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Abstract This paper proves three conjectures on congruences involving central binomial coefficients or Lucas
sequences. Let p be an odd prime and let a be a positive integer. It is shown that if p = 1 (mod 4) or a > 1

then
(1) (2) st

where (—) denotes the Jacobi symbol. This confirms a conjecture of the second author. A conjecture of Tauraso

[2p°]
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is also confirmed by showing that
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where the Lucas numbers Lo, L1, Lo, . .. are defined by Lo =2, L1 =1 and Lp41 = Lpn+Lp—1 (n =1,2,3,...).
The third theorem states that if p # 5 then Fpai(ﬁ) mod p3 can be determined in the following way:
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which appeared as a conjecture in a paper of Sun and Tauraso in 2010.
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1 Introduction

In this paper we aim to prove three conjectures on congruences.
Our first theorem confirms a conjecture raised by the second author [8, Conjecture 1.2].

Theorem 1.1.  Let p be an odd prime and let a be a positive integer. If p =1 (mod 4) or a > 1, then

we have
[3p°)

> (77)=(5) moas, (1)

k=0

where (=) denotes the Jacobi symbol.
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Our second theorem confirms a nice conjecture of Tauraso [10], and it presents a congruence involving
Lucas numbers which is similar to the well-known Wolstenholme congruence Zi;} 1/k? = 0 (mod p)
with p > 3 prime (see [12]).

Theorem 1.2.  Let p > 5 be a prime. Then

p—1 I

k
E 5 =0 (mod p), (1.2)
k=1

where the Lucas numbers Lo, L1, Lo, ... are defined by Lo = 2, L1 = 1 and Lpy1 = Ly + Lyp—1 (n =
1,2,3,...).

The Fibonacci sequence {Fy, }n>0 is given by Fy =0, Fy =land Fy1 = F,+F,_1 (n=1,2,3,...). It
is well known that p | Fp_(%) for any odd prime p, and the Fibonacci quotient Fp_(%) /p modulo p is closely
related to fundamental units of real quadratic fields (see Williams [11]) and Vandiver’s conjecture about
class numbers of real cyclotomic fields (see Jakubec [4]). Our following theorem determines F. By

mod p? for any a = 1,2,3,..., and the result appeared as Conjecture 1.1 of Sun and Tauraso [9].

Theorem 1.3.  Let p # 2,5 be a prime and let a be a positive integer. Then we have

p;:(l)k<2:) = <%> (1=2F,._(s)) (mod p?). (1.3)

Note that (1.3) modulo p is [9, (1.7)] with d = 0, and (1.3) modulo p? was given in [7, Corollary 1.1].

Those primes p > 5 satisfying the congruence Fpozy=0 (mod p?) are called Wall-Sun-Sun primes
(see [1, p.32] and [6]). It is known that there are no Wall-Sun-Sun primes below 4.5 x 106 (see [5]).

To understand our proofs of Theorems 1.1-1.3 one needs some basic knowledge of Lucas sequences.

Let A and B be two integers. The Lucas sequence u, = u,(A,B) (n € N = {0,1,2,...}) and its
companion v, = v, (A, B) (n € N) are defined by

up =0, w3 =1, upy1 = Au, — Buy—1 forn=1,2,3,...,
and

vp=2, v=A4, vpy1=Av, —Bv,—1 forn=1,23,...
Let A = A% — 4B. The characteristic equation 22 — Az + B = 0 has two roots

A-VA

A+VA
o0=——
2

5 and f

which are both algebraic integers. It is well known that
(= Plup, =a" =" and v, =a"+p" foralln=0,1,2,...
For an odd prime p and a positive integer a, clearly
vpa = (a+ B)P" = AP = A (mod p)

and
Atpe = (a — B)(?” — BP") = (a = B)P" T = AP FD/2 = A (%) (mod p).

It is also known that p? | Upe(A) provided that p{ B (see, e.g., [7, Lemma 2.3]).

Note that F,, = u,(1,—1) (n € N) and L,, = v,(1,—1) (n € N) are familiar Fibonacci numbers and
Lucas numbers respectively. The Pell sequence and its companion are given by P, = u,(2,—1) (n € N)
and @, = v,(2,—1) (n € N) respectively.

We will show Theorems 1.1-1.3 in Sections 2—4 respectively. In the proofs of Theorems 1.2 and 1.3, we
employ the useful technique of Granville [3] and deal with congruences in the ring of algebraic integers.



