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X�Y�Z
Calderón-Zygmund [�\�]�^�_�` a�b�` Lipschitz c�d Hardy e�c�df�g�h [�\�]�^�_�`

i
T jCkCl Calderón-Zygmund mCnCoCpCqCr IKs
Tf(x) = lim

ε→0

∫

|x−y|>ε

K(x− y)f(y)dy, f ∈ Lp(Rn)(1 6 p <∞),t;u
K ∈ C(Rn \ {0}) jCkCmCnCoCpCvCwCx IKyCz
(a)
∫

ε<|x|<N
K(x)dx = 0, ∀0 < ε < N <∞,

(b) |K(x)| 6 C |x|−n , x 6= 0,
(c) |K(x− y) −K(x)| 6 C |y| |x|

−n−1
, ∀ |x| > 2 |y|,{C|

C jC}CxCWi
b jCkC~C�C�CoCwCxCW T � b �C�C�C�C�CrC�C�C�

Tbf(x) = b(x)Tf(x) − T (bf)(x).�-�
T j Lp(Rn)(1 < p < ∞) �&�&�&�&q&r IK�&�&� b ∈ L∞(Rn) � Tb � j

Lp(Rn) �&�&�&�&q&r&W Coifman �&�&�&� [1]
u-�)�

Tb j Lp(Rn)(1 < p < ∞)������q�r ������� b ∈ BMO(Rn). ��� [2]
����� � � r Tb j Lp(Rn) ¡

Lq(Rn)(1 < p < q < ∞) ��� IK������� b ∈ Lipα(Rn)(α = n( 1
p
− 1

q
)).
{�|

Lipα(Rn) j�¢�}�� α £ Lipschitz ¤�¥ (
��¦�§ ��� ). ¨�© p = 1 ��ª�«�WK¬� I®­°¯&± H1(Rn) ²&³&¤&¥ L1(Rn). ´&k&µ&¶&· I+�-� b �&¸&� I Tb ¹&º&»
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�&Ò&j H1(Rn) ¡ L1(Rn) �&�&�&�&q&r IKÓ&Ô b Õ&�&}&x IK� �&� [3]
u �&�Ö

3.1. Pèrez[4]
�)�-�

Tb �&k&×&� b �&Ø&�&Ù&r&Ú Hardy ¤&¥&�&�&�&�&Û&WKÜ
Paluszyński[5] ÝCÞ � b ∈ Lipα(Rn) �C�C� [2]

u=ßCà �CkCáC�CâC�CãCäCWKåCæ I�&� [6] ç&¡ � �&�&r Tb � Hardy è Herz Ú Hardy ¤&¥&�&�&é&ê&�&�&Û&ë&W+ìíCIKîCïC�;�=�CíC¦
( ð � �C� [6] � Ö 1.1,1.2 è 1.3)ñCò

0.1
i
b ∈ Lipα(Rn).

(i) ó n
n+α

< p 6 1, 1
q

+ 1
p

= α
n

, ô Tb j Hp(Rn) ¡ Lq(Rn) �C�C�CW
(ii) ó p = n

n+α
, ô Tb j Hp(Rn) ¡ L1(Rn) �&� �&�&�&� K ≡ 0 õ&ö&÷&ø

Hp ÙCr a � ∫
Rn a(y)b(y)dy = 0.

(iii) ó p = n
n+α

, ô Tb j Hp(Rn) ¡Cù L1(Rn) �C�C�CWú � ÝCÞ �&�&r Tb û ±C� Hardy ¤C¥ Hp(Rn)( n
n+1 < p < 1) �CªC«CWK«Cü�Cý IKþCï ÝCÞ �CjC�CÿC� Ö ���C�CªC« IKs p = n

n+α
.
þCïC�;�=� kCl »�� ��&ÿ&×&Ú&�����&� ß&à&IK�&ú �&� Ö 2.1. ���&� I m&n&o&p&è t �&�&r&���&£	�
 Ú���
Cp������������ u���� � û ± j�� ����� � I ð � �C� [7∼9] �CW þï ������� j���� ��� � Hardy Ú ¤ ¥ u ��������� W � ¬ I ú ������ ßCà ãäC¡�!�"CvCmCnCoCpC�C�C�CrC�CW � �C£ Ô�#�$ (

#�$
) Ú 	�
 ���

n
∑

i,j=1

aij(x)∂iju(x) = f(x)

(

n
∑

i,j=1

∂i (aij(x)∂ju(x)) =
n
∑

i=1

∂ifi(x)

)

