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X 1 QRPS

3��, TU d(G) VQ� G 
��, dG(u, v) VQ� G �%�*+ u � v YR
ST,

2� G � u � v YR
�WU
X�..� G �'���3 3 
���, (� G3 �0",
'%#F#$� G �VZ%�ST3 3 
*+7��
�, 2 G3 = (V (G3), E(G3)), I�
V (G3) = V (G), E(G3) = E(G) ∪ {e = uv | u, v ∈ V (G), dG(u, v) = 3}. 8�WXY�@�
1. .� G �'���3 3 
-� (:1�; C�), � G3∗ (G33; G�) �0",'%#F#
$� G �VZ%�ST3 3 
*+7��
�, 2 G3∗ = (V (G3∗), E(G3∗)), I� V (G3∗) =

V (G), E(G3∗) = E(G) ∪ {e = uv | u, v ∈ V (G), dG(u, v) = 3} (G33 = (V (G33), E(G33)), I
� V (G33) = V (G), E(G33) = E(G) ∪ {e = uv | u, v ∈ V (G), dG(u, v) = 3}; G� = (V (G�),

E(G�)), I� V (G�) = V (G), E(G�) = E(G) ∪ {e = uv | u, v ∈ V (G), dG(u, v) = 3}).  Y
ZO, � G3 ����, � G3∗ (G33; G�) �-� (:1�; C�), 6=�8Z[:

34 1 . u � v �� G3∗ �VZ%� .
*+, (= dG3∗(u, v) < 3.

34 2 . u � v �� G33 �VZ%� .
*+, (= dG33(u, v) < 3.

� G 
�		
 γM (G) F[E�	
[� k, �� G ��
�	
3 k 
�/G��

. \3�
VZ�
�]\\='��, > Euler ]]A��
�		

'�
Æ3

γM (G) �
⌊ |E(G)| − |V (G)| + 1

2

⌋
,

I�TU �α�F !" α
�	[�, |E(G)|− |V (G)|+1>3� G = (V(G), E(G)) 
 Betti

�6,TU β(G) VQ. �� γM (G) = �β(G)
2 �, (� G >3
��

.

. A 3� G 
): E(G) 
'�7:, c(G\A) VQ G\A 
1=#0�^
��,

b(G\A) VQ G\A 
 Betti �3^�
#0�^
��, I� G\A VQ�� G �_^ A �

1=)_��
� G 
7�. . T �� G 
'�``a, � G �a T 
	� ξ(G, T ) 3
G\E(T ) �)�3^�
#0�^
��; � G 
	� ξ(G) 3 T �Æ G 1=
``a_
ξ(G, T ) 
�_`.  YZO ξ(G) = β(G) (mod 2). . F1, F2, . . . , Fk 3� G 
 k(k � 2) �
 .
7�, TU EG(F1, F2, . . . , Fk) VQ): E(G) �'�*+E V (Fi) �, 77'�*+
E V (Fj) (1 � i, j � k, i �= j)�
)
:=, E(Fi, G)VQ): E(G)�'�*+E V (Fi)�
77'�*+ E V (Fi) �
)
:= (1 � i � k). 8�WX%���> Liu[12], Xuong[13]

� Nebeský[3] ����
���
�		

a=VQ�93��$,�
I+Y�/-:
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92 1.4[12,13] .� G �'�#0�, (
1) � G �
��

i5di ξ(G) � 1;

2) γM (G) = β(G)−ξ(G)
2 .

92 1.5[3] .� G �'�#0�, (
1) � G �
��

i5di c(G\A) + b(G\A) − 2 � |A|, I� A 3 E (G) 
VZ

7:;

2) ξ(G) = maxA⊆E(G){c(G\A) + b(G\A) − |A| − 1}.
92 1.6[14] ��� G = (V (G), E(G)) �'���3 2 
 2 #0�, (= |E(G)| �

2 |V (G)| − 5.

'���3 2 
 2 #0� G=(V (G), E(G)) >3j�i5di |E(G)| � 2|V (G)|−5. >
/- 1.6 Adj�3���.

92 1.7[15] 8e��� G 
4f��k
:

(1) G �'���3 2 
 2 #0j�;

(2) G lR� Petersen �lR�,X3 2 
U#$'�@*+#eg� K2 l K3 
1
=*+7��
�.

92 1.8[16] . G �'���3 2 
 2 #0�, ( ξ(G) = 4 i5di G �'���
3 2 
 2 #0j�5E��*+m=^��1#)�*+�h.

