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bEEKE E- gomttreit E R G SN RRRE, KRG E B EC Y S BOT R R BT 1)
O H 28N . SRARZRNE T R A% A+ SRE CAE SR i 7> 7772 (PDE) [ ES B & 4t = 1t fe
THE RIS E RS, M2 R, /EZ AN, PDE FEE P Re VA FUAIRHE 22, I AR 2 E- 2%
R TF BN IR SR (S Wk [1,3,4,7]). KA PDE FHIEME & 80T VRS BB 3047 AR
BTS2 2R AR, RS 2 AU = BOR K2 PDE AR {H iv) @ O B S (Z
DLSCHR [8-10]).

WA 3] PDE & BURFAEAR [0 B <R 70077 Al AERE R <l foladi R 55 4 5 2 A 30 G
PSR AEARL, T ARF AR AR 1 D) AT 245 %2 . 7R B 1 U S B v 0 A, FEAREE 25, THER mT FH 3 248
i Fourier A2#t (ZWOCHR [12]). FEL MR 2R, FeibE v 58 TAE0S R O07 FERAR IR,
WHAT AR A TE 5 = B RFAEAR ) B B0 3 B B ok v A R W — AR N A (2 00Tk [11]). 28
M0, 3800 0l 5k 2 7 REARFAE AR 1) R (2] () T Do R 0 P e RO R A T B 2 v PR e v 2
RS FTRER), XM RAEE ZFERRE (S WK [14).

SEGIRAAE PSR A: 1 S X330 e 55 v SR 2 (I ST 2256 (2 TR (13,15, 16, 21]), FRATHE Jor-
dan AR{ER PITARYE B9 AEE AR g BRAEAT 1 P Ll 2 i SR B P AR R 1) 2 R Z [R] AR & K &R,
MR 1] 5 2 RS KR B8 2 ] (1) AR A1 A 1] A ek AT 20 Fft A R 380 45 A DG I 8, AN b BB T
“n RS2 TR A — IR 22 T e AR 1) o AR P ek B, AT A 2 23 i — U AR 9 6 R e i {1 1) R
SR A AT P FHAE LR R 2, A R BAAR SC I m RO AT U

SCHR (18] T XV 2 UL MAG (Z AT WA NI J—f m- IEZ0T8) B LA
HIRE T, & T A RLAYE ) 20 HAT 5. A SCE ST 90 25 (0] = 4 22 T A X R R AR LA 1) 5700 IR AT
FE, SR U (G) Mg (G) ETAEH: (P), ¥ KA PDE (P) FHIEEAERE (A) o THXT 1
R (A) AT EE (FRFR GPA ik 18],

F it RETH RN LR AR A B = 3 7 1 2 N DU TN 3R

(1) B B e JUTiE BT s Bk 9,

(2) FEIZE BN 9, EARAE TR S AR HES BRI B BT R L(9,) B Im I f(9),);

(3.1) i = U R EOFAT KA KB B BOT IR L(%)u(@) = f(%h);

(3.2) P = RO R BT RIBRHEE 1 L(9)u(@h) = Au(@h).

I D PR R O Ak 388 B2 T B e S A AU T8 58 G R P 2% A B, R I BV 5 i
Z B ARG ASCHE H I LART A o B T A 3 R AN [R] ) 1 2 D0 ) B R B 1) LRI A (T 5
R PR Ko R 2 B R R 7N 450 ) %o T B AR B P 5

AICRAFFEIC TS L(%,) M w(@,). 5 RAUB REER—B005 L(h) M u(h) ANNFE, ASC5R1E
TEATRSTUTE BN 9, BEMCHEE.

X T 1 B 2 () S5 R AL A, FRATTE GO A R WA RBE b, 55 5GTE B A% IR B4R T LA (5
B R S PO R AR AL AR AR I I LRSS I 07 BRI FH A 8 A A ) L ART AN AR B A 1% 29 LR
BRI TIAR ERFRESE, T AId FH T oK SRR A A 3 5 R SR A I 320 AT ik 231 kR, ot
TR AL B EX A R AL AR I R, A 1o R 2o i (SO E B O, R B U BT SURFAEAR ]
T EL MRS 73 A O — AT I 5 2 AT T BOR AR (2 WOk (19, 20]).

XA A5 53, FRATTHE B B EE IR ASRIHET 2 R B SR Gy (AT "5 —A
JCEA 1 HRICEYIN 0 I7RE) BRI TLART WA H R

ARCHE I E AL BE SV (geometry pre-processing asynchronous algorithm, GPA) )24 &
RS, I JUTRE PR 36 L AT S B, S35 T R A ) L AT RS AR B () R AiE 22 T e 28 F R AT [

@
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Ao il S

4558 JLITIRS 4, F Qu Fomsg A BT — AN BSRCEE] (WA BRIT), B dim(Qy,) Raniz 2 (a 1)
H L

(Ap, Br) 53 IR SR 6 R 073 7 F5 B IS BT X I R D91 FE8 R o A0 O 24 e, 9 A R A AR L )
SCFEFERFIEAE [ R, ZERERT 4 RY = dim(€,),

Ahu(gh) = )\Bhu(gh) (11)
EX 1.1 EHGERE A, MBI G, POV S, 48 AR RE AT 22 e
Ap - Gp =Gy - Ap. (1.2)

SIE 1.1 HEIIWMERE A, fl G, WA AFLRRHE R & 07

FIH 4, R DA JUAPER (WX AR IR) Al 20D Wi 0 5 AR BR Sy 40 R

o GINRPYIEAZ AR P, i, Xt T-T7 MM, 1 FH P 7 REsKTTBE (AT O FIE ) — 8
Wirz—). ks P* Xox P IR E, uw(9,) = P*v(%,), P-P* = 1.

o FINJUA MG TIALEE SR F QA), = P- Ay, - P* F1 QB,, = P - By, - P*.

o W QA, 1 QB, RNy EAMFEREEME 3 HFERE (4 G, RIS A, M By, H 50, 7] LUR)
M G, #i&i 2 B ZAE) P), A GG ST SCRFEAE 19 R (1.1) 3@k SOM AR e fai Ak Ay Bt £
FEE R L QAL v(%) = AQBLv(%)).

5CHR (18] ™H B —4ESE MRS AN F], ASCES 2 5 LR E BB S RGERH A FLBE Logo
W& L, I GA = AG BEAK Rt R o i 50k, PSS 3-6 1990 B 78 =4 7S TR A
VU T DX A S~ TR X T SCARFAIE 22 T0T 2 1) B8] 270 i B0

TP AR E GPA BV AEE P HATHL LA, g5a N HEE—PIRARE P S5k, 5 %A
H 4%, Binrisd 5 E N 3 4 R S & (W PHG (parallel hierarchical grid) 22) A& {EWFHIAH
L P 4505 P R

2 ZHAFGMURRNASA): PERFEREFSREMNFMRR Logo 5IXHEE

B 2.1 PEREAGECE S RGREVT RSB (Logo), IX MR 38 5% I 2 rp [ i AR 24 R AIE A 2
I8 5 B D 17 S SEIE, B8 A 2002 4 EIBRECE R RS2 bR, fEAL G0 SR % B T WA & (AT B — 21—
YEARAL SN N, /A PR RIS, W& 1 s, 12 AN AR U A BT 4y =4 3554
I: (1,3,12,10); 5 54 11: (2,9, 11,4); %5 &4 1L (5,6,8,7).

fFy 1 T 2
1011 12 129 3
789 86 2
456 1175
1 23 10 41

1 (MEERRFE) Logo T mHEF
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7 15 2 Z IR B R

o 0o 1.0 0 O O O O O O O
o o 0 0o o o0 o o 1 0 0 O
o o 0 0 o0 o0 o 0 0 0 o0 1
o 1 0 0 0 O O O O O 0 O
o o 0 0 o 1 0 O O 0 0 O
Gy — o o 0 0 0o 0 0 1 0 0 0 O 2.1)
o o 0 0o 1 0 0 0 O 0 0 O
o o 0 0 o o0 1 0 0 0 0 O
o 0 0 0 o o0 o0 0 O 0 1 O
1 0 0 0 0 0 0O 0O o 0o 0 O
o 0 0 1 0o 0O 0O O O 0 0 O
o 0 0 0 0o 0 o0 O O 1 0 O

W 4 MmEANR Gra- Gia - Gia - Gia = Lo TESEURA IR XD (11 — Gr2) - (I12 + Gi2) - (112
+ G2+ Gi2) = 0. FEEHAG WU R 5 E (L2 — Gi2) - (12 +Gr2) - (i-Tia — Gia) - (=i 12 — G12) = 0.
AHEFR B EHHLE Gro IARMERETT, 0] 2 Afar S S HH R R I AE 22 04

