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M(Rd)(MF (Rd)) T$U R
d V Radon( W$X ) Y$Z$[$\$D^]

〈µ, f〉 = µ(f) =

∫

Rd

f(x)µ(dx)_$`$a
f b$c R

d V Y$Z µ d$e$f$D^g r > d/2, h `$a
φr(x) = (1 + |x|2)−r, x ∈ R

d;i
Mr(R

d) = {µ ∈ M(Rd)| 〈µ, φr〉 < +∞}.S
Cc = Cc(R

d) T$U R
d V$j W$k$l$m$d$n$o `$a [p\ 3^qpr Mr(R

d) s$t$d τru$v$w
µn ⇒ µ x$y$z$x lim

n→∞
〈µn, f〉 = 〈µ, f〉 , ∀ f ∈ Cc ∪ {φr}.{

0 < α 6 2, 0 < β 6 1, r > d/2, y r < d + α sp| α < 2.
i

{Sα
t }t>0 } gp~c$�$�$�$� ∆α ≡ −(−∆)α/2 d α �$�$�$�$d$�$�$D S Bb = Bb(R

d)(Cb = Cb(R
d))T$U R

d V$� W$W$�$�$Y ( W$�$n$o )
`$a$� �$d$�$�$D��$�)� 3 g$�$� `$a � F,] F+ � F+

_
F �+d$�$� `$a [$\$D� ����� 3 (α, d, β) ����� X = (Xt) t > 0 }���� s�t��� �d�¡�n�¢�£�d
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Mr(R
d) Ä$Å$Æ$Ç Markov �$� ( È$�$É [1] �$Ê 1.1 Ë 3.1):

E

[

exp

{

−〈Xt , ϕ〉 −

∫ t

0

〈Xs , ψ〉 ds

}∣

∣

∣

∣

X0 = µ

]

= exp{−〈µ, Vt(ϕ, ψ)〉} (1.1)gp�pÌpd µ ∈ Mr(R
d), ϕ, ψ ∈ B+

b �pÍ 3^Î � Vt(ϕ, ψ) } sptpÏp�pdpÐpÑp�p�Ò w
vt = Sα

t ϕ+

∫ t

0

Sα
s ψ ds−

∫ t

0

Sα
t−s

(

(vs)
1+β
)

ds, t > 0. (1.2)Ó Ì (α, d, 1) �$�$� X } n$o$d ( �$É [2] Ô$Õ 5.6.2(a))._
Ω = DMr(Rd) Ö Mr(R

d) Ä�d�¡�n�¢�£�×�Ø�Ù�Ú�Û q�r�Î Skorohod
uv D S Pα,β

µ T$Ü X0 = µ ∈ Mr(R
d) Ý$Þ$d (α, d, β) �$�$� X ß Ω V d$f$à$D i

Ft =
⋂

s>t

σ(Xu, u 6 s), F = σ(Ft, t > 0),ápâpã sptpdpäpåpæpçpèpÙpÚ (Ω,F , (Ft)t>0, P
α,β
µ ). �p� S Eα,β

µ TpUpbpc Pα,β
µd$é$ê$Di

Cn
b = Cn

b (Rd)(Cn
c = Cn

c (Rd)) Ö R
d Vpj WpsptpÔpÕpd `pa [p\ w n ëpnop�pìpypípîpï apð c Cb(Cc). ñ X0 = µ ∈ MF (Rd),

á
(α, d, β) ���p� X =

(Xt)t>0 Ö MF (Rd) Ä$d$¡$n$¢$£$Ç Markov �$� 3 y �$� s$t$d$ò$ó$ô w
∀ ϕ ∈ C2

c , Mt(ϕ) = 〈Xt, ϕ〉 − 〈X0, ϕ〉 −

∫ t

0

〈Xs,∆αϕ〉 ds } Ñ Ft- ò . (1.3)Ó Ì$x β < 1 Å 3 Mt(ϕ) } Ñ$õ$ö$n$o$ò ( �$É [2] �$Ê 5.6.1, �$É [3] ÷ 7.1.4); øg β = 1, (1.3) ù)�+d Mt(ϕ) } Ñ$n$o$d j W$ú$Ï$û$ü 2
∫ t

0 〈Xs , ϕ
2〉 ds d L2- ò

( �$É [3] ÷ 7.1.3).ý+þ b$c$�$�$�$ÿ��pÅ$d$Ñ����p|$D �$É [1] �$�$� Yt =
∫ t

0 Xsds(∀ t > 0)Ö X d����$Å$�$�$D^ñ Yt(dx) b$c R
d V d Lebesgue Y$Z��$g$n$o 3 á �$�$�

Lx
t ≡







limn→∞ 〈Yt, ϕn,x〉 , ñ$£$X�	$ß ,

0,
Î�
 (1.4)

Ö X ß x ∈ R
d � d�ÿ�� Å 3^Î � {ϕn,x}n>1 } R

d V ��� ϕn,x(y) dy 
���cß x � d Dirac YpZ δx dp�p� `pa�� D Fleischmann[4] ����� g (α, d, β) �p�p�
X (X0 6= 0), z$x d < α+ α

β Å 3 Î ÿ��$Å��$W$����	$ß�� y$ñ (Lx
t )t>0 	$ß 3 á� d$f$à$ö����$c {ϕn,x}n>1 d��$h 3 g t > 0,

〈Yt, ϕn,x〉 → Lx
t ( �$ç$è ), n→ ∞; (1.5)y$x X0 } Lebesgue Y$Z$Å 3 g$�$Ì$d x ∈ R

d, (Lx
t )t>0 	$ß$Dg X0(dx) = µ(dx) = h(x)dx 6= 0, h ∈ B+

b , �+�$É [1,5] � x d < α + α
β Å 3g$�$Ì$d x ∈ R

d, (α, d, β) �$�$� X j W$ÿ��$Å (Lx
t )t>0( �$���$È$�$É [6∼8]).
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i
pα

t (·) } � � � � Ö ∆α d α � � � �! !"!#!$ Z 3 Mytnik Ë Perkins[9] �
�%� g (2, d, β) �$�$� X, x 1 6 d < 2 + 2