��%Cx aij ∈ Lipα ∩ L∞(Rn) � I ���C��� ( k ) £�&CxC�CoCp�'�(Cü u�)�*�+Cþï�� ÝCÞ �CmCnCoCpC�C�Cr I ��,CâC��-�.&�Cð � �C� [8, 9] �CW �=� p = 1 ���/�0CÛ I �C��1�2C�C��3 u ÝCÞ W
1 Hardy 4656768696:6;6<6=ú&§�>�*

Hardy ¤&¥ Hp(Rn) ?&~&� Hardy ¤&¥ hp(Rn) �&�&�&è t Ù&r&p
�CW � � �;� kClCØ � hp(Rn) ��@�A�BCrC� ßCà WDC�� >�* kCá�E�FCW ú � uG�HCi

n
n+1 < p < 1, I ¯ �CáC�C�Cè ßCà ö 0 < p < ∞ J�K ± WDE S(Rn) � R

n�C� Schwartz wCxC× I Ü S ′(Rn) � t ö�L�M�NCäC�CwCxC¤C¥CWD1�2 G j�O�PCklCwCxC¤C¥�E�F u � R
n.ñ�Q

1.1
i
ϕ ∈ S,

∫

ϕ = 1, f ∈ S ′, R
Mϕf(x) = sup

t>0
|f ∗ ϕt(x)| , mϕf(x) = sup

0<t<1
|f ∗ ϕt(x)| .

Hp j �S� � y z Mϕf ∈ Lp �TM�N ä � w x �TU � � ¤ ¥ IWV 1 “ X x ” ‖f‖Hp =

‖Mϕf‖Lp . hp j ��� � yCz mϕf ∈ Lp ��M�NCäC�CwCx ��U �C�C¤C¥ IDV 1 “ Xx ” ‖f‖hp = ‖mϕf‖Lp .
�C�

Hp ⊂ hp. ~C� Hardy ¤C¥ hp j Goldberg �C�C� [10]u�Y�Z �CW[�\
1.1

�
p < 1 � I ‖·‖Hp (‖·‖hp) ] » j�X&x I ´ V 1�^�_ d(f, g) =

‖f − g‖
p
Hp (d(f, g) = ‖f − g‖

p
hp), Hp(hp) j�`�aC��^�_C¤C¥CW
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Hardy ÚC¤C¥Cå�v�wC��/�xCj�y ï �CÙCr�z�{CWD� Y�| ÙCrC��}�~CWñ�Q
1.2

i
n

n+1 < p 6 1, �CkClC�C�C���CwCx a jCkCl p- ÙCr I ó
(i) ¸C��� B, �Cç suppa ⊂ B;
(ii) |a(x)| 6 |B|

− 1
p , ö���� � �C� x ∈ R

n �����
(iii)

∫

a(x)dx = 0.

� B jCÙCr a �������CW íCà a jCkCl p- ÙCr IK� ¸C� a ������� IKt�������
1, ô��CwCx a jCkCl (a)- ÚCÙCrCW íCà b

yCz �Cÿ���� (i) ? (ii),
�
b �C÷Ck

�����C� ��� » �C� 1, ô��CwCx b jCkCl (b)- ÚCÙCrCW (a)- Ú�? (b)- ÚCÙCr�����C~C� p- ÙCrCW�C� kCl p- ÙCr ú����C� Hp, ÜC~C� p- ÙCr �C� hp.
¦ �C�C� Ö �Cð � �� [11, 12]:ñ ò

1.1
i
f ∈ Hp, ô ¸ � x�� {λj}

+∞
j=1 ∈ lp � k�� Ù r aj(j = 1, 2, 3, · · ·),

�Cç
f(x) = lim

N→+∞

N
∑

j=1

λjaj(x) =

+∞
∑

j=1

λjaj(x),

Z k��C�
‖f‖p

Hp ∼ inf
∑

|λj |
p ,t;u

inf ��� � �C�CÒC�Cp��CWö hp p�� I �C×��C�CÙCrCp�� IK� �C� [10].ñCò
1.2

i
f ∈ hp, ôC¸C�Cx�� {λj}

+∞
j=1 , {µj}

+∞
j=1 ∈ lp � (a)- ÚCÙCr aj(j =

1, 2, 3, · · ·), è (b)- ÚCÙCr bj(j = 1, 2, 3, · · ·), �Cç
f(x) = lim

N→+∞

N
∑

j=1

λjaj(x) + lim
N→+∞

N
∑

j=1

µjbj(x) =

+∞
∑

j=1

λjaj(x) +

+∞
∑

j=1

µjbj(x),� �
‖f‖

p
hp ∼ inf

(

∑

|λj |
p

+
∑

|µj |
p
)