8�
�-> Huang[17] &�, K�-no3�if-$g,:

52 [17] p�� G, �� ξ(G) � 2, 2 G  �
��

, (�[E): E (G) 
7
: A jh8e�i:

(i) c(G\A) = b(G\A) � 2;

(ii) G\A V'#0�^ F �� G 
'�*+�.7�;

(iii) p� G\A VZ k � .
#0�^ F1, F2, . . . , Fk = |EG(F1, F2, . . . , Fk)| � 2k −
3, 5��, p� G\A VZ%� .
#0�^ F � H = |EG(F, H )|�1;

(iv) ξ(G) = 2c(G\A) − |A| − 1.

 YZO, E
�
�-�, p� G\A V'#0�^ F =�8Z[:

34 3 �i (i) V, β(F ) = 1 (mod 2), 1�i G ���� F ]\\= 3 �*+, i
G �-�G F ]\\= 2 �*+.

34 4 |A| = 1
2

∑
F |E(F,G)|, I� F �Æ G\A 
1=
#0�^.

2 j67k8l9:;kmn
3kl"�'1
��
�, 6-./- 1.1 
'� .� Škoviera[9] 
&,.

92 2.1 ��� G ���3 3 
-�, (-� G3∗ �
��

.

<= .M = {G | G ���3 3 
-�}, G3∗ = {G3∗ | G3∗ �qm� G3∗ 
/o>
� G ��
, I� G �:= M �VZ'��}, G = {G3∗ | G3∗ �:= G3∗ �
�65n
=�i ξ(G3∗) � 2}. ��&,:= G �'�o:. r.I �o:, . G3∗ ∈ G �I�p�
(�
1=*+
��) �_
�, p)� G3∗  �
��

. . A �): E (G3∗) 
n=
�i ξ(G3∗\A) = ξ(G3∗) �_7:, qmZ[ 3 �� G3∗\A 
��#0�^
 Betti ��^
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�, 1� G3∗\A 
��#0�^$q�eg� K3, $q�G-)#$
%+, s(l[E�
X3∗ ∈ G n=�i |V(X3∗)| � |V (G3∗)|, 7)# G3∗ (∈ G) 
p��_rt.

. R = {F1, F2, . . . , Fl}(l = c(G3∗\A) = b(G3∗\A) � 2)3 G3∗\A
1=
#0�^, >
�
4f��pVZ
 F i ∈ R = |V (F i)| � 2.

q> 1 pVZ
 F ∈ R = E(F, G3∗) � 4.

<= (PH� 2) . Fi � R �V'rs, \3� G3∗ �#0�5 |R| � 2, 1�:= R
�]\[E'�rs# Fi �t$
,  u.vrs3 Fj 5. EG3∗(Fi, Fj) = (u, v), I� u ∈
V (Fi), v ∈ V (Fj). \3 |V (F i)| � 2 5 |V (F j)| � 2,  u. u′ ∈ V (Fi) 5 u′ �= u, v′ ∈ V (Fj)

5 v′ �= v, p) dG3∗(u′, v′) = 3,7)#Z[ 1rt, 1�lR) (u′, v′)∈ E(G3∗), lR[E'
�#*+ u′ � v′ #t$
*+. ��) (u′, v′)∈ E(G3∗), ( EG3∗(Fi, Fj) ⊇ {(u, v), (u′, v′)},
p)�� |EG3∗(Fi, Fj)| � 2 = |{(u, v), (u′, v′)}|, 7)#�-
�i (iii) rt, 1�) (u′, v′)

�∈ E(G3∗), \v[E'�#*+ u′ � v′ #t$
*+,  u.v*+3 ω. �� ω ∈ V (Fi),

( |EG3∗(Fi, Fj)| � 2 = |{(u, v), (ω, v′)}|, 7)#�-
�i (iii) rt, 1� ω �∈ V (Fi). .-
�� ω �∈ V (Fj). 1� ω � Fm �
'�*+, I� Fm ∈ R 5 Fm �= Fi, Fm �= Fj . \3
|V (Fm)| � 2, 1�[E'�*+ ω′ ∈ V (Fm) 5 ω′ �= ω. p) dG3∗(u, ω′) = 3, 7)#Z[ 1

rt,1�lR) (u, ω′)∈ E(G3∗),lR[E'�#*+ u� ω′ #t$
*+. ��) (u, ω′)

∈ E(G3∗), ( EG3∗(Fi, Fm) ⊇ {(u′, ω), (u, ω′)}, p) |EG3∗(Fi, Fm)| � 2 = |{(u′, ω), (u, ω′)}|,
7)#�-
�i (iii) rt, \v) (u, ω′) �∈ E(G3∗), 1�[E'�#*+ u � ω′ #t$

