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Holomorphic map with unipotent Jacobian matrices in C*?
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Abstract We prove that the holomorphic unipotent Jacobian conjecture is valid when n = 3.
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The Jacobian conjecture seems to have been first formulated by O.H. Keller in 1939. Aside
from the trivial case n = 1, it remains an open problem for all n > 2.

In 1982, Bass et al.l'] proved the reduction theorem; i.e. if for all n and all F € M A, (k)
of the form F = X + N with N cubic homogeneous and J(N) nilpotent F is invertible, for all
F e MA,(k) with J(F) invertible, F' is invertible. And they have also proved that for all n and
all F € MA, (k) of the form F = X + N with N homogeneous and (J(N))? = 0, F is invertible.

In 1999, Chenl®! formulated the holomorphic unipotent Jacobian conjecture; i.e. if H : C* —
C™ is a holomorphic map with (JH(z))?> = 0, then Z + H is invertible, and he proved that it is
valid in the case n = 2. In this paper, we give a proof of the Unipotent Jacobian Conjecture for
holomorphic map in the case n = 3.

1 Preliminaries?—9

We start this section with Theorem A[?! that can be proved directing by the Taylor expansion.

Theorem A. Let H: C"™ — C™ be a holomorphic map. Then the following statements
are equivalent:

(i) (JH(2))?> =0 for all z € C™;

(ii) H(z+ JH(2)z") = H(2) for all z,2' € C™;

(i) JH(z + JH(2)z")JH(z) = 0 for all z,2' € C™.

Proposition 1. Let A be an n x n matrix and A2 = 0. Then rankA < [n/2].

Proof. We use the reduction to absurdity. Suppose rankA = m > [n/2]. Then there are
invertible matrices P, () such that

A:p.<fmxm 0>.Q, W

where A2 = 0. Hence

0= A2
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By eq. (2), we have r;; = 0,1 <4 < m. This contradicts m > [n/2], so that rankA < [n/2].

Proposition 2. Let H : C™ — C"™ be a holomorphic map with (JH(2))? = 0; G =
A- 2T + 4T where v = (y1,...,7) is a constant vector and A is an invertible matrix. Let
N:=GoHoG . Then

() (JN(2))? =0,

(il) Z + H is invertible if and only if Z 4+ N is invertible.

Proof. (i) (JN(2))? = (A-JH(G7(z)) - A~1)?

=A-(JH(G ()2 - At =0.

(ii) Suppose Z+ H is invertible. Let F~! be the invertible map of Z+H. Then F~'o(Z+H) =

Z. Therefore

Set,

It is obvious that rankR = m and

Z=F1'oG ' oGo(Z+H)oG'oG=F1oG ' o(Z+N)oG.

Then
GoF 'oG 'o(Z+N)=2Z.

Proposition 3. Let H : C™ — C™ be a holomorphic map, S := {2z € C3|JH(z) = 0}.
Then H is a constant on every connected component of S.

Proof. Without losing generality, we assume S is connected. S = U,e1Ss, where every S,
is the irreducible component of S, then S, = R(S,)US(S,), where R(S,) is the regular points set
of 5,,5(S) is the singular points set of S,. Because R(S,) is a complex manifold and JH(z) = 0,
H is a constant on R(S,). By the continuity, H is a constant on S,. Since S is connected, H is

a constant on S.
2 Main result

Suppose JH(z) = 0. Then Z + H is a translation. Evidently, Z + H is invertible. So we only
need to prove the case for JH(z) # 0.
Let H : C* — C? be a holomorphic map with (JH(z))? = 0. If JH(2q) # 0, zo € C?, without

losing generality, we assume

(DlHl (ZO)aDlHQ(ZO);DlHS(ZO)) # O
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By Proposition 1, we have rankJH (zp) = 1, so there are A;, As € C such that
(D2H1(20), DaHa(20), D2 H3(20)) = A1 - (D1Hi(20), D1Hz(20), D1 H3(20)),
(D3sH1(z0), D3Hs(20), D3H3(20)) = Ao - (D1H1(z0), D1Hs(20), D1 H3(20))-

Therefore

za + JH(20)(2")Y = 28 + (2] + M2y + Ao2b) (D1 Hy (20), D1 Ho(20), D1 Hs(20)) 7",

where 2z’ € C® must be a complex line through the point 2.