,t;u
inf ��� � �C�CÒC�Cp��CW� >�* kCá�� � � Lipschitz ÚCwCxC¤C¥C�C�C��?CÛCëCWkClC~C�C�CoCwCx f �C� α(0 < α < 1) £ (��� )Lipschitz wCx I íCà ¸C�C}x C, �Cç

|f(x) − f(y)| 6 C |x− y|
α

öC÷CøC� x, y
�C�

R
n ���CW yCz �Cÿ����C�Cå � }Cx��C� f � Lipschitz XCx I

E�� [f ]α.
þCïC±

Lipα õ Λ̇α ¶�E���� Lipschitz wCx U �C�C¤C¥CW � E
Λ

p
α = Λ̇α ∩ Lp, 1 6 p 6 ∞.V 1�X x ‖·‖αp = [·]α +‖·‖Lp . ¢ }�� Λ

∞
α ����  E � Λα , �� ��X x�E � ‖ ·‖Λα

.
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Hardy Ú ¤ ¥ � Lipschitz Ú w x ¤ ¥�¡ ¥ � ö�L Ø�% j�� ����� � I ð � �� [10, 6].ñ&ò
1.3

i
n

n+1 < p < 1, ô Hp �&ö�L&j Λ̇α, hp �&ö�L&j Λα,
t)u

α =

n( 1
p
− 1).þ ï � Y�Z k ê ¤ ¥ W i 0 < p 6 1 6 q 6 +∞, � ��¢�? ¤ ¥ Hp

q = Hp +LqíC¦�£ ñ�Q
1.3 �C�

Hp
q = Hp + Lq = {f |f = h+ g, h ∈ Hp, g ∈ Lq} ,V 1�XCx ‖f‖H

p
q

= inf (‖h‖Hp + ‖g‖Lq),
t;u

inf ��� f � � �C�CÒCp��CW
��¤ �C�C� hp

q = hp + Lq. ¥CøC¡ hp �CÙCrCp�� IK�C�¦Cò
1.1 öC÷CøC� q ∈ [1,+∞], hp ⊂ Hp + Lq, §CÜ Hp

q = hp
q .þCï�¨ w ± ¡CkClCØ � hp ��@�A�BCr (pointwise multiplier) � ßCà W�=�

hp
u �CkCl�©�ª h kCµC¶C·CjClCp�� Io«�¬ � ± S

u �CwCx�P�B h ­�CøC�CW ¦ ��� �;�=I öCkCl Λα(α = n( 1
p
− 1))

u �CwCx ψ, ��1C�C� ( @�A ) B®
ψh. öCkCl�¯=�C� p ∈ ( n

n+1 , 1), 1 ¦ G E α = n( 1
p
− 1) ∈ (0, 1).¦Cò

1.2
i
ψ ∈ Λα, ó a jCkClC~C� p- ÙCr I ô ψa ∈ hp

�
‖ψa‖hp 6 C‖ψ‖Λα

,t;u }Cx C � ψ, a °CØCÜ � � n, p �CØCW± ó a jCkCl (b)- ÚCÙCr I ô �C� b = ‖ψ‖−1
L∞ψa � jCkCl (b)- ÚCÙCr �

‖b‖hp 6 1.
¦ i

a jCkCl (a)- ÚCÙCrCW � �C� ID¬�² � �
‖mϕ(ψa)‖

p

Lp 6 C ‖ψ‖
p
Λα
,t;u

ϕ ∈ S ¯=�CW
∫

2B

(mϕ(ψa)(x))pdx 6 C|B|
2−p

2 ‖mϕ(ψa)‖p

L2 6 C|B|
2−p

2 ‖M(ψa)‖p

L2

6 C|B|
2−p

2 ‖ψa‖p

L2 6 C|B|
2−p

2 ‖a‖p

L2‖ψ‖
p
L∞

6 C|B|
2−p
2 |B|−

2−p
2 ‖ψ‖p

L∞ 6 C‖ψ‖p
L∞ 6 C‖ψ‖p

Λα
,ó x ∈ R

n\2B,
�
a �CoCp�³�´CÛ���� (iii), è�µC� » �Cü (a+ b)p 6 ap + bp,

∫

Rn\2B

(mϕ(ψa)(x))
p
dx

=

∫

Rn\2B

(

sup
t<1

∣

∣

∣

∣

∣

∫

B

ϕt(x− y)ψ(y)a(y)dy

∣

∣

∣

∣

∣

)p

dx

6

∫

Rn\2B

(

sup
t<1

∫

B

|ϕt(x− y) − ϕt(x− x0)| |ψ(y)| |a(y)| dy

)p

dx

+

∫

Rn\2B

(

sup
t<1

∫

B

|ϕt(x − x0)(ψ(y) − ψ(x0))a(y)| dy

)p

dx
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6 C

∫

Rn\2B

(

∫

B

|y − x0| |x− x0|
−n−1

|ψ(y)| |a(y)| dy

)p

dx

+ C

∫

Bx0
(1)∩Rn\2B

(

∫

B

|x− x0|
−n

|ψ(y) − ψ(x0)| |a(y)| dy

)p

dx

+ C

∫

BC
x0

(1)∩Rn\2B

(

∫

B

|x− x0|
−n−1 |ψ(y) − ψ(x0)| |a(y)| dy

)p

dx

6 Crp

∫

Rn\2B

|x− x0|
−(n+1)p

dx

(

∫

B

|ψ(y)| |a(y)| dy

)p

+ C

∫

Bx0
(1)