β , β ∈ (0, 1) Å 3 Î ÿ��$Å (Lx
t )t>0 ß x

� 	$ß ( È$�$É [9] &$Ê 4.5(a) ' (b)), s$|
∫ 1

0

∫

Rd

p2
s(x− y)X0(dy)ds <∞ (X0 ∈ MF (Rd));

y$g (2, d, β) �$�$� X, x 2 6 d < 2 + 2
β Å 3 ñ

∫ 1

0

∫

Rd

p2
s(x− y)X0(dy)ds = ∞ (X0 ∈ MF (Rd)),á

(Lx
t )t>0 ß x � ö(	�ß ( ) Ö (1.4) ù�¡�*�d�£�X�+�c +∞, È���É [9] &�Ê

4.5.(c)).Ö�, ï Tanaka -$ù 3 g�.�/$Y$Z�&�0$s$t$d�1 {$w2�3
1.1 4+� x ∈ R

d, 1 { X0 ∈ Mr(R
d) \ {0} �$�

∫ 1

0

∫

Rd

pα
s (x− y)X0(dy)ds < +∞. (1.6)

5�6 3 x X0 = h(y)dy 6= 0(h ∈ B+
b ) Å 3 1 { 1.1 g$�$� x ∈ R

d �$Í$D Ó Ì
1 { 1.1 � , Ý ( È$t$�$Ô$Õ 2.1)

∫ t

0

∫

Rd

pα
s (x− y)X0(dy)ds <∞, ∀t ∈ [0,∞).

7�8 �$É [9] &$Ê 4.5.(a) ' (b), � � g (α, d, β) �$�$� X, x d < α + α
β Å 3 ß�1{

1.1 t 3 (Lx
t )t>0 	$ß$Dß�1 { 1.1 t 3 g (α, d, β) �p�$� X(X0 = µ), x d < α + α

β Å 3 �+�$É [4]� (Lx
t )t>0 d Laplace û�9 3;: �

Eα,β
µ [Lx

t ] =

∫ t

0

∫

Rd

pα
s (x − y)µ(dy)ds,

c } �+�$É [10] d$�$Ê 1.1, � Lx
t b$c t n$o 3 Pα,β

µ -a.s.< ß�=�>�?�@�A$b$c (α, d, β) �$�$� Tanaka -$ù$d��$|$Dñ X0 = h(y)dy 6= 0, h ∈ B+
b , Adler Ë Lewin[6] B S L2- 
���C�D �����

(α, d, 1) �p�$� X ß d < 2α Å$b$c (Lx
t )t>0 d Tanaka -$ù$�$Í$D^�$É [11] d$�Ê 6.1 E$Í � b$c (2, d, 1) �$�$� X(W ��F W�#HG ) ß d 6 3 I

∫ ∞

0

∫

Rd

p2
t (x− y)X0(dy)dt < +∞

Å$b$c (Lx
t )t>0 d Tanaka -$ù$D5�$É [11] J V A��$| ,�K ã ��L�M ÿ��$Å$D B S

Fourier û�9�C�D 3 x X0 Ö Lebesgue Y$Z$Å 3 �$É [12] d$�$Ê 7 N�O �H�%� �$É
[6] d��$|$D�ß$Ë$�$É [6] P�Q$d�.�/$�$ $t 3 Mytnik Ë Xiang[13] B S L1+θ- 
��
C�D (0 6 θ < β), g �$� α ∈ (0, 2], β ∈ (0, 1], d < α + α

β d (α, d, β) �$�$� X �
�%� b$c$ÿ��$Å$d Tanaka -$ù$g � W$d$Å$Ú t ∈ [0,∞) Q$Å$�$Í$D5g j W$s$t$fl$ó$ô$d$� α �$�$�$� w

Φ(y, z) = c(y)|z|1+β + b(y)z, ∀ y ∈ R
d, z ∈ R

1, (1.7)
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Î � β ∈ (0, 1], c(·), b(·) ∈ C+
b ((α, d, β) �p�$�$d$f$l$ó$ô Ö Φ(y, z) = |z|1+β), x

d < α+ α
β y X0 = h(y)dy ∈ MF (Rd) \ {0}( ö } Mr(R

d)), h ∈ B+
b Å 3 Villa1) BS

L1- 
���C�D �H�%� P$~$d Tanaka -$ù$D%R Villa d Tanaka -$ù$z$g�S�TH4+�d$Å$Ú t ∈ [0,∞) �$Í$Dx X0 = h(y)dy 6= 0, h ∈ B+
b Å 3 Dynkin[5] E$Í ��U �$�$�$�$d$ÿ��$Å$d�V

N�W�X$e$f$T$U$Di
Gλ

α(y) =

∫ ∞

0

exp{−λt}pα
t (y)dt, ∀ λ > 0, y ∈ R

d,á
Gλ

α }�Y �$d$y$ß$f$à$Ì�Z$t �$� s$t$Ï$� w
(−∆α + λ)Gλ

α(· − y) = δy, ∀ y ∈ R
d. (1.8)

B S Ñ���O�[�\ 3 =�> �H� s$t$d$b$c Tanaka -$ù$d��$| w]�^
1.2 4 � α, d, β, _� �p� 0 < β 6 1, 0 < α 6 2, d < α + α

β .
i

(α, d, β) �$�$� X(X0 = µ) �$� 1 { 1.1,
á g$�$Ì$d λ ∈ (0,∞),

〈

Xt, G
λ
α(· − x)

〉

=
〈

X0, G
λ
α(· − x)

