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1 Introduction

In this paper, we consider the separable optimization problem

min  fi(x) + f2(y)

st.  c(z,y) =0, D)

where f1 : R™ — R and f5 : R® — R are continuously differentiable functions, but none of their first-order
or second-order derivatives is explicitly available,

C(may) =0

is a general constraint and ¢(x,y) is continuously differentiable.

The problem (1.1) has numerous applications in compressive sensing, signal/image processing and
statistics, etc. When the derivatives of f1 and f> are available, several numerical methods have been stud-
ied extensively, such as alternating projection method [31] and alternating direction method [13,14, 16].
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However, when the derivatives of f; and f5 are unavailable, this problem belongs to derivative-free non-
linear separable optimization. It seems that now there are not available suitable methods for solving it.
The aim of this paper is to propose a derivative-free trust region method for solving (1.1).

Existing derivative-free optimization (DFO) methods can be divided into four different classes. The
first class of DFO algorithms is the direct search or pattern search methods which are based on the
exploration of the variable space by using sample points from a class of geometric patterns and using
either the Nelder-Mead simplex algorithm [21] or parallel direct search algorithm [1,32]. Some of these
methods do not assume the smoothness of the objective function and therefore they can be useful for
non-smooth optimization problems. However, a large number of function evaluations are required. The
second class of methods are line search methods which consist of a sequence of n + 1 one-dimensional
searches introduced by Powell [22], Lucidi and Sciandrone [18], and Grippo et al. [15]. The third class
of methods is to resort to finite difference approximation of the derivatives (see [10]). In general, it
can be much too expensive to evaluate the Hessian or gradient of the objective functions. One can use
quasi-Newton Hessian approximation instead. However, this class of methods often cause disastrous loss
of accuracy in pathological cases when the finite differences are used to approximate derivatives. So,
usually, it is not robust, especially in the presence of noise. The last class of the methods is based on
modeling the objective function by multivariate interpolation. These methods have been pioneered by
Winfield [33] and Powell [23]. The derivative-free trust-region methods building a model by polynomial
interpolation have been developed by [6,8,24,25,30]. The global convergence properties are established
(see [7-9]). Some recent researches [20,35] indicate that the fourth class method, i.e., the derivative-free
trust region model-based method, is frequently superior compared with the first three classes of methods,
even for noisy and piecewise-smooth problems. Nevertheless, the first three approaches are still widely
used in the engineering community. There are still several disadvantages and challenging issues in the
fourth class of methods. The algorithm discussed in this paper belongs to the fourth class of methods.

Some authors developed methods by using the problem structure in order to treat the special optimiza-
tion problems. Colson and Toint [3] exploit band structure in unconstrained derivative-free optimization
problems. Colson and Toint [4] handle partially separable unconstrained optimization problems by using
derivative-free trust-region strategy. In this paper, we consider the separable optimization problems with
general constraints by using the derivative-free technique. Our work is an extension of the derivative-free
optimization methods from unconstrained separable optimization to constrained separable optimization.

Fletcher and Leyffer [12] proposed a filter method for nonlinear constrained optimization. The idea is
referred to the concept of filter and is motivated by taking aim of avoiding use of penalty function and
penalty parameters whose choice and adjustment may generate numerical difficulty. Now, the filter-type
methods are used widely in unconstrained and constrained optimization, for example, filter-trust region
methods for unconstrained optimization problems [19,28], filter-SLP, filter-SQP methods for nonlinear
programming [2,11], filter-SL method, filter-SSP method for nonlinear semidefinite programming [17,34].
So, in this paper, we would like to exploit the filter strategy in trust region framework to ensure the
feasibility and optimality, in which the step is accepted if it either reduces the objective function or the
constrained violation.

In this paper, we propose a globally convergent derivative-free trust region algorithm for nonlinear
constrained optimization with separable structure, where the trust-region models are constructed by
interpolation. At each iteration, we construct the quadratic interpolation models and improve the inter-
polation sets. The new iterative steps are generated by minimizing the augmented Lagrangian function
of the interpolation model over the trust region. We update the trust region radii following the idea of
structured trust region in [5]. The filter strategy is used to decide whether to accept new iterates. Global
convergence analysis is given under some suitable conditions.

The paper is organized as follows. In Section 2, we give an introduction to constructing trust-region
framework, multivariate interpolation and the filter technique in our problem. In Section 3, we state the
new algorithm using the derivative-free filter technique for solving the separable optimization problems
with nonlinear constraints. Global convergence of the algorithm is established in Section 4. Finally, some
conclusions are given in Section 5.
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2 The trust-region framework and polynomial interpolation

2.1 The trust-region framework

Let C be the feasible region, i.e., C = {(z,y) | * € R,y € R¥, ¢(x,y) = 0}.

The objective function is defined as f(x,y) = fi(x) + f2(y) at each iteration k of a trust-region
method, and the model m, ; are defined with each function f; (i = 1,2) in the trust region B;j, where
Bip={zeR"||x—ak]| < Dix}, Ber ={y € R° | [|[y — yill < D2x} and A > 0 (i = 1,2) are the
trust region radii. In the paper, the norm is chosen to be Euclidean norm.