|x− x0|
−np

dx

(

∫

B

|ψ(y) − ψ(x0)| |a(y)| dy

)p

+ C

∫

BC
x0

(1)

|x− x0|
−(n+1)p

dx

(

∫

B

|ψ(y) − ψ(x0)| |a(y)| dy

)p

6 C ‖ψ‖
p
L∞ + Crαp |B|

p−1
[ψ]

p
α + Crαp |B|

p−1
[ψ]

p
α 6 C ‖ψ‖

p
Λα
.�CÿC� �;��¶ � u�·C±C� ~C� p- ÙCrC��¸ $ ��� (ii).

Y Ö ��¹ W� � �Cÿ Y Ö ID·C±�º�» Û Þ � è ‖ · ‖p
hp ��`�aCÛ IK�C�¼�½

1.1 öC÷Ck ψ ∈ Λα è h ∈ hp, ��1C�C��@�A�BCo ψh,
�
ψh ∈ hp.

Z
k��C�

‖ψh‖hp 6 C ‖ψ‖
Λα

‖h‖hp ,t;u }Cx C
� � n, p �CØCW[�\

1.2
�&¯&IKþ&ï ��1�¾ í&¦ �&ü&�&�&k&l Λα w&x ψ ? hp p�� h �

B ® £ � h
Ö �C� hp ��vCö�LC¤C¥ (hp)′′ = (Λα)′

u ��©�ª I �C� ψh �
〈ψh, ϕ〉 = 〈h, ψϕ〉, ∀ϕ ∈ Λα,t;u

〈·, ·〉 '�¿ (Λα)′
u ©�ªCö Λα wCxC� û ± WK´ { ¤ �C�C� ψh ] »�À ¯ j hpp��CW û �Cã Þ �¦&ò

1.3
i
f ∈ Hp

q , n
n+1 < p < 1 6 q < ∞, ψ ∈ Λα, α = n( 1

p
− 1), ô

ψf ∈ Hp
q

�
‖ψf‖H

p
q

6 C ‖ψ‖
Λα

‖f‖H
p
q
.

2 Á6Â6Ã6Ä6Å6Æ6=6Ç Hardy 46È6ÉúC§ ÝCÞ � n
n+1 < p < 1 < q < ∞ �CmCnCoCpC�&�&r Tb � Hp

q Ú����CW þï � �;��£ñCò
2.1

i
n

n+1 < p < 1 < q < ∞, α = n( 1
p
− 1). ó b ∈ BMO ∩ Λ̇α, ô Tb

www.scichina.com
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j Hp
q ¡ Hp

q �C�C�CqCr IK� ¸C�CkCl � � n, p, q,K �CØC�C}Cx C, �Cç
‖Tbf‖H

p
q

6 C[b]α∗ ‖f‖H
p
q
,{C|

[b]α∗ = [b]∗ + [b]α ∼ sup
r<1

1

rn+α

∫

Br

|f(y) − fBr
| dy + sup

r>1

1

rn

∫

Br

|f(y) − fBr
| dy.

[�\
2.1

� � § � Y Ö 1.3 è T � Hp
q �C�CÛ �

‖Tbf‖H
p
q

6 C‖b‖Λα
‖f‖H

p
q
,

À ¯ Λα = L∞ ∩ Λ̇α ⊂ BMO ∩ Λ̇α.[�\
2.2 ���C� IKú �C� ßCà � IK� b ∈ BMO ∩ Λ̇α � I �C�Cr Tb � HpÊ | ¡ hp

q ¤C¥ IK{C| q ∈ (1,∞) jC÷CøC�CWDËC�C� Ö �C«Cü ¬ jC� � À ç�Ì&ö
�CWKÒ�Í�P�Î b ∈ BMO

