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1, TDA-CNN & R4 R R K 5 78 R4 AR 77 R Lk &, 2 A3 A XA VGGI6, EfficientNet V272
DenseNet121 49 14842 7t T 21. 89% . 22. 66% #7 8. 26%, A # 3§ 3% T HAL 64 3] 7] 48

KEF: ATFRE; BXRA,; TEMAYZNEL; BIIES>IT; ERAEZER %‘, EE NN
AU R AL 2R

HRESZES: TP391.4; TP3-05 XERERERD: A DOI: 10. 3724/SP. J. 1249. 2025. 05624

A feature fusion method based on topological data
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Abstract: A feature fusion method, TDA-CNN, is proposed to address the problem of convolutional neural networks
(CNNs) being difficult to capture and utilize the multidimensional structural information of complex high-dimensional
data, which limits their feature learning ability. The numerical distribution features captured by CNNs with the
topological structure features extracted by TDA, and the CNN channel is responsible for extracting numerical
distribution features, while the TDA channel focuses on extracting topological structure features. The numerical
distribution features and topological structure features are then fused to form a combined feature representation. An
attention mechanism is introduced to adaptively learn the importance weight of each feature, thus providing a more
robust foundation for decision-making in the fully connected layers. Experiments on datasets such as Intel Image,
Gender Images, and Chinese Calligraphy Styles by Calligraphers show that TDA-CNN performs well in improving
feature clustering and identifying key features, improving the performance of baseline models VGG16, EfficientNet
V2, and DenseNetl121 by 21. 89%, 22.66%, and 8. 26%, effectively enhancing the discriminative ability of the
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4 FH pl 28 ) 4% (convolutional neural networks,
CNN) IR EE 7 ) 1 — P B S 20, BERS A AL
TP RS RS0 AR JR R 4 SR
AR, A I i 2 AR M4 AR S I
B ) B R R AR RS . AR, KIRRE
Méﬁ(graph neural networks, GNN) . JLAAJ 2% )
(geometric deep learning, GDL) ZE 5 AR R i 22 1
ZEHE S BN AR KRS [ (il L e . AR B AT E
FRAE), DIBHR TR 28 26 1 R 2 7s A R /g
J1. MR ST (topological data analysis, TDA )™
Ve — M TAEGR M B ik, REA AR
IOEHE TR Z MR R, CRT I A2 2%
Gk, BRI RYERE.

TDA B 5Ty I A JC B~ 2 7
2, F TR B RN e ek E T
oAb, SR A RE A R R % (persistent homology ,
PH) "l Mapper' > 458 J5 1%, TDA K- i 4E K 4 e 5
BN TA], S HT 5  BlE B Fh N 1 B AR B G
F, WA REER TR PR S IF S s
FIRAE. BRI, 3 A TR 0E i b i s 2 (8]
AIARURE BUBE RS, B AP S s IR ER #h MR AR
AL, T FIBEREMEFRAIE ;. Mapper #5804 25
)3 E S 22, Sl R S EOCHRINE, B
ik AEINEP IRINAE RN ST (N

N ECAL g S MBS T 55, 2R T
PH HYRAIE RN T L B 23 Y, i A S0
(persistence barcodes) . +F A M &l (persistence dia-
gram, PD)"' ¥ A i 4 (persistence curves,
PC)'"™ | FEA G (persistence statistics, PS) . A
5 W (persistence landscapes, PL)"™ Fl4f A P4 bl 15
(persistent image, PI)""/45, 38677 Hof m 45 1Y
P ML AR Ay I8 7 2 2 114 1) H 3RS

TDAfE KRR RZHE R, (HAE X 4
WSS RIR, A E HA e RAE DL T
I HIE . AR, TDATERLARF > FITR BE 2 > Skl
RN TZ, BRI T LS S FIR 2~
AR BE ) FZALRE ). TDA 5 HA I k45 &
AIRZ L E bR 2 18 R A0 NRFAE 5 AR S R
FEBERERS R, T2 S PUNIPERE