The quadratic models are considered as follows,

1

mik(ze + 51) = fi(ze) + (91,8, 51) + §<51, Hi is1),
1

mak(Ye + 52) = f2(yx) + (92,8, 52) + §<52, Hj s2),

where H;j is set to be V2f;, the Hessian of f;, or symmetric approximation to V2f;. So, the overall
model is mg(z,y) = m k(x) +ma k(y) for all (z,y) in the overall trust region defined by By, = B, X B .
In unconstrained optimization, the classical procedure of trust-region methods yield trial steps s; j and
52, by minimizing the model over the trust region. The trial points xy, + s1,; and yi + s2, are accepted
as the new iterates if the ratio

(e, yr) — f(@p + 81k, Yk + S2.8)

= 2.1
Pk My (Tr, Yr) — Me (T + S1,k, Yk + S2.k) 21)

is sufficiently positive. In this case, we say that the iteration is successful, the models are updated
and the trust-region radii are possibly increased. Otherwise, the trial points are rejected and the radii
are decreased.

2.2 Polynomial interpolation

In our work, the models will be computed by interpolation, such that the interpolation conditions
fl(zlyj) = mlyk(zu), fQ(ZQ’j) = mQ’k(ZQ’j), for all 25 € Zi,ka 1 =1,2. (22)

The sets Z; i, (i = 1, 2) are the interpolation sets. If we want to obtain the accurate model, some additional
conditions will be needed on the interpolation set. In this section, we cover the basic facts on polynomial
interpolation and the subscript k is dropped in the following description for clarity.

Note that the derivatives of the objective function are not available to obtain Taylor models. In this
case, we require that the models satisfy Taylor-like error bounds on the function value and the gradient.
Now, we give the requirements on the models that we use in our algorithm. Without loss of generality,
we take the construction of my j, for example, and the construction of ms j is similar.

Given g, from the motivation of our algorithm, we hope that all iterates belong to the level set
L(zg) = {z € R" | fi(x) < fi(zo)}. However, when we consider models based on sampling, it might be
possible (especially at the early iterations) that the function f; is evaluated outside £(xp). Thus in this
paper, we assume that f; is restricted to regions of the form

Len(zo,2) = {z € R" | ||l2 — 2|| < Amax for some z with f1(z) < fi(zo)}, (2.3)

where A ¢ 1S a given positive constant.
Assumption 2.1.  The objective function fi1 and its gradient and Hessian are uniformly bounded on
Len(zo,x) for all x in a neighborhood of xg.

We first state the definition of fully linear model.

Definition 2.1 (Fully linear model, see [9]).  Let a function fi : R™ — R for which the gradient V f;
is Lipschitz continuous on Leni(zo, ) be given. Let positive constants k.y and key be given and fixed.
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Suppose that a model m4 is continuously differentiable on R™. For any given A1 € (0, Apax] and for any
given z. € L(zo), the model m, is said to be fully linear on By (x.; A1) with respect to kep and Keqy if
the following conditions hold:

e the error between the gradient of the model and the gradient of the function satisfies

HVfl(l') — le(l‘)” g negAla VI’ S Bl(l‘c; Al) (24)
e the error between the model and the function satisfies
|f1(x) —my(x)] </@efA%, Va € By(xe; A). (2.5)

Now, we discuss some assumptions on the models required in our algorithm.

Assumption 2.2.  If a model my is fully linear on Bi(x.; 1) with respect to some (large enough)
constants ke and keg for some A1 < Amax, then it is also fully linear on Bi(xzc; Av) for any A €Ay,
Amax], with the same constants.

If the function evaluations are exact, fully linear models can be defined by interpolation [6]. In our
derivative-free method, the quadratic model is chosen to interpolate the value of a function f; at a
set Z1 = {#z10,211,---,71,p}. For any basis &1 = {¢1,j(-)}§=0 of the linear space of m-dimensional
quadratic functions, the polynomial mj(x) can be written uniquely as mq(x) = Z?:o a1 j(x), where
a; (j =0,...,p) arereal coefficients. The model m4 (x) must satisfy the following interpolation conditions:

fl(zl,j) =m (Zl,j), for all 21,5 € Z1. (26)

Then the coefficients can be determined by solving the linear system
P
Zajcél,j(zl) = fl(Zl), for all z; € Z;.
j=0

For the above system to have a unique solution, the matrix M(Z;) must be nonsingular, where

$1,0(210) - d1p(210)
M(Zl)z : :

b10(z1p) - P1p(21p)

Definition 2.2 (Poisedness [9]).  The set Z1 = {z1,0,21,1,...,21,p} is poised for polynomial interpola-
tion if the corresponding matrix M (Z;) is nonsingular for some basis ®;.

Let p1 = p+1 = | Z1| be a positive integer defining the number of points in the interpolation set, then p;
should be 3(n + 1)(n +2) to ensure the model can be entirely determined by (2.6). However, the above
conditions are not sufficient to guarantee the existence of an interpolation, and some geometry on Z; (for
example well-poised) must be added to ensure existence and uniqueness of the quadratic interpolation.