{ k���� I jCkClC�CâC��Ï�ÐCWñCò
2.1 Ñ ± i

n
n+1 < p < 1, E α = n( 1

p
− 1), Ò s p = n

n+α
.
i
a jCkCl

p- Ù&r I �����&� B = Br(x0), E B0 = B1(x0).
·&± Ù&r&��³�´&Û�?�¸ $ ���è K ����� (c), Ó �C�;� ó y /∈ 2B, ô

|Ta(y)| 6 Cr1−α |y − x0|
−n−1 , (2.1){C|

C j � � n,K �CØC�C}CxCW¦C�
‖Tba‖H

p
q

6 C [b]α∗ . (2.2)

ó r >
1
8 , ô � Tb � Lq �C�CÛ I

‖Tba‖Lq 6 C [b]∗ ‖a‖Lq 6 C [b]∗ |B|
1
q
− 1

p 6 C[b]∗. (2.3)

���C� I b � BMO XCx ¬�*�+ �C���C�CüCr u W¦ i
r < 1

8 , p�� Tba
íC¦�£

Tba(y) = b(y)Ta(y) − T (ba)(y)

= (b(y) − b(x0))Ta(y) − T ((b− b(x0))a)(y)

= I(y) + II(y).ö I(y) û íC¦ p�� £
I(y) = (b(y) − b(x0))Ta(y)χ4B(y) + (b(y) − b(x0))Ta(y)χ4B∩B0

(y)

+ (b(y) − b(x0))Ta(y)χBC
0
(y)

= I1(y) + I2(y) + I3(y).

� � I1 ∈ hp.
∫

8B

|mϕI1(x)|
p
dx 6 |8B|

2−p
2 ‖mϕI1‖

p

L2 6 C |B|
2−p
2 ‖I1‖

p

L2
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6 C |B|
2−p
2

(

∫

4B

|b(y) − b(x0)|
2
|Ta(y)|

2
dy

)

p
2

6 C |B|
2−p
2 rαp[b]pα ‖Ta‖

p

L2

6 C |B|
2−p

2 rαp[b]pα ‖a‖
p

L2 6 Crαp[b]pα 6 C[b]pα. (2.4)� 8B ÔC����� íC¦�£
|ϕt ∗ I1(x)|

=

∣

∣

∣

∣

∫

4B

ϕt(x− y)(b(y) − b(x0))Ta(y)dy

∣

∣

∣

∣

6

∫

4B

|ϕt(x− y)(b(y) − b(x0))Ta(y)| dy

6 Cmin
{

|x− x0|
−n , |x− x0|

−n−1
}

∫

4B

|(b(y) − b(x0))Ta(y)| dy;

∫

Rn\8B

|ϕt ∗ I1(x)|
p dx

6

∫

B0∩8B

|ϕt ∗ I1(x)|
p
dx+

∫

BC
0

|ϕt ∗ I1(x)|
p
dx

6 C

[
∫

B0∩8B

|x− x0|
−np

dx+

∫

BC
0

|x− x0|
−(n+1)p

dx

]

×

[
∫

4B

|(b(y) − b(x0))Ta(y)| dy

]p

6 C

[
∫

4B

|(b(y) − b(x0))Ta(y)| dy

]p

6 Crαp[b]pα

[
∫

4B

|Ta(y)| dy

]p

6 C |B|
1−p

[b]pα |B|
p
2

[
∫

4B

|Ta(y)|
2
dy

]

p
2

6 C |B|1−p [b]pα |B|
p

2 |B|
p

2
−1

6 C[b]pα. (2.5)« �
‖I1‖hp = ‖mϕI1‖Lp 6 C[b]α. (2.6)� �

I2 ∈ hp,

|ϕt ∗ I2(x)| 6

∫

1>|y|>4r

|x− y|
−n

|b(y) − b(x0)| |Ta(y)| dy

6 Cr−nr1−α

∫

|y−x0|>4r

|b(y) − b(x0)| |y − x0|
−n−1

dy

6 Cr−n+1−α[b]α

∫

|y−x0|>4r

|y − x0|
α
|y − x0|

−n−1
dy

6 Cr−n[b]α,
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« �
∫

2B

|ϕt ∗ I2(x)|
p dx 6 C[b]pα. (2.7)

ó x ∈ 2B0\2B, ô
|ϕt ∗ I2(x)| =

∣

∣

∣

∣

∫

B0\4B

ϕt(x− y)(b(y) − b(x0))Ta(y)dy

∣

∣

∣

∣

6

∣

∣

∣

∣

∫

(B0\4B)∩Br(x)

ϕt(x− y)(b(y) − b(x0))Ta(y)dy

∣

∣

∣

∣

+

∣

∣

∣

∣

∫

(B0\4B)∩BC
r (x)

ϕt(x− y)(b(y) − b(x0))Ta(y)dy

∣

∣

∣

∣

= L1t(x) + L2t(x).