SWENSON 5100 [5] 7R 2% 2] 5 TDA J7 ik 45

A, HHEET PersGNN AR | 3 oAb PRAR 1 B 45 44 119
12 11 2 24 PDs AR ARG 1) Joy 0 A1 4 Jm #2544
FRAE, SC3 T e Emn R p S HUBT S RE TN . CANG
SELTIHR AR SRR 5 M 1 AR U (element-specific
persistent homology, ESPH) J7 %, FFHEHUE H R
SERIY 1 AEFHAMRRIE, $ER TR o BRI 45
F-DIRER R, I — DA BIREGM& M 4%,
M T 24T 55 Z B M 2 2% (multi-task multi-
channel topological convolutional neural network, MM-
TCNN), F T 4 1 5 - e A4 285 - 1) 25 D) RS
AR JE R R E MR L. AHMED 45 TDA H]
FHRJE A5 e, 2 Topo-ML ARl Topo-Net f5
B, B HEMRAE 3 5 S AL A > BOR TR B 257 S
RIS G, B e TR SEPERE. HU SF
i 1 TopoResNet-101 R & 27 > 4844, 4 PC Il PS 4
P FD R AE filA 5 22 1 28 X 2% (residual neural net-
work, ResNet), fafdlE4s ResNet-101 H 4.

SR, B DL EEAKEIT PD. PC. PSHIPL
SFHRAMFAERRAE T 20, FRER R IRE I A TEA
Ay AL, XS MREAEE O R H A S CNN
b TR S AN, BRG] T HARIR A S R v
ORI T HL, IXEETTETERL S PR MR S AU
LIy 22 5% F I S ROA B B R DR 20, RAEA AL
F 338 17 L 53 BE AN [ RFTE AR . ASBIFFER T AR
A E R AR A PEGRAE R AE T A, I i
= JIHL (attention mechanism, AM) H 8)2% 2] 341
BCHRF MRAEFEUE AR Z [ AL, AR T TR
fERlE B BE AR .

1 TDA-CNN#A % it 5 523

AT 5% 2R OBGE AR AE T, 454 TDA 5
CNN 43 TDA-CNN W28 4548, 45 A VEBSRAE N
FAMNFIE LR, flA CNN $EBCAYBE A B AT,
R AM R RHEACE , SR TR > 3R R
1.1 TDA-CNN #8254y

TDA-CNN R 5k an &l 1. Bedim AEME R D
(D e RT"<C) Hdp, H, WHC oy 51k EE &
BE . GEREANEE D), XD PET TDA A R A ik
BRI, [FIRE, 36 AT CNNBRL 4R B R 0 (i
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Fig. 1 TDA-CNN model architecture diagram.
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St R EHE W A F MR (1), FF XS R
) CNNAERL(C,,, ) FRELT, EEAFAE, BD
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ik b5 A B I HLE 48 5300 (squeeze and exci-
tation, SE)#ER, fff TDA-CNN BEWS 8h 25 Hb & AR TR

FAERACE, A RO BRI & 4 b i 5 8 E
FE ., MR TR 52 it 70 A v i R AIE RE
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neural networks, FCNN), 5| A AM J5 941 & F-IE
WA BREEZE, HTHTRES . %L
A E AT, o A R E R R B 23
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Fig. 2 Illustrates the process of converting a persistence diagram to a persistent image.
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LB FEIESS B . Channel, PR B T 1) J5U 4R 1 FRAE
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Fig. 3 Generation process of persistent images.
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z:HXW,Z I'F(a,b) (10)

Hrbr, ze R oMb 45 HFAE FITE 5 B2 5 o] F15E
BT ERARFRER S, a.be[1,H].

SRIT, T A 42 W 22 > A 381 o) iy ) T A
Giy)

s=o[W,e5(We2)] (11)

Hel, W,e Re RO ERY; oMo
WK sigmoid AT PR EURN ReLU 8035 BRI g 4 ik
ZH W, R W A4 2 B A R S

BT, 26 SE R HR R R 5 45150 1 14 F10E (9
N

b =Y(a, b, c)s(c) (12)
Hib, o RhmERL]. K OMAR SRR, 115
B SHAT S5 1 1y

2 KI5 HERMN

2.1 ZWEE

S50 T FH e R R AR i 1) v e b PR (central
processing unit, CPU)>K FH 2> Hygon 3350, KIJEAL
i 2% (graphic process unit, GPU) & 2 /> NVIDIA
GeForce RTX 4090, 24 Gbyte 17, P AE N 128
Gbyte DDR4-3200 ECC, f7 fii 4 256 Gbyte SSD
(SATA 6G)+ 8 Thyte HDD, ¥ AE & 48 % F Ubuntu
22.04, fdi ] PyTorch 1. 12. 1 1 Jg ¥ & 2% S HE 48 .
Bt SIFHr e by