〉

+ λ

∫ t

0

〈

Xs, G
λ
α(· − x)

〉

ds

+Mt(G
λ
α(· − x)) − Lx

t , ∀ t ∈ [0,∞), Pα,β
µ -a.s., (1.9)Î � Mt(G

λ
α(· − x)) } ¡$n$¢$£$d Ft- ò ( ó�`�a 3 n$o Ft- ò$ñ β = 1), y$g$�Ì$d T ∈ [0,∞) I$�$Ì$d θ ∈ [0, β),

Eα,β
µ

[

sup
t6T

∣

∣

〈

Xt, G
λ
α(· − x)

〉∣

∣

1+θ
]

< +∞,

Eα,β
µ

[

sup
t6T

∣

∣Mt(G
λ
α(· − x))

∣

∣

1+θ
]

< +∞,

Eα,β
µ

[

sup
t6T

(Lx
t )

1+θ

]

= Eα,β
µ

[

(Lx
T )

1+θ
]

< +∞.

b�c
1.3 Ö â$ã Tanaka -$ù 3 〈X0, G

λ
α(· − x)

〉

< +∞ g U T λ ∈ (0,∞) �Í } Ñ�T�dp�pd�e�fpD 5�6 3;g �p p� , Ý�1 { 1.1.
ý�h g (2, d, β) �p�p� X,x β ∈ (0, 1), 2 6 d < 2 + 2

β Å 3 (Lx
t )t>0 ß x � ö�	$ß 3 s$| X0 ∈ MF (Rd) �$�

∫ 1

0

∫

Rd

p2
s(x− y)X0(dy)ds = ∞.

)�i Ö â$ã Tanaka -$ù 3 1 { 1.1 }�j�k d$D�$Ê 1.2 � ,�K�l Dynkin[10] &�0$d�m K d$Ñ 7on 6 d$��p�q ` 3 �$�$ú ,
l j W (1.7) ù � @�A$d$f$l$ó$ô$d$� α �$�$�$�$Dß$�$�$d�r$t��$f 3 S c I C T�s$d$W$X�t a (

� >$d$Ä$ß$ö�Q$d�a$Ï$�$]ö�Q ); ÛH4+� x ∈ R
d. æ$s C(a, b, · · ·) d�t a Ì�u�v � ���$c�� a a, b, · · · .

1) Villa J. Local time and a Tanaka type formula for a class of discontinuous measure-valued branching

processes. Preprint, 2003
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2 wyxyzy{y|~}y� 1.1 �y�y�y�y�y�y�y�y�y�
] Φ

_ j W$s$t$Ô$Õ$d `$a f [$\ w f ∈ Cb, lim|y|→∞
f(y)
φr(y) 	$ß$y$W$X$D qr

Φ s$t$d�� a w
‖f‖Φ = sup

y∈Rd

|f(y)|

φr(y)
, f ∈ Φ,

á
(Φ, ‖ · ‖Φ) Ö �$f Banach Ù$Ú$D ý%h s$t$b$c pα

t (·)(α ∈ (0, 2)) d V ����� w
pα

t (y) 6 C(η, d, α)t
η−d

α |y|−η, y ∈ R
d, t > 0, ∀ η ∈ [0, α+ d],

I
p2

t (y) = (4πt)−
d
2 e−

|y|2

4t , y ∈ R
d, t > 0.

: � ∀ α ∈ (0, 2], ∀ λ ∈ (0,∞), ∀ t ∈ (0,∞), �$Í
lim

|y|→∞

pα
t (y − x)

φr(y)
= 0, pα

t (· − x) ∈ Φ, sup
s>t

e−λs‖pα
s (· − x)‖Φ < +∞. (2.1)

���
2.1 1 { 1.1 +��$c

∫

Rd

Gλ
α(x− y)X0(dy) < +∞, ∀ λ ∈ (0,∞). (2.2)

� �!�!�!� 1 { 1.1 � , Ý (2.2) ù D��!� V 3 g � Ì d λ ∈ (0,∞), � (2.1)ù 3
∫

Rd

Gλ
α(x − y)X0(dy)

=

{
∫ 1

0

∫

Rd

+

∫ ∞

1

∫

Rd

}

e−λtpα
t (x− y)X0(dy)dt

6

∫ 1

0

∫

Rd

pα
t (x− y)X0(dy)dt

+

(

sup
t>1

e−
λt
2 ‖pα

t (· − x)‖Φ

)
∫ ∞

1

∫

Rd

e−
λt
2 φr(y)X0(dy)dt

=

∫ 1

0

∫

Rd

pα
t (x− y)X0(dy)dt

+

(

sup
t>1

e−
λt
2 ‖pα

t (· − x)‖Φ

)

〈X0, φr〉

∫ ∞

1

e−
λt
2 dt

< + ∞.��^
2.2 ß�1 { 1.1 t 3 g$�$Ì$d λ ∈ (0,∞), t ∈ [0,∞), I d < α+ α

β ,
∫ t

0

〈

X0, S
α
u ((Gλ

α(· − x))1+β)
〉

du < +∞.

�
(1)

i
d < α+ α

β . 4+� a 6 1, b ∈ (0, β), _ â d < aα+ α
β − abα

β ,
á

(Gλ
α)1+β(·) 6 C(a, b)

∫ ∞

0

e−λt(1+b)tβ(a− d
α
− ab

β
)pα

t (·)dt

SCIENCE IN CHINA Ser. A Mathematics



¶
4 · ¸�¹�º�» (α, d, β) ¼�½�¾ Tanaka ¿�À�Á�Â�Ã 415

g U T C(a, b) �$Í$D;��� V 3 h β∗ = 1+β
β−b , � Hölder ö�+$ù 3;: �

(Gλ
α)1+β(·) =

(
∫ ∞

0

e−λtpα
t (·)dt

)1+β

=

{
∫ ∞

0

(e−
λt(1+b)

1+β t
a

β∗ pα
t (·))(e−

λt
β∗ t−

a
β∗ )dt

}1+β

6

∫ ∞

0

e−λt(1+b)ta(β−b)(pα
t (·))1+βdt

{
∫ ∞

0

e−λ(1− b
β

)tt−a(1− b
β

)dt

}β

6 C(a, b)

∫ ∞

0

e−λt(1+b)tβ(a− d
α
− ab

β
)pα

t (·)dt,Î � B S � x t > 0 Å 3
pα

t (y) = t−
d
α pα

1 (t−
1
α y) 6 t−

d
α sup

z∈Rd

pα
1 (z) < +∞, ∀ y ∈ R

d.