H e &R I KRR

Gi2 - Bia = Bia - Gi2, Gi2- Az = A1z - Gio (2.2)
1) —2HH7 =S50 {bo, by, b} W5 B HIFE

bp 0 O by b2 O

o

S

o

S

=

o

=

¥

(=

=
) ) o
o o o O o

B =

o o o o o o o

bg b1 b1 bo bl 0b2 b2
by 0 b1 by 0 0 by

0 0 byby 0 0 b
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&%E%ﬁ {ao, ai, ag} EI‘JVJ'J)E%EM:

ap 0 0 —a1 —az 0 0
0 apg —ai 0 —ag —aj 0

0 —a1 Qo 0 0 —a9 0

o o o O

—Qaq 0 0 apg —aq 0 —as
—Qa2 —Aag 0 —a1 ap —a1 —ai; —ag
0 —a1 —asg 0 —a1 ap —ag —ai; —asg
A12:
0 0 0 —Q —ai1 —az ap —aq 0 —Q2 —Aai
0 —ag —ai; —a1 ap —aj 0 —Qa2 —a9g
0 —a9 0 —ai agp 0 0 —ai

0 0 —as 0 0 apg —aq 0

0 0 —a1 —ag 0 —ai1 Qo 0

o o o o o
o o o o o
o o o o o
o o o o

0 0 0 —as —ar 0 0 ap

oA VYA 3 BRFAE R A THS AT AR B Ghg (9 12 BERAIE A AR R

10 1 0 0 0 00O0 101
1 0 1 0 0001 010

o O

0 01 1110 0¢00
0 =101

o O

-1 010

000
Py = . (2.3)
i 0 i 01

(an)
(en)
o
(an)
—
|
—_
|
—_
—_
(a=)

o O

0-10 1 0 0 O
0 0 0 0 -1 -1 i

-1 010
000

—
o

-10 1 0 0 0 O
0 -10 -1 0 0 O
0 0 00-11i -1i10 000

0 -i01

o O

i 010

R PO PSR o B B 28 5 AR AR R G SRRVR L 5y, RPAE 17 B PR A J i A R 1 58 R
BN EINBUERE:

PAP = P12 . A12 . P1*2,
PBP := Pi5 - Bis - P},
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bo b1 b 0 0 0 0 0 0 0 0 0
by b by + b2 0 0 0 0 0 0 0 0 0
by by +bs by +2b1 +b2 0O 0 0 0 0 0 0 0 0
0 0 0 by —b: ba 0 0 0 0 0 0
0 0 0 —b1  bo by — by 0 0 0 0 0 0
_ 0 0 0 by by —by bp—2b1+b2 O 0 0 0 0 0 (2'4)
0 0 0 0 0 0 bo iby b2 0 0 0
0 0 0 0 0 0 —iby bo by —iby O 0 0
0 0 0 0 0 0 by ib1 +b2 by —by O 0 0
0 0 0 0 0 0 0 0 0 bo —ibs by
0 0 0 0 0 0 0 0 0 iby bo iby + bo
0 0 0 0 0 0 0 0 0 by by —ib1 bo — b

RE 2.1 12 fr)T SURFEZ TN det(Ara — ABao) AT AR AIUAS 3 URFAIE 2 T A SR AR
det(Alg — /\Blg) = det(P3A — )\PgB) . det(JgA — /\JgB) . det(F3A — )\FgB)Q, (25)

Hr PyAL J3A 1 F3A O PAP BIET =X ABRFERE, PsB. J3B 1 F3B SN PBP [HT =A% Mk
FEFE.

3 NEFMBHERNFSF M SHENERSFEEFTITESR

3.1 HEEEE: b=, AR =2°=38

FNTHAR A\ S PR 2 Fros. R {1,2,3,4,5,6,7,8) S5 A ¢s = {5,1,6,2,7,3,
8,4} WIHEFIZ [A](1) 8 By B HeRE Ry

0o 0 0 o 1 0 0 O
10 0 0 O O 0 O
0o 0 0 0 o 1 0 O
Go = 0 1.0 O 0O O 0 O (3.1)
0o 0 0 O o O 1 0
0 0 1. 0 0 O O O
o 0 0 0 0 0 0 1
0o 0 0 1 0 0 0 O

SI38 3.1 EHIEFE (3.1) W 6 Mkt 50 Gs 1 6 JURIESET 8 s frHifE, B
GS =Gy Gs-Gs-Gs-Gs - Gs = Is. (3.2)
FEFE Gs B 6 VRS 10T S B 1 1% 7S TH A4 HR 7S A T R P LE T LART AN AR 12
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1 10

2 AEHN\TSHEF
WIS 3.1 Iy — G§ 7RSI K e b AT gy ) R
Is—GS = (Is—Gs) - (Is +Gs) - (Is + Is - Gs + G3) - (Is — Is - Gs + G2) (3.3)
K
Is —GS = (Is — Gs) - (Is + Gs) - (Is —e3 Gg) - (Is — 5 Gs) - (Is — e 5 Gg) - (Is — e~ 5 Gg).  (3.4)
513 3.2 WHEEM Gs M—HAMESE

Gs = (WGs) ™! - Diagg - WGs,

Diagg = diag{fl,71,1,1,e2iTw,e*2iTﬂ,e%,e*%}, (3.5)
Horp,
-1 1 0 -1 1 0 -1 1
0 0 -1 0 0 1 0 O
1 1 0 1 1 0 1 1
WG — 0 0‘ 1 0 0 1 ()‘ 0 7 (3.6)
1 —e% 0 e &% 0—e% 1
1 e 0 —e% —e% 0 % 1
—1 e 0 eF —eT 0e 7 1
—1 —e% 0 e F &% 0 eF 1

WGs - WG = diag{6,2,6,2,6,6,6,6},
WG - WGs = diag{6, 6,2,6,6,2,6,6}. (3.7)

ERERENRZ, I Gs 0 E (3.6) AEFIoR R R R B AR . WGs NF
TP, WGs - WGE Ml WG - WGs F100000f A BURE R (1H 5 5 06 M 2 o0 3 AR P42 15 /U T E ). AHISEF)
THE /N, X0 G AFAEFE P e 02 B A AT 2.

EX 3.1 [N FMEEHENSE M NS ERENE G ik, £aMWE ik
0.5

M-G=G-M. (3.8)
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i, FNTARIRE E Laplace -t i 2GR I BERE AT AR B
6 -1-10-10 0 0
16 0-10-10 0
-10 6 -10 0 -10
0 -1-16 0 0 0 —1
10 0 0 6 -1-10
0-10 0-16 0 -1
0 0-10-10 6 -1

0 0 0-10-1-16
Bg = 1215 — As (3.10)

7 e S BHIERE Gs B AT (3.8).

3.2 FSEMFEENENRSEXI R

M EHHERE Gs THEWT WA WS {cl, 2, 3, c4} F5 5 HE R FIRHIE(E ] R

cl c2c2cdc2cd cd c3

c2clcdc2cd c2c3 cd

c2cdclc2cd c3c2cd

CCq = cdc2c2cl c3cdcdc2 ' (3.11)

c2cdcdcdelc2c2c4

cdc2c3cdc2cl c4c2

cdc3c2cdc2cdel c2

c3cdcdc2cd c2c2cl
o SeAEILEEAR AL i
WGg - CCs - WG /6

el — 2¢2 — ¢34 2¢d 2 — cd 0 0 0 0 0 0
€2 — c4 cloed 0 0 0 0 0 0
0 0 el +2e2+c3+2cd 2+ cd 0 0 0 0
. 0 0 2 4 c4 clded 0 0 0 0
- 0 0 0 0  cl—c2+4c3—ca 0 0 0 ’
0 0 0 0 0 el — 2+ e3 — cd 0 0
0 0 0 0 0 0 el +c2—c3— cd 0
0 0 0 0 0 0 0 cl+4e2—c3—cd

1.1
WGs - WG /6 = diag{l, 3 L3 LLL 1}.

o 73 TS A B RAE 2 30

cl —2c2—c3+2c4 c2—c4 1
P1ax = det - A
c2—c4 % 0

o

))

W=
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cl+2c2+c3+2c4 2+ c4 10
P34y = det —-A ,
2+ e clies 01

sy =1her = cl —c2 4¢3 —cd— A,
Yoy =gr =cl +c2—c3 —cd— A

o FHIEZ I det(CCs — Ng) F b CL R A3 il R 78 T REAE 2 T
det(CCg — Mg) = 1ax - ¥3ax - Vsx - Yex - Yrx - Ysa.