Lemma 1. Let H:C™ — C™ be a holomorphic map with (JH(z))? = 0. Suppose holomor-
phic unipotent Jacobian conjecture is valid in C”~!, and there exists a vector (ay,as,...,ay,) # 0
such that (a1,as,...,an) - JH(2) =0 Vz € C". Then Z + H is invertible.

a11 ai2 T Q1n 21
: : - : 29
Proof. Let G(z) = : : ’ : o,
an—11 Gp-12 An—1n :
a1 a2 Gp, Zn
where
a1 a12 ce A1n
Up—-11 Qn-12 ' Gp-1n
ap a2 T Qn

is an invertible matrix.
Let M := (My, Ms,-+--M,) =G o HoG™!. Then

—1

aii a2 T Ain a1 ai2 to Ain
JM(2) = ‘ ‘ ' : JH(GH(2)) -
n—-11 Gp-12 - QGn—1n n—-11 QGp-12 ' OGpn—1n
ai az T Qn ai a2 T Qn

Obviously, we have (JM(z))? = 0.
On the other hand, (a1, as,...,a,) - JH(z) = 0 Vz € C". So M, must be a constant. We
define T = (Ty,---,T},) := G' o M o (G')~! where G’ is a translation map on C"

GI(Zlasz"azn) = (217227"'7Zn - Mn)a

then

and
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By Proposition 2, Z + H is invertible if and only if Z+1T is invertible. So it is enough to prove
Z+T is invertible. Set z, = cand 2’ = (21,29, ,2,_1). Let T' = (T1(2',¢), T2 (7', ¢), -+, Th_1(2',
¢)). It is obvious that 7" is a holomorphic map and

D1T1 (ZI, C) D2T1 (ZI, C) e DnTl (ZI, C)
(T, ) = | ' '
DlTn—l (ZI, C) Dng_l (ZI, C) e DnTn_l(Zl, C)
2
DlTl(Z’,C) s anlTl(Z’,C)
*
_ z z - < (JT'( )« )
DlTnfl(zlac) anlTnfl(Zlac) ‘ 0 -0 0

0 --- 0 0

From (JT'(Z',¢))? = 0 and that the holomorphic unipotent Jacobian conjecture holds in
C™ 1 there exists a holomorphic map N'(z2',¢) = (N{(2',¢),-++,N! _,(#',¢)) such that

N'(z',e)o (Z'+T") =7,

ie.
Ni(zy + Ty (2, ¢), 20 + To(2',¢), s Zp 1 + T1(2'0)5¢) = 255 1 =1,2,---,n— 1.
Let
N zn) = (N{(2' 20), -, Ny (2 20), 20) : C = C™.
We have

N;(Zl + Tl(ZI,Zn),ZQ +T2(Zlyzn)7 e aZ’nfl + Tnfl(zlazn)azn) = Zi; 1= 1727 e, — 17

i.e.
No(Z+T)=_Z. (3)

Next, we will prove that N(z) is a holomorphic map. Let zg € C™. Since, det(I+JT' (%)) # 0,
there exists an open neighbourhood U (20) of zp such that (Z + T')|y(.,) is biholomorphic. By eq.
(3), N(z) is holomorphic at zg, so that N(z) is a holomorphic map.

According to the identity theorem of several complex variables, if there exists a nonempty
open set U C C™ such that (aq,as,---,a,)JH(z) = 0; Vz € U, then

(a17a27"'7an)JH(Z):0; Vze C".

Hence, if we can prove that a holomorphic map H : C® — C? with (JH(z))? = 0 there exists
a = (ai,as,a3) # 0 and a nonempty open set U C C? such that (ay,a,a3)JH(z) =0; Vze€ U,
then Z + H is invertible.
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Now we use L. to denote the complex line 2T + JH(2)(w)T, w € C?, and V(2) the direction
vector of the complex line L, in fact V(z) is the column vector of JH(z).

Definition 1. 2z € C3\S. The complex line L, has the property (P), if V(y) = A(y)V (2),
AMy) e C,Vy e L,.

Lemma 2. Let H : C® — (2 be a holomorphic map with (JH(z))? = 0. Sequence
{zn}nen C C3\S and z € C3\S, lim,, ,002, = 2. If all L, have the property (P), then L, has
the property (P).

Proof. Since L., has the property (P), there exist ay,, 3, € C?, |ay| = |8ul = 1,00, -8 =0
such that a,, - V(y) = 8, - V(y) =0, Vy € L, , where the point operator is Euclidean inner
product. We can choose the subsequence {a,,} and {8y, } of {on}nen and {fn}nen respectively,

such that lim,, yeo0y, = @, lim,, 000, = B then
Oé'BZO, |Oé|:|6|:].,

Yy € L, since limy,, ,o02n;, = 2, there exists y,,, € L,

Zn;
"7,7

such that lim,, ;. yn, = y and

Therefore, L. has the (P) property.

