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The Stokes-Einstein (SE) relation has been considered as one of the hallmarks of dynamics in liquids. It describes that the
diffusion constant D is proportional to (τ/T)–1, where τ is the structural relaxation time and T is the temperature. In many glass-
forming liquids, the breakdown of SE relation often occurred when the dynamics of the liquids becomes glassy, and its origin is
still debated among many scientists. Using molecular dynamics simulations and support-vector machine method, it is found that
the scaling between diffusion and relaxation fails when the total population of solid-like clusters shrinks at the maximal rate with
decreasing temperature, which implies a dramatic unification of clusters into an extensive dominant one occurs at the time of
breakdown of the SE relation. Our data leads to an interpretation that the SE violation in metallic glass-forming liquids can be
attributed to a specific change in the atomic structures.
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1 Introduction

The understanding of the dynamic properties of supercooled
liquids for metallic alloys is of crucial importance in con-
densed matter physics and material science [1-3]. When a
liquid is supercooled below its melting temperature, the
characteristic timescales of its dynamics become obviously
rich, bridging the gap between microscopic oscillation times
and macroscopic relaxation times [4-7]. Many interesting
phenomena occur during the vitrification process, such as
dynamic heterogeneity, super Arrhenius behavior and a
breakdown of Stokes-Einstein (SE) relation. The SE relation
expresses the transport coefficient D in relation to the

structural relaxation time τ and temperature T, which is re-
presented as D T( / ) 1. The SE relation is valid for most
liquids at a broad range of high temperatures but in contrast,
at supercooled temperatures, especially near glass transition
temperature, the SE relation is not observed [8-11].
As one of the most important anomalies that has been

reported in different types of supercooled liquids, the origin
of the breakdown of the SE relation has attracted a lot of
attentions [8-16]. No conclusion has been reached in this
regard and also the physical mechanism remains elusive
especially for metallic glass-forming liquid systems with no
apparent density anomaly unlike water [11], silica, and sili-
con [12]. For instance, some studies reported that dynamic
heterogeneity (that is particles having distinct high and low
mobility) gives rise to the breakdown of the SE relation
[13,14]. However, Becker et al. [15] reported that both mo-
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bile and immobile particles violate the SE relation in a net-
work-forming liquid. Concurrently, SE relation breakdown
has been associated with the structural change of liquid.
Soklaski et al. [10] suggested that there exists a relation
between the breakdown of the SE relation and the locally
preferred structures; Xu et al. [11] also reported an obvious
change of tetrahedral-like and non-tetrahedral-like structures
in water at the temperature where the SE relation breaks
down. Recently, Pan et al. [16] observed a correlation be-
tween the breakdown of the SE relation and the structural
change of the clusters consisting of trapped atoms.
In this study, contrary to using a priori quantity such as

local favorite structure or bond orientational order to look for
correlations between structure and dynamics [17], we
adopted the machine learning method [17,18] to investigate
the relationship between spatial structure and dynamics as a
model of metallic glass-forming alloy Cu50Zr50 was super-
cooled to form a glass. A training set is obtained from the
molecular dynamics trajectory of “liquid-like” atoms in
high-temperature liquid states and “solid-like” atoms in low-
temperature glass states, and then the two categories were
separated by a best-fit hyperplane using the support vector
machine (SVM) method. This training model based on
purely geometric information is deemed appropriately and
employed in the classification of atoms into “liquid-like” or
“solid-like” groups in the process of quenching. The SE
violation is observed to have set in close to the transition
temperature where the population of the separated solid-like
clusters starts to decline with the fastest shrinking rate, which
implies a dramatic unification of clusters into an extensive
dominant one occurs at the time of SE relation breakdown.
These results reveal changes in the dynamic behavior can be
related to the corresponding formation of liquid structures.