5 S8 BN AR X8R SRAEAR 73 T3 RE R 75 22, BIULAE SH4I0E SCAE N TR IS | 5 BB RS (3.1)
SFeVE T 5y FE I (G A
513 3.3 5 6 KmSEEMALE (3.1) FIEH 51 8 Mk MCg 1 2

Gs - MCs = MCs - Gs, (3.12)

y
|

cl 2 ¢3 ¢4 5 6 7 8
ch cl b6 2 c7 ¢c3 8 4
c9 c10 cll &9 10 c12 ¢9 10
c?7 ¢ 3 ¢l 8 6 c4 2
MCg = (3.13)
c2 c4 6 8 ¢l 3 b 7
cl0 9 12 ¢10 9 cl11 ¢10 9

cd 8 3 7 2 6 ¢l cb

c8 ¢c7 6 ¢cb c4 3 2 cl
H 12 MEBE FERESEBER 64).
3.3 NEMEMIE (h =1, dim(Qp) = 27)

N ZAET S PTRHERR AN 3 Fos. ATEAES B E (Y TR RS R 1
AL E)

9927 = {19,10,1,20,11,2,21,12,3,22,13,4,,23,14, 5,24, 15,6, 25, 16, 7,26, 17, 8,27, 18,9} (3.14)
XF I ) B RS Gor, Wi AE 6 MRS IR R
Gar - Gar - Gar - Gar - Gar - Gor = Io7. (3.15)
HIL 3.2 DL EMFEEE R R W7 a0 N B R 20 i

(Io7 — Ga7) - (I27 + Ga7) - (127—6%G27) - (Ia7 + G%GW) . ([27—67%6127) < (Ia7 + 67%6’27) =0. (3.16)
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ANHE 7353 5 H X 2 DY A SEESUE )

P@ = NullSpace(Ig7 — G27)

10100000100
01000100010
00010001000
00001000001
00000010000
00000000000

Js = NullSpace(Ia7 + Gar)

-1010 0O0O0 O

0

= 0 00-100O0
0 00O
0 000 O0O0O-10 O

-10 0 0 O

-10 0 010

& 3

—1
0 0
-1 0

1

25 26 27

22 23 24
19 20 21

16 17 18

13 14 15
10 11 12

HF 1

27 18 9

26 17 8
2516 7

24156

2314 5
2213 4

21123

2011 2

1910 1

0000000100000101
0000001000100010
1000100010001000
0101010000010000
oooooooo001000000
0010000000000000

NEKRZ+EHSHIF
T AT

%

000 000OO0 O O100 00

100 0 000 O

-1000-10

001 000-10 0O01000

010-101
000 0 0O

FIg = NullSpace(Ia7 — Ga7 + Ga7 - Gar)

868

0
0
0
0
0
0
0

-1 0 0 0

-1 0 O

o O o o o o

-1 0

o O o o o

0 000 1 0 0 O
0 000 0 -10 0
0 000 -10 0 O
0 000 O O 0 -1
-1 000 O O O O
0 -100 0 1 0 O
0 00-10 0O 0 -1
0 000 0 0 -10

0
0

o o O O

-1 0 000 0 1

0 0001 00O

00 00O
0 0001
00 O00O0
00100
0-100 0
00 00-1
00100
01010

-10

0

o O o o o

0

o o O

0

-101
10
00
00

o O o O

00

0000
0000
0001
001
010
100
000

o O o o O

000

o O o o o o

o O o o o o o

9

(3.17)

(3.18)

(3.19)
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Fllg = NullSpace(Ia7 + Gar + Gar - Gar)
10000000-1 000 OOO OOO -100000001
010000000 =100 O00O0OO0O OO-1000000O01O0
00100000-1 000 OOO OOO-100000100
000100000 0O0O-100O0O-100 OO0OO0OCOOC1O000O0 (3.20)
000010000 OO0 -10-1 000 0O00010000O0
00000100 0 -100 O00OO0O OO-1 000100000
o0oo0o000010 0O0O-100O0O-100 010000000
o0oo000000 010 -10-1010 O0O0O0OCO0OO0CO0OCO0OO0O
e w=e¥, BT R HIR R RIAR, W
F1, = NullSpace(l27 — wGa7)
-1 0 —-w 0 0 00 0 w>0 0 0000 O 0 —w? 00000wO01
0 -1 0 0 0 -w0 0 0w>0 0 O00TO0 O ~w? 0 00w00010
- 0 0 0 -10 00-w 00 0-w00 0 w 0 0 w>0001000 (3:21)
000 0 0 -1 000 00w 0 w0-w0-w 0 0 00010000
St F /N TR PR AT E R0 Laplace =2k 27 SRS By K RIFEH [
Aoz = 12 I57 — Bor. (3.22)
B WL, Boy M Agy W E B Gor FIEH 5. #E
6 -2-10 0 0 621000
-2 6 0 -20 O 260200
PAy; = Ps - Agr - P = 10620 , PBy;:=Ps Doy Pl = 106210 , (3.23)
0 -2-26 0 -1 022601
0 0-10 2 0 001020
0 0 0-10 1 000101
Psapy := det(PAy; — APBar) = 4(A2 — 6A + 1)(17A% — 38X\ + 17)2, (3.24)
6 0-10 O 60100
06 0 0 O 06000
JAgr:=Js-Agr-Ji=| -10 6 -2 -1 |, JByr:=J5-Bor-Ji=|10621 |, (3.25)
00-26 0 00260
00-10 2 00102
Jsapx = det(JAgy — AJIBay) = 288(1 — A\)3(7TA2 — 22\ + 7), (3.26)
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FI4A27 = FI4 . A27 . FI;L =

1
FI,By7 :=Fl, - By - FI, = | 2

Flyapy = det(FIAy; — AFIBor) = 144(\ — 1)2(7TA% — 22\ + 7).

R, 2w = o,

FII1, = NullSpace(Ia7 + wGar)

10w200 00 0
01 000w?0 O

—w 0 0

0 —w O

0001000—-w 0 0 O

00001000

FIB27 = FIS . B27 . FI’g =

0 0

12 1 6

1
6
1
0

12 2

212 -10 1
0 -112 1

2 0

-16 1

-1 0 -2

0

1 0

—w 0 W?0w? 0 —w 0 0

0 000 0 0 O
0 000 0 0 —w O

w2 000w 0 0 0

1 0-1-10
0 2 6 0 1
-2 0
0 6 —1
1121 2 6
0 112 0 -1
6 2 0 12 1

1 6 -1 1 12

Flgapy := det(FIAg; — AFIBgy) = 288(1 — \)3(7A% — 22\ + 7),

FITAs; = FlIg - Agy - FIT, =

870

123 610 —3-10
312000 60 3
601210 3 2 0
10 1121 0 6 1
00 01123 2 6|
363 0 3 12 0 -3
10 26 2 0 12 -1

0 3 0O

1 -6 -3 -1 12

6 3i(3i+ V3) -1 0
—3i(=3i+V3) 6 0 1i(3i+ V/3)

—1 0 6 2i(i+v3)
0 —3i(=3i+V3) —1(i+ Vv3)? 6

6 1(3-1Vv3) 1 0

(34iv3) 6 0 1(3-1v3)
1 0 6 1(1-1v3) 7
0 1(3+iv3) L(1+1v3) 6

—w 0 0000w?01
0 0w>000 10
—w0001000
00010000

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)
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12 -3-6-10 3 1 0
-312 0 0 0 -6 0 -3
-6 0 12 -1 0 -3-20
-10 -112-10 6 -1

FIIBy; = FlIg - Byy - FII, = , (3.34)
0 0 0 -112-3-2-6
3 6-30 -312 0 3
1 0-26-20 12 1
0 -30 -1-63 1 12
Fllgapy := det((FIIAy; — AFIIBy;)/2) = 1296(17A% — 38\ + 17)*%. (3.35)

Rl 3.1 27 By SURHEZ I det(Agr — ABoy) FESHUI AT R 050 il 9 DU AMIKEY (6 B 5 B
8 Frs 8 Bir) A2 I A 1 (3R A

det(As7 — ABa7) = Co - Psapa - Jsapx - Flgapy - Fllgaga, (3.36)

Horfr Co RoRHHL T, 57N T4 RS R ip 8] 0 = 28 1 Jo 8 R O R P B R B R R AL A T SR T B
e PR 3 i 280 DU AR 22 18 28 R AT SR A

Rl 3.2 27 [ SURAEZ I det(Agr — ABar) £E R HUKAT R Al 075 MIEEY (6 B 5 B
A By 4 By 4 B 4 Br) BRI T R A

det(Ag7 — ABa7) = Co - Poapx - Jsapy - (Flaapy - Fllliapy)?. (3.37)

T, 55775 T A A R P = 2 2o R AR D1 PS8 R o ) AR M T SR ) B3 PR 5 31 /8 I
B 8 7D AT R .

