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L~FT-symmetri~ algebra is a new kind of algebra system obtained from the studying of Lie al- 
gebra, Lie group and differential geometry. It is very useful for many topics in geometry and 

In this note, we discuss a special kind of left-symmetric algebra which is very 
meaningful-bi-symmetric algebra. 

In this note, we let the base field be the algebraically closed field of characteristic 0. And 
the algebras which we discuss are of finite dimension. 

1 Basic concepts and properties 

Definition 1.1. Let A be a vector space. We define a bilinear product in A by denoting 
( x ,  y )  + xy.  Set 

( x ,  y ,  Z )  = ( x y ) z  - X ( Y Z ) ,  V x ,  Y ,  z E A .  (1.1) 
I f A  satisfies(x, y ,  z )  = ( y ,  x ,  z )  ( ( x ,  y ,  z )  = (z,  z ,  y ) ) ,  thenA is called a left- 
symmetric algebra (right-symmetric algebra). If A is not only a left-symmetric algebra, but 
also a right-symmetric algebra, then A is called a bi-symmetric algebra. 

Theorem 1 .  lL4] . Let A be a Left-symmetric algebra with the product ( * ) .  If we 
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define a product in A by ( a ,  b)+a b such that 
a O b =  b o a ,  ( 1 . 2 )  

then A is a right-symmetric algebra with the product ( O  ) . We let A' denote this algebra. 
Theorem 1 .  2'51. Let A be a left-symmetric algebra . I f  we define a bracket product in  

A by 
[x, y l  = x y  - y x ,  V x ,  y E A ,  ( 1 . 3 )  

then A is a Lie algebra with the bracket product. The Lie algebra is said to be sub-adjacent to 
the left-symmetric algebra, and on the other hand,  the left-symmetric algebra is said to be 
compatible with the Lie algebra. 

Lemma 1 . 1 .  Let A be a left-symmetric algebra with the product (. ) . Then A is abi- 
symmetric algebra i f  and only i f  A' is still a left-symmetric algebra with the product ( ), 
where A' is defined in  Theorem 1 . 1 .  

Definition 1 .  2[61 . Let A ,  B be two left-symmetric algebras (or right-symmetric alge- 
bras, or bi-symmetric algebras). A linear map 9: A -+ B is called an anti-homomorphism i f  

y , ( x y )  = Y ) ( Y ) Y ) ( x ) ,  V x ,  y E A .  ( 1 . 4 )  
I f  in addition, y, is a linear isomorphism, then y, is called an anti-isomorphism. 

Theorem 1.3 .  Let A be a left-symmetric algebra with the product ( ) , and A' be the 
algebra with the product ( ) which is defined in Theorem 1 .1 .  Then the following condi- 
tions are equivalent : 

( i ) A is a bi-symmetric algebra with the product ( ) . 
( ii ) A' is a bi-symmetric algebra with the product ( ), and A' is anti-isomorphic to 

A .  
( iii ) There exists an anti-isomorphism of A ; that is ,  there exists a left-symmetric alge- 

bra B and a linear map y,: B+A such that y, is an anti-isomorphism from B onto A .  
Corollary 1 . 1 .  In the setting of Theorem 1 . 3 ,  i f  A is commutative, then A' is iso- 

morphic to A .  I f  A' is isomorphic and anti-isomorphic to A under the same map ,  then A is 
commutative, and at the moment, A is associative. 

Definition 1 . 3 .  Let A be a bi-symmetric algebra, A' be the algebra which is defined in 
Theorem 1.1.  I f  A is isomorphic to A', then A is said to  be o f  type I ; otherwise, A is said 
to be of  type II . Obviously, the bi-symmetric algebras o f  type II appear in (non-isomorphic) 
pairs. We let - denote the pair. 

By the classification o f  left-symmetric algebras in dimension 2 given in ref .  [ 7 I ,  we 
have : 

Theorem 1 . 4  (Classification Theorem) . The classification of bi-symmetric algebras in  
dimension 2 is given as follows : (symbols as i n  re f .  [7 ]  ) 

( i ) Commutative algebras ( hence they are associative and of type I ) , i . e . ( A  1 ) , 
( A I I ) ,  ( A N ) ,  ( A N ) ,  ( A V ) .  

( ii > There are just two pairs of bi-symmetric algebras of type II , i . e .  Al of (NIV ) 
-A-1  of ( N U ) ,  ( N I  )--(NIII).  