*+,  u.v*+3 τ . �� τ ∈ V (Fi), ( |EG3∗(Fi, Fm)| � 2 = |{(u′, ω), (τ, ω′)}|, 7
)#�-
�i (iii) rt, 1� τ �∈ V (Fi). .-�� τ �∈ V (Fj) 5 τ �∈ V (Fm), 1� τ �
V (Fn) 
'�*+, I� Fn ∈ R 5 Fn �= Fi, Fn �= Fj , Fn �= Fm. \3 2 � |V (Fn)| � 3, 1
�'/[E*+ τ ′ ∈ V (Fn) 5 τ ′ �= τ .  YZO dG3∗(u′, τ ′) = 3, 7)#Z[ 1 rt, 1�
lR) (u′, τ ′) ∈ E(G3∗), lR[E'�#*+ u′ � τ ′ #t$
*+. 0"#!�su
?
-�d[E'�#*+ u′ � τ ′ #t$
*+,  u.v*+3 σ, I� σ ∈ V (Fs), Fs ∈ R
5 Fs �= Fi, Fs �= Fj , Fs �= Fm, Fs �= Fn. p) E(Fi, G

3∗) ⊇ {(u, v), (u′, ω), (u, τ), (u′, σ)}.  
YZO |E(Fi, G

3∗)| � 4 = |{(u, v), (u′, ω), (u, τ), (u′, σ)}|. \3 Fi � R �
VZrs, ��
pVZ
 F ∈ R, = |E(F, G3∗)| � 4. &w.

qmZ[ 4 �� |A| = 1
2

∑l
i=1 |E(Fi, G

3∗)| � 2l = 2c(G3∗\A), t>�-
�i (iv) =
ξ(G3∗) = 2c(G3∗\A) − |A| − 1 � −1, 7)#� G3∗  �
��

rt, 1�:= G �o
:, \vpVZ� G3∗ ∈ G3∗, = ξ(G3∗) � 1, 2:= G3∗ �
VZ� G3∗ �
��

. /
-�&.

Æ? 1[10] �� G ���3 3 
���, (��� G3 �
��

.

<= r.� G3  �
��

. . A �): E (G3) 
n=�i ξ(G3\A) = ξ(G3) �
_7:, R = {F1, F2, . . . , Fl}(l = c(G3\A) = b(G3\A) � 2) � G3\A 1=
#0�^. >Z
[ 3 d G3\A 
��#0�^
 Betti �3^�, u\3 G3 ����, 1� G3\A 
��#
0�^]\\= 3 �*+. 0"#/- 2.1 �
xv 1 su
?���p�VZ
 F ∈ R,

= E(F, G3) � 4. >Z[ 4 =, |A| = 1
2

∑l
i=1 |E(Fi, G

3)| � 2l = 2c(G3\A), \vqm�-
�
i (iv) �� ξ(G3) = 2c(G3\A) − |A| − 1 � −1, 7)#� G3  �
��

r.rt, \
v3?4�&.
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� �
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v′

Fj

��
��

� �
��
u

u′

Fi

��
���

σ

Fs

��
��

� �
��
τ

τ ′Fn ��
��

� �
��ω ω′

Fm
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��

�
�

�
�

�
�

��

X 2

3=/- 2.1 �?4 1 A��8/-:

92 2.2 �� G ���3 3 
:1�, (:1� G33 �
��

.

Æ? 2[9] VZ'���3 2 
:1� G #�
��

.

<= vw 1: ��): E(G) �
)#�-), (� G '/]\y\%�w=]z)

``a, \v ξ(G) = 0 lR ξ(G) = 1, >/- 1.4 �� G �
��

.

vw 2: ��): E(G) �]\='%)�#F,(Ad G = G33, >/- 2.2��� G

�
��

.

3=vw 1 � 2 ��3?4.

3 j67k@xAykBzkmn
3kl-.'1��3 2 
 2 #0C��9'1��3 4 
-�
�		

68Æ.

92 3.1 �� G �'���3 3 
C�, ( ξ(G�) � 3, 2⌈
β(G�) − 3

2

⌉
� γM (G�) �

⌊
β(G�)

2

⌋
,

I� G� �'�qm G� 
/o>� G ��
��3 2 
 2 #0
C�.

<= 3&,3/-, x{&,�8xv.

q> 2 G� �'���3 2 
 2 #0
C�.

