A RELATION BETWEEN CHARACTERISTIC VALUES
AND SINGULAR VALUES OF LINEAR
INTEGRAL EQUATIONS*

Cuang Sui-Hsun

(Depariment of Mathematics, Szechuan University)

I. InTRODUCTION

Let K(x,y) be a L? kernel so that

5 (b
.[ -[ | K (2,9) |2dzdy < + o0,

there are two kinds of eigen values connected with K(x, y), the characteristic
values and the singular values. The characteristic values of K(x.y) are the
complex numbers p such that

p@) =k [ K@ e,

or
p(x) = pK o [2],

for at least one real non-null L? function @ (x). The singular values of K(x, y)
are the non-negative numbers A such that A’ is one of the characteristic
values of

K K* [5,] =ff<(x,e)x(y',s)de.

Arranging the u’s as well as the X's in the usual way so that |p,| << |p,|
<+ and A4, <A,<--, we have the inequality

*First published in Chinese in Acta Mathematica Sinica, Vol, IIl, No. 3, pp. 200-207, 1953.
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A<<|pl (1)
and its immediate consequence
AIAZ'"ABQEIP’IF’Z'"HF- (”=1!2:3:"') (2)

(1) and (2) were proved by the author'™ in 1949. Later, by means of
these inequalities H. Weyl™ proved a theorem of the author®. In this note,
the author presents the original proof as follows.

As a further deduction, the author also proves the following theorem
which gives a new property of determinants.

Theorem. For any L’ function K(x,y) there exists a decomposition
of the determinant det | K(s,, t;) | of the n-th order into at least n factors
in the sense that

det | K(s;, £) | =R R, R[S, T], (3)

where R, R, [S, T denotes

] b
j j. CAGE $25 5 Sm3 B0, €20 00 Ea)ﬂ)2($h$2:"':EB;‘I.!:!!"UI») a5, d5,--- d&,,
a a

R, KR, K5 [S, T1 denotes (R, K,) K; [, T] etc. and each K; (S, T) is

a L? function so that

b b
j ”'J %R‘i(-‘ls"')-‘n;tl:"'xtu) izd-f].'"d-fud'rl“'dtﬂ< + @,
a a

If further

O K(x,y)

Bx° (p =0,12- P)

are continnous then there is a decomposition of the determinant det | K (s;,t;) |
of n-th order into at least 2np factors

det | K(s;,2) | =R K2 R2mp [S, T, (4)

where each R, (S,T) is a I} function.
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II. ProoF of THE INkQuaLiTY (1)

Let #(x) be a normed transpose characteristic function of K(x,y)
belonging to the characteristic value g, so that

v(x) = pm K* v [2], le(x) =1,
where

b
K*v [z] = _L K(y, z) v(y) dy,

then, since KK*[x, y] is a positive definite Hermitian kernel, we have, by a
theorem of Courant”

+> [ [ xx st 00 o) dvay = [ 1xeoterizae

=r 4G I P
a Il : ““1!‘2.

Whence we get (1).

III. Seconp Proor ofF THE INeQuaLmTy (1)

By Schwarz’s inequality, we have

a< <

(Kol P<KR*[nal-kKInyl,  (CS250).

ie.,

F

| [xeor@ne| <[ | kwe |- [ | ken [ e

If K(x,y)7#0, p.p. then cvidently the two functions KK*[x,x] and
K*K[y, y] are positive almost everywhere, and one of these two functions
r?lust be greater than |K*[x, y]|. Without loss of generality, we may suppose
that

KK*[%-*]?sz[x,}'],!: (“éxéé> a@yéb},

1) See [6], p. 107 and pp. 112-113, or [9] p. 195.
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then
[K*[x,9] | = | K2+ K* [, y] | S KK*+-KK* [x,x] = (KK*)? [, #].