The interpolation technique used in this paper is based on Newton fundamental polynomial (NFP)
(see [26,27]). Conn et al. [7] just used Newton polynomial interpolation to construct the derivative-free
method for unconstrained optimization. Since Newton polynomial interpolation is efficient in theory
and practice, we also employ this approach in our derivative-free trust-region algorithm for constrained
optimization with separable structure.

For a given interpolation set Z7, the set of interpolation points is partitioned into three subsets Z{O], Z{l]
and Z {2], which correspond to constant terms, linear terms and quadratic terms of a quadratic polynomial,
respectively. Hence, Z{O] has a single element, ZF] has n elements and ZF] has n(n+1)/2 elements. The
basis of NFP {N} ;(-)} is also partitioned into three blocks {N?,(-)}, {N{;(-)} and {N7;(-)}, with the
appropriate number of elements in each block. Moreover, the unique element of {NR ;(+)} is a polynomial
of degree zero, each of the n elements of { N} ;(-)} is a polynomial of degree one, and each of the n(n+1)/2
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elements of {NIQJ()} is a polynomial of degree two. Each point zgl,]j € Z{l] (I =0,1,2) corresponds to a
single Newton fundamental polynomial of degree [ satisfying the conditions

N = 64j0im,  for all 2" € 2™ with m <.

1,5

Obtaining the NFP basis can be done if and only if the set Z; is poised. We can use an analogue of
Gramm-Schmidt orthogonalization method starting with any basis, for example, the basis of monomials

2 2
{17331;1'27 sy Ty T, T1T2, . axnflznaxn}

and applying the following pivoting procedure.

Procedure 2.1 (Construct Newton fundamental polynomials).  For any given Z7, initialize Nl[l]] (j=
1,...,12",1=0,1,2). Set Z, = 0.

For1=0,1,2,for j=1,...,12",

choose some zgl]] € Z1 \ Z such that |N[l] (zy,]j)| # 0,
[]

if no such 2", exists in Z; \ Z1, reset Z; = Z; and stop (the basis of Newton polynomials is incomplete),

71 < 71 U {Z£l7]j}’
normalize the current polynomial by
1
NY (@) = N @) /N (1)),
update all Newton polynomials in block I and above by

l l l . l
N (@) N @) - N DN @), t#4, t=1,...,12],

)

k k k ! ! l
N(@) « NH@) - NHEONL @), t=1,..12]1, k=1+1,....2,

1,5

end
End (the basis of Newton polynomials is complete).

In this case, the set Z; is poised if and only if pivots |N1[{] (zy]])| # 0. However, for numerical purpose,

it is important that |N1[l,] (zgl]J)| are sufficiently large, which is equivalent to well-poisedness. Because
small pivot values result in very large coefficients of the Newton fundamental polynomials and lead to
numerical instability, we are only interested in well-poised sets. More detailed descriptions of the Newton
interpolation can be consulted in [7,26,27].
Having computed Newton fundamental polynomials, following [6], the interpolation polynomial m4 (z)
is given by
2 121"

=22 2 Ml )N @)

=0 j=1

where the coefficients Ay ;(z; Y ) are generalized finite differences applied on f7, defined as
|zH
Ao(@) = fi(@), M) = Al Z Ma(ANL (), 1=0,1.
2.3 Improve the geometry of interpolation sets

Consider the problem (1.1). At iteration k, let f1r = fi(zk), for = fo(yr), mix = mi p(ag), moy =

Vmi k

v
ma g (yk), then fi = fix + forsme = mig +moyg, g = (0ak ) = (szjk) Vie=(vy A k) Let

0(z,y) —|| (z,9)? (2.7)
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be the constraint violation, 0y £ (x,ys). Let

Qk(xa y) = mk(x,y) +p’]£c(x7y) (28)

be the Lagrangian function of the model, where p;, is a tentative multiplier. Then we define the augmented
Lagrangian function

Qk(xay) :(Ik(zay)+ue(xay)ﬂ (29)

where u is a positive penalty parameter.

The new step s = (51F > sg’ k)T is obtained by solving the following problem,

min = Qr(xr + s1,yr + 52)

(2.10)
st sl < Avg, sl < Dok

Let wy 2 (z,yx). If we define the smallest nonnegative integer j = j. such that the point

VQ

N A J Dy,
U e G

satisfies the condition Qr(wg (7)) < Qr(wk) + Kups (VQk, wi(j) — wg), then we define the approximate

Cauchy point as wfc 2 wi(je), where rper, € (0,1) and kyups € (0,1) are given constants, and Ay

)
RV Aik + A%,k'

A fundamental result that derives trust-region methods to first-order criticality is described below
(see [5, Theorem 6.3.3] and [29, Theorem 6.1.4]).

Theorem 2.3.  Suppose that Qy is twice differentiable, then the approzimate Cauchy point wlfc 18
well-defined in the sense that j. is finite. Moreover, there exists a constant kqep € (0,1) such that

(7
Qr(wr) — Qu(wit®) = Kaepmr mm{ﬁ—:, Ak},
where
T = |VQil, Br=1+ max [V?Q. (2.11)
(z,y)EByg

From Theorem 2.3, we can see that the new step will provide at least a fraction of the decrease obtained
at the approximate Cauchy point. Therefore, there exists a constant k,q € (0,1] such that

. Tk
Qr(zr, yx) — Qr(xk + s1,k, Yk + S2,k) = KgaT) Min {57 Ak} : (2.12)

Now, we consider the way to use the new points to improve the geometry of interpolation sets. Without
loss of generality, we still take the interpolation set Z;.

