear that a two-body interaction by itself is inade-

quate - even for the description of the lightest nuclei

2 < A < 5. Comparative studies of various potentials,

such as AV18, Nijmegen, CD-Bonn, and N3LO, with or

without three body terms have demonstrated the inad-

equacy of the pure two-body interactions and the need

for three-body interaction terms
[12, 13]

. For example,

all these interactions (AV18, Nijmegen, CD-Bonn, and

N3LO) describe very well the deuteron properties such

as binding energy, radius, and quadruple moment but

fail by more than 0.5 MeV to reproduce the binding

energy of triton
[12]

and underbind 4He by more than

4 MeV
[13]

.

Although the meson-exchange approach was suc-

cessful, it was clear that this phenomenological models

should be derived from the underling QCD. Thus the

ChPT approach became a prominent technique that

produced the high-precision NN-potential N3LO and

then guided the researchers into the structure of the

NNN- and NNNN-interactions
[6, 12, 19]

.

3 The NNN-body interaction

The use of the ChPT in the derivation of the nu-

cleon interactions from QCD helped in identifying the

mathematical form of various interaction terms along

with the relevant parameters. Unfortunately, parame-

ters related to contact terms in the interaction could

not be determined. Thus, the strengths, cD and cE,

of the two-nucleon contact interaction with one-pion

exchange to a third nucleon and the three-nucleon con-

tact interaction are identified as undetermined param-

eters in the effective ChPT interaction
[1]
. As such they

need to be fixed by comparison with experiment.

The values of the parameters cD and cE that re-

produce the binding energy of 3H and 3He within 0.5

keV of the experimental values correspond to two non-

intersecting curves in the cD and cE plain as seen from

Fig. 1. In order to further narrow down the range of

cD values one considers the averaged cD−cE curve and

evaluates the binding energy of the 4He system that

results in two possible physical regions denoted by A

and B; where region A corresponds to cD of order 1 and

region B for cD of order 10. Finally, the charge radius

of 4He points to the region A as the reasonable range

of values for the cD parameter while the cE parameter

is determined by the averaged cD−cE curve
[2]
.

Conceptually, there are three important concerns:

First, the ChPT NN-potential was one order higher

than the NNN-potential and no NNNN-potential was
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Fig. 1 (color online)Relations between cD and cE for
which the binding energy of 3H (8.482 MeV) and
3He (7.718 MeV) are reproduced. (a) 4He ground-
state energy along the averaged cD−cE curve. The
experimental 4He binding energy (28.296 MeV)
is reproduced to within 0.5 MeV over the entire
range depicted. (b) 4He charge radius rc along
the averaged cD−cE curve. Dotted lines represent
the rc uncertainty due to the uncertainties in the
proton charge radius.

included. That is, the high-precision NN-potential

was N3LO (next-to-next-to-next-to-leading order)
[12]

while the ChPT NNN-potential was at the N2LO

order
[19]

and the NNNN-potential
[6]

was not yet read-

ily available. The second concern is that the range of

the 3-body interaction parameter cD is determined by

the properties of the 4-body system 4He; this, however,

was resolved by a later study that used the β− decay

of 3H into 3He and confirmed the physically relevant

region A for the parameter cD
[20]

. The third concern

is related to the fact that these are high-precision stud-

ies and at this level of accuracy the difference between

the proton and nucleon mass could be important for

the A=3 systems
[21]

.

4 Effective A-body interactions

In the previous section we discussed results ob-

tained by using QCD derived interactions and the role

of the NNN-interaction in the description of the light

nuclei. Clearly 3- and 4-body interaction terms are pre-

dictions of the ChPT. Thus A-body interactions can be

viewed as real physical interactions within the ChPT

approach to nuclei. However, there is another way

to arrive at A-body interactions that are phenomeno-

logical effective interactions since they are related to

our inability to handle interacting systems in infinite

Hilbert spaces
[22]

. Since the quality of a model is

judged by its ability to reproduce the experimental

data, as far as computational models are concerned,

an A-body interaction which gives results that agree

well with the experimental data is also a physically

relevant interaction.

In practice, we are computationally limited to a

finite subspace of the infinite Hilbert space of the full

quantum many-body problem. The subspace that we

can access is defined by finite set of computationally

convenient many-body basis states. For a suitable

choice of basis we hope to have good overlaps with

low-lying physical states of the system under study. If

we imagine the exact solutions are available for analy-

sis and apply a unitary transformation to those eigen-

states, we can produce a transformed set of solutions

maximally overlapping with our chosen basis space.

For example, one may be interested in the low-

est two energy states of a system, but would like to

have some unitarily transformed version of these states

that have maximal overlap with the two basis states

that define a 2D computational space as shown in

Fig. 2. By finding the relevant unitary transformation

U, one can define an effective Hamiltonian that would

have the lowest two states within the 2D space as de-

sired. Then this effective Hamiltonian could be used

in the calculations of more complicated multi-particle

systems, i.e. one would find the unitarily transformed

Hamiltonian that describes very well the low-energy

states of a 2-body system in a mean field but within

a Fock space that would be used later for an A-body

system. Unfortunately, this transformation will turn

any one- and two-body potential into a many-body ef-

fective interaction when applied to the relevant many-

body system
[22]

.

Fig. 2 (color online)Geometrical interpretation of the
Okubo-Lee-Suzuki transformation method for
construction of effective Hamiltonian operators.