(2)
Ó Ì ã β(a− ab

β − d
α ) > −1, W

∫ t

0

〈

X0, S
α
u ((Gλ

α(· − x))1+β)
〉

du

6 C(a, b)

∫ t

0

〈

X0, S
α
u

(
∫ ∞

0

e−λ(1+b)ssβ(a− ab
β
− d

α
)pα

s (· − x)ds

)〉

du

= C(a, b)

∫ t

0

〈

X0,

∫ ∞

0

e−λ(1+b)ssβ(a− ab
β
− d

α
)pα

s+u(· − x)ds

〉

du

= C(a, b)

∫ ∞

0

〈

X0, e
−λ(1+b)ssβ(a− ab

β
− d

α
)

∫ t

0

pα
s+u(· − x)du

〉

ds

6 C(a, b)eλt

∫ ∞

0

〈

X0, e
−λbssβ(a−ab

β
− d

α
)Gλ

α(· − x)
〉

ds

= C(a, b)eλt
〈

X0, G
λ
α(· − x)

〉

∫ ∞

0

e−λbssβ(a−ab
β
− d

α
)ds < +∞.

��� D g$�$�$d ε > 0 I λ ∈ (0,∞), ��Z
Gλ,ε

α (· − x) = eλε

∫ ∞

ε

e−λtpα
t (· − x)dt, (2.3)á

lim
ε↓0

Gλ,ε
α (y − x) = Gλ

α(y − x), ∀ y ∈ R
d. (2.4)

��^
2.3 ß�1 { 1.1 t 3 g$�$�$d T ∈ [0,∞) I λ ∈ (0,∞),

sup
06t6T

sup
06ε61

〈

X0, S
α
t (Gλ,ε

α (· − x))
〉

< +∞, (2.5)

y$ñ d < α+ α
β ,
á

sup
06t6T

sup
06ε61

∫ t

0

〈

X0, S
α
t−s

(

(

Sα
s (Gλ,ε

α (· − x))
)1+β

)〉

ds < +∞, (2.6)
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sup
06t6T

sup
06ε61

∫ t

0

〈

X0, S
α
t−s

(

(
∫ s

0

Sα
u (Gλ,ε

α (· − x))du

)1+β
)〉

ds < +∞. (2.7)

� Ó Ì ã
〈

X0, S
α
t (Gλ,ε

α (· − x))
〉

= eλ(t+ε)

∫

Rd

∫ ∞

ε

e−λ(t+s)pα
s+t(y − x)dsX0(dy)

6 eλ(t+ε)
〈

X0, G
λ
α(· − x)

〉

,

�+Ô$Õ 2.1, (2.5) ù$�$Í$D� Ñ$Ï�� 3 g$�$Ì$d s ∈ [0, t] Ë ε ∈ [0,∞),

Sα
s (Gλ,ε

α (· − x))(y) = eλ(s+ε)

∫ ∞

ε

e−λ(s+u)pα
s+u(y − x)du

6 eλ(t+ε)Gλ
α(y − x), ∀ y ∈ R

d,

)�i$x d < α+ α
β Å 3 �%&$Ê 2.2, ß�1 { 1.1 t 3
∫ t

0

〈

X0, S
α
t−s

(

(

Sα
s (Gλ,ε

α (· − x))
)1+β

)〉

ds

6 eλ(t+ε)(1+β)

∫ t

0

〈

X0, S
α
t−s

(

(Gλ
α(· − x))1+β

)〉

ds

= eλ(t+ε)(1+β)

∫ t

0

〈

X0, S
α
u

(

(Gλ
α(· − x))1+β

)〉

du,

sup
06t6T

sup
06ε61

∫ t

0

〈

X0, S
α
t−s

(

(

Sα
s (Gλ,ε

α (· − x))
)1+β

)〉

ds

6 eλ(T+1)(1+β)

∫ T

0

〈

X0, S
α
u

(

(Gλ
α(· − x))1+β

)〉

du < +∞;
∫ s

0

Sα
u (Gλ,ε

α (· − x))(y)du 6 teλ(t+ε)Gλ
α(y − x), ∀ y ∈ R

d, s 6 t,

sup
06t6T

sup
06ε61

∫ t

0

〈

X0, S
α
t−s

(

(
∫ s

0

Sα
u (Gλ,ε

α (· − x))du

)1+β
)〉

ds

6 T 1+βeλ(T+1)(1+β) sup
06t6T

∫ t

0

〈

X0, S
α
t−s((G

λ
α(· − x))1+β)

〉

ds

= T 1+βeλ(T+1)(1+β) sup
06t6T

∫ t

0

〈

X0, S
α
u ((Gλ

α(· − x))1+β)
〉

du

= T 1+βeλ(T+1)(1+β)

∫ T

0

〈

X0, S
α
u ((Gλ

α(· − x))1+β)
〉

du < +∞.
��^

2.4 ß�1 { 1.1 t 3 g$�$Ì$d T ∈ [0,∞),

sup
0<ε61

∫ T

0

〈X0, S
α
s (pα

ε (· − x))〉 ds < +∞,

y$ñ d < α+ α
β ,
á

sup
06t6T

sup
0<ε61

∫ t

0

〈

X0, S
α
t−s

(

(
∫ s

0

Sα
u (pα

ε (· − x))du

)1+β
)〉

ds < +∞.
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� �+Ô$Õ 2.1,

sup
0<ε61

∫ T

0

〈X0, S
α
s (pα

ε (· − x))〉 ds

= sup
0<ε61

∫ T

0

〈

X0, p
α
s+ε(· − x)

〉

ds

6 eT+1 sup
0<ε61

〈

X0,

∫ T

0

e−(s+ε)pα
s+ε(· − x)ds

〉

6 eT+1
〈

X0, G
1
α(· − x)

〉

< +∞.