Let the new point :L'g = 2} + S1,k, and the associated function value f; (:c;') We consider finding the
best way to make :c: play a role in the next iterations when building the quadratic interpolation model.
If |Z1| < p1 and if the inclusion of x;r in Z; does not destroy poisedness, we may simply add x;r to 7y,
which allows to progressively complete the set of interpolation points. Otherwise, if |Z1| = p1, we try to
find a point in Z7, say z_, which will be replaced by xZ‘ This replacement is performed in a way that
makes the pivots as large as possible in order to obtain a well-poised interpolation problem. Similar to
the technique used in [4], we deal with the case |Z1] = p; as follows:

o If x;r can be advantageously added to Z7, we proceed by the following way.

We define S = {k | x+1 = Tk + S1,k» Yk+1 = Yk + S2,1} the set of successful iterations and let p; denote
the size of a complete interpolation set for function fi. We first initialize the radius A; 4 as follows:

min(|[s1,xll, &1x), if the iteration is successful,
A min(||s1.xll, &1.k) /7,45 if the iteration is unsuccessful
g = . . . .
7 and the interpolation set is well-poised,

min(|[s1 x|, A1) /71,05 otherwise,
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where we can set v1 g = 1.75, 1,1 = max{10,p1}v1,4 and Ay , the trust-region radius of the most recent
successful iteration.

We then look for the point z_ whose distance to the basis is the largest.

If ||z— — 2g41 ] is not too small (e.g., larger than 1.5A; ;) and the value of the fundamental polynomial
associated to z_ evaluated at :c;c" is larger than 2(”27&_7;;1”)2, then we replace z_ by :L:

Otherwise, we choose z_ to be the point associated to the fundamental polynomial whose absolute
value is maximal at :c;c", and we replace z_ by :L:

e The geometry of Z; deteriorates as acg is accepted.

Compute new point z such that |N1mJ (24 )| is larger, for example, z = argmax,cp, , |N1[l]](:£)|, which
U

replaces the point z_ = 2y -

2.4 The filter as a criterion to accept trial points

As an alternative to penalty functions, we adopt the filter technique which is introduced by Fletcher and
Leyffer [12]. Filter methods treat the optimization problem as a biobjective and attempt to minimize the
objective function and the constraint violation function, respectively. Some definitions about filter are
needed here.

Definition 2.4.  (x;,y;) is said to dominate (x;,y;) if and only if both 6; < 0; and f; < f;.

Thus, if iterate (z;,y;) dominates iterate (x;,y;), the latter is of no real interests to us since (z;, ;) is
at least as good as (z;,y;) with respect to both measures. All we need to do now is to remember iterates
that are not dominated by any other iterates in current filter.

Definition 2.5. A filter is a list F of pairs of the form (6;, f;) such that
either 6; <0; or fi<f; for i#j. (2.13)

In fact, this definition of the filter is not adequate for proving convergence, as it allows points to
accumulate in the neighborhood of a filter entry that has 6; > 0. Thus, we set a small envelope around
the current filter, in which points are not accepted. Chin and Fletcher [2] proposed the following rule:
(z,y) is acceptable for the filter if and only if

either O(z,y) < (1—7)8; or f(z,y) < fj—~b; (2.14)

for all (6, f;) € F, where v is close to zero.
Having computed the step (s1x, S2.5) from our current iterate (z, yx), we need to decide whether the
trial point (zg + $1.%, Yk + S2.x) is better than (zg,yx). If we define

D(F)={0,f) 0> (1—~)0; and f > f; —~0;, for some (0, f;) € F}, (2.15)

the part of the (6, f)-space, this amounts to say that (xj 4 s1,yx + s2.5) could be accepted if (6°, f*)
= (0(zk + 51,5, Yk + S2.8)s [ (Tk + 51k, Yk + S2.1)) ¢ D(Fi), where Fj, denotes the filter at iteration k. The
procedure to update the filter is simple: If (6%, f*) does not belong to D(Fy), then

Frrr = FrU O FONAG;, £5) 10, = Q=)0 f; > f' = 0"}, (2.16)
while if (6%, f*) € D(Fy), then

Frg1 — Fk. (2.17)

3 A derivative-free trust region algorithm

We now describe a derivative-free trust region algorithm for separable constrained optimization pro-
blem (1.1).
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The following definitions will appear in Algorithm 3.1. Let

(z,y) = fi(@) + fa(y) + ppre(z, y)

be the Lagrangian function of (1.1), and define the augmented Lagrangian function

Lk(xvy) :Zk(x,y)—i-ut?(x,y). (31)

Let

1 U
_pgc(xa y) + —9(1‘, y)a

Lisey) = file) + : y

2])50(1’, y) + go(l’, y)a LQ,k(xay) = fQ(y) +

1 U 1 u
Qur(z,y) = mip + 517;50(1, y) + 59(% y), Qak(z,y)=moy+ 5?50(1, y) + 59(93731),
0Ly = Li(zk, yr) — Li(zk + 51k, Ui + S2,1),
OLik = Lik(xr,yx) — Lik(zr + 51,6, Y6 + S2), 1 =1,2,
0Qk = Qr(Tr, yrx) — Qu(Tk + 51k, Yk + S2,k)s
0Qik = Qik(Tr,yr) — Qik(xk + 51k, Yk + S26), 1 =1,2.