SLE ] 3 AR B AR, B 1
Intel Image Classification ZUHE 4, 7% % A HH %
Hb 7SR G ) UGB 17 046 TR IEIR, o 6 43 254T:
55 5 B A 2 PE I 4 25 1Y Gender Classification
200K Images|CelebA E4lE 46 , 255 20 2381 MR 14 ,
JE— 2 RBUE ST s B AR 302ty 20 03 R [E 35 44
FEZ T 455 19105 080 fif 41 {5 2L B i I 7 K04 42
Chinese Calligraphy Styles by Calligraphers, J& 20 43
FAL55 .

AT BAIVERE, B THERT R (A) . A
R(P) . AR LK F BV FE AT .
2.3 ZWEHTRSHIEE

TEFHFNEHE TR BE . FH Ripser FEALHE 5 2 5%,
eSS, 1T H Ripser JBEALER K BE AR R 14 5 = 4K
Pait, IR A T A R Z AR, I T
P TIPS IS RORE RS 0, A SRR IR

S NG e R R SR AITA S A E N i ES /N
PEEL, JFRRIREAEIE, TR R b
SERRFAE

TEFE ML CNN BRI 5 VGG16(2014) K Hoek
MU A VGG16_BN (2015) . Inception v1 (2014) |
DenseNet121 (2017) . ResNet34 (2015) , JIf 5] A
EfficientNet v2 (2021 ) 1 ConvNeXt (2022 ) £ %I {F Jy
SLERAERY e AT IR J7 1k 45 TDA #4 8 T TDA-
VGG16, TDA-Inception vl, TDA-DenseNetl21,
TDA-ResNet34. TDA-EfficientNet F1 TDA-ConvNeXt
B R E AR/ 32, YIZRE I 50, ffH]
FEHLAS 5T B (stochastic eradient descent, SGD) i
LA SAL.
2.4 HRHW

F VAT ARSI 3 B4R L AOPERESRBL.
H& 1A DL, TDA-CNNBEARTEAR R4 3R
B, JLHERAE SRR S EIEES I, TDA-
CNN J7 357 BPK FEZE A VGG16, EfficientNet v2 .,
DenseNet121 19 K14 43 S WE A R R T+ T 21. 89%
22.16% F18.26%. TDA-VGG16 55 ¥ e85 i
Fom T HoAh X B A, TDA-VGG16 Fl TDA-
DenseNet121 (1 F, 534043 5113551 0. 974 4 F10. 931 6,
2L T HEZA AR i AR . TDA S8 i i 4R
AR FNRIE, AT T CNN X & 4285040 25
R FNRAERE )7, LAEAN A & X
B AR s B T ) e P A T RE
2.5 HESW

PEHE R H CNN LAY 1) GoogleNet 43 FS A HIAE Sy
LR, JFE Al A T TDA-CNN /1 TDA-
GoogleNet 1521 | Xof P AR A R A7 A] BEAL 5B (&1 4)
DLIHIE CNN 5 1 TDA-CNN AR IR AR X6 43 25 e
BRI M. B 4T i AR AR 3R R RRAE R AR AL
i, BARPRRR IR S

R 4 7] I, TDA-GoogleNet £ 7 7 B 51 1) 4
NEHE 1 25 883 GoogleNet #5171 | H T Z4FiE A
W EENE, Bl 71,75, RPITDA-CNN
BT R 6% DAEICHE rh R LR B 224 H SR 2 A RRAE
SR THRIE RN RE I AI2E S BE S, SR UEM T
TDA-CNN 55 (A7 250 R .