Pan H et al. Sci China Math October 2014 Vol. 57 No. 10 2093

2 Proof of Theorem 1.1

Lemma 2.1.  Let p be an odd prime and let a be a positive integer. Then

P (@) () = () L tmod ) (2.1)

Proof.  Recall that P, = u,(2,—1) and Q,, = v,(2,—1) for all n € N. So

Py = (Z%) (mod p) and Qp« =2 (mod p).

Since Q-1 = 4P, — Q, and Qn4+1 = 4P, + Q, forn =1,2,3,..., we have

2 2
(E) Qpa—(p%) =4 (E) Ppe — Qpe =2 (mod p).
Similarly,
Qp“ 2 _
Ppai(p%) = T — E Ppa =0 (mod p)

Clearly a =1+ V2 and f=1-— V/2 are the two roots of the equation 22 — 22 — 1 = 0. Thus
Q7 —8P2 = (a" + ") — (" = B")* = 4(af)" = 4(-1)"

for all n € N. Therefore
Q2

2 2
p 7(1)7& Pa

) —4= SP;L_( )= 0 (mod p?)

and hence ) )
4 <E> Ppo — Qpe = <E> Qpa,(p%) =2 (mod p?).

It follows that

2 . 2  Qpe 9
<E> Ppa_(pla)@pa_(p%) :2Ppa_(p%) :Qpa -2 (E) Ppa = T —1 (modp )
This proves (2.1). O
Lemma 2.2.  Let p be an odd prime and let a be a positive integer. Suppose that p = 1 (mod 4) or
a>1. Then 0
1 2 o —2
0<k< [pa /4] ( k ) p
Proof.  If p* =1 (mod 4), then (p® — 3)/2 is odd and hence
(p“—iﬂ—l 1 1 (p“—Z?))/2 1
“3)/2y 9 T(p*=3)/2\ "
—~ ((p . )/ ) 2 & ((p . )/ )
If p* = 3 (mod 4), then a € {3,5,...} and
(p"—3)/4-1 1 1 (p"—3)/2 1 1 1
> (®?-372) 2 > (73172 2 (re=372y
k=0 k k=0 k (p=—3) /4

In the case p® = 3 (mod 4), as the fractional parts of (p® — 3)/(2p) and (p® — 3)/(4p) are (p — 3)/(2p)
and (p — 3)/(4p) respectively, we have

CERI I LT
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A7) -8 (15252 e

where v, (2) denotes the p-adic valuation of an integer z. (It is well known that v,(n!) = Zj’;l |n/p’| for

and hence

any n € N.) Therefore,

) - (p®—3)/2
a e S 2
p Z ((pa73)/2 =7 i 3/2) (mod p7).
0<k< p* /4] k k=0
Applying the known identity
n Ik x n+1 n+1 1+$k 142 k
Yoy =0+ (1 Yot
k=0 (k) + € k=1 ( + I) x

(see [2, (2.4)]) with x =1 and n = (p® — 3)/2, we get

e (p"=3)/2 1 1) (" =1)/2 o B 2\ pa o P -1)/2 ) L
T L mon mr 4w )T 2 T el
k=0 k k=1 k=1
Since '
(p‘) =5 [I == =50 (mod p?)
J J 0<i<y ¢ J
forall j=1,...,p* — 1, we have
(" =1)/2 (p"=1)/2 p*
2 p* p? k
a —=-2 ok = — 2+ (—V2)F
oy 2 (o) )2 (Ve
k=1 k=1 k=1
(14V2) (1-V2)P" +2=—-Qpe +2 (mod p?)
Combining the above we immediately get (2.2). O

Proof of Theorem 1.1. Clearly,

—1/2
< I )(_4)k forall k=0,1,2,...

Choose § € {1,3} such that p* = ¢ (mod 4). Then

L§J<1/2> p -1 p*—1 ((_2%

k=0 =0 k=(3pa+6)/4

M S

By Sun [7, Theorem 1.1 and Lemma 2.3],

p*—1 2k

]

Hence we only need to prove the following congruence:

p’—1 (Qk) B

y(=6,1) (mod %) (2.3)

—
W~
SN~—
=

\

k=(3pa18)/4 *

provided that p =1 (mod 4) or a > 1.
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Let k and [ be positive integers with k +1 = p® and 0 < I < p*/2. Then

Y (@pr -2 ((pa — 1)!)2  ocic (0 —i)?