3.4 NEMAEMIE (h =1, dim(Q,) = 64)

NI ST VU s PRI HE P i B 4 B, X AP BT s B2 B 5 R Gy $5IT AEE T
I 64 MTHRbR ] AT IE N R AR A
48 12 16 20 24 28 32 36 40 44 48 52 56 60 64
3711 15 19 23 27 31 35 39 43 47 51 55 59 63
GM = . (3.38)
2 6 10 14 18 22 26 30 34 38 42 46 50 54 58 62

159 1317 21 2529 33 37 41 45 49 53 57 61

JRAEFE Y, BHHRE Geq FIAEZ IO RILATHET IR B E4E BRI 20 T — b K b & H.
ANHEUEBA R 5] 3
5138 3.4  EIIEFE Gey W2 WF BRI iR

Iss — GSy = (Iss — Goa) - (Isa + Goa) - (Isa + Gos + Giy) - (Iss — Goa + Gayg) = 0. (3.39)
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iﬂ P12 = NullSpace(I64—G64), J12 = NullSpace(164—G64)7 F120 == NullSpace(IG4—G64+G§4), FIIQO
= NullSpace(lgs + Gos + Gi4). M T /SH KRS 1) Laplace =2kt 64 s BT Bey MWIEEFERE Agy,

B BUAE, By 1 Agy IS5 BRI Goy FeVEH 5.
Bt E 1S

PAgy := Pia - Ags - Py, PBes := Pia- Bea - Pl

JAg¢s == J1o - Ags - J19, JIBga := Ji2 - Bea - Jia,

FlAgs := Floo - Agy - Flby, FIBgys := Flyg - Bey - Flp,
FITAgy := Fllpg - Ags - Fl,y, FlIBgy := Fllag - Be - FT,
Pioapx = det(PAgy — APBgy),

Ji2apx = det(JAgs — AJBe4),

Flyoapy = det(FIAgy — AFIBgy),

Fllaoaps = det(FTTAgs — AFTTBgy ).

Rk 3.3 64 BT XHFEZ I det(Agy — ABgs) ST HFERHMEZ T Ploapa~ Ji24Ba~

Flaoapx M Fllagapy WAL T R:

det(Ags — ABga)

872

Proapx - Jizans - Flagapy - Fllgoapy Co.
HeF 1 i I
61 62 63 64 64 48 32 16
57 58 59 60 63 47 31 15
53 54 55 56 62 46 30 14
49 50 51 52 61 45 29 13
45 46 47 48 60 44 28 12
41 42 43 44 59 43 27 11
37 38 39 40 58 42 26 10
33 34 35 36 57 41 25 9
29 30 31 32 56 40 24 8
25 26 27 28 553923 7
21 22 23 24 54 38 22 6
17 18 19 20 53 3721 5
13 14 15 16 52 36 20 4
9 10 11 12 513519 3
5 6 7 8 50 34 18 2
1 2 3 4 49 33 17 1

4 NEERTETSHF

(3.40)
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il 3.4 64 [ SURFIEZ IS det(Aes — ABea) £ SLHOF AT IR 300 R 9 DU BARBY (12 B
12 B~ 20 By 20 Bir) HRFAIE 2 0 A AR

det(Ags — ABga) = Co - Piaapa - J1248x - Flooasy - FllagaBa. (3.41)

VERER, 575 THI A4 350 53 P KR R Wi R 1) = 4 P J 1 R RO R0 NI B R R RO R B U1 5 (2 5 R R A
TR SR TE ) YT B R X0 38 DY MR BN 7 23 R 728 AT SR R

Rl 3.5 64 M RHEZ I det(Aps — ABea) 7EEHUIH 0] K Ao il AN U (12 B
12 By 10 Brs 10 B 10 B 10 BY) 45 4E 2 150208 1 0 3 A

det(Ags — ABga) = Co - Praapy - J1248x - (Flioapy - Fllioapy)?. (3.42)

VRO, 557N A 259 5 A% R B ib 8T PR = 2 A28 Jord B R R D PS8 R A (R REL A T B (e D RE AL SR A
WOAERE SRR LR TEAR) #89T B D 300 A BN IMEB 7 A3 18] 5720 R AT SR (BRSPS AREL Y 10 Bir

2 [H]).
3.5 NEMAEMIE (h = ¢, dim(Q2;) = 125)

IR B P AR HE 7 B HHERE Gros HAIBIFARZICER Y 125 MTARFR ATHZAT BN S AR R 1 2
6 FrmsEoc &
510 15 20 25 30 35 40 45 50 55 60 65 70 75 80 85 90 95 100 105 110 115 120 125
49 14 19 24 29 34 39 44 49 54 59 64 69 74 79 84 89 94 99 104 109 114 119 124
GMigs = | 3 8 13 18 23 28 33 38 43 48 53 58 63 68 73 78 83 88 93 98 103 108 113 118 123 | . (3.43)
2 7 12 17 22 27 32 37 42 47 52 57 62 67 72 77 82 87 92 97 102 107 112 117 122
1 6 11 16 21 26 31 36 41 46 51 56 61 66 71 76 81 86 91 96 101 106 111 116 121

G1as Wi /E 6 MMAER R
G125 - G125 - G125 - Gias - Gias - Gias = L1as. (3.44)
P 5y I, GRS A R PR = 24 X 5 R 4 A0 o A R

Aias :I5®(I5®A5+A5®I5)+A5®IQ5, (3 45)
3125:IS®(IS®BS+B5®I5)+B5®I25 .

A SRR Gros FEET D), Gas - A12s = Aras - Gras, Gizs - Bias = Bias - Ghas, 22 A5 M1 Bs N
R — St X DI B2 R oA Ao R
i
Py3 = NullSpace(I125 — G125),
Joo = NullSpace(I125 + G125),
Fl4o = NullSpace(l125 + G125 + G255),
Flly = Nu]lSpace(Ilzs, — G5 + G%QS)’
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Pa3Ais = Paz - Avgs - Pa3,  PasBias = Paz - Bigs - Pag,
JaoAras = Jog - Arzs - Jog,  Ja2Bias = Joz - Buas - Ja,

FIAi95 = Flyo - A1gs - FI)y, FIBigs = Flyg - Bigs - I,
FIIA 95 = Fll4g - Aqos - FIIQO, FIIB125 = Fllyg - B1as - FHQO,
Pyzapy = det(PazAras — APa3 Bias),

Jazapx = det(JaaA125 — A\J2aBias),

Flyoapy = det(FTA 195 — AFIB195),

Fllyoapy = det(FITA 155 — AFIIB95).

WA 3.6 125 Fi SURHIEZ T det(Aros — ABias) ESCEUISC IR A0l 0 DU ISR (23 B
22 [« 40 Bir 40 B) $RRAE 2 IO 7 A 3R AR

det(A125 — ABi2s) = Co - Pagap - J22aBx - Flaoasa - Flluoapa. (3.46)

4  EAEMIEHESIERE RS T SHEMERFEENRNEHITITERR
4.1 1RB e

FTRB G =V AR, RIS b= 3, EELANR N =R 10 MA R REUE
(fmije, m RREEL, ijk NEOAIR) WFRINA

f3111

f2211

f2121 f2112

fiz11
J1221 Ji212

J1i31 Ji122 Jis.
AR Z RS . 5 55 HAT R A HES 2 [0 (A B . il i
{111,211,121,112, 311,221, 212, 131,122,113}
AR 1, D

{113,112,212,122, 111,211, 121,311,221, 131}
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NHES 2. 7 5 RS PR 18] 1) B HE

o 0 0 o o O 0 0 0 1
o 0 o0 1 0 0 0 0 0 O
o 0 0 o o 0 1 0 0 O
o 0 o0 o o O o0 0 1 O
Gy — 1 0 0 0 0 O O O 0 O
o 1 0 0 0O O O 0 0 O
o 0 1 0 0o O O 0 0 O
o 0 o0 o 1 0 0 0 0 O
o 0 0 0O o0 1 O 0 0 O
0o 0 0 0O O O O 1 0 O

SIEE 4.1 BEHHEME (4.1) WL 4 rmSE sttt JRE G B 4 CRHESET 10 B e fr s RE, B

G%O = G0 - Gio - Gio - Gio = L1o-

FEFE Gro M 4 YRS L 1 12 DY T4 m DG A i A2 ) — R LA AN AR
WL 41 Lo — Gl RS BRI T 20 55 R o3 8

Iip — Géllo = (Io — G1o) - (Io + Gro) - (110 + G%O)

Lo — Gl = (I1o + G1o) - (I10 — G1o) - (i - Iio — G1o) - (=i - I19 — G1o).