3 OHEBRER

S T A5 AL PR 2 JAT 55 v A AR A
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Table1 Comparison among the different models on three datasets

éfﬁ;)ﬁ 155 7Y A P R F,
VGG16 0.897 6 0.8977 0.89760. 897 4
VGG16_BN  0.9026 0.9024 0.90260.902 1
TDA-VGGI6  0.906 6 0.906 3 0.906 6 0. 906 2
Inception vl 0.8869 0.8865 0.8869 0. 886 6
TDA-Inception vl 0.9123 0.9118 0.91230.9118
DenseNet121  0.9059 0.905 6 0.905 9 0. 905 7
1 TDA-DenseNet121 0.9157 0.9153 0.91570.915 4
ResNet34 0.9026 0.9025 0.90260.902 4
TDA-ResNet34  0.9106 0.9100 0.91060.9102
EfficientNet V2 0.8622 0.8619 0.86220. 861 7
TDA-EfficientNet V2 0.9194 0.9191 0.91940.919 1
ConvNeXt 0.9152 0.9154 0.91520.9150
TDA-ConvNeXt  0.9207 0.9206 0.92070.9205
VGG16 0.9136 0.908 1 0.88520.896 5
VGG16_BN  0.9329 0.9332 0.93320.933 1
TDA-VGG16  0.966 8 0.966 0 0.966 1 0. 9660
Inceptionvl ~ 0.9317 0.9177 0.92100.9194
TDA-Inception vl 0.9402 0.9272 0.93160.929 4
DenseNet121  0.9386 0.940 1 0.912 80. 926 2
2 TDA-DenseNet121 0.947 1 0.9339 0.94140.937 6
ResNet34 0.9368 0.9259 0.924 80.9254
TDA-ResNet34  0.9372 0.9255 0.92590.9257
EfficientNet V2 0.9256 0.9255 0.92560.9255
TDA-EfficientNet V2 0.958 3 0. 958 3 0. 958 3 0. 958 3
ConvNeXt 0.9563 0.956 4 0.956 3 0.956 4
TDA-ConvNeXt  0.9587 0.9587 0.95870.958 7
VGG16 0.7995 0.8006 0.799 50.794 3
VGGI6_BN  0.8492 0.848 0 0.84920. 845 8
TDA-VGG16  0.9745 0.9744 0.97450.974 4
Inception vl 0.8245 0.8203 0.82450.8145
TDA-Inception vl 0.869 0 0.866 5 0.869 00. 8659
DenseNet121  0.8612 0.8602 0.86120.8579
3 TDA-DenseNet121 0.9323 0.9316 0.93230.9316
ResNet34 0.8414 0.8384 0.84140.8374
TDA-ResNet34  0.8685 0.8669 0.868 5 0. 866 1
EfficientNet V2 0.7111 0.7033 0.71110. 694 8
TDA-EfficientNet V2 0. 8722 0. 869 8 0. 8722 0. 869 7
ConvNeXt 0.9079 0.907 3 0.907 90.903 2
TDA-ConvNeXt  0.9174 0.9167 0.91740.914 4
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Fig. 4 The importance of features for classification accuracy in

(a) GoogleNet model and (b) TDA GoogleNet model.
M, PEPE DenseNet 121 FE YA Sy FELR AR HE 4771
RS . SRHITDA J5iE A= i P1, JF51 A SEAEE,
TERARSE 1 B XA G /it A 500, DIPPAh &4
PRARIVERR Y TTRR AN SE R, A5 LER 2.

#2 DenseNet121 BFRUTELRAE 1 L IAH AL

Table 2 DenseNet121 ablation experiments on dataset 1

Sy SE Pl A P R F,

1 x X 0.9059 0.9056 0.9059 0.9057
2 x v 0.9110 0.9107 0.9110 0.9108
3 J v 0.9157 0.9153 0.9157 0.9154

T x FURRBMARIAL; VRGN T AR AL

FO ML, FEARAE A IMERAE SR B i SE 56
1AL, BIAPLRYSCIG AL 2 FEMERR 5 . NS
R BN FESE R A BRI, BT
PLTEHE R 52 ZaE M RN o6 2 0 T A k. E—
oMb, SZE4H 3 7RSI A PLEYIERNE - A T SE 4
B, JREL TS AOMERE, MERR LA 1R
TiE1.0%, Wi 248 7 0.5%, HAlfsbs
A BERTE. XU, SE5 PLAYIABENS B 4
T b B RN S s BRI, R TR R )
REJI R ZRR .
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$& Y — Bl PSSR R 5 B R AR R RS 7
i, it CNN G T8 2 BCIEAF R, 58S TDA 38 i
PRMUR ML, SRS Rl I SR AE A B iR A R
fik2 ) MR T RE ST, JF R SE AL AR Y