<= qm� G� 
/o Y��� G� 
��3 2. 8�l&,� G� � 2 #0
C
�:

Cq> � G� :{+.

r.v7xv `�.  u. u �� G� 
'�{+, F1, F2, . . . , Fl(l �2) � G�−u

1=
#0�^, V (Fi) = {vi1, vi2, . . . , viji} (1� i � l, ji � 1,
∑l

i=1 ji = |V (G�)| − 1) �
Fi(1� i � l) 
1=*+, I� G�−u VQ�� G� �_^*+ u _��
� G� 
7�. q
m� G� 
/oA� G� �]\='� 4- y. \3� G� �'���3 2 
�, 1�^�
*+ u 3zÆ, � G� �
I+*+## u st. u\3 u �� G� 
{+5 F1, F2, . . . , Fl

(l �2)� G�−u1=
#0�^, 1�A� E(Fi, Fj) = 0,2w=)#$ Fi # Fj (1� i, j � l,

i �= j), \v 4- y|�E Fi + u (1� i � l) �.O, I� Fi + u �� G� 
*+�.7�. ,
)� ��
, \3 Fi �
1=*+## u st (H� 3). \v� G� �: 4- y, 7)#�
G� �]\='� 4- y
Z[rt, \v7xv�&.
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qm��'���]\= 3 �*+
{, (K�� 2 #0
�97xv, �&�xv 2.

3=/- 1.2 #xv 2 �� ξ(G�) � 4. . A = {G� | G� �qm� G� 
/o> G �
�
�, I� G �'���3 3 
C�}, E = {X | X �0"E� G 
*+
}L1��

�, I� G �'���3 2
 2#0j�}. qm� G� 
/o�9/- 1.7�?� A ∩ E �
'�o:, \v [E� G� ∈ A jh/- 1.8 $|
%� (2$|K��'���3 2 
 2

#0j�, 65K�
��*+mGL
�^��1), 1� ξ(G�) �= 4 6�?. ξ(G�) � 3.

7Æ=�* (� 4) V,� G� 
�		

8Æ�6
.

��
���

��
��

��
�

��
�

������
������

������
������

u
Fi Fj

X 3

���	


�
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���	
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X 4 bE} 3 RX
DE . A = {G� | G� �qm G� 
/o> G ��
�, I� G �'���3 3 


C�}, ( A �[E:�
�, I	�3 1(2
��

) l 2. |=Zo
�B�ZO��
83�: . G �'��� 5 1Q
E��3 3 
���
��*+mPL^��17��

�, G� �qm� G� 
/o>� G ��
�, � G �*+ v1 
t:}3 N(v1) = {u |
(u, v1) ∈ E(G), u ∈ V (G), u �= v1, u �= v2, u �= v5}, (=: �� |N(v1)| (� 4) ��&� (� 6 �
'� |N(v1)| = 4 
�), ~q ξ(G�) = 2; �� |N(v1)|(� 4) �'�^� (� 7 �'� |N(v1)|
= 5 
�), ( ξ(G�) = 1.

���	
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X 6

v1

v2

v3 v4

v5

���	


���	
�
�

�
�

���	
�
�
�� � � � � ���	
�

�
�

����	


���	

���	


���	













	
	

	
		

X 5

v1

v2

v3 v4

v5

���	


���	

�

�
��

�
�

��

�������

���	

�

�
��
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�
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X 7

v1

v2

v3 v4

v5

. A ={G�|G� �qm� G� 
/o> G ��
�, I� G �'���3 3 
C�}, B
= {G� | G� � A �
�5 G� �]\[Ejh dG�(u, v) = 2 
%�*+ u � v, )%+#
]\#'�1�h}, C = {G�� | G�� �0"8�� G� �1=
1��
�, I� G� � B
�VZ'��}. =�8/-:

92 3.2 . G�� � C �
�, ( G�� �'���3 4 
-�, 5 ξ(G��) � 3, 2⌈
β(G��) − 3

2

⌉
� γM (G��) �

⌊
β(G��)

2

⌋
.



E 4 = abcd: ebXRcfbgRch 503

<= >� G�� 
/o Y?d G�� �'���3 4 
-�. 8�&, ξ(G��) � 3.

q> 3 0"8�� G �
1_, � G 
�		
 ~�M.

<= . G′ �0"8�� G �
1_��
�, p)= |V (G′)| = |V (G)| + 1, |E(G′)|
= |E(G)| + 1, |F (G′)| = |F (G)|, qm� G 1�
��
 Euler Q����xv 3 `�.

3=xv 3 9/- 3.1 ��� G�� #� G� 
�		
s�, 2= ξ(G��) = ξ(G�) �
3, 4�� �β(G��)−3

2 � � γM (G��) � �β(G��)
2 �. 7Æ=�* (� 8) V,� G�� 
�		



8Æ�6
. ����	


�
�
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