SIEE 4.2 #Ei, AXMEEIEIESH Gl M —HAE

Gio = (WGyo) ™' - Diag;o - WG,
Diag,, = diag{1,1,1, -1, -1, —1, —i, —i, 1,1},
1 00 0 10
01 0 1 10010
1 0 000
00 10

o

1 01

0
0

o
—

—-101
0 1 0 -10 -1 010
WGlO: )
0 0-10 0 01000
i 01
010
—-i101
010

(4.2)

(4.3)

(4.4)

(4.5)
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WG1o - WG, = diag{4,4,2,4,4,2,4,4,4,4}. (4.6)
EAHERIRZ, JFE G M0 (4.5) FRABIRALR (1, -1,4, —i) EPUNEEILER, WGy 25
AR, BEHA Gro MITHSRE/D, IXX e ARAE AL #e12 3E EL A RT2.
e R SAEW RR RS 5 B HOERE (4.1) FTK 1 5y [ B B3 A
2 18 B DY 1 A DXL FH SR A — R B M BT R AR AR 0 T R R 22, SINDUR 51 B
SI3E 4.3 54 WRSEEBRIERE (4.1) AL S K 10 REFE BB BAFA 26 HHEE (KA
FERER B HE RN,
G1o - BBy = BBy - Gio (4.7)
EAEATR SRR (AT 26 S RECTHON E HIE)
b11 b12 b13 bl4 b15 b16 b17 b18 b19 bla
b21 22 b23 b24 b25 b26 b27 b28 b29 b2a
b31 b32 b33 b34 b35 b34 b37 b31 b32 b35
b25 b26 b27 b22 b28 b29 b23 b2a b24 b21
— bla b14 bIT b19 bLL b12 b13 b15 b16 b18 | (48)
b2a b24 b27 b29 b21 b22 b23 b25 b26 b28
b35 b34 b37 b32 b31 b32 b33 b35 b34 b31
b18 b19 b13 b16 bla bld b17 bll b12 bl5
b28 529 b23 b26 b2a b24 b27 b21 b22 b25
b15 b16 bL7 b12 b18 b19 b13 bla bl4 b1l

ST, 0 51
G138 4.4 5 4 KEEEHIERE (4.1) "IET S 10 SRR CCyo i 2
G1o - CC1o = CCyo - Gro (4.9)
(¥ E H ST 16, HOBARR] S A
cll 12 ¢13 c14 cl15 cl16 cl17 18 ¢19 c15
cl2 ¢22 23 c24 c14 c24 c27 19 29 c16
cl3 23 €33 27 17 c27 37 13 c23 cl7
cld c24 c27 c22 c19 c29 c23 cl16 c24 c12
CCyy — clb cl14 17 19 cl1 cl12 c13 €15 ¢16 cl18 . (4.10)
cl6 c24 c27 c29 c12 c22 c23 cl4 c24 19
cl7 27 ¢37 23 c13 ¢23 ¢33 cl17 27 c13
cl8 19 c13 ¢l6 cl1b cl4 cl17 cl1 12 ¢15
cl9 29 ¢23 24 c16 c24 27 cl12 22 cl14

cl5 16 c17 ¢12 ¢18 19 ¢13 ¢15 cl4 cl1
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e DY THIAA DU AN« 7N 2530 8 DUANTHL s et T A (4.10) B9 H BHEEATIREE )\AS, @ {c11,
12, ¢15,¢16, 622, ¢23, ¢29, 37}, BIRTERTIUATHR B, B, 454 2 Brmidy AT M R BUEME R, A
P R AT 4 B DU AR B PO AN {11, e12, 22, ¢23}, AR 10 By #e R 0 pE

cllcl2¢l2¢12 0 0 0 0 0 0
cl2 22 23 23 ¢c12 2323 0 0 O
cl2 23 22 23 0 23 0 ¢12¢23 O
cl2 23 2322 0 0 23 0 23 cl2
0 ¢cl12 0 0 c¢llecl2c¢l2 0 0 O
Cip = . (4.11)
c23 c23 0 ¢l12 c22 23 c12 23 0
c23 0 23 ¢cl2 c23 22 0 23 cl2

0 2323 0 23 23 cl12 c22 c12

0
0
0 0 ¢12 0 0 c12 0 cllcl2 0
0
0

0 0 c¢l2 0 0 ¢l2 0 cl2cll
R, B c11 = ¢22 = 12, c12 = 23 = 1 I}, DYMHIfA h = 1 I (4.11) EME oI B HU & 5

121110 0 00 0O
1121 1111000
11121 010110
11 1120 0 1 11

0
1 00121 1 0 0

Bio = 7 (4.12)

o O

110112111

o o o o o o
o o O
—

—
o o O
—
—
—
—
[N}
[

WS (4.1) PR G FIEE )
Bio - Gio = G1o - Bio- (4.13)

SIEE 4.5  WIRPIANFEFERIE T G, AW EH R 2 AL W H 5. R AR,

WL 4.2 WERAMITHE BRI SHERE Gro FIEE 5y, 43T AN 70 0 T Y 1 SO
WEHEE Gio RIELES.

VER—A N1, JATRI A FERE G SR E AL AR S PUZSHL (11, c12, ¢22,¢23) 1]
10 BYAERE Cro FFAEAE 1] .
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>

A (4.3), ARG N IEAS R =AU . AR S48 1A)

1000100101

Py = NullSpace(l1p —Gi0)=[ 0101010010 |, (4.14)
0010001000

~100 0100-101
Js = NullSpace(I1p+Gio)=| 0 1 0 —10-10 0 10 |, (4.15)
00-10001000

0 000 -100001
0 -100 000010
F, = NullSpace(I1o + G5,) = . (4.16)
-1 000 000100

0 00-1010000
M T REFERIE L 5, BT A=A AR SE 70X T Cro IREFIER:

norm(Js - C1g - P3) = norm(Ps - Cyg - Fy) = norm(Fy - Cyg - J5) = 0, (4.17)

2¢11 4c12 2¢12
Ps3-Cro- Py = | 4¢12 2(¢22 + 2¢23) 4¢23 |, (4.18)
2cl12 4c23 c22

211 0 2¢12
J3-Cio-Jz=1 0 2(c22-2¢23) 0 |, (4.19)
2¢12 0 22

cll cl12 0 —cl2
, cl2 22 cl2 0
Fy-Cio-Fy = , (4.20)
0 12 cll cl12

—cl2 0 cl2 22

PP\ :=det((Ps - Co - Py — APs - P})/2)

= —4(c22 — 2¢23 — \)(—c11c22 — 41123 + L1 + 6¢12% + 22X + 4¢23) — \?), (4.21)
Y3\ = det((J5 - Cro - J4 — A3 - J4)/2)

= —4(c22 — 2¢23 — A)(—c11c22 — 4¢11¢23 + 11X + 6c12% + c22) + 423\ — \?), (4.22)
PFAN fdm(uﬁ~cm~FZfAFy11W2):(fdld2+cﬂj4—&if—%&QAfA%Q. (4.23)

WL 4.1 (4.11) F 10 BYHRE Cro BIRHIEZ T det(Cro — A o) AT R AN =AMEF (3 B
3 B 4 BY) R RREE 22 0 X e
P - Psh - PN 1

=Cy=—. 4.24
det(Cm — )\110) CO 16 ( )
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IAEH RIS HERE Gio RTTIHAERF @M (4.10) H CCro FFAE 7 FE R AR TR 40 20
SIFE 4.6 CCyo f£ 3 NMEZ TR RIMEE LN
PpCC1oP3\ = det(Psy - CCyg - Py — AP3 - Py) = 9CC10 P30 + MpCCroPs1 + A2pCCroPsp — A3, (4.25)
PpCCroJ3A = det(J3 - CCrg - J5 — NJ3 - J}) = pCCroJ30 + APCCroJa1 + A*PCCroJa2 — A*,  (4.26)
YCCroFy\ = det(Fy - CCq - Fy — AFy - F})
= ((€12 = c19)* + (c14 — ¢16)? — (c11 — ¢18)(c22 — ¢29)
+ Aell — c18 + €22 — ¢29) — \?)?, (4.27)

Hr

CC1oPso = 4(c13 + c17)(c12 + c14 + €16 + c19)(c23 + c27) — 2(c13 + 17)2(c22 + 224 + ¢29)
— 2(c11 + 2¢15 + ¢18)(¢23 + ¢27)% + (¢33 + ¢37)(c11 + 2¢15 + ¢18)(c22 + 2¢24 + ¢29)
— (€33 + ¢37)(c12 + cl4 + 16 + c19)?,

YCCroPs1 = (¢12 + c14 + ¢16 4 ¢19)? + 2(c13 + 17)% 4 2(c23 + ¢27)?
— c11(c22 4 €29 + ¢33 + 37 + 2¢24) — (c18 + ¢33 + 2¢15)¢22 — (2¢15 + ¢18) (29 + 2¢24)
— (2¢15 + 18 + ¢29 + 2¢24)¢33 — (2¢15 + ¢18 + 22 + 2¢24)¢37 — ¢29¢37,

PYCCroPs2 = (11 + 2¢15 + ¢18) + (22 + 2¢24 + ¢29 + ¢33 + ¢37),

YCCioJzo = 4(c13 — c17)(—c12 + cl4 + 16 — ¢19)(c23 — €27) + 2(c13 — c17)%(c22 — 2c24 + ¢29)
+2(cl1 — 2¢15 + ¢18)(c23 + ¢27)2 + (c37 — ¢33)(c11 — 2¢15 + c18) (22 — 2¢24 + ¢29)
— (37 — ¢33)(c12 — 14 — 16 + ¢19)?,

YpCCioJs1 = 2(c13 — c17)? + (¢12 — c14 — 16 + ¢19)? + 2(c23 — ¢27)?
—c11(e22 — 2¢24 + 29 + ¢33 — ¢37) + ¢37(—2¢15 + ¢18 + 22 — 2¢24 + ¢2)
+¢22(2¢15 — c18 — ¢33) + 33(2¢15 — 18 + 2¢24 — 29) + (c18 — 2¢15)(2¢24 — ¢29),

PYCCioJs2 = (c11 — 2¢15 + ¢18) + (€22 — 2¢24 + 29 + ¢33 — ¢37).