Gy @t =2\ =0t Tlhicjen(20" =)
and hence o
(i) @r=n ocics(t —p°/i)? =1 (mod p).
(2]5;:12) (l - e 1_[1<j<2l(1 - 2pa/j)
Note that
a1
20 -2\ Jrr wt-i ., a1
() r T i
Jj=2
and

()= (07 = (127) o

by Lucas’ theorem. So we have

5(7) = S 20 moa s

2 (1—1)2
and )
2k (-1 2p® 9
= —p? =— d p7).
In view of the above,
p—1 2k o (P*—0)/4 1 o (P*—0)/4 A
-2 —4 —4
> ((_ng = (_4Z)jpa (l 21) = % 3 213 (mod p?)
k=(3pe+6)/4 1=1 ( 1 ) k=1 ( k
Fork=1,...,(p* —1)/2, clearly
a_ a_ k—1 .
(0 (A II ("~ 1)/2—j
2k = C = — —
G0 ) s T2
k-1 o
= — =1 d
j=0( 2j+1) (mod p)
and hence
((p“kf 31)/ 2) 9
— = = -2 (mod p).
Ry o1 2 medr)
Therefore
o (p*=0)/4 k (p*—0)/4-1
p Z (74) — a 1 2
v S =-p Z NPTy (mod p*).
2 k=1 k(k) k=0 ((p k g )
So far we have reduced (2.3) to the following congruence:
(p*—d)/4-1
p* Z o = —upa,(pla)(—& 1) (mod p?).
k=0 ( k )

In view of (2.4) and Lemma 2.2, it suffices to show that

_ (2 @2 >
up“—(p%)(_67 1) = — (E) 1 (mod P )

2095
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As —3 +2v/2 and —3 — 2v/2 are the two roots of the equation 2> + 6z + 1 = 0, for any n € N we have

(=3+2V2)" — (=3 —-2V2)"
V2
D N ) el V) S Gl O

_ . - PO,

Therefore, with the help of Lemma 2.1 we finally obtain

Up(—6,1) =

P

1 2\ Qpe — 2
Upe—(2)(=6,1) = =5 Ppe(2)Qpa—(2) =~ <—> — (modp?)

as desired.
The proof of Theorem 1.1 is now complete. |

3 Proof of Theorem 1.2

Lemma 3.1.  Let p > 3 be a prime. Then we have the following congruence:
—1 p—1 _
@+ (1—z)P—1\> & 17:5 5 (1 -2~ 1)k
< 5 > = 22 — 2z pz 2 (mod p). (3.1)
k=1 k=1
Proof.  (3.1) follows immediately if we combine (4) and (5) of Granville [3]. O
Proposition 3.2. Let A and B be nonzero integers, and let o and 5 be the two roots of the equation
22 — Az + B =0. Let p be an odd prime not dividing AB. Then
vp(A, B) — AP 2 2
<T =24 Z i~ 28 PZ ka (mod p), (3.2)
and
vp(A, B) — AP 9 L Akqk
<T = 72Aapz ya=in 28 pz SRz (mod p). (3.3)

Proof. By (3.1) and Fermat’s little theorem,

1 <xp+ (A— )P AP)2 <(x/A)p+ (1— /AP — 1)2

p p

A2

p—1 k 2p p—1 k
- (1—-xz/A) x (1—-A/z)
Note that v,(A, B) = 8P + af = P 4+ (A — B)P and af = B. So we have
2 p—1 p—1
(—””(A’ B) - Ap) =-24%)" “-p 26%) (1= Ao/B)" (mod p)

2
p k=1 k=1 k

and hence (3.2) holds since Ao — B = o?.
On the other hand,

QP(A” — 1, (4, B)) = aP(A4P — o = §7) = (B +a®)P + (—a?)’ — B
and hence

o2 (A”%(AB))Q _ (<—a2)” + (B —p(—oﬂ))p - Bl’)2
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—1 —1
eSOt K= B/t
- k=1 K k=1 K
p—1 k p—1 k
_ 2 (4a) 4 (4a)
=-2B BEL2 *QO‘pZankz
k=1 k=1
p—1 p—1 —
AOé)k . p—k
=-2 Zp ( —2Aa%P d
(@81 3 i ~240% 3. i (mod )
Therefore (3.3) follows. O

Proof of Theorem 1.2. Let o and 8 be the two roots of the equation 22 — 2 — 1 = 0. Applying
Proposition 3.2 with A =1 and B = —1, we get