In the next, for a left-symmetric algebra A , we let L,, R, ( x  E A )  denote the left 
multiplication and the right multiplication respectively, i .  e. L,( y )  = x y ,  R,( y )  = y x ,  V y 

E A. 
Proposition 1 . 1 .  Let A be a vector space with a product. Then A is a bi-symmetric al- 

gebra i f  and only i f  V x ,  
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[L , ,  R,] = R ,  - R P , ;  ( 1 . 5 )  

[L, ,  LY l  = LL,, y l  ; (1.6) 
[R, ,  R,] = Rr,, ,I. ( 1 . 7 )  

Corollary 1 .2 .  Let A be a bi-symmetric algebra . Then L : x+ L ,  and R : x+R, are 
the ( Lie algebra ) homomorphisms of its sub-adjacent Lie algebra respectively. Conversely, 
i f  a left-symmetric algebra satisfies (1 .7) ,  then A is bi-symmetric . 

Theorem 1 . 5 .  Let A be a bi-symmetric algebra . 
( i ) B o t h N ( A )  = j x € A  I L x  = 0 t  a n d R ( A )  = { x E A  I R,=OI aretheideals 

o f A .  
( ii ) L e t I b e u n  i d e a l o f A .  T h e n C A ( I )  = { x  E A I x y  = yx  = 0, V z  E I t  i san  

ideal of A.  CA( I )  is called the centralizer of 1 i n  A .  
(ii i) LetJbeasubaLgebra. T h e n N A ( J )  = { x  E A I x y  € J ,  yx E J ,  V y  E J \  is 

a subalgebra of A .  NA ( J  ) is called the normalizer of J in  A .  
( iV ) I f  I is an ideal of A ,  then A I and I A are also the ideals of A,  where B C 

= { bc I b E B ,  c E C 1 ,  B and Care  two arbitrary subalgebras of A .  

2 Transitive bi-symmetric algebras and bi-symmetric derivation algebras 

Definition 2 .  Let A be a left-symmetric algebra. If V  a E A, z -+ x + xu is a 
linear isomorphism, then A is called a transitive left-symmetric algebra. If V x € A, R ,  is a 
nilpotent linear transformation, then A is called a nilpotent left-symmetric algebra. 

Lemma 2 .1 .  Let A be a left-symmetric algebra. Then we have 
( i ) A is nilpotent i f  and only i f  A is ; 
( ii ) i f  V x E A ,  L, is nilpotent, then A is nilpotent and its sub-adjacent Lie algebra 

is nilpotent ['I ; 

( iii ) ( Scheuneman, c f .  r e f .  [ 9 ] )  i f  A is transitive, and its sub-adjacent Lie algebra 
is nilpotent, then V z E A ,  L,  is nilpotent . 

Remark . In ref. [8],  a transitive left-symmetric algebra is also called a complete left- 
symmetric algebra. 

Theorem 2 . 1 .  Let A be a bi-symmetric algebra and A be transitive ( we call A a transi- 
tive bi-symmetric algebra ) . Then 

( i V x E A,  L,, R ,  are nilpotent ; 
( ii ) the sub-adjacent Lie algebra of A is nilpotent ; 
( iii ) the ideals N( A ) , R ( A  ) are non-zero . 
Corollary 2 .1 .  Let K be a Lie group. I f  K admits a complete, locally flat, left-in- 

variant connection V such that 
VvzyX - VV3Y = V,[X, Y ] ,  V X ,  Y ,  Z E. % =  I ' ( K ) ,  ( 2 . 1 )  

then K is nilpotent. 
Corollary 2 . 2 .  Let L2 be a Lie algebra . I f  9 has an etale a ffine representation p ( c f .  

r e f .  [ 5 ] )  such that p defines a transitive bi-symmetric structure, then 9 must contain non- 
trivial one-parameter subgroups of translations. 

Lemma 2 . 2 .  Let A be a bi-symmetric algebra . Set 
A1 = A, A'+' - - A A', i 2 I ;  Al = A, = Ai A,  i >, 1 .  (2.2) 

Then 
( i ) V i, Ai and Ai are ideals of A ; 
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( ii ) there exists n such that A " + ~  = A,, V k > , l ;  
( Iii ) there exists m such that Am+k = Am, V  k  >, 1. 
Proposition 2 .1 .  Let A be a bi-symmetric algebra . Then the following conditions are 

equivalent : 
( I ) A is transitive ; 

( ii ) there exists n such that An = { 0 / ; 
( iii ) there exists m such that A, = 10 1 . 
Definition 2 .  2'51 . Let A be a left-symmetric algebra. If V  x € A,  L, is a derivation 

of its sub-adjacent Lie algebra, then A is called a left-symmetric derivation algebra. 
Lemma 2.  3[51.  Let A be a Left-symmetric algebra . Then A is a left-symmetric deriva- 

tion algebra i f  and only i f  V  x ,  y E A,  R$, = L ,  . 
Theorem 2 . 2 .  Let A be a Left-symmetric derivation algebra . Then A is bi-symmetric i f  

and only i f  the sub-adjacent Lie algebra of A is 2 -nilpotent ( i . e . [ x , [ y ,  z ] ] = 0, 'Q' x , 
y ,  z E A ) .  