2 Model and method

We performed classical molecular dynamics (MD) simula-
tions with the LAMMPS package [19] to study the model
system of Cu50Zr50 metallic glass-forming alloy. The atomic
interactions for the system, including approximations of
many-body interactions, are described by a realistic em-
bedded-atom method potential [20]. The system contains
10000 atoms in a cubic box with periodic boundary condi-
tions, and the MD step is 2 fs. An initial configuration of the
alloy was generated randomly and then allowed to melt and
evolve for 10 ns at 2000 K in the NPT (P = 0) ensemble with
Nose-Hoover thermostat and barostat. Subsequently, the li-
quid sample was quenched to its target temperature at a
cooling rate of 1012 K/s and then relaxed for 2 ns before
structure and dynamics data were collected. The targeted
temperatures for the computation of dynamics were in the
range of 1500-1000 K. We also quenched the sample from

2000 to 300 K continuously at a cooling rate of 1012 K/s to
study the evolution of local structures, and for the cooling
rate effect, we studied the rate of 1011 and 1013 K/s, which
returned almost the same results for the machine learning
analysis.
The radial structure function defined in ref. [17] was ap-

plied to describe a particle’s local structural environment,

( )G i r( ; , ) = e , (1)X
j X

r R1
2 ij2

2

where Rij is the distance between particles i and j; X is the
label that identifies the species of particles in the system; δ is
the standard deviation parameter. Following the method of
Schoenholz et al. [17], here we keep δ = 0.2 Å fixed and take
r to be between 2 Å and 10 Å in increments of 0.2 Å, which
gives a total of 80 radial structure functions per particle. The
local structural environment of a particle i is thus encoded as
a point in a M-dimensional space (here M = 80). The SVM
method then solves the classification problem by construct-
ing a hyperplane in the high-dimensional vector space which
best separates particles from one category (with label = 1) to
another (label = 0). Having established the hyperplane for the
training set “liquid-like” particles can be identified on the
label = 1 class and “solid-like” particles fall into the other
classification. The equilibrated 2000 K sample is relaxed for
another 20 ns and 100 independent atomic configurations are
collected as the set for label = 1. Subsequently, as the 300 K
was achieved, the system was further relaxed for 20 ns at the
same temperature and another 100 atomic configuration data
obtained for the other set, label = 0. Using these configura-
tions, we can construct the training set and testing set with
the SVMmethod and subsequently get the appropriate model
to distinguish the particles between liquid-like and solid-like
(or say glass-like structurally) ones in the system during the
quenching process.

3 Results and discussions

We initially determined the dynamic properties of the liquid
and considered for each temperature the mean square dis-

placement value, r t( )2 , and then used the Einstein relation

to evaluate the corresponding diffusion coefficient for Cu
atoms,

D t r t= lim 1
6 ( ) , (2)

t
2

where . denotes the average overall particles and time
origins. Figure 1(a) shows the mean-squared displacement as
a function of time, and it can be seen that all the systems with
a temperature range of 1000-1500 K entered into their dif-
fusive regime. We also measured the self-intermediate
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scattering function [21] for these samples, which is defined
as:

( )F q t N tq r r( , ) = 1 exp i ( ) (0) , (3)
j

N

j jS
=1

where N is the number of particles considered, . is the
thermal average, and rj(t) is the position of particle j at time t.
The wave-vector is 2.8 Å−1 which corresponds to the main
peak in the static structure factor [4]. The structural relaxa-
tion time τ is defined as the time when the self-intermediate
scattering function (Figure 1(b)) decays to e−1. The tem-
perature dependence of the dynamical behavior between

self-diffusion coefficient D and the structural relaxation time
τ is presented in Figure 1(c). The coupling between D and τ
holds well at high temperatures for T > 1150 K, but the SE
relation breaks down at low temperatures for T < 1150 K.
With the temperature violation of SE relation being above
the glass transition temperature of 860 K (see Figure S1 in
the Supplementary Information), the disassociation of the
self-diffusion coefficient and the structural relaxation time
differs from the pictures of the glass transition.
To understand the mechanism of SE relation breakdown

structurally, we studied the structural evolution during the
process of quenching a liquid into its glassy state. The atomic
configuration data was collected at different temperatures
when the system was cooled from 2000 to 300 K at the rate
of 1012 K/s. The model trained from the SVM enabled us to
classify all the atoms into two groups: liquid-like or solid-
like. Then, we deduced that two solid-like atoms combines to
form a cluster if their distance is less than 3.4 Å this value
corresponds to the first minimum in the Cu–Cu pair corre-
lation function at the temperature of 300 K (see Figure S2 in
the Supplementary Information). As the temperature de-
creases from 2000 to 300 K, it is observed that the total
number of solid-like clusters increases initially and subse-
quently reduces (Figure 2(a)). This indicates that small
clusters emerge at first and then starts to agglomerate to form
bigger clusters when the liquid is cooled below 1330 K.
Furthermore, if we take the derivative of the number of
clusters with respect to temperature, it can be found that the
differential curve shows a peak value of approximately
1140 K (Figure 2(b)). This temperature value is close to
1150 K, which is the temperature below which the SE rela-
tion of the system breaks down. The major peak in the
change rate means the clusters agglomerated into each other
with the fastest merging rate at a temperature of 1140 K. This
tremendous aggregation of solid-like clusters may bring
significant change to the structural morphology of the system
and finally give rise to the breakdown of the SE relation.
We record the size evolution of the largest and the second

