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Figure 1 Schematic of HEOM. Each green disk represents a density
matrix, and each purple double-arrow indicates the existence of coupling
between two density matrices in the hierarchy. o™ denotes an auxiliary
density matrix at the nth tier!"”
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Figure 2 (Color online) Density of states of a Hubbard model calcu-
lated by the dynamical mean-field theory with the HEOM approach as
the impurity solver. The results are compared in parallel with those ob-
tained by the NRG method™. The main panel depicts the variation of
density of states versus the electron Coulomb energy. At low tempera-
tures, the HEOM and NRG results agree closely with each other. At high
temperatures, while the HEOM method preserves the high accuracy, the
NRG results exhibit conspicuous error. The inset highlights the HEOM
results at low temperatures. It is shown clearly that, as the Coulomb
energy increases up to a certain threshold value (about 1.2), the density
of states diminishes drastically to nearly zero, indicating that the system
is experiencing a Mott metal-insulator transition
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Figure 3 (Color online) Computational study on a CoPc molecule adsorbed on the Au surface. (a) Geometric structure of a CoPc molecule; (b) top
view and (c) side view of a dehydrogenated CoPc molecule adsorbed on an Au(111) surface; and (d) scanning tunneling differential conductance spec-

tra calculated by the DFT+HEOM method, where the inset compares the numerical results with the experimental measurements
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Figure 4 (Color online) Computational study on a FeOEP molecule adsorbed on the Pb surface. (a) Magnetic anisotropy energy of the adsorbed mol-
ecule versus tip displacement. Numerical results obtained by the DFT+CASSCF method are compared with the experimental measurement. Low-

er-right panel: the tip of a scanning tunneling microscope approaching a FeOEP molecule adsorbed on a Pb(111) surface. (b) Differential conductance
spectra calculated by the HEOM method, where the peak at zero bias is the characteristic Kondo peak®®
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Precise simulation of strongly correlated quantum impurity
systems

Xiao Zheng

Hefei National Laboratory for Physical Sciences at the Microscale, University of Science and Technology of China, Hefei 230026, China
E-mail: xz58 @ustc.edu.cn

In recent years, nano-sized systems involving local charge or spin states have received wide interests because of their
potential application in emerging fields such as quantum information and quantum computation. For instance, organo-
metallic molecular complexes may serve as building blocks of quantum storage devices, because the spin-unpaired d or f
electrons at transition metal centers may be employed to construct spin qubits. Moreover, if the system contains strong
electron-electron interaction, the involving local quantum states are subject to prominent electron correlation effects
(such as the Kondo effect). Theoretically, spatially confined nano-systems are often described by quantum impurity
models. Thus the accurate prediction of the intrinsic properties of quantum impurity systems and the deep understanding
on the response and evolution of local quantum states under external fields or in dissipative environment are fundamen-
tally important for the design and fabrication of quantum devices.

The accurate characterization of quantum coherence, correlation, and entanglement in quantum impurity systems re-
mains a great challenge. Enormous efforts have been made to achieve this goal. A variety of theoretical methods have
been developed, including the numerical renormalization group method, the quantum Monte Carlo method, and many
others. However, all the existing methods are subject to certain limitations regarding accuracy or efficiency. Therefore,
we choose to view this problem from a new perspective—the perspective of open quantum systems. Over the past dec-
ade, we have developed a formally exact quantum dissipation theory, the hierarchical equations of motion (HEOM) the-
ory, for fermionic open systems. The HEOM theory captures the combined effects of system-environment dissipation,
many-body interaction, and non-Markovian memory in a nonperturbative manner. It is capable of addressing static and
dynamic responses of system observables in both equilibrium and nonequilibrium situations. We have implemented the
HEOM method in our self-designed computer program HEOM-QUICK. We have also devised a series of advanced algo-
rithms which substantially enhance the numerical efficiency of HEOM. The HEOM-QUICK program thus provides an
accurate, efficient, and versatile theoretical tool for the investigation of strongly correlated quantum impurity systems.

We have applied the HEOM method to study a variety of problems associated with quantum impurity systems. These
include the intrinsic properties of quantum impurity models and lattice models, the transient current response of quantum
dots to ac voltages, the thermopower and local heating effect in nonequilibrium quantum dots, and the tuning of local
spin states in adsorbed molecular magnets. In particular, the HEOM method has been combined with density functional
theory (DFT) method, and thus allows for first-principles-based simulation on the precise tuning of local spin states in
adsorbed magnetic molecules. Numerical simulations have discovered or reproduced many important quantum phenom-
ena that are essential for relevant experiments, including the Kondo effect, Mott metal-insulator transition, quantum
memristive effect, etc.

This paper gives a brief overview of our development of the HEOM method for fermionic open systems, as well as its
applications to various strongly correlated quantum impurity systems.

strongly correlated systems, open quantum systems, hierarchical equations of motion, Kondo effect; molecular
magnet

doi: 10.1360/N972018-00895
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