Rl 4.2 =/MEF (3 By 3 B 4 B) SEIEAS TSR AR AR 2 TSR A T RS 10 AR RE
CCyo FFAE2 TR — AR KX 8

det(CC1o — AIyg) = Cp - pCC1PsA - pCC10 5\ - YCC1oFYA. (4.28)

WRE 4.3 JRIG 10 BHAEFE CCo RHIEZ WM AT 209 DU MR (B> 3 Brse 21| AR
ZEA]) 1A AL 2 T R

det(CC10 — )\110) = OO det(P3 . CCw . Pé — /\13) det(J3 . CClo . Jé — /\13)

X det(F] . Cclo . FI/ — )\12) det(F]] . CCm . F}I — /\12), (429)
/\I:':l
-1 000 -1001i01
Fy = : (4.30)
0 -10-1 0 10010
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i 000-100-i01
Fry = . (4.31)

0-10i 0 -i0 010

SI3B 4.7 ARLTEE Fy KRHEZ BT LUy NP E TS0 Fr K Frp RRAE2 TG R
A, B

det(Fy - CCy - F — AFy - F}) = det(Fy - CCyq - Ff — AFy - F})
x det(Fy; - CCyo - Ffy — AFyp - Fyy). (4.32)
IR 4.3 J5UH 10 BrAERE CCpo RHAEAE 1) AT A0 8 =/ MIKB S IE 22 722 18] (3 By 3 B 4 B BR
DU/ IE2E 725 8] (P 3 B sezsial, piAS 2 B & 2518 19520 AT 1S sE .
IR I A (R 22 100 A R R o R SRV A - AR X R AR MR I IS R IR AT 0. T
FISERE Gro TV B 5y AR RS AEANBR T8 SCEETZ WY TR A% P Jo 8 i o i ) 8 2 e

4.2 HEITESG)

HiRE
11210 —820 —820 —820 50 110 110 50 110 &0
—820 11402 —-781 —-781 —820 —781 —781 110 242 110
—820 —781 11402 —7v81 110 —781 242 —820 —781 110
—820 —781 —781 11402 110 242 —-781 110 —-781 —820
50 —820 110 110 11210 —820 —820 50 110 50
IByo = (4.33)
110 —-781 —781 242 —820 11402 —781 —820 —781 110
110 —-781 242 —781 —820 —781 11402 110 —-781 —820
50 110 -820 110 50 —820 110 11210 —820 50
110 242 —-781 —781 110 —781 —781 —820 11402 —820
50 110 110 -820 50 110 —-820 50 —820 11210
AL HE PRI AT B 25 A
IBlO . G10 = G10 . IBlo. (434)
HI AT 15

5680 —710 —355
Py -IByo- P3/8 = | —710 5041 —781 |,
—355 —781 2911

11160  —930 — 930i
Fy 1By - Ff/4 =

—930 + 930i 11160
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. 11160 —930 + 930i
Frr-1Byg - Fyy /4 =
—930 — 9301 11160
det(P3 . IBlo . Pé — )\13) . det(Jg . IB10 . Jé — /\Ig)
X det(F[ . IB10 . F;/4 — )\IQ) . det(F[[ . IB10 . F;}/4 — )\IQ)
= CO . det(IBw - )\Im).
SHUETTH 1S

eig(Ps - IByg - P, P - P5) = {13206, 12185.217138719549, 7694.782861280451},
eig(Js - IByg - J§, Js - J5) = {13206, 12475.218613006979, 9844.781386993021},
eig(Fr - 1B1g - F} /4) = eig(Frr - 1B1g - Fy;/4)
= {12475.218613006979, 9844.781386993021},
eig(IB1g) = {13206, 13206, 12475.218613006979, 12475.218613006979, 12475.218613006979,

12185.217138719549, 9844.781386993021, 9844.781386993021,
0844.781386993021, 7694.782861280451 }.

il 4.4 10 BrRFIEE eig(IBio — L) HUTHE AT ENIAMIEET (PIAS 3 By PIAS 2 Bir) SRR
HAE A, B
cig(IByo) = {eig(Ps - IByo - P3, Ps - P3),eig(Js - IBig - J, Js - J3),
eig(Fy - IByo - Fy /4),eig(Fr1 - 1B - Fi1/4)}. (4.35)
43 h=1

M b= L1 B, PUERR) 20 AP EOARBR R R N
f4111

f3211
f3121 £3112

£2311
£2221 £2212
f2131 £2122 £2113

f1411
f1321 £1312
f1231 f1222 f1213
f1141 £1132 f1123 £1114.
X 20 N=HENSHREZMHEIT . B 55 T EWAHS 2 B AR, fla, N5
fif, id

{111,211, 121,112, 311,221,212, 131, 122, 113, 411, 321, 312, 231,222, 213, 114, 132,123, 114}
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N1 Al

{411, 321,312, 311,231,222, 221,213,212, 211, 141,132, 131,123, 122, 121,114, 113,112, 111}

NHEFI 2 . P 2 A B SRR N

GQO =

00000000000O00O0OO0O0OCOO1
00000000010000000000O
00000000000000010000
0000000000OO0O0O00O0OOOOT1O
00010000000000000000
00000010000000000000
00000000100000000000O
00000000000010000000O
00000000000000100000O
00000000000000000100O
10000000000000000000
01000000000000000000
00100000000000000000
00001000000000000000
00000100000000000000
00000001000000000000
00000000001000000000
00000000000100000000O
00000000000001000000

0000000000000000O01000O

513 4.8  EHIEFE (4.36) WL 4 BrmsF ki HEE Goo 19 4 ORIESE

G%o = Gop - G0 - Gop - Gao = Io.

(4.36)

T 20 My AL SE R, BD

(4.37)

EARERE R, X HIERE Goo 1 4 YR 7 Z DY A4 o DO T LT ARANAR . T, 2R
Ino — G5y TE R HUSANSHOH W] 735 15273

Lo — G3g = (Izo — G20) - (T2 4+ Gag) - (i - Tag — Gag) - (—i - Tag — Gao)

A

Ing — G5y = (I20 — Gao) - (Iz0 + Ga0) - (I0 + G39).
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5y E T A AR T A3 (A]

P520 = NullSpace(Igo - GQQ)

Js20 = NullSpace(I20 + G2o)

o o o o

FRANAT S 3 AP B AR T 436

Flyo = NullSpace(ilzg — Gao)

10000000001000001001
00011000000001000010
=101000000010100000100 [,
00100001000010010000
00000110100000100000

-100 000O0O0 O
00 -11000 O
10 00000 O0O-10-10000
0-10000-10
00 00-110 -1000O0O0T1O0

0100O0O00-1001
0000-1000010
0 100
00010010000
0 000

-i0 00 0O00O0O0O0O-1000001001
0 0 0-i-10000 0 O0O0OOIi00001O0

=]1]0-100 0OOO0O0O0-10100000100

00 0 0 O

FIIy = NullSpace(ilzo + Gao)

000i-10
=10-100 0 O
00 i0O0 O

PAR 53— 10 Bir A4 24 ]

Flo20 = NullSpace(Iz + G3)

0
0
0

0 0 -i0 000100 O0O0-10010000
i-10-10 0000100000

i 0000 0 O0O0O00-10 0 000-1i001

0000 O O -i000010
00i 0O -1i0 0000100
-1i000 0 -10010000

00000 -i-101i00 0 0 0100000

(4.40)

(4.41)

(4.42)

(4.43)
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5|32 4.9

AR T2 (A 22 [ IR, HoRTRIEERERE Woo 1IR3, B U1 R IR &:

o o o o o O

4.4 HEFEHEFF m =35
M b= 1 B, PUEARR 35 A sl BB FHE S AT FH 40 R R R R R

Pss o1 = | =

P35 new 3 Pasola Z I 35 B BHIEFE Gss AT ISA0 A7 1%

884

*

*

31

27

*

24
*

32

12

*

18

*

22

*

28

*

11

*

15

*

21

*

25

*

33

o O o o o o o

13

*

19

*

23

*

29

*

o o o o o o o o o

\
_

26
*

34

30

*

o o o o o O

*

*

35

|
—

*

o O o o o o o o

*

O O O o o o o o

\
_

0

)

00 0 —1
00
00
00

00

o o o o o

-100
000

o O O o o O
o o o o o O

0 00-10
0010 O
0100 O

P35,ncw = *

*

*

*

*

o O o o o o o

S =

0

*

*

21

p—n —

1770

o o o O

o o o o o

11

*

0000001
0000010
0000100
0001000
0010000
0100000
1000000
0000000
0000000
0000000

35 % %
20 *x  x
* 30 * 34 *
10 % =

* 16 % 19 =

5 x 6 x 8

* 12 % 14 =

22 x 24 x 27

17

*

RN U A E

g35 = {35, 20,30, 34,10, 16, 19, 26, 29, 33,4, 7,9, 13, 15, 18, 23, 25, 28, 32,

(J5207F120) = (P52Oa FIQO) - (J520, FHQQ) = (P520, FIIQQ) = (FIQO,FIIQO) = O,
(J520 - Wao, Flag) = (P20 - Wao, Flzo) = (J520 - Wao, Fllao)
= (P50 - Wy, Fllyg) = (Flag - Woag, Fllap)
=0.