largest cluster formed by connected solid-like atoms during
the cooling process, as well as the total number of solid-like
atoms in the system. As shown in Figure 3, the number of
solid-like atoms increases from 0 to 10000 (total size of the
studied system) as the temperature decreases. The size of the
largest cluster almost coincides with the total number of
solid-like atoms at low temperatures for T < 1140 K; this
implies that the largest solid-like cluster will be dominant at
temperatures below 1140 K. The size of the second largest
cluster (Figure 3, inset) reaches a maximum peak value at a
temperature of 1330 K and then shrinks after the peak. These
results correspond with the data shown in Figure 2, which
shows that at quenching temperature above 1330 K the liquid
structure changes due to the number growth of disconnected
solid-like clusters but in a low-temperature regime below

Figure 1 (Color online) (a) Mean-squared displacements and (b) self-
intermediate scattering functions at temperatures ranged from 1500 to
1000 K in steps of 100 K. (c) Self-diffusion coefficient D as a function of
structural relaxation time τ scaled by temperature T. The system follows the
SE relation till to 1150 K and violates the SE relation below 1150 K.
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1140 K, a dominant cluster grows progressively by merging
with other small solid-like clusters.
For direct visualization of the solid-like atomic clusters, in

Figure 4 we present typical atomic configurations obtained at
the temperatures considered during the cooling process.
Figure 4(a) shows that at high temperature there are a few

uncorrelated small clusters formed by connected solid-like
atoms immersed throughout the liquid, and many of them are
isolated from each other. Whereas after quenching to T =
1330 K, as illustrated in Figure 4(b), there is a rapid increase
in number of solid-like clusters and they consistently grow in
size, connect, and merge with each other. The largest cluster
spans across the entire system closely at T = 1140 K. The
connected solid-like atoms become the dominant population:
only a negligible number of solid-like atoms can be found to
be separated from the largest connected cluster as in Figure
4(c), and this roughly coincides with the temperature at
which the SE relation of the system breaks down. Finally, at
the glass transition temperature, the system is fully occupied
by the solid-like atoms as shown in Figure 4(d).

4 Conclusion

In conclusion, we investigate the structural evolution and the
dynamics of supercooled metallic glass-forming liquids by
MD simulation and the machine learning method. The result
reveals that the SVM method can be used to classify each
atom as liquid-like or solid-like and to investigate the change
of the atomic structure. Upon cooling, numbers of isolated
small clusters consisting of solid-like atoms emerge out of
the liquid in the beginning, and then they grow and join with
one another into a single, extensive, connected network of
solid-like atoms. We find that the SE relation breaks down
when the size of the largest solid-like cluster enlarges rapidly
by consuming other small clusters at the fastest rate, as ex-
pected there is a connection between the atomic structure of
glass-forming liquid and its dynamics. Our results show that
the decoupling between the transport coefficients D and the
structural relaxation time τ can be interpreted in terms of
rapid changes in the atomic structure, which provides new
insight into the study for characterizing anomalous dynamics
of glass-forming liquids.

Figure 2 Total number of clusters formed by connected solid-like atoms
and its derivative with respect to temperature. (a) The population has a
maximum in number occurring at 1330 K; (b) the main peak of the cluster
number derivative at 1140 K, which roughly coincides with the temperature
where the SE relation breaks down.

Figure 3 Comparison of the total size of the solid-like atoms in the
system with respect to the largest and second largest formed clusters. The
size of the largest cluster almost coincides with the total number of solid-
like atoms below 1140 K, and the size of the second largest cluster (inset)
peaks at 1330 K.

Figure 4 Growth of clusters comprising solid-like atoms in the system.
Typical simulation snapshots depicting the growth of clusters at (a) 1500,
(b) 1330, (c) 1140, and (d) 860 K (Tg). The percentages show the proportion
of solid-like atoms at different temperatures. Different color spheres re-
present different disconnected clusters.
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