) Ö g$�$Ì$d s ∈ [0, t], y ∈ R
d I ε ∈ [0, 1],

∫ s

0

Sα
u (pα

ε (· − x))(y)du =

∫ s

0

pα
u+ε(y − x)du 6 et+εG1

α(y − x),

� ]H�%&$Ê 2.2, x d < α+ α
β Å 3 W

sup
06t6T

sup
0<ε61

∫ t

0

〈

X0, S
α
t−s

(

(
∫ s

0

Sα
u (pα

ε (· − x))du

)1+β
)〉

ds

6 e(T+1)(1+β) sup
06t6T

∫ t

0

〈

X0, S
α
t−s

(

(G1
α(· − x))1+β

)〉

ds

= e(T+1)(1+β) sup
06t6T

∫ t

0

〈

X0, S
α
u

(

(G1
α(· − x))1+β

)〉

du

= e(T+1)(1+β)

∫ T

0

〈

X0, S
α
u

(

(G1
α(· − x))1+β

)〉

du < +∞.

���
2.5

{
d < α+ α

β ,
á g$�$Ì$d T ∈ [0,∞), θ ∈ (0, β) Ë λ ∈ (0,∞), ß

1 { 1.1 t 3
sup

06t6T
sup

06ε61
Eα,β

X0

[

〈

Xt, G
λ,ε
α (· − x)

〉1+θ
]

< +∞, (2.8)

sup
06ε61

Eα,β
X0

[

(
∫ T

0

〈

Xs, G
λ,ε
α (· − x)

〉

ds

)1+θ
]

< +∞, (2.9)

sup
0<ε61

Eα,β
X0

[

(
∫ T

0

〈Xs, p
α
ε (· − x)〉 ds

)1+θ
]

< +∞. (2.10)

� Ó Ì ã ��É [13] d�&�Ê 2.2: g�����d t > 0, θ ∈ (0, β), ψ > 0 I
µ ∈ Mr(R

d),

Eα,β
µ

[

〈Xt, ψ〉
1+θ
]

6 1 + C(θ)

[
∫ t

0

〈

µ, Sα
t−s

(

(Sα
s ψ)

1+β )〉
ds+ 〈µ, Sα

t ψ〉
1+β

]

, (2.11)
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Eα,β
µ

[

(
∫ t

0

〈Xs, ψ〉 ds

)1+θ
]

6 1 + C(θ)

[

(
∫ t

0

〈µ, Sα
s ψ〉 ds

)1+β

+

∫ t

0

〈

µ, Sα
t−s

(

(
∫ s

0

Sα
uψdu

)1+β
)〉

ds

]

,

(2.12)á
(2.5) � (2.6) I (2.11) ù ⇒ (2.8) ù�� (2.5) � (2.7) I (2.12) ù ⇒ (2.9) ù�� &$Ê 2.4Ë (2.12) ù ⇒ (2.10) ù$D

3 ¡y¢ 1.2 �y£y¤
� � É [14] d!& Ê (3.2) ' (3.3), {Sα

t }t>0 } Banach Ù Ú (Φ, ‖ · ‖Φ) V d Ç no$W$�$�$�$�$�$D S Dom(∆α) T {Sα
t }t>0 ß Banach Ù$Ú (Φ, ‖ · ‖Φ) V d$Ç$�$��$�$d$��Z�¥$D Ó Ì ã (2.3) ' (2.4) ù 3;: �

∆αG
λ,ε
α (· − x) = −pα

ε (· − x) + λGλ,ε
α (· − x), ∀ λ ∈ (0,∞), ∀ ε ∈ (0,∞). (3.1)

��^
3.1 g$�$Ì$d λ ∈ (0,∞) I ε ∈ (0,∞),

Gλ,ε
α (· − x) ∈ Φ, ∆αG

λ,ε
α (· − x) ∈ Φ,y

lim
t↓0

∥

∥

∥

∥

1

t

{

Sα
t (Gλ,ε

α (· − x))(·) −Gλ,ε
α (· − x)

}

+ pα
ε (· − x) − λGλ,ε

α (· − x)

∥

∥

∥

∥

Φ

= 0,

¦
Gλ,ε

α (· − x) ∈ Dom(∆α).� � (2.1) ù 3 â
Gλ,ε

α (y − x)

φr(y)
= eλε

∫ ∞

ε

e−λs p
α
s (y − x)

φr(y)
ds

6 eλε

∫ ∞

ε

e−
λs
2 ds

(

sup
t>ε

e−
λt
2 ‖pα

t (· − x)‖Φ

)

< +∞, ∀ y ∈ R
d.