31

(4.44)

, (4.45)
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1,2,3,5,6,8, 11,12, 14, 17, 21, 22, 24,27, 31}. (4.46)
G138 4.10 EHIEFE Gss W2 4 RFE AN, Bl o NS IEAZ § 230
0= I35 — G35 = (I35 + G35) - (Is5 — G35) - (i - I35 — G35) - (—i - Is5 — G35), (4.47)

AP PUAS IEAZ 522 AR HE B AT 23 30 o A

-i 0 0 0O O 0O 0 O
o 0 0 -1 0 O 0 O
o 0 0o O -1 0 0 o
O —-i 0 0 0O O 0 O
o 0 -1 0 0 O 0 O
O 0 0o O o o0 o0 i
o 0 0o O o o0 -1 0
O 0 0O O o O o0 o
O 0 0O O 0O —-i 0 o
O 0 —-i 0 0 O 0 O
O -1 0 O O O 0 O
o 0 0o O o o i o
o 0 0o O o0 -1 0 O
o 0 o O o i 0 o0
o 0 0o O o O o0 o
o 0 o O o o o0 -1
o 0 0o O i 0 o0 o
FI;= 0o o 0 0 0o 0 o —i |, (4.48)
o 0 0 O 0O 0 -1 0
o 0 0 —-i 0 0 0 O
-10 0 O O O 0 O
o 0 o i 0 0O 0 O
o 0 o O -1 0 0 O
o o0 i O o O o0 o
o 0 o O o o0 o0 1
O 0 0O O o O o0 o
0 i 0O 0O 0O O 0 o
o 0 0o O o o0 1 O
o 0 0o O o 1 0 O
o 0 o o 1 0 0 o
i 0 0 0O O 0o 0 o
o 0 o 1 0o O o0 o
o o0 1 0 o O o0 o
o 1 0o O o O o0 o
1 0 0 0 0O O 0 O
FIls = FIZ, (4.49)
P10y9[35—G35 B‘]E‘E‘%m,Jgj‘jfgsﬂ-G% 2 4% ).
e
2 -1 0 -1 -1 0 0 0 0 0 210110000 0
-1 2 -1 -1 -1-1-10 0 0 1211111000
0 -1 2 -1 0 -1 -2 0 -1 0 012101201 0
-1 -1-1 2 -1 0 -1 0 -1 0 111210101 0
—1 -1 -1 2 -1 -1 -1 110121011
P10~A35-P1/0: 0 71701 0 -1 2 70271 72701 ’ PlO.BSE)-Pl/O: 01?012212? ’ (450)
0 -1 -2 -1 0 -2 2 0 -2 —1 012102202 1
0 0 0 0 —-1-1 0 1 -1 0 0000110110
0 0 -1 —1 —1 —2 -2 —1 2 -1 0011122121
0o o 0o 0o 0 -1-10 -1 % ooooo01101 3
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2 -1 0 1 -1 0 0O 0 O 2 1 0 -1 1 0 O
-1 2 -1 1 -1 -1 1 0 O i 2 1 -1 1 1 —1
0 -1 2 -1 0 -1 0 0 1 o 1 2 1 0 1 0
i 1 -1 2 1 0 -1 0 1 -1 -1 1 2 —-10 1
J9~A35~Jé: -1 -1 0 1 2 -1 0 -1 —1 s J9-B35-Jé: 11 0 -1 2 1 0
0 -1 -1 0 -1 2 0 -1 -2 o 1 1 0 1 2 0
60 1 0 -1 0 O 2 o0 O 0o -1 0 1 0 0 2
o o o o0 -1 -1 0 1 -1 o o O o0 1 1 0
0o o 1 1 -1 -2 0 -1 2 0o o0 -1 -1 1 2 0
1000000000
100000000
0100000000
010000000
0010000000
001000000
0001000000
000100000
) ) 0000100000
Jo-Jg=[000010000 |, Puo-Pip= ;
0000010000
000001000
0000001000
000000100
0000000300
000000030
0000000010
000000001
0000000001

1
Pioapy = det (4(P10 - Ags - P{y — APyo - Bss ~P1’0)>
=8\ — 1)(A\% 46X — 11)(3A% 4+ 18X\ — 1)(3A* — 967* — 68\ — 7),

Horf Ags A1 Bgs o DU T A RS PR I BE R R AT B A . SRAblt, o33l H SnT 45

1
4
= 524288(3A\% + 18X — 1)(A% + 305 — 365\% 4 772)\3 — 73\% — 226\ — 11),

Joapx = det < (Jo-Ass - Jy — AJg - Bss - Jé))
1
FIgABA = det (4(F18 . A35 . FI; — )\FIg . 335 . FI;))
= 4(A% 61 — 11)(A% +30A°5 — 365\ 4 7723 — 732 — 226\ — 11).

ARl 4.5 USR] 35 ) SCRAIE 2 I R 200 i

det(Ass — AB3s) = 1096

Pioapy - Joapy - (Flsapy)?.

5 MEAEMB+=<EHRREHAREHITEN

= = O B B O O O O
|
=

7

(4.52)

(4.53)

(4.54)

(4.55)

DUTHIPA N 2R LRI 503 53, PR P At N = (oD 2nsd) - SO E AR (4, 5, by ) fice g ke

FFDLF &AM, RS S L ST = S B s =0 (W B T2 Lagrange AR IT)

52f(i7jak7m) = 12f(7’a]7kam)+f(lf17]5k7m+1)+f(2717]5k+]—am)+f(1717]+1ak7m)

—l—f(ug—1,k7m—|—1)+f(2+17]—1,k,m)+f(l+l7],k—l,m)
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+fE+1L5k=1m+1)+ fli+1,5,km+1)+ f(i,j—1Lk+1,m)
+f@4k+1,m—1)+ fli,i+1,k—1,m)+ f(i,j+ 1,k,m—1). (5.1)

L FRY o B B2 T RS £ =0 Ay R -

By Biz 00 0 0 0
Bly Bas Ba 0 0 0 0
0 B}y B33z Bsy 0 0 0
BB, = * . . . : (5.2)
0 0 0 : : 0
0 0 0 0 By oy Bi-1x—1 Be—1,k

)

0 0 0 0 0 By 1, B

SRACAT AL ) =55 F BRAEFE NI R RS A A,
Billn, 4 N =56 B, #4708 K <17 EHAIE (4.46) FIEAE 0651 17 5

as6 = {56, 35,50, 55,20, 30,34, 45,49, 54,10, 16, 19, 26, 29, 33,41, 44, 48,53,4,7,9,13,15,18,23, 25,
28,32,38,40,43,47,52,1,2,3,5,6,8, 11,12, 14,17,21,22, 24,27, 31,36, 37,41,42,46,51}.  (5.3)

FHRIHE, A

121 0 01 1000

o
o o O

= = O O
==
o O
—_
—
[\
=
o O =
—_
—_
o O o o O
o O o o o O
=
=
o o o o o o

o O

Piyp =

—_
—_

—_

= o O
o O

11120 01 11

—_
—_
o
o

132 01

o O
o o O

0
110 2131 1 2
2

o O

1 01121
111121

o o o o o o o o
o o o o O

[

—

—

—

—
N O N

—

102 2 115
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121 0 0-11 000000 00
1121 0-1110-1000 0 0
0 1121 00 1 1-100-10 0
0 01121 001 100-1-10
-1-10 112-10 0 1 00 0 —-10
1 10 0-11210 0 10 0 1 0
J14B:o11001121—111011’ (55)
001 1 00 1121 010 0 0
0 -1-11 1 0 -111200 1 —1-1
0000 01 1001320 1 0
0000001102131 1 2
0 0 -1-10 0 00 1 01121 0
000 -1-1110-11111271
000000 10-10220 111
12100i 10 0 000 0 0 0
1121 0 i 1 1 0 i 00 0 0 0
011210 0 1 1 i 00 i 0 0
001121 0 0 1 1 00 i i 0
—i-i0112-0 0 1 00 0 i 0
1100i121 0 010 0 -1 0
o 01100112 1 i 11 0 -1 1 (56)
001100 1 12 1 0 1 14i 0 1-i
0 —i—-il 1 0 - 1 120 0 1 i —i
0000O0OT1 1 0 0110 0 -1 0
0000O0OO0CT1 1 0011 1 1 0
00—-i-i0OO0 01—i1 0 1 12 1 —1—i
000 —-i-i-1-10 —i-11 1 12 -1
0000O0UO0 114+ii 0 0 —-1+i-1 11
R 5.1 LR BPNR, WA nl1S 3 56 BB EAERE . I EERE RE A SURFAE 22 T2 R 2040 i
det(Pryp — M14) - det(Jigp — M14) - det(Friap — Mig)? = det(BBsg — Asg), (5.7)
det(Piga — My) - det(Jiga — M1g) - det(FIiga — A14)? = det(AAsg — Ms6), (5.8)

det(P14A — )\P14B) . det(J14A — AJ14B) . det(F114A — )\F114B)2 = CO . det(AA56 — ABB56) (59)