Algorithm 3.1 (A derivative-free trust region algorithm for separable optimization problem).
Step O (Initialization). Choose initial point (zg,y0) € C, Amax > 0, the initial trust region radius
A%’ € (0, Amax] is given for ¢ = 1,2. We initialize the parameters for geometry improvements v; 4, i i,
and A; . = A%’, 1 = 1,2. Assume that for each i = 1,2, there exists a set Z}Cb of interpolation points.

The constants n1, 72, 93, V1, V2, V3, U1, U2, €, B, V, a1, as and F are given and satisfy the conditions
0<m <<y <1,0<y1 <1 <1<y 0<uy <pe<l,n—mz>=pu +u, e >0v>5>0,
a1 € (0,1), ag € (0,1) and F = . Set k = 0.
Step 1 (Compute models). For i € {1,2}, compute quadratic interpolation polynomials mi‘,?
Step 2 (Critical step). If 7i® > ¢, then m; ) = m“f, Ny = A;f,f, 1=1,2.

If w,id’ €., then we proceed as follows. If at least one of the following conditions holds,

(1) the interpolation set Zi®® or Zi is not well-poised in B(xy, AZfZ) or B(y, Ag‘fz),

( ) A“b > m.rzkcb,
then apply Algomthm 3.2 to construct interpolation sets Z1 and Zg, which are well-poised in B(z, Al k)
and B(yy, Ag ) for some Az %, @ = 1,2. Then compute the corresponding models my j and mz 5. Set

mi g =m;p and A, = mm{maux{Az ks BTk A“b 1=1,2.

Otherwise set m; = mzc,f and A, = A;C,f, i=1,2. Stop.
Step 3 (Determination of the step). Compute steps s1,; and sz 5 by solving the problem (2.10).

Step 4 (Test to accept the trial point). If (zx + $1,k, Yk + S2.k) IS not acceptable by the filter, set
Thi1l = Thy Ykt = Yky Phtl = Dk, T = Tk + 51k, yT = Yo + 2.6 Choose AP | € [y1 0k, 12k,
i =1,2, and go to Step 7.

If

5Qr < reb}, (3.2)

then add (0, fx) to the filter F and update the filter, where kg and 1) are positive constants. Set
Tep1 = Tk + Stk Yrtt = Yk + S2k and pepr = pr + Ac(@rr1, Yes1), @7 = 2%, ¥ = ye. Choose
Aﬁffgﬂ € [Dik,v30ik], i =1,2, and go to Step 7.

Step 5 (Test predicted and actual reduction). Define

0L,
P = ——. 3.3
50, (3.3)
If pr, = 11, then set Tpi1 = Tk + Stk Ykt1 = Yk + S2.ks Pht1 = Pk + A(@hs1, Yht1), 27 = 25, yT = yi.

Otherwise set Tx+1 = Tk, Ykt1 = Yk, Pht1 = Dks TT = T + S1.0, YT = yg + 2.k
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Step 6 (Update the trust region radii). We consider the following two cases:
Case I.

0Quxl > £r6Qu, i€ {12}, (3.4)

1—mn3
2

0Lk = 6Qik — 0Qy (3.5)

and pg > 11, then choose
AE,CISH € [Dik, 13 k]

2. If (3.5) holds and py < n1, then choose
2,61?+1 - Ai,k-
If (3.5) fails but

1—m2
2

0Lk = 6Qik — 0Qy (3.6)

holds, then choose
AR € ligk, Digl-
3. If (3.6) fails, then choose
AR € Dk 12l k).

Case II.

0Qurl < BHoQu, i€ {12}, (3.7)

|6Li x| < %562197 (3.8)

and pg > 11, then choose
Aﬁﬂ € [Nk, 1300 k]

2. If (3.8) holds and py < n1, then choose
2,01?+1 = Ai,k-

3. If (3.8) fails, then choose
A% € 2Dk, Dig)-

Step 7 (Improve the geometry). Update A; 4,4 =1,2. If 27 and y* can make the geometry of interpo-
lation set better respectively as described in Section 2, then modify Z{*,i = 1,2 by replacing the existing
point and update the corresponding interpolation model. Otherwise, compute a new point that can im-
prove the geometry of Z}Cb, modify Z}Cb,i = 1,2 and update the corresponding interpolation model. If
one of new points computed in this step has a better objective function value than (g1, yk+1), then
replace it and update the corresponding interpolation model. Set k := k + 1 and go to Step 1.
Algorithm 3.2 (Criticality step). Initialization Set j =0 and Z) = Z®* i=1,2.

Repeat Increase j by one, improve the geometry until Z{ ! and Zg ~Lare well-poised in B (xg, oﬂfl
A’fi) and Ba(yk, a%_lAgfz). Denote the new set by Zz-j and the corresponding interpolation model by

J s N _ J—1 nvicd -~ o d -
m . (t=1,2). Set ANj = ] Ai,k and m; j = mi . i =1,2.