)�iH�%§�¨�
��$�$Ê�I (2.1) ù 3 W
lim

|y|→∞

Gλ,ε
α (y − x)

φr(y)
= eλε

∫ ∞

ε

e−λs lim
|y|→∞

pα
s (y − x)

φr(y)
ds = 0,

© , Ý Gλ,ε
α (· − x) ∈ Φ. 0$Ñ�ª 3 � (3.1) ' (2.1) ù � ∆αG

λ,ε
α (· − x) ∈ Φ.: �

1

t

{

Sα
t (Gλ,ε

α (· − x))(·) −Gλ,ε
α (· − x)

}

=
1

t

{

eλ(t+ε)

∫ ∞

t+ε

e−λspα
s (· − x)ds− eλε

∫ ∞

ε

e−λspα
s (· − x)ds

}

,

−pα
ε (· − x) + λGλ,ε

α (· − x) = −pα
ε (· − x) + λeλε

∫ ∞

ε

e−λspα
s (· − x)ds,
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1

t

{

Sα
t (Gλ,ε

α (· − x))(·) −Gλ,ε
α (· − x)

}

+ pα
ε (· − x) − λGλ,ε

α (· − x)

=

{

1

t

(

eλ(t+ε) − eλε
)

∫ ∞

t+ε

e−λspα
s (· − x)ds − λeλε

∫ ∞

ε

e−λspα
s (· − x)ds

}

−

{

eλε

t

∫ t+ε

ε

e−λspα
s (· − x)ds − pα

ε (· − x)

}

.

� (2.1) ù 3 ö�« �H�
lim
t↓0

∥

∥

∥

∥

1

t

{

Sα
t (Gλ,ε

α (· − x))(·) −Gλ,ε
α (· − x)

}

+ pα
ε (· − x) − λGλ,ε

α (· − x)

∥

∥

∥

∥

Φ

= 0.

)�i Gλ,ε
α (· − x) ∈ Dom(∆α).��^

3.2 �$� (α, d, β) �$�$� X(α ∈ (0, 2], β ∈ (0, 1]) I X0 ∈ Mr(R
d),
á

g$�$Ì$d ε ∈ (0,∞) I λ ∈ (0,∞), ß Pα,β
X0

t 3
Mt(G

λ,ε
α (· − x))

=
〈

Xt, G
λ,ε
α (· − x)

〉

−
〈

X0, G
λ,ε
α (· − x)

〉

−

∫ t

0

〈

Xs,∆αG
λ,ε
α (· − x)

〉

ds

} Ft- ò$D�
(i) �%&$Ê 3.1, W

0 < Gλ,ε
α (· − x) ∈ Φ, ∆α(Gλ,ε

α (· − x)) ∈ Φ, Gλ,ε
α (· − x) ∈ Dom(∆α).Ó Ì ã C2

c

⋂

Dom(∆α) } ∆α d$Ñ�T�¬ 3 �$]��$h {fn}
∞
n=1 ⊂ C2

c

⋂

Dom(∆α), �� x n→ ∞ Å 3 ß$Ù$Ú (Φ, ‖ · ‖Φ) � 3
0 6 fn → Gλ,ε

α (· − x), ∆αfn → ∆α(Gλ,ε
α (· − x)).

(ii) g$�$Ì$d 0 6 ψ ∈ C2
c

⋂

Dom(∆α) I t ∈ [0,∞),

lim
n→∞

∫

{|y|>n}

Sα
t ψ(y)X0(dy) = 0,

lim
n→∞

∫ t

0

∫

{|y|>n}

Sα
s (|∆αψ|)(y)X0(dy)ds = 0,Î � B S �

Sα
t ψ ∈ Φ, Sα

t (|∆αψ|) ∈ Φ.

�+�$É [13] &$Ê 3.1 d �H� 3;: � ß Pα,β
X0

t 3
Mt(ψ) = 〈Xt, ψ〉 − 〈X0, ψ〉 −

∫ t

0

〈Xs,∆αψ〉 ds

} Ft- ò$D
(iii) � (ii) � Mt(fn) ß Pα,β

X0
t } Ft- ò�D Ó Ì {Sα

t }t>0 ß Banach Ù�Ú
(Φ, ‖ · ‖Φ) V } Ç$n$o$W$�$�$�$�$�$D­�+Ñ�®$W$�$Ô�¯ á 3 g$�$Ìpd T ∈ [0,∞),

	$ß�s�t a C(T ), �$�
sup

06t6T
‖Sα

t f‖Φ 6 C(T )‖f‖Φ, ∀ f ∈ Φ,
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)�i 3 g$�$�$d t ∈ [0,∞),

lim sup
n→∞

Eα,β
X0

[
∣

∣〈Xt, fn〉 −
〈

Xt, G
λ,ε
α (· − x)

〉
∣

∣

]

6 lim sup
n→∞

Eα,β
X0

[ 〈

Xt, |fn(·) −Gλ,ε
α (· − x)|

〉 ]

= lim sup
n→∞

〈

X0, S
α
t [ |fn(·) −Gλ,ε

α (· − x)| ]
〉

6 lim sup
n→∞

〈

X0,
∥

∥Sα
t [ |fn(·) −Gλ,ε

α (· − x)| ]
∥

∥

Φ
φr

〉

6 lim sup
n→∞

C(t)
∥

∥ |fn(·) −Gλ,ε
α (· − x)|

∥

∥

Φ
〈X0, φr〉

= lim sup
n→∞

C(t)
∥

∥fn(·) −Gλ,ε
α (· − x)

∥

∥

Φ
〈X0, φr〉

= 0,

lim sup
n→∞

Eα,β
X0

[
∣

∣

∣

∣

∫ t

0

〈Xs,∆αfn〉 −
〈

Xs,∆αG
λ,ε
α (· − x)

〉

ds

∣

∣

∣

∣

]

6 lim sup
n→∞

Eα,β
X0

[
∫ t

0

〈

Xs, |∆αfn − ∆αG
λ,ε
α (· − x)|

〉

ds

]

= lim sup
n→∞

∫ t

0

〈

X0, S
α
s [ |∆αfn − ∆αG

λ,ε
α (· − x)| ]

〉

ds

6 lim sup
n→∞

∫ t

0

〈

X0,
∥

∥Sα
s [ |∆αfn − ∆αG

λ,ε
α (· − x)| ]