By induction, we can get
[K* [2,y] | S (KK*)" [x,2], (=1, 2 3,-). (5)

Now, since the resolvent kernel of K*[x,y] and KK*[x,y] are
respectively?

sz('l; x, }’) = KZ {x: J’] + AK* [x, J”] + v 4 t’i" K2a+2 [xs y] + ree (6)

and
HKK"(J‘; x, }') = KK* {x, }'I +

+ AMKK*)? [x, 9] + - + 27 (KK*)** [2, 9] + -+, )]

These two series represent two meromorphic functions of 4. It is known®
that by considering x, y as constants, then each characteristic value of a kernel
is a pole of the resolvent kernel of this kernel, and conversely, each pole of
the resolvent kernel is a characteristic value of the original kernel. We also
know” that the circle of convergence of each power series passes through
the singular point or the singular points of the function represented by the
- series, which are nearest to the origin. Now since the radius of convergence
of the series (6) is lim | K**? [x,y] | 7", and the radius of convergence of
the series o

H, x(A 2, x) = KK* [x,x] +
+ AMKK*)? [x, 2] + +++ + A(KK*)"+! [z, 2] + -+ 7

which is a special case of (7), is lim |(KK*)"*' [x,2]|7"". By (5) we get

-
-Un

lim | ..., lim
e | KT 2T

-1/n

(KK*)*1 [x, ] >

therefore |p,| =4, as we wished to prove.

2) See (6] p. 119, or [9] p. 277.
3) See [8] or [9] p. 289-290.
4) See [10] p. 144.



No. 3 CHANG: RELATION BETWEEN CHARACTERISTIC VALUES AND SINGULAR VALUES 241

IV. Proor ofF THE INEQUALITY (2)

We shall prove that there exists a L? kernel, of which the characteristic
value of the least absolute value is g, g, - #, and of which the least
singular value is &, 4,---4,, then by the inequality (1), the inequality (2)
immediately follows.

Let #,(x), #,(x), -, u,(x) be the characteristic functions of K(x,y)
belonging respectively to the characteristic values g, g, , -+, p,, so that

“J‘(x)zlu-ﬁK“ﬂ [.1.‘1, “.ﬁ("‘)io) “ﬁ(x)ein (;‘ =1, 2)"',”).

Let (@,(x), :1(3)), (92(2),¢2(3)), ", (P.(x), ¢a(y)) be the pairs of
adjoint singular functions of K(x,y) belonging respectively to the singular
values A, &,, -, 4,, so that

Qi) = X K dnlx], ¢u(x) = &, K* @ulx], @u(x)F0,
Pu(x) €EL2, Pp(x)F0, P(x) €LY, (A=1, 2, n).

We denote by §=(sy, 55, ", 5,) and T=(2,, 2,,-+, 2,) as two points
in the space R, of » dimensions, and by @ the interval

a<u<b (F=1,2n)

in the same space. Let dT=dt, dt,+- dt, be the volume element in R, and

R(S, T) =_j!- det |K(sot)l, UCT) = det w4 @),

where

#1(81) -+ 1 (2,)

“s(‘l)! B “n(‘u) ’

K(‘l’ ‘l)s’ “ K(-‘b ‘n)

dcth(:;,;j)|= . fensevanane
K (s 2150 K(5 25)

det|#;(1;) | =

b

By a formula of Landsberg™, for any 2» complex valued functions{f,(x)},
{gs(x)}, (h=1,2,-, n) defined and integrable in the interval a<x<5,
we have

1 ] L] _
o [ | den 1 1) |- det | i) | dmdydia = dee | (o)
Bl Ja a
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where (f;, gi) = r f:(x) gix) dx, (4,j=1,2,, n). In this formula, we take

1(#) = K(si, ), 2(8) = si(;) 5
then we get

AS)
Bafr p ®)

L RS, T) A(T) dr=dctl ""ff) ! -

On the other side, let

Dn(‘t) = 1 + 2 (_I)* Ab A* ]
A=1

K(s1,51)5+ K(s1, 54)
........................... dsydsy - dsy,, (A=1,2,+)
K(sp s1)sm> K(sps 5a)

1 ] b
s ],

then the sequence of entire functions {D,()} converges uniformly to

D@y =1+ 2 (—1)* 4, ¥, in any bounded portion of the complex plane.