Until Ak = ’/A%,k + A%,k < Vﬂi.
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Let us discuss some particular remarks of the algorithm.

Remark 3.1. Note that if w,id’ < € in the criticality step of Algorithms 3.1 and 3.2, the model
m;k (1 = 1,2) are fully linear on By (xy; Al ) and Ba(yg; Ag k) separately with Az S D (1=1,2).
Then, by Assumption 2.2, m; (i = 1,2) are also fully linear on By (zg; A1x) and Ba(yr; Do k).

Remark 3.2.  The role of condition (3.2) can be interpreted as follows. If it holds, one may think
that the constraint violation is significant and one should aim to improve this situation by inserting the
current point into the filter. Otherwise, the predicted reduction of augmented Lagrangian function of the
model is more significant than the current constraint violation. In this case, we perform test (3.3).

Remark 3.3. To minimize a separable objective function subject to equality constraints successfully,
structured trust region technique [5] is used in our algorithm and each of functions is modeled separately,
which overcomes the restriction of using the basic trust region technique.

Before starting our global convergence analysis, we state some properties that result from the mecha-
nism of structured trust region.

Lemma 3.4.  Let My = {i | |0Qi x| > 5-0Qx}. Then, at each iteration k of the algorithm,
1. My contains at least one element. Furthermore,

(1—3/“)5% S 6Qus < (1+ ul)éQk (3.9)

i€ My

2. 'YlAi,k < Ai,kJrl < 73&1"]9 fOT’ all 1 € {1,2}

Lemma 3.5. At iteration k of the algorithm, if (3.6) holds for Case 1 or (3.8) holds for Case 11, then
iteration k is successful.

The proofs of the above two lemmas are similar to the proofs of [5, Lemmas 10.2.1 and 10.2.2].

4 Convergence analysis

In this section, we establish the global convergence of the derivative-free trust-region algorithm. For our
analysis, let Q = {k | (0, fx) is added to the filter}. In order to obtain the global convergence result, we
start by the following assumptions.

Assumption 4.1.  The sequence {(xg, yr)} generated by Algorithm 3.1 remains in a bounded domain.

Assumption 4.2.  There exits a constant s,qn > 1 such that

ﬂk < Rugh (41)

where [ is defined in (2.11).

Assumption 4.3. The constraint function c(z,y) and its gradient Ve, Hessian V2¢ and (Ve)Te are
uniformly bounded on Bj.

Assumption 4.4.  The multiplier vectors pi, (k= 1,2,...) are uniformly bounded.

An important consequence of the assumptions is that Assumptions 2.1, 4.1 and 4.3 together directly
ensure that, for all k,

0 f(we, ye) < ™ and 0 < O(ak, y) < 0™ (4.2)

for some constants f™* < fM8% and §™a* > 0. Thus, the part of the (6, f)-space in which the (6, f)-pairs
associated with the filter iterates lie is restricted to the rectangle [0, ™8%] x [fmin  fmax],

Assumptions 4.3 and 4.4 mean that for all k, there exist positive constants k¢, keg, Keh, Koo and Kp,
such that [|c]| < e, [[Vel| < Keg, [[V2ell < Ken, [[(Ve) el < ke, and [|px| <

We will need the following lemma, which can be obtained similarly from the Well—known results (see [8,
Lemma 5.1]).
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Lemma 4.1. If VL # 0, Step 2 of Algorithm 3.1 will terminate in a finite number of improvement

steps by applying Algorithm 3.2.

We continue our analysis by showing that the iterations are successful when the trust-region radius is

sufficiently small.

Lemma 4.2.  Under Assumption 2.1, if Z; ., (i =1,2) are well-poised and

1 1—
Ak g min 5 qud( Th) Ty
Kugh 2Kef
then pi = 1.
Proof. By (4.3), we find that
L
Raugh

Then the Cauchy decrease condition (2.12) gives that

Tk

Qr(Zr, i) — Qr(Tk + S1,5, Yk + S2.k) = KgaT min { -
uqh

Since Z; 1, (i = 1,2) are well-poised, from the bound (2.5), we have

|L(z + 51,0, Yk + S2.k) — Qu(Tk + 51,5, Yk + S2.1)|
|Qr(7r, yr) — Qr (T + 81,5, Yk + S2,1)]
| Lk (xr, yr) — Qr(Tk, yi)|
|Qr(7r, yr) — Qr (T + 81,5, Yk + S2,1)]
|f(xr + 818, Yk + S2.6) — Ma(Tk + 51,1, Yk + 52,1
|Qk (ks yx) — Qr(Tr + 51,5, Yk + S2.1)|
|f (s yi) — e (T, yi)|
|Qk (ks yx) — Qr(Tk + 51,5, Yk + S2.1)|
< 2”ef(A%,k + A%,k)

~

lor — 1] <

qu’/TkAk
- 2I$efAk

RqdTk

Obviously, the conclusion py > n; is obtained if Assumption (4.3) holds.

7Ak} = KqdTr -

(4.3)

O

The following lemma states that if the criticality measure is bounded away from zero, then so is the

trust region radius.