∥

∥

Φ
φr

〉

ds

6 lim sup
n→∞

∫ t

0

〈

X0, C(t)
∥

∥ |∆αfn − ∆αG
λ,ε
α (· − x)|

∥

∥

Φ
φr

〉

ds

= lim sup
n→∞

tC(t) 〈X0, φr〉 ‖∆αfn − ∆αG
λ,ε
α (· − x)‖Φ = 0.

c } �%°�±$d$ò�² 3 � Mt(G
λ,ε
α (· − x)) ß Pα,β

X0
t } Ñ Ft- ò$D ��� Dg$�$Ì$d λ ∈ (0,∞) I ε ∈ (0,∞), W

〈

Xt, G
λ,ε
α (· − x)

〉

=
〈

X0, G
λ,ε
α (· − x)

〉

+

∫ t

0

〈

Xs,∆αG
λ,ε
α (· − x)

〉

ds

+Mt(G
λ,ε
α (· − x)), t > 0. (3.2)�$� 0 < ε 6 1,

i
Lx

t,ε ≡

∫ t

0

〈Xs, p
α
ε (· − x)〉 ds, ∀ t > 0. (3.3)

� (3.1) ù 3 W
〈

Xt, G
λ,ε
α (· − x)

〉

=
〈

X0, G
λ,ε
α (· − x)

〉

+ λ

∫ t

0

〈

Xs, G
λ,ε
α (· − x)

〉

ds

+Mt(G
λ,ε
α (· − x)) − Lx

t,ε, t > 0. (3.4)
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Ó Ì$x ε ↓ 0 Å 3 pα
ε (y − x) dy ⇒ δx, y

Gλ,ε
α (y − x) → Gλ

α(y − x), ∀ y ∈ R
d.Ö â$ã Tanaka -$ù 3 � � g$�$Ì$d 0 < θ < β, ß$Ù$Ú L1+θ(Ω,F , Pα,β

µ ) V 3 (3.4)ù)�+d�S$Ñ�³$b$c t 6 T Ñ�®�a�
��$c (1.9) ù)�+d$g$~�³ 3;©�´ T > 0 Ö �$Ìd�t a D��^
3.3 g (α, d, β) �p�$� X (α ∈ (0, 2], β ∈ (0, 1], d < α + α

β ),
{

X0 =

µ ∈ Mr(R
d) \ {0} �$� 1 { 1.1,

á g$�$Ì$d t ∈ [0,∞), θ ∈ (0, β) I λ ∈ (0,∞),

lim
ε↓0

Eα,β
µ

[

(〈

Xt,
∣

∣Gλ,ε
α (· − x) −Gλ

α(· − x)
∣

∣

〉)1+θ
]

= 0, (3.5)

lim
ε↓0

Eα,β
µ

[

(
∫ t

0

〈

Xs,
∣

∣Gλ,ε
α (· − x) −Gλ

α(· − x)
∣

∣

〉

ds

)1+θ
]

= 0, (3.6)

Eα,β
µ

[

(Lx
t )

1+θ ]
< +∞, lim

ε↓0
Eα,β

µ

[

∣

∣Lx
t,ε − Lx

t

∣

∣

1+θ
]

= 0. (3.7)

� ) Ö
∣

∣Gλ,ε
α (· − x) −Gλ

α(· − x)
∣

∣ 6 eλGλ
α(· − x), ∀ ε ∈ (0, 1], (3.8)� ]H� (2.8) ' (2.9) ù � 3 ] Pα,β

µ - ç$è 1, g � W$d 0 < ε 6 1,
〈

Xt, |G
λ,ε
α (· − x) −Gλ

α(· − x)|
〉

6 eλ
〈

Xt, G
λ
α(· − x)

〉

< +∞, (3.9)
〈
∫ t

0

Xsds,
∣

∣Gλ,ε
α (· − x) −Gλ

α(· − x)
∣

∣

〉

6 eλ

〈
∫ t

0

Xsds,G
λ
α(· − x)

〉

< +∞, (3.10)

y$g$�$Ì$d η ∈ (0, β),

sup
0<ε61

Eα,β
µ

[

(〈

Xt,
∣

∣Gλ,ε
α (· − x) −Gλ

α(· − x)
∣

∣

〉)1+η
]

< +∞, (3.11)

sup
0<ε61

Eα,β
µ

[

(〈
∫ t

0

Xsds,
∣

∣Gλ,ε
α (· − x) −Gλ

α(· − x)
∣

∣

〉)1+η
]

< +∞. (3.12)

x ε ↓ 0 Å 3
Gλ,ε

α (y − x) → Gλ
α(y − x), ∀ y ∈ R

d.

� (3.8)∼(3.10) ù 3 x ε ↓ 0 Å 3
|Gλ,ε

α (y − x) −Gλ
α(y − x)| → 0, Xt - a.s. y, Pα,β

µ - a.s., (3.13)

|Gλ,ε
α (y − x) −Gλ

α(y − x)| → 0,

∫ t

0

Xsds - a.s. y, Pα,β
µ - a.s. (3.14)

)�iH� (3.8)∼(3.10) � (3.13) ' (3.14) ù�I�§�¨�
��$�$Ê â
lim
ε↓0

〈

Xt,
∣

∣Gλ,ε
α (· − x) −Gλ

α(· − x)
∣

∣

〉

= 0, Pα,β
µ - a.s.,
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lim
ε↓0

〈
∫ t

0

Xsds,
∣

∣Gλ,ε
α (· − x) −Gλ

α(· − x)
∣

∣

〉

= 0, Pα,β
µ - a.s.,

c } �$� (3.11) ' (3.12) ù 3 ¦ â (3.5) ' (3.6) ù$Dx ε ↓ 0 Å 3 Lx
t,ε → Lx

t ( �$ç$è ). � Fatou &$Ê$Ë (2.10) ù 3 W
Eα,β

µ

[

(Lx
t )1+η

]

6 lim inf
ε↓0

Eα,β
µ

[

(Lx
t,ε)

1+η
]

< +∞, ∀ η ∈ (0, β),

sup
06ε61

Eα,β
µ

[

(Lx
t,ε)

1+η
]

< +∞, ∀ η ∈ (0, β),Î � Lx
t,0 = Lx

t . )�i
3

lim
ε↓0

Eα,β
µ

[

∣

∣Lx
t,ε − Lx

t

∣

∣

1+θ
]

= 0.