����� L1t. E Bj(x) = B2jr(x), ¥CøC¡Có x ∈ Bj+1, y ∈ Bj(x), ô y ∈ Bj+2,« ö x ∈ Bj+1 �
L1t(x) 6

∫

(B0\4B)∩Bj(x)

ϕt(x− y) |b(y) − b(x0)| |Ta(y)| dy

6 Cr1−α

∫

Bj(x)

ϕt(x− y) |b(y) − b(x0)| |x0 − y|
−n−1

dy

6 Cr1−α |x− x0|
−n−1

∫

Bj (x)

ϕt(x− y) |b(y) − b(x0)|χBj+2
(y)dy

6 Cr1−α |x− x0|
−n−1

mϕ

(

|b− b(x0)|χBj+2

)

(x) ,

§CÜ
∫

2B0\2B

|L1t(x)|
p
dx

6 Cr(1−α)p

[log2
2
r ]+1

∑

j=1

∫

Bj+1\Bj

[

|x− x0|
−n−1

mϕ

(

|b− b (x0)|χBj+2

)

(x)
]p

dx

6 Cr(1−α)p

[log2
2
r ]+1

∑

j=1

1

(2jr)
(n+1)p

∫

Bj+1

[

mϕ

(

|b− b (x0)|χBj+2

)

(x)
]p
dx

6 C

[log2
2
r ]+1

∑

j=1

1

2j(1−α)p

1

|Bj+1|

[
∫

Bj+1

[

mϕ

(

|b− b (x0)|χBj+2

)

(x)
]2
dx

]

p
2

|Bj+1|
2−p
2

6 C

[log2
2
r ]+1

∑

j=1

1

2j(1−α)p

[

1

|Bj+1|

∫

Rn

[

|b(y) − b (x0)|χBj+2
(y)

]2

dy

]

p

2

6 C

[log2
2
r ]+1

∑

j=1

1

2j(1−α)p

[

1

|Bj+2|

∫

Bj+2

|b(y) − b (x0)|
2
dy

]

p
2
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6 C

[log2
2
r ]+1

∑

j=1

(

2jr
)αp

2j(1−α)p
[b]pα 6 C

+∞
∑

j=1

1

2j(1−α)p
[b]pα 6 C[b]pα, (2.8)

Õ x�Ö 2 l » �Cü � 2jr 6 4(j = 1, 2, · · ·), [log2
2
r
] + 1 ÜC¶CWö L2t � íC¦ ��� £

L2t(x) =

∣

∣

∣

∣

∫

(B0\4B)∩BC
j

(x)

ϕt(x− y)(b(y) − b(x0))Ta(y)dy

∣

∣

∣

∣

6 C

∫

(B0\4B)∩{|y−x|>2jr}

|x− y|
−n

|b(y) − b(x0)| |Ta(y)| dy

6 C
(

2jr
)−n

∫

B0\4B

|b(y) − b(x0)| |Ta(y)| dy

6 C |Bj |
−1
r[b]α

∫

|y−x0|>4r

|x0 − y|
−n−1

dy 6 C |Bj |
−1

[b]α,

§CÜ
∫

2B0\2B

|L2t(x)|
p
dx

6

[log2
2
r
]+1

∑

j=1

∫

Bj+1\Bj

|L2t(x)|
p
dx 6 C

[log2
2
r
]+1

∑

j=1

|Bj |
1−p

[b]pα

= Crn(1−p)

[log2
2
r
]+1

∑

j=1

(

2n−np
)j

[b]pα 6 C[b]pα. (2.9)

�
(2.8) ? (2.9) üC�Cç

∫

2B0\2B

|mϕI2(x)|
p
dx 6 C[b]pα. (2.10)

ó x /∈ 2B0, ô
∫

Rn\2B0

∣

∣

∣

∣

mϕI2 (x)

∣

∣

∣

∣

p

dx

=

∫

Rn\2B0

∣

∣

∣

∣

sup
t<1

∫

B0\4B

ϕt(x− y)(b(y) − b(x0))Ta(y)dy

∣

∣

∣

∣

p

dx

6 C

∫

Rn\2B0

|x− x0|
−(n+1)p

dx

[
∫

B0\4B

|b(y) − b(x0)| |Ta(y)| dy

]p

6 C[b]pα. (2.11)
×�Ø

(2.7) Ù (2.10) ? (2.11) ü s ç I2 ����� £
‖I2‖hp = ‖mϕI2‖Lp 6 C[b]α. (2.12)

I3 ������Ú ��� WD���C� I öC÷CøC� q ∈ [1,+∞], I3 ∈ Lq ,
�

‖I3‖Lq 6 C[b]α,
{
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j�ÛC�
‖I3‖L1 =