Lemma 4.3.  Suppose that there exists a constant 01 > 0 such that m > 61 for all k. Then, there

exists a constant §o > 0 such that, for all k,
Ny = do.
Proof.  We know from Step 1 of Algorithm 3.1 that
Aig = min{fme, A7}, i=1,2.
Thus,
A > min{Bs, AV}, i=1,2.
By Lemma 4.2 and the assumption that 7 > ;1 for all k&, we know whenever

61 kgad1(1 —m)
Kfuqh, 2Iief

A < 03 = min

)

(4.5)
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either the k-th iteration is successful or the geometry of interpolation sets is improved. Hence, in this
case, A\;x < 0. From Step 6, we have Aff,?H > 1k (1 = 1,2), which, together with (4.5) and the
rules of Step 6, gives A;; > min{Aﬁfg,ﬂél,fth} (1 = 1,2). Therefore, there exists a constant do > 0

such that Ay = ,/A%k + A%,k > Js. O

Now we concentrate on the case that there is no infinite subsequence of iterates being added to the
filter. In this case, no further iterates are added to the filter for k sufficiently large. In what follows, we
assume that ko > 0 is the last iteration for which (2,1, yr,—1) is accepted by the filter.

Lemma 4.4.  Suppose that Assumptions 2.1, 4.1 and 4.3 hold. Suppose further that (3.2) fails for all
k > ko. Then we have that
lim Ok =0.

k—o00
Proof.  Consider any successful iteration with k > kg. Since the filter is not updated at iteration k&, it
follows from the algorithm that py > n; holds and thus

Li(xr,yr) — Li(zr + stk Yk + s2.1) = M [Qr Tk, Yr) — Qr(Tr + Stk yr + S2.1)] = Ulﬁee}f >0. (4.6)

Thus, the augmented Lagrangian function of (1.1) does not increase for all successful iterations with
k > ko. Then, by Assumptions 2.1, 4.1 and 4.3, we must have that

im Ly(zk, yr) — Li(zk + s1,0, Y + s2,6) = 0. (4.7)
k—o0
The result (4.4) then immediately follows from (4.6). O

We now consider what happens when the number of successful iterations is finite.

Lemma 4.5.  Suppose that Assumptions 2.1, 4.3 and 4.4 hold and that S is finite. Then
lim ||[VLg| = 0.
k— o0

Proof. ~ We consider iterations that come after the last successful iteration. We can have only a finite
(uniformly bounded, say by N) number of geometry-improving iterations before the interpolation sets
become well-poised. Hence, there is an infinite number of iterations that are either acceptable by the
interpolation sets or unsuccessful, and in either case the trust region is reduced. Since there are no
more successful iterations, then A; 5 (i = 1,2) are never increased for sufficiently large k. Moreover,
N (i =1,2) are decreased, which induces that {A; .} (i = 1,2) converges to zero.

For each j, let  be the index of the first iteration after the j-th iteration for which the interpolation
sets Z; ; (i = 1,2) are well-poised. Then

Hl‘j — I'T” < NALJ' — 0 and ||y] — yTH < NAQJ — 0 (48)
as j — oo. Observe that
IVL;(xs,yi)ll < IVLj(x5,95) — VLe(@r, yr)ll + VL (20, yr) — VQr(zr, yp)[| + [[VQr (@7, yr ).
By (2.9) and (3.1), we have that
VL, =Vf+p'VC+A\VC)'C,
VQ, =Vm, +prVC+AXVC)TC,
VL, -VQ,=Vf—Vm,.
So we have
IVLj (25, y5)|l < IVLj(5,95) = VLe(r, yr) |+ IV f (@0, yr) = Vi (@e, ye) | + [V Qr (2, yr) -

Now we show that all three terms on the right-hand side converge to zero. The first term converges to zero
because of the Assumption 2.1 and (4.8). The second term converges to zero because of the bound (2.4).
Finally, the third term can be shown to converge to zero by Lemma 4.2, since if ||VQ,(z,,y,)| was
bounded away from zero for a subsequence, then for small enough A,., » would be a successful iteration,
which would yield a contradiction. O
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We continue our analysis by considering the case that the filter is updated in infinitely many times.

Lemma 4.6.  Suppose that Assumptions 2.1 and 4.2 hold and that |QQ] = co. Then

li 0, = 0. 4.9
k—>olor,rllceﬂ k ( )

Proof. By contradiction. Suppose that there exists an infinite subsequence K C 2, such that 0y, > €
for all k; € K and for some € > 0. At each iteration k;,

D(Fi,) ={(0,f) |0 = (1 —7)6; and f > f; —~0;, for some (0, f;) € F, }, (4.10)
we can deduce that (0, f) € D(F,;) can not be added to the filter and it is easy to see that
(1 =)05,6;] < [f; =05, 3] € D(Fk,)-
Now observe that the area of each of these squares is at least 729?. As a consequence,

ki—1
area(D(Fy,)) = > Z 07 > kiv’e”.
j=0,j€Q

However, (4.2) implies that, for any k;, there is a positive constant sy independent of k; such that
K

area(D(Fy,)) is bounded above by ry. Hence, we obtain that k; < -35 and that k; must also be finite.
This contradicts the fact that the subsequence K is infinite. Hence, the assumption is impossible and
the conclusion follows. O

We now prove an important property on Ay, which gives a natural stopping criterion for the derivative-
free trust region method.