�µ^
3.4 g (α, d, β) � � � X (α ∈ (0, 2], β ∈ (0, 1], d < α+ α

β ),
{
X0 = µ ∈

Mr(R
d) \ {0} �$� 1 { 1.1,

á g$�$Ì$d λ ∈ (0,∞), 	$ß$Ð$Ñ$d Ft- ò Mt(G
λ
α(· −

x)), _ â ∀ T ∈ (0,∞), 0 < θ < β,

lim
ε↓0

Eα,β
µ

[

sup
06t6T

∣

∣Mt(G
λ,ε
α (· − x)) −Mt(G

λ
α(· − x))

∣

∣

1+θ
]

= 0.

� ��� �
lim

ε,ε′↓0
Eα,β

µ

[

sup
06t6T

∣

∣

∣
Mt(G

λ,ε
α (· − x)) −Mt(G

λ,ε′

α (· − x))
∣

∣

∣

1+θ
]

= 0,

) Ö ñ$s�i 3 á ò Mt(G
λ
α(· −x)) �$��Z Ö ò Mt(G

λ,ε
α (· −x)) x ε ↓ 0 Å$d$£$X$DÓ Ì ã

Mt(G
λ,ε
α (· − x)) −Mt(G

λ,ε′

α (· − x))

=Mt(G
λ,ε
α (· − x) −Gλ,ε′

α (· − x)), ∀ t > 0,

� Doob £�¶$Ä$ö�+$ù$Ë�&$Ê 3.2, � â
Eα,β

µ

[

sup
t6T

∣

∣

∣
Mt(G

λ,ε
α (· − x) −Gλ,ε′

α (· − x))
∣

∣

∣

1+θ
]

6 C(θ)Eα,β
µ

[

∣

∣

∣
MT (Gλ,ε

α (· − x) −Gλ,ε′

α (· − x))
∣

∣

∣

1+θ
]

.

� (3.4) ù 3 W
Eα,β

µ

[

∣

∣

∣
MT (Gλ,ε

α (· − x) −Gλ,ε′

α (· − x))
∣

∣

∣

1+θ
]

6 C(θ)

{

Eα,β
µ

[

|LT,ε − LT,ε′ |
1+θ
]

+
∣

∣

∣

〈

X0, G
λ,ε
α (· − x) −Gλ,ε′

α (· − x)
〉
∣

∣

∣

1+θ
}

+ C(θ)Eα,β
µ

[

∣

∣

∣

〈

XT , G
λ,ε
α (· − x) −Gλ,ε′

α (· − x)
〉∣

∣

∣

1+θ
]

+ C(θ)λ1+θEα,β
µ

[

∣

∣

∣

∫ T

0

〈

Xs, G
λ,ε
α (· − x) −Gλ,ε′

α (· − x)
〉

ds
∣

∣

∣

1+θ
]

,

c } �%&$Ê 3.3, x ε, ε′ ↓ 0 Å 3 V ù$¡�*�
��$c 0, Ü$ø�&$Ê$�$Í$D
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]�^
1.2 · � 4+�$�$Ì$d T > 0, θ ∈ (0, β). ß (3.4) ù)� i ε ↓ 0. ¸�¹ Ó Ìã �$É [13] Ô$Õ 4.1 º 6 �$Í 3 ¦

lim
ε↓0

Eα,β
µ

[

sup
t6T

|Lx
t,ε − Lx

t |
1+θ

]

= 0, ∀ T ∈ (0,∞), ∀ θ ∈ (0, β). (3.15)

� (3.6) ù 3 W
lim sup

ε↓0
Eα,β

µ

[

sup
t6T

∣

∣

∣

∫ t

0

〈

Xs, G
λ,ε
α (· − x)

〉

ds−

∫ t

0

〈

Xs, G
λ
α(· − x)

〉

ds
∣

∣

∣

1+θ
]

6 lim sup
ε↓0

Eα,β
µ

[

sup
t6T

(
∫ t

0

〈

Xs,
∣

∣Gλ,ε
α (· − x) −Gλ

α(· − x)
∣

∣

〉

ds

)1+θ ]

= lim sup
ε↓0

Eα,β
µ

[(
∫ T

0

〈

Xs,
∣

∣Gλ,ε
α (· − x) −Gλ

α(· − x)
∣

∣

〉

ds

)1+θ]

= 0. (3.16)

»
Gλ,ε

α (· − x) = eλε

∫ ∞

ε

e−λspα
s (· − x)ds,

�%§�¨�
��$�$Ê 3
lim
ε↓0

〈Xt , G
λ,ε
α (· − x)〉 = 〈Xt , G

λ
α(· − x)〉, ∀ t > 0, Pα,β

µ - a.s. (3.17)

)�iH�%&$Ê 3.4, (3.15)∼(3.17) ù 3 =�>H¼ � ß$Ù$Ú L1+θ(Ω,F , Pα,β
µ ) V 3 (3.4) ù¡�*�S$Ñ�³$b$c t 6 T Ñ�®�a�
��$c (1.9) ù$¡�*$d$g$~�³$D¾½��$� (3.17) ù 3¾:� ß Ù Ú L1+θ(Ω,F , Pα,β

µ ) V 3 (3.4) ù ¢!*!S Ñ!³ b c t 6 T Ñ!®!a!
!� c (1.9)ù$¢�*$d$g$~�³$D ��� D
¿�À
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