(Lp ) _ 722 o 25%2 (mod p) (3.4)

and )
Ly = 720/’1)2_: @ 3P Z mod p) (3.5)
D — L2 k2
Since
p—1 20,2k 2p—1 j b1 K _\k p+k p+k
a :Z(lJr(—l)])a—: (a +(—a)f  aPTF 4 (—a) >
2 2 2
k=1 (2k) j=1 k=1 k (p + k)
p—1 k pfl
:(1+ozp)z 17041’2 k2 (mod p)
k=1 k=1
(3.4) can be rewritten as
L —1 2 pflak p—1 7Ozk
( Pp > = -2(1+2(1+a”)B%) ) A0 a?)B* N % (mod p). (3.6)
k=1 k=1

Multiplying (3.5) by 2(1 — a?) and then subtracting it from (3.6) we obtain

p—1

L,—1\? kN k
D > ;(40410(1*@?)72f4(1+ap)52p)2;‘;_2:(4Lp74L2p72)Z;’;—2 (mod p).
k=1 k=1

p

(20”7 — 1) (

Now that L, =1 (mod p) and
Loy = a* + 3% = (a® + 82)P = ((a+ B)* —2aB)? =37 =3 (mod p),

we have

L,—1\2 p_lak
(2047”—1)( L ) E(4—4X3—2)Zﬁ:—102 (mod p).
k=1

p
Similarly,

(267 — 1) (%) = —102 (mod p). (3.7)

As 2o — 1+ (267 —1) =2L, — 2 =0 (mod p), we finally obtain

Ly, L, ok + ﬂk
1z E = 0 (mod p).
k=1 k=1

So far we have completed the proof of Theorem 1.2. O
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Remark 3.3. Let p > 5 be a prime. In view of (3.7), we also have

p—1 2 2
ZF,g_ 2F, (L,—1\> _ 1(p\ [(L,—1
k210 ( p ) B 5(5)( p (mod p).

k=1

4 Proof of Theorem 1.3

We need a lemma which extends a congruence due to Granville [3, (6)].

Lemma 4.1.  Let p be an odd prime and let a be a positive integer. Then

p—1 3 a a p—1 p\ p®*t
_ 1—2a) 1—aP —(1—x)P x
S a—1 ( = _ d p?
Pop3+p 321 k 5 p(g_l kQ) (mod p?),

where the Kronecker symbol 6,3 is 1 or 0 according as p = 3 or not.

Proof.  As observed by Granville [3], for any integer n > 1 we have

k=1 k=1
n—1
—x) (n—1
=S EE (") v as2)
= j
- n—1 (,:p)j (ﬁ <n 1) B l<n>)
puci AV A n\J
B nn—l (n _ 1> (—x)J (1 _ Z)n _ (71)71 1
= - >
j=1 J 1 J n
Note that
Pl p 1 p*—1 a a—1
_ 1 B 1 1 p D
290 1 - a1 + _ p°
P L= Z<k+pa_k> T
k=1 k=1 k=1
p—1 a a—1 p—1
p p 1
= T e i = PQ_ 5 =Pp3 (mod P?).
j=1 A A =1 J

(As Zf;ll 1/42 = S°P~11/(2k)? (mod p), we have Zf;ll 1/j2 =0 (mod p) if p > 3.) Hence

Note also that

Therefore

(4.1)
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To complete the proof, it suffices to note that

, lpa71 xj ) lpfl {L‘paflk: p—1 {L‘paflk: )
P Z-—QEPQ_Z a_leZPZ k2 (mod p°)
— — (p*~'k) —
j= =1 k=1
and
A e e N2 5 AN e Gy
( ﬁ) = (ﬁ) = Z 2 (mod p).
k=1 k=1 k=1
This concludes the proof. O

Proposition 4.2.  Let p # 2,5 be a prime and let a be a positive integer. Then

p*—1

B Fotpa_ty  Fopa —Fpa  p (p*\ (L, —1\>
prot 3 Rt = Bt (B (B2 o 57, 42)
k=1

Proof. Let o and 8 be the two roots of the equation 22 — 2 — 1 =0. Clearly « + 3 =1 and a8 = —1.
Set

p*—1 p° a p—1 L
_ x a2 +(1—x)p -1 x
g(x) = p*~1 - q(z) = ” and G(x) = Z ok
k=1

By Lemma 4.1 we have

Pops+9(1 —2) = —q(x) = pG()”"  (mod p?).