∫

Rn\B0

|(b(y) − b(x0))Ta(y)| dy

6 Cr1−α

∫

|y−x0|>1

|x0 − y|
−n−1

|y − x0|
α
dy[b]α

6 Cr1−α

∫

|y−x0|>r

|x0 − y|
−n−1+α

dy[b]α

6 C[b]α;Ü�ÛC� r < 1 Ü |y − x0| > 1,

‖I3‖L∞ 6 C[b]αr
1−α|y − x0|

−n−1+α
6 C[b]α,«

I3 ∈ Lq,
�

‖I3‖Lq 6 C[b]α. (2.13)� �;� II ∈ Hp
q ,
¬�²C�;�=¦ ÿ Y Ö £¦Cò

2.1 (b− b(x0))a ∈ Hp
q

�
‖(b− b(x0))a‖H

p
q

6 C[b]α,t;u }Cx C
¬ � n, p, q �CØCW{ l Y Ö ú ë � ) j�Ü�Ð 1.1,

� � §�O W � � � ÿ Y Ö I � � T � Hp
q � �Û IKs �Cç

‖T ((b− b(x0))a)‖h
p
q

6 C[b]α. (2.14)å�2 I � (2.6) Ù (2.12) Ù (2.13) üCèC�Cü I ß Ø Y Ö 1.1 Ý � (2.2) üC���CW� Ö �D¹ W
3 Þ6ß6à6Á6Â6Ã6Ä68696ÅáÆ6=áÇ Hardy 46È6ÉúC§ �C� §�â �C�����CãCäC¡�ã�"CvC�CmCnCoCpCè t �C�CrC�CWi

K ∈ C∞(Rn\{0})
yCz

(i) K(x) jCk n �����CwCx I
(ii)
∫

Σ
K(x)dσ(x) = 0,

{C|
Σ = {x ∈ R

n : |x| = 1} j R
n
u � ��ä ��� Iô�� K jCkCl Calderón-Zygmund v (C-Z v ). À ¯ C-Z vCjCk�å�æ Y�Z �CmCnCopCvC��/�çCW i k : R

n × R
n\{0} → R, �CçCö���� � �C� x ∈ R

n, k(x, y) Ø � yjCkCl C-Z vCWKö f ∈ C∞
0 (Rn), �C�

Sf(x) = lim
ε→0

∫

|x−y|>ε

k(x, x− y)f(y)dy,

Sbf(x) = b(x)Sf(x) − S(bf)(x) = lim
ε→0

∫

|x−y|>ε

k(x, x − y)(b(x) − b(y))f(y)dy,{C|
b jC~C�C�CoCwCx I ô�� S j�ã�"CvC�CmCnCoCp ( qCr ), Sb j S � b �C�C��C�CrCW ¦ �CØ � S è Sb � Lq(1 < q <∞) �C�CÛC� ßCà j�� � � I�� �C� [7,

8] �CW
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ñCò
3.1

i
k
yCz

max
|β|62n

∥

∥

∥

∥

∂β

∂yβ
k(x, y)

∥

∥

∥

∥

L∞(Rn×Σ)

6 M.

�Ci
b ∈ BMO, ô S ? Sb Ò�è�é�êC� Lq(1 < q <∞) �C�C�C�CqCr �

‖Sf‖Lq 6 c(n, q,M) ‖f‖Lq ; ‖Sbf‖Lq 6 c(n, q,M) [b]∗ ‖f‖Lq .ë�ì ã�"CvCmCnCoCpC��í�î�� ® j ·&± ����ï�?�ð�å I �C¬ ² w�����ï�?wCxC��}�~�?CÛCë ( ð � �C� [7, 13] � ).
m £�����ï�?�ñ�ò ü � ��ä ��� Σ � ��ó�ô�� � m £�����ï�? w x W � �

m £�����ï�? w x�õ � � ¤ ¥�E�� Hm . ö l Hm j ��ó�÷ � I t ÷ x dimHm E
� gm.

i
{Ykm}(k = 1, 2, · · · , gm,m = 1, 2, 3, · · ·) j k�ø�����ï�? w x��C��% I s

{Ykm} � L2(Σ )
u�º�»CI ∫

Σ
Y 2

kmdσ = 1,
� ö (k,m) 6= (k

′

,m
′

),
∫

Σ
YkmYk

′
m

′ dσ =

0.
¦ � G j�� k l�����ï�?Cw x p(x) ?�y � R

n\{0} � ��ù�������ú�û p(x/ |x|)� � � ¶CW�å�2 Y�Z qCr Λu = |x|2 ∆u, ] � E Λ
l j Λ � l vCqCrCW ¦ �CØ � �

��ï�?CwCxC�CÛCëCj�� � � [7,13]:¦Cò
3.1 (i) gm = Cn+m−1

m − Cn+m−3
m−2 6 c(n)mn−2;

(ii) |Ykm(x)| 6 c(n)m
n−2

2 , öC÷CøC� x ∈ R
n\{0}, k = 1, 2, · · · , gm;