Theorem 1. Let H : C® — C? be a holomorphic map with (JH(z))? = 0. If there exists
zp € C3\S, such that L., does not have property (P), then Z + H is invertible.

Proof. Leta,3€ C3 |a|=|8]=1,a-8=0,such that a-V(z) = 8-V (z) = 0. Since
a-V(y)and 8-V (y), y € L,, is a holomorphic function on L,,.

T={yeL,|aV(y =5-V(y) =0}

is a discrete set of L.,. Hence there exists yo € L.,\T such that complex line L,, does not have
the property (P). Otherwise, by Lemma 2, L, possesses the property (P), which contradicts the
assumption that L., does not have property (P).

Now we choose a disk D(y,e) on L., such that JH(y) # 0; Vy € D(yo,€). So we can get a
complex line set M. = {L, | y € D(yo,¢)}. By Theorem A, H|ss, is a constant map. Let M be
the complex plane spanned by Ly, and L.

1) If there exists € > 0 such that M. C M, obviously, M. includes a nonempty open set, of
M, by the identity theorem, H restricted on M is a constant map.

Noting (ai,as,a3) # 0 is the normal vector of complex plane M, (a1, as,a3)JH(z) =
(a1,a2,a3)JH(yo) = 0.

Next, we will prove that there are

(a1,as,a3)JH(z) =0, Vze C>. 4)

If there exists w € C3\ S such that (a;, a2, a3)JH(w) # 0, then complex line L,, must be intersected
with complex plane M. By the continuity, we can get an open neighbourhood U of w such that
JH(z) #0; Vz € U and L, intersects with M for all z € U. Theorem A shows that H restricted
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on U is a constant map. Hence H must be a constant map, so it contradicts the assumption
JH(z) #0. By Lemma 1 and (4), Z + H is invertible.

2) If M. ¢ M for all € > 0, then L,, only intersects with M. at point yo, so that L, is
transverse to M.. Thus we can get a little open neighborhood U(zy) C C3\S of zg, and construct

a complex line set
§=A{L:|z€U(20)},

such that every complex line in £ intersects with M.. Thus H restricted on U(zg) is a constant map.
So that JH(z) =0 on U(zp), by the identity theorem of several complex variables, JH(z) =0 on
C3, it contradicts the assumption JH (z) #Z 0. Therefore, there exists ¢ > 0 such that M. C M.

According to the proof of Theorem 1, let H : C® — C? be a holomorphic map with (JH(z))? =
0. If for some zy € C®\S, L., does not have property (P), Z + H is invertible. So we only need
to consider the situation of all complex lines L, with the property (P).

Theorem 2. Let H : C?> — C? be a holomorphic map with (JH(z))? = 0. If L. has
property (P) for all z € C3\S then for any z € C3\S, L, NS = 0.

Proof. Suppose there is a point z € C3\S and some 2z € L, such that JH(z) = 0. Since
JH(z) # 0, without losing generality, we can assume (D1 H;(z), D1 Ha(2z), D1Hs(z)) # 0. Then

we have

D Hy(2)
JH(z)= | Dila(z) | (1 () M) )5 M) X(2) €C,
Dy H;5(2)
and
0= (JH(2)? = (D1Hy(2) + Ao (2) - D1 Ho(2) 4+ A3(2) - D1 H3(2)) - JH(%).
Hence

From (D1 H,(z), D1 Hs(z), D1 H5(2)) # 0 and (5), we have

(D1H;(z2), D1 Hs(2)) # 0,
so there must exist a,b € C such that
aD1Hy(z) +bD1H3(z) # 0.
By the continuity, we can get an open neighborhood U(z) of z such that
aDHy(y) +bD1H3(y) #0; Vy e U(z).
Consider the holomorphic function
9(y) = aD1Ha(y) + bD1 Hs(y); y € C°.