A
Let m”, i, -, u™ be the zeros of D,(2), then by a theorem of Hurwitz®,
we get u" =, as m— oo, if g, exists. But for D,(R), we have

1
4; = Z n - n) ? (éx’=132:'";£:2: 3, ”)-
h<hageh, P g e

Thus for D(A) we have

A = 2 . S — (B =1,2,-~3i=2, 3,+)

by kg <hy Fay Pay Py

since the series on the right-hand side is always convergent. From this result
and the equation (8), it is easy to deduce that the complete set of characteristic
values of the kernel (S, T') is given by

5) See [10] p. 119.
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{Fh.“n.,“‘ F@,}": <hy < < gy

among which one of the least absolute values is g, g, -~ p,. Similarly, since

1 b b (s 2. 2 e
KK* [5,T] = WL L det | K(si, &) | - det | K(2 &;) | 48, d%,---45,

= det | KK* [5 5] |,
nl
therefore the complete set of characteristic values of KKR*[S, T'] is
{li, a2 . .1:“} M <hy <o <y (=125 i=1,2n),

among which the least one is &} 43---&2 1., the least singular value of K (S, T)
is 4; 4, -+ X,. And thus the inequality (2) follows from (1).

V. ProoF oF THE FormuLas (3) anp (4)

It is known®' that in order that a L? kernel G(S, T) is representable as a
composite product of m L? factors:

G(S, T) = Kl Kz e Km [S, T], (K,eLz; i = 1, 2,'", m),

it is necessary and sufficient that the series
2 1
2 | )‘b {G] |_.ym
A=1

should be convergent, where {2,[G]} denotes the complete set of singular
values of G(S, T). Now since the series > |4;? is always convergent, there-

A=1
fore by a generalization of Holder’s inequality®, we have

1/n
1 ud - 1 =1
**:“:;"'“, (A.tl /I.J.J"'J'a,,)yﬂ é H (2 Ai) - 2 Ai <t

6) Sec [7] p. 22.
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ie, 2 AR is convergent, where R (S, T) denotes the deter-

A=]
minant of #n-th order det |K(s;, #)|and therefore this determinant has
a representation as given by (3).

Next, suppose o K(x, y) is continuous in a<r<y, a<y<5, then by

D
a known result”, the series X7 [4,[K]| ™" is convergent. Whence
A=1

w0
1
a—g s'la&lfﬂ A IR] ¥ — 5 <*§""<’f,, iy Apgoe By, | 200 <

1/n
] o 1 . 1

and consequently there exists a representation as given by (4).

NOTE. From the second proof of (1) as given by § IIL it is clear that
the kernel K(x,y) may have no characteristic value but there must exist
at least one singular value. For if there exists a positive integer n such that
K"[x,y]=0 p. p., then the radius of convergence of the series (6) is infinity.
In such case, no characteristic value of the kernel K(x, y) can exist. However
KK*|x,y] is a positive definite Hermitian kernel, therefore if K(x, y)#0
p. p, then whatever the positive interger » may be, we have always
(KK*)"[x,x]#0, p. p. In such case, the radius of convergence of the series
(7) is finite, and consequently there exists at least one singular value of
K(x,y). Indeed, we can find kernels which have no characteristic values but
at the same time have infinitely many singular values. e.g., the kernel

o .ol
K(x,y)zzw-y, (<L, —n<<y<n)

A=1 "z

of which the complete set of singular values is the set of all natural numbers
h=1,2,3, . . - . ., but there exists no characteristic value.

In the contrary case, for any finite non-singular square matrix M, the
number of characteristic values and that of singular values are always equal.
It is a difference between the propertics of matrices and those of integral
equations.

7 See [5] p. 28.
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