HERE HeE 53 6 M

N =84 W, HATIUERAN “17 FIBEHRIEFER 84 FMEA
gss = {84,56,77,83,35,50,55, 71,76, 82, 20, 30, 34, 45, 49, 54, 66, 70, 75, 81,
10,16, 19, 26, 29, 33,41, 44, 48,53, 62, 65, 69, 74,80, 4, 7,9, 13, 15,
18,23,25,28, 32, 38,40, 43,47, 52,59, 61, 64, 68, 73,79, 1,2, 3,5,
6,8,11,12,14,17,21,22, 24,27, 31, 36,37, 41, 42, 46, 51,57, 58, 60, 63, 67, 72, 78}. (5.10)

Fefeltth, PRI E PN AAE P25 18] Pag Jaos Flag Al Fllpg. RIRSTEAT PR, BEARAS AR H.
il 5.2 ARYENUAN AL T, ARSI 84 B it B FERTAE 2 1A PR 20 i

Plag - Jhag - (Fha)? = %6 det(BBgs — A Is4), (5.11)
Hor
P)oy = det(Pag - BBgy - Pyy — APas - Pyy)
= i(/\ — AN = 8A 4 5X3 42002 —3A — 15) (A0 — 7TA° + 11N +40° — 1202 4+ 1)

x (A7 = 2908 + 311A7 — 1533 4 3322)5 — 1306\* — 5440\3 + 6330\% — 636\ — 612),
Jhay = det(Jag - BBgy - Joy — Aoy - Jho)
= i(x — AN+ 1)(A% = 8 + 503 + 2907 — 3\ — 15) - p14(N),
FAgo = det(Fly - BBgy - FI3y — A Iy)
= (AS = TA5 R 1IN 44X — 1202 £ 1) - 1a(N),

X pra(N) = A1 — 33013 4 44612 — 31871 4 12833710 — 2768412 + 214218 + 28758\7 — 685096
+ 32986\° + 18016A* — 188103 + 3774\2 + 120\ — 4.
6 =%+ _mIFEMIE

AR R A R 5 FR. A THET 1 HEE I 4R BN
a5 = {4,8,10,12,3,7,14,11,1,5,15,9,6, 13, 2}. (6.1)
FRMHEREER Gis H2 12 WRS4M GI2 = Lis. FINA SEH08 LI R 24 i

Li5—Gi: = (I15—G15) - (Ii54+Gis) - (Iis—G15+Gis - Gis) - (Iis+G15+Gis - Gis) - (Iis+GS5)  (6.2)

7 1

11 12
9 10

5 t-HEETETRHF
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L KO+ IR .

Iis — G132 FESSRU A DU %22 18] 73 55

P, = NullSpace(I15 — G15) =

J3 = NullSpace(I15 + G15) =

Fy = NullSpace(115 + G5 + Gis - G15) =

Fs = NullSpace(I15 + GY5) =

Bl 6.1 ZEB IR B O R

BB = ccecbebbd
ccb0bcec
bc0O0bOcec

890

010000010010001
000001100000110O0
100100001001000
001010000100000

0-10000010O0-10001
0000O01-10000O0O0-110 |,
100-10000-1001000

00-1000000100000
00-1010000000000O0
0 000O0OO O -10000001
0 000O0O-10 O0O0O0O0OO0OO0CT1IO
0 000O0OOS-100000100
-1 00000 O O0O0O0O0O10O00O
0 —-10 00O O O0OO10O0OO0CO
0 00-100 O O 1000000
cbeOccd

)

(6.6)
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a+2c 2(b+c) 2(b+c) 3¢

1 , 2(b+
Pipp=-P, BB P, =
4 2(b +
3c
1000
1 Jotoo
P4P:ZP4'P4: ;
0010
0002
Pypy = det(Pipp — APysp),
a—2c
1 !
J3py = ZJB'BB‘J;J,: 0
0
100
1 /
J3J21J3J3: 010 9
001

Japx = det(Jsps — AJss),

2a a
Fp;=F, BB F, = ,
a 2a

21
Fy.Fy = 7
12
FQB)\ = det(FQB] — )\FQ . FZI),
a
b—c
1 b—c
Fepr = ~Fs-BB- Fj =
2 c—>b
0

b—c

FGB)\ = det(FGBF — )\I@)

c) a+c 4c 3c
) , (63)
¢) 4c  a+2c 3b
3c SUNIE &
(6.9)
(6.10)
0
a+c 4c ) (6.11)
0 a-—2c
(6.12)
(6.13)
(6.14)
(6.15)
(6.16)
b—cb—cc—b 0 b-—c
a—c 0 0 b—c O
0 a—c 0 c¢c—b O
, (6.17)
0 0 a b—c 0
b—cc—bb—c a b-c
0 0 0 b—c a
(6.18)

ARl 6.1 15 BirAERE BB AR 2 0T AE e 08 AT B 300 il D DU B R AE 22 100 3 AR

(4 By 3 B 2 Brs 6 B

det(BB — )\.[15)

Fypx - J3px - Fapx - Fopa

= Cp. (6.19)

891



VKL GPA: FET 2 T A W% LT AT 1 RO RE AL 22 1000 28 PR 200 it 2

i, R AR 6.1 (3BT EASERE BB AT LU B 23 BRI

T ¢

a abc aac a9c aac ace acd acd a9c aac a89 a49 a9e a9 a9b
abc a aab a9b aab abe abd abf acd aab a8f a89 aef a8d abf
aac aab a aac aba aad aad aab aac aba aab aac aad aad aab
adc a9b aac a aac a9e ace abc a49 aac acd a9c a9 acd a89
aac aab aba aac a aad aad aab aac aba aab aac aad aad aab
ace abe aad a9 aad a ade aef acd aad a8d a9e ade a7d abd
acd abd aad ace aad ade a abe a9e aad aef a9e a7d ade a8d
BB2 = | acd abf aab abc aab aef abe a a89 aab abf ad9b a8d abd a8f | - (6.20)
a9c acd aac a49 aac acd a9e a89 a aac a9b a9c ace a9e abc
aac aab aba aac aba aad aad aab aac @ aab aac aad aad aab
a89 a8f aab acd aab a8d aef abf a9b aab a abc abd abe abf
a49 a89 aac a9c aac a9% a9e a9b a9c aac abc a acd ace acd
ade aef aad a%e aad ade a7d a8d ace aad abd acd a ade abe

a%9¢ ald aad acd aad a7d ade abd a9¢ aad abe ace ade a aef

a9b abf aab a89 aab abd a8d a8f abc aab abf acd abe aef a

Rl 6.2 15 BTAERE BBy MURFAE 2 W AE S EUE AT IR 573 g D DY AR R ik 22 300K 3R AR

(4 B 3B 2 Birs 6 B), X2 O AE FEAR 2R 2 5 2 ACHE AR Y . 5 58 &

BB2 . G15 = G15 . BB2 (621)

BUSt  xF B RS AT BT B MR T S AR . REF S A A LB AR AR AT A T R

SE

1
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Construction of intrinsic schemes for eigen-computation
based on the polyhedron grid matrix in 3-D

Jiachang Sun

Abstract A geometric asynchronous parallel algorithm for solving large-scale discrete mathematical-physical
systems in the 2-D case was recently presented by the author in 2022. Different from the traditional precondition-
ing, we applied the intrinsic geometric invariance to get the grid matrix G, and required the discrete PDE (partial
differential equation) stiff matrix A, and the mass matrices B and G satisfy the reciprocal relations AG = GA
and BG = GB, where G satisfies G™ = I, m < N = dim(G), i.e., large scale system solvers can be transformed
to a smaller block-solver as a pre-treatment in real or complex domain. In this paper, we expand our geometry
pre-processing asynchronous algorithm (GPA) to the 2-D irregular mesh and the 3-D mathematical-physical dis-
crete eigenvalue problems over more wide polyhedron grids such as hexahedrons, tetrahedrons and dodecahedrons.
We give the theory and numerical examples of an efficient asynchronous parallel order reduction algorithm. We
obtain the conclusion that “the parallelism of 3-D geometric mesh pre-transformation is mainly proportional to
the number of the faces of the polyhedron”, and further find that “the reciprocity of the grid mesh matrix and
the stiff matrix is an important basis for the feasibility and reliability of the GPA algorithm”.

Keywords 3-D mathematical-physical discrete eigenvalue problem, reciprocal operator, geometric pre-
processing, factorization of eigenvalue problem, parallel algorithm
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