In view of (3.7),

1-28° (L,—1\°
G(B) = ( P ) — 6,3 (mod p
3 =55 (P22 ) =6 (nod p)
(this can be checked directly when p = 3). Hence
Ly LRk
Gl-) =GB =D 5
k=1
2+af (L,—1\°
= —aPG(B) = §pzaf — 10 ( pp ) (mod p)
Note that . u
a(—a) = (—a)?P +(1+a)p —1 _of (aP” + P —1) _ pelpe—1
p p p

Applying Lemma 4.1 we get

g9(®) = g(1 - (—a))
= —pdp3 — pG(*Oz)pM1 —q(—a)

o far+2\P (L, -N\*T L1
= —plps— popsa” +p i
10 p p

a Oépa+2 L —1 2 aLa*]. 2
=-—pips3(l+a)? +p ( P ) —of 22 mod p
pa(l+0) (= — (mod 1?)

and hence

o Ly — 1

a a 2
ﬂQPGg(OZQ)*Fp(Sp,B(OZﬂ)%)Q Ep252p 7517 (Lpp 1) +ﬂ

2
10 (mod p?).

As %" = (14 B)"" =14 67" (mod p), we have

. 2+ 8" (L,—1\2 oLyo—1
B2 g(a®) = —pdys +p 10 (pp ) + ¥ pp (mod p?).
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Similarly,

(mod p?).

a 2+O{pa L 71 2 aLa*
2P g(ﬁQ)Efpé 3+p ( p ) 4P -

10 p
Observe that

a_q a_q a a a_1 a1
PZ F2(pa—k) _ PZ a2p —2k ﬁ2p —2k _ 1 a2pa p ﬂQk B ﬂQp” p Oz_%
(a— Bk a—B A

k=1 k=1

So, by the above, we have

(l71 a a
paflpz Fyo—i) _ a®"g(B?) — %" g(0?)
k a—pf
k=1
Fo (L, —1\> Loo—1
10 P P

2
p [ p* L,—-1 Fopa — Fpe 5
— | = d .
10<5>< p > * p (mod p7)

Lemma 4.3.  Let p # 2,5 be a prime and let a be a positive integer. Then

This completes the proof.

a L. —1 2
(%) (2Fpa — Fopa) + (I)T) =1- 2Fpa_(%) (mod p).

Proof.  Note that

Lya —1\?
1= (57)

p? (%) = (L, ~1)* (mod p?)

since Lye = L, (mod p?) by [7, (2.4)]. Also,

Ly = Fye +2Fpo 1 = 2Fpe iy — Fpe =2F,,_ 30 + (%) Fpe.
Thus
pa
1 - 2Fpa_(%) - (E) (2F a — nga)
a a
=1— Ly + (%)F - (%) (2F,0 — FpoLye)

G

and hence it suffices to show that

pa o Ly —1
(E) Fpa —1=-2 5 (mod p?)
as Ly =1 (mod p). Since

a—1
Lpa = L, (mod p?), and Fp. = (g) F, (mod p?)

by [7, (2.5)], (4.4) is reduced to the case a = 1. Note that

L,—-1
L (mod p?)

P _
(5)Bo-1=Ly—2F, (5~ 1=

since L, =1+ ng,(g) (mod p?) by the proof of [9, Corollary 1.3]. The proof is now complete.

(4.3)

(4.4)
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Proof of Theorem 1.3. Applying [9, (2.4)] with d = 0 and n = p“, we get
p*—1 p*—1
2k 2p®
> (_1)k(k) = Z(_m( L )FQ(Z,W). (4.5)
k=0 =
For each k =1,...,p% — 1, clearly

()= () 1L (%)

0<j<k

and similarly

hence

So, (4.5) yields that

p*—1 2%k p*—1 p*—1 a
Z ( ) (k) Iy =4 Z ( ) FQ(pa,k) +2 Z A Fg(pa,k)

k=1

p*—1 p*—1 a
o
=4 E ( ) )P TP Foy 42 E 3 —Fh(pe_py (mod p 3.

k=1

Let a and B be the two roots of the equation 22 — 2 — 1 = 0. Then

— o« g p” pa —ka BQk
T ()b (7)o

o? — 1) — (B2 - 1)

a—p

Thus, by the above and Proposition 4.2 we have

N (2 o~ P

> (-1 ) = oo+ A(Fpe — Fope) +2p 3 =

k=0 k=1

(Lp — 1)

= 4Fy0 — 3Fape + 2(Fape — Fpa) + <p_> -

5

a L. —1 2 i
= 2Fp0 — Fopa + (%) % (mod p?).

Combining this with (4.3) we immediately get the desired (1.3). This completes the proof of Theorem 1.3.
O
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