Theorem 4.7.  Suppose that Assumptions 2.1 and 4.1-4.4 hold. Then

lim Ay = 0. (4.11)

k—o0

Proof. ~ When S is finite, (4.11) is proved in the proof of Lemma 4.5. Let us consider the case when S
is infinite. For any k € S, we have

Li(xr, yr) — Li(zp + s1,0, Y + S2,8) = M [Qr(Tr, yk) — Qr(wr + 81,0, Yr + S2,1)]

By using the Cauchy decrease Condition (2.12), we have

. Tk
Qr(xr, yr) — Qu(Tr + 81,5, Yk + S2.k) = KgaTr Min {E’ Ak}-

Using Step 2 of Algorithm 3.1, we have 7, > min{e., v 1A;}. It then follows from (4.1) that

min{e., v 1A} A}
- k(-

Li(zr, y) — Li(wk + 815, Yk + S2.6) = M1 kga min{e., v Ag} min { -
ugqh

Since Lj does not increase and is bounded from below, the right-hand side of the above expression
converges to zero. Hence limgeg A = 0. Note that the Ay can increase only during a successful
iteration. Let k& ¢ S be the index of an iteration (the first one after the successful iteration). Then
Ak < 3, , where sy, is the index of the last successful iteration before k. Since A, — 0, then Ap — 0,
for k ¢ S. Hence, A, — 0 for all k sufficiently large. O

By using Lemma 4.3 and Theorem 4.7, we immediately have the following lemma.

Lemma 4.8.

lim inf 7, = 0. (4.12)
k—o0



1300 Xue D et al. Sci China Math June 2014 Vol. 57 No.6

The following lemma establishes a relationship between 7y and ||V Lg]|.

Lemma 4.9.  For any subsequence {k;}, if

liminf 4, = 0, (4.13)
11— 00
then
liminf ||VLy,|| = 0. (4.14)
12— 00

Proof. By (4.13), if i is sufficiently large, m;, < €.. The criticality step of Algorithm 3.1 ensures
that the interpolation sets Zi i, C B1(zk,; Di1k,) (with Aq g, < vmy,) and Zo g, C Bo(yk,; Do,) (with
Ao, < vmy,) are well-poised for all large 4. Then, using the bound (2.4) on the error between the
gradients of the function and the model, we have

HVL]% - VQ]%

= va(zklaykl) - mGl (xki’yki) < neg(ALki + AQJ%) < 2K69V7rki'
Thus we have

+ g, < (QIiegl/ —+ 1)’/Tki,

and the result (4.14) immediately follows from mj, — 0. O

Using the above lemma, we obtain the following global convergence result.

Theorem 4.10.  Suppose that Assumptions 2.1-2.2 and 4.1-4.4 hold. Then
liminf |VLg|| = 0.
k—o00

This theorem follows directly from Lemmas 4.8 and 4.9.
Now we prove the following global convergence theorem.

Theorem 4.11.  Suppose that Assumptions 2.1-2.2 and 4.1-4.4 hold. Then

IVLg| = 0.

lim

k—o0
Proof. ~ When S is finite, the result follows from Lemma 4.5. So we now consider only the case when S
is infinite. By contradiction we assume that there exists a subsequence {k;} such that

IV L, || = do (4.15)
for some dg > 0 and for all 7. Then, from Lemma 4.9, there exists d; > 0 such that

T, = 01

i

for all ¢ sufficiently large. Then, by Lemma 4.3, there exists a constant d5 > 0, independent of k, such
that

N (4.16)

Then, since Ly, does not increase and is bounded below, it follows from Algorithm 3.1, (2.12) and (4.1) that

o0
+00 > Z[Lk(ﬂ% Yk) — Li(zk + s1,86, Yk + 52,1)]
k=0

> [Li(wr, yk) — Li(we + 51k, Uk + 52.6)]
kes

> Z M (Qk(zk, yr) — Qr(xk + 51k, Yk + S2,1)]
kes
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. 1
> Zmnqdél mm{m ,Ak}.

kes ugh

Hence,

lim  [|Ag] = 0.

k—o00,keS
Combining with Lemma 4.5, we have
lim [|Agl =0 (4.17)
k—o0
which contradicts (4.16). O

5 Conclusions

In this paper, we present a framework for a derivative-free trust region algorithms for minimizing con-
strained optimization with separable structure. At each iteration, we construct a quadratic interpolation
model of the objective function based on Newton interpolation. The new iterates are generated by min-
imizing the augmented Lagrangian function of this model. We use the filter technique to ensure the
feasibility and optimality of our algorithm. The poisedness of the interpolation set can be monitored
by using Newton polynomials and maintained via appropriate exchange of new iterates and the points
in the interpolation set. Global convergence of our algorithm is proved under suitable assumptions. In
future works we will continue our investigation, for example, we will study the numerical behavior of the
algorithm proposed in this paper, and consider further the case where the derivatives of both objective
functions and constrained functions in separable optimization are unavailable.
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