(iii) Ykm = 1
(−m)l(m+n−2)l Λ

lYkm, ö k = 1, 2, · · · , gm, ÷&ø&� l ∈ N è m =

1, 2, 3, · · ·.¦Cò
3.2

i
f, g ∈ C∞(Rn\{0}) ù������CwCx I ô

∫

Σ

fΛlgdσ =

∫

Σ

gΛlfdσ,

öC÷CøC� l = 0, 1, 2, · · · ���CWúC§ ��ü�w ßCà j�ã�"CvCmCnCoCpC� Hp
q ���CWñCò

3.2
i ö |β| = 0, 1, · · · , 2n èC÷CøC� y ∈ Σ , � ∂βk(·,y)

∂yβ ∈ Λα,
�

max
|β|62n

∥

∥

∥

∥

∂β

∂yβ
k(x, y)

∥

∥

∥

∥

L∞(Λα,Σ)

6 M. (3.1)i
b ∈ BMO∩ Λ̇α, α = n( 1

p
− 1), n

n+1 < p < 1, ô S, Sb Ò�è�é�êC� Hp
q (1 < q <∞)�C�C�C�CqCr IK� öC÷CøC� f ∈ Hp

q �
‖Sf‖H

p
q

6 C ‖f‖H
p
q
, (3.2)

‖Sbf‖H
p
q

6 C [b]α∗ ‖f‖H
p
q
, (3.3){C|

C jCkCl � � n, p, q ? M �CØC�C}CxCW± � Ö � �;��ýC� öCv k(x, y) ��Ö 2 l�"�þ û ����ï�?�ð�åCWDC���¥Cø¡CöC÷Ck x ∈ R
n, y 7→ |y|

n
k (x, y)

�C�
C∞ (Rn\{0})

� ∫
Σ
k(x, y)dσ(y) = 0, ÛC¬

|y|
n
k (x, y) =

∞
∑

m=1

gm
∑

k=1

akm(x)Ykm (y) ,
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t;u
akm(x) =

∫

Σ
k (x, y) Ykm(y)dσ(y) (m = 1, 2, 3, · · ·, k = 1, 2, · · · , gm),

« �
Sf (x) =

∞
∑

m=1

gm
∑

k=1

akm(x)Rkmf (x) , (3.4)

Sbf (x) =

∞
∑

m=1

gm
∑

k=1

akm(x)Rkm,bf (x) , (3.5){ |
Rkmf (x) = limε→0

∫

|x−y|>ε

Ykm(x−y)
|x−y|n f(y)dy j C-Z m n o p q r I Rkm,b j

Rkm � b õC�C�C�C�CrCW��Y Ö
3.1 è 3.2

�
akm(x) =

1

(−m)n(m+ n− 2)n

∫

Σ

k (x, y)Λ
nYkm(y)dσ(y)

=
1

(−m)n(m+ n− 2)n

∫

Σ

Λ
n(|y|nk (x, y))Ykm(y)dσ(y).

� ¥CøC¡CqCr Λ �C�C�C�C� Ö 3.2
u
k ����� (3.1),

�C�
‖akm‖

Λα
6 c(n)Mm−2n. (3.6)� mCnCoCpC� Hp

q �C�CÛ�Ù Y Ö 1.3 � 3.1 èC�Cü I �
‖Sf‖H

p
q

6

∞
∑

m=1

gm
∑

k=1

‖akmRkmf‖H
p
q

6 C(n, p, q)

∞
∑

m=1

gm
∑

k=1

‖akm‖
Λα

‖Rkmf‖H
p
q

6 C(n, p, q,M)

∞
∑

m=1

gm
∑

k=1

m−2n ‖Rkmf‖H
p
q

6 C(n, p, q,M)

∞
∑

m=1

mn−2m−2n ‖f‖H
p
q

6 C(n, p, q,M) ‖f‖H
p
q
.ö Sb,  ± � Ö 2.1,

Y Ö
1.3 � 3.1, ×��C���C� ÝCÞ I �

‖Sbf‖H
p
q

6

∞
∑

m=1

gm
∑

k=1

‖akmRkm,bf‖H
p
q

6 C(n, p, q)

∞
∑

m=1

gm
∑

k=1

‖akm‖
Λα

‖Rkm,bf‖H
p
q

6 C(n, p, q)

∞
∑

m=1

gm
∑

k=1

‖akm‖
Λα

[b]α∗ ‖f‖H
p
q

6 C(n, p, q,M)[b]α∗

∞
∑

m=1

mn−2m−2n ‖f‖H
p
q

6 C(n, p, q,M)[b]α∗ ‖f‖H
p
q
.� Ö ��¹ W
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