For A > 4, it seems impractical at present to ob-

tain the structure of the A-body interactions as de-

rived from ChPT as it was previously done for the

NNN- and the NNNN-interaction terms. Before em-

barking on the extensive undertaking required for in-

cluding higher-body effective interactions, it would be

very helpful to investigate a simple exactly solvable A-

body interaction model that has few parameters and

is applicable to real A-body systems.
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5 The Sn and Pb isotopes

It seems impractical at present to be able to obtain

the structure of the A-body interactions from ChPT

for A > 4. therefore, in order to determine the rele-

vance of the A-body interactions one should use the

general form of an A-body interaction and then to try

to determine some of the A-body interaction strengths.

For this reason, one needs simple exactly solvable A-

body interaction with few parameters that can be ad-

justed to the experimental data. Fortunately, there is

such an interaction - the Extended Pairing Interaction

(EPI)
[9]
. This exactly solvable model is similar to the

two-body proton-neutron pairing which was shown to

be exactly solvable as well
[23]

.

Fig. 3 (color online)The solid blue line gives the the-
oretical RBE for the Sn isotopes relative to the
132Sn nucleus. The insets show the fit to the values
of G that reproduce exactly the experimental
data using 132Sn core. The lower inset shows the
two second order polynomial fitting ln(G(A)) =
365.0584−6.4836 A+0.0284 A2 for even values of
A and ln(G(A)) = 398.2277−7.0349 A+0.0307 A2

for odd values of A. The upper inset shows a fit
to G(A) that is inversely proportional to the size
of the model space, (dim(A)), that is valid for even
as well as odd values of A: G(A) = αdim(A)−β

with α = 259.436 and β = 0.9985. The Nilsson BE
energy is the lowest energy of the non-interacting
system.

Deformation is common in very heavy nuclei and

this often justifies the success and application of the

Nilsson model. For the modeling purpose, one use de-

formation parameters from Ref. [24] and experimen-

tal binding energies from Ref. [25]. Theoretical rel-

ative binding energies (RBE) are calculated relative

to a specific core: 132Sn and 208Pb for the cases con-

sidered. The RBE of the nucleus next to the core

is used to determine an energy scale for the Nilsson

single-particle/hole energies. For an even number of

neutrons, one considers only pairs of particles. For an

odd number of neutrons, one applies Pauli blocking to

the Fermi level of the last unpaired fermion and con-

sider the remaining fermions as if they are an even

fermion system. The valence model-space consists of

the neutron single-particle levels between two closed

shells with magic numbers 50 ∼ 82 and 82 ∼ 126. By

using the exact solvability of the model, values of G

are determined so that the experimental and theoreti-

cal RBE match exactly as seen in Fig. 3. The results

are discussed in more details in Refs. [10, 11].

The Sn isotope chain is unique in the sense that

there are two doubly magic members, the 100Sn and
132Sn. This allows us to use 132Sn as zero RBE sys-

tem with holes as it has been done for the Pb case
[11]

.

There is a very simple expression that works for even

and odd systems simultaneously: G(A)=αdim(A)−β;

with α = 259.436 and β = 0.9985 for 132Sn core,

while for 208Pb core case we have α = 366.7702 and

β = 0.9972. Having a one parameter expression ( one

practically has β=1) for the extended pairing strength

in such long chains of isotopes (∼ 20 nuclei in a chain)

is remarkable.

6 Conclusion

In this paper we have presented evidence for the

need to better understanding of the NNN-, NNNN-

, and A-body interactions in nuclei either derived

from ChPT or from a phenomenological considera-

tions. Therefore, one has to build A-body computa-

tional technology in the next generations of nuclear

modeling codes. While the motivation for consider-

ing A-body interaction in the light-nuclei is strong as

based on the ChPT QCD derived interactions, one is

left to wonder if A-body interactions are also relevant

to heavy nuclei. The results obtained with the help

of the Extended Pairing Interaction, in particular the

Sn and Pb isotopes discussed here seem to confirm

the idea that A-body interactions are needed to under-

stand better the binding energy of heavy nuclei. Often

the imagination cannot capture all the possible impli-

cations and uses of an exactly solvable model. Beside

the current applications of the EPI, one can also see

that it would be a useful verification tool for A-body

computational codes as well.
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核结构模型中的两体以上相互作用

Vesselin G. Gueorguiev
1,2,1)

( 1. 前沿物理研究院，蒙得维的亚街21号，索菲亚 1618，保加利亚；

2. 四川大学匹兹堡学院，成都 610207，中国 )

摘要: 讨论了核结构模型中两体以上相互作用的可能形式。首先以基于手征微扰论并适于描述轻核的三体接触型相

互作用为例，讨论了能合理描述 3H和 3He结合能的三核子接触型相互作用相关的两个低能有效耦合参数 cD和 cE

间的关系并通过4He结合能给出了相应的物理参数区。其次通过Okubo-Lee-Suzuzki 有效相互作用方法对核多体

问题在有限模型空间的求解，论证了A-体相互作用项。最后利用包含了A-体推广对力的可解模型对重核的同位

素长链进行了分析。以132Sn为核芯，通过对 Sn同位素链的计算揭示了推广对力参数G(A) 与模型价核子空间维

数dim(A)间的显著关系：G(A)= 259.436 dim(A)−0.9985。这些分析结果说明，有必要对核中经手征微扰论或其它

唯象理论所得到的NNN-, NNNN-, 及A-体相互作用作进一步的研究。

关键词: 核相互作用；A-体相互作用；严格可解模型
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