By the Weierstrass preparation theorem and g(zo) = 0, S; = {y € C® | g(y) = 0} is an analytic
variety of complex 2 dimension. Since aD1Hs(z) + bD1H3(z) # 0, yo is the isolated zero point of
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the holomorphic function g(y) restricted on L,. Now we get an open neighborhood U(yo) of yo in
C? such that SNU (yo) is connected and U (yo) NS1 N L, = {yo}. By the continuity, we can choose
a little open neighborhood U’(z) C U(z) such that complex line L, N .S1 NU(yo) is nonempty for
all y € U'(z). If x¢ is the intersect point of L, and S1 N U (yo), since L, has the property (P), we
have

(D1Hi(w0), D1 Ha(x0), D1 H3(w0)) = M(D1Hi(y), D1 Ha(y), D1 Hs(y)); A€ C.

Since Xo € Sl
0= aDng(xo) + bDng(.’Eo) = /\(aDng(y) + bDng(y)),

but aDy Ha(y) + bD1H3(y) # 0, so that A =0, i.e.
DlHl(a?()) = Dng(wo) = D1H3(.T()) =0.

Hence 2y € SNU(yo). By Proposition 3 and Theorem A, H is a constant map on {L, | y € U'(2)}.
Since U’(z) is an open set of C?, by the identity, H is a constant map. This contradicts the
assumption JH(z) Z0on C% s0o L, NS = .

Theorem 3. Let H : C® — C? be a holomorphic map with (JH(z))?> = 0. Then Z + H is
invertible.

Proof. By Theorems 1 and 2, we can assume that L, has the property (P) and L, NS =0
for all z € C3\S.

For any point z(1) = (zgl),zél),zél)) € C°\S, we can assume D;Hs(21) # 0. Considering
the following holomorphic function on complex plane z3 = zél),

flz,m) = (21— 2 (D1 Ha (21, 22, 2)) Dy Hy (20) — Dy Hy(2(0) Dy Hy (21, 20, 25))

—(22 — 28 (D1Hi (21, 20, 25Dy Hy (z)) — Dy Hy (20) Dy H (21, 20, 257)),

since f(z%l),zél)) =0,5,0 = {(zl,zz,zél)) € C? | f(21,22) = 0} is a complex analytic variety of

complex 1 dimension on complex plane z3 = zél)

such that

. If there is some point y = (yl,yg,zél)) € S.m

DiHi(y1,y2,257) Dy Hy (V) — Dy Hy (zV) Dy Hy (31, s, 257)) # 0, (6)

or
D1 H>(y1,y2, Z:(gl))D1H3(Z(1)) — D1 Hy (VYD1 H3(y1, 92, Zgl)) #0, (7)

then complex line L) and L, must meet at the point

(1 + ()DL H1(y),y2 + 9(y) D1 Ha(y), 25" + ¢(y) D1 H3(y))

(y1 + 9 (y) D1 Hi(y), yo + ¥ (y) D1 Ha(y), 25" + 9 (y) Dy Ha(y)),

where

_ (21" — 1) - D1 Hy (+)
D1H1 (y)Dng(Z(l)) — 1)1[{1(2,’(1))1)1113(1/)7

oY)
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(25" — yo) - D1 Hy(: V)

v = Dy Hy(y) Dy Hy (2M) — Dy Hy (V) Dy Ha(y)

Therefore, at least one of L, and Lgl) does not have the property (P). By Theorem 1, Z + H is
invertible.

So we only need to discuss the following case where
Dy Hi(y1,yo, 25" ) D1 Hy(zV) — Dy HL (z0) Dy Ha (g1, 2, 25) = 0, (8)
and
Dy Hs(y1,ys, 25" ) D1 Hs(2V) — Dy Ho(zV) Dy H (y1, 2, 28V) = 0 9)

are both valid for any y = (y1, ye, zél)) € SS), which implies the complex line L, is parallel to
L(Zl) for any y = (yl,yg,zél)) € Sél) N C3\S. We set

1
Nél) = {L(yl,ymzél)) | (ylay%zé )) € Sgl)}’

where NV is a complex ruled surface. Now we choose a ball B(z(,§) C C?\S, such that
Dy Hs(z) # 0 for any z € B(z(M,§). Then, for every point z € B(z1),§), we can construct a
similar complex analytic variety S, and complex ruled surfaces V..

If there exist 2(2), 2(3) € B(z(1),§) such that V(z(V), V(2(?)) and V(2(3)) are linearly inde-
pendent, among the complex ruled surfaces Nz(l), N§2) and NZ(3), at least two of them meet at
some point, so that, we can find a point z € C*\S such that L, does not have the property (P).
Then by Theorem 1, Z + H is invertible; otherwise, we can find a vector (a1, as,as) # 0 such that

(a1,a2,a3)JH(z) =0, Vz € B(z1, ).
By Lemma 1, Z + H is invertible.
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