Corollary 2 .3 .  The Left-symmetric derivation algebra which is compatible with 
Heisenberg algebra must be bi-symmetric . 

Corollary 2 . 4 .  Let K be a Lie group. Let K possess a Locally f la t ,  left-invariant con- 
nection adapted to the adjoint structure ( the existence of such structure is obtained in  r e f .  
[ 5 ]  ) . Then K is 2-nilpotent i f  and only i f  the connection satisfies ( 2 . 1 ) .  

3 Classifications of transitive bi-symmetric algebras in dimension <4 

Definition 3 . 1 .  Let A be a left-symmetric algebra, e l ,  . . a ,  en be a basis. Set 

k = l  

Then the (formal) matrix d = (A,,) ,  i. e .  

is called the (formal) characteristic matrix of A .  
Theorem 3 . 1 .  Let A be a Left-symmetric algebra. Then A is bi-symmetric i f  and only 

i f  the transposed matrix  s4' = ( A j i )  of the characteristic matrix  d is also the characteristic 
matrix of some Left-symmetric algebra. 

Corollary 3 . 1 .  Let A be a Left-symmetric algebra , d be its characteristic ma t r i x .  
( i ) I f  Ld is symmetric, i . e . Aji = Ai, , then A is commutative. Hence A is a bi-sym- 

metric algebra of type I ; 
( ii ) I f  s4 is anti-symmetric, i . e .  A,, = - A,,, t h e n A  is a bi-symmetric algebra of type 

I .  
Proposition 3 . 1 .  ( i ) The transitive bi-symmetric algebra i n  dimension 1 is just the 

trivial Left-symmetric algebra . 
( ii ) The trunsitive bi-symmetric algebra i n  dimension 2 must be commutative. Hence 

i t  must be isomorphic to the Left-symmetric algebras of type ( A  ) or ( A  V ) i n  Theorem 
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1.4.  
In refs. [ 9, 10 I ,  Kim gave the classifications of transitive left-symmetric algebras whose 

sub-adjacent Lie algebras are nilpotent in dimensions 3 and 4 using the extensions of left-sym- 
metric algebras. From these results and Theorem 2 . 1 ,  we have 

Theorem 3 .2 .  The transitive bi-symmetric algebra i n  dimension 3 must be isomorphic 
to one of the following types of left-symmetric algebras ( symbols as i n  Proposition 4 . 2  in 
re f .  [ l o ] ) :  

( i ) 1 ,  2 ,  3 ,  4 A ,  5,1, 7 and 8 are bi-symmetric algebras of type I ; 
( i i  ) 5 ,  - 6 ;  5 ,  - 51,  # 0 ,  + 1 .  

P 

Theorem 3 . 3 .  The transitive bi-symmetric algebra in  dimension 4 must be isomorphic 
to one of the following types of left-symmetric algebras (symbols as in  Theorem 5.1 i n  re f .  
[91> : 

( i 1 3  - 8,type I ; 

( i i )  20,,, type I ;  
( iii ) 3Ok1, 31,, type I ; 28 - 3 0 ~ ;  29 - 310; 30, - 301( t  # 0 ,  + I ) ;  31, - 311( t  

f L 0 ,  * I ) ;  
( iv 1 401 type I  ; 37-1 - 44-2; 39-2 - 411. 1; 400 - 45-2; 

2 ' 2  

( V ) 41,, , is bi-symmetric i f  p , t satisfy 

p2 + p ( t  - 1 )  + ( -  2 t  + 1 )  = 0 ,  t # ( 1  + / * ) / 2 .  
1 1 

Hence p # 0 ,  1 and T ,  t = - when p = ( 1 - t ) for the above equation . Therefore, 
2 

1 t 
41,. ,-41,,, , , ,  'wherep' = -, t' = -( t - 1 + p ) ,  p # f 1 ,  0 a n d p  # 1 - t ; 41-1,1 type 

P P 
I ;  

( ~i ) 46 - 56, 57, type I ; 57, - 57- , (  t # 0 )  ; 
( v i i )  59, 60i1, 61,  62 type I  ; 58 - 600; 60,  - 60:(t # 0 ,  * 1 ) .  

(Received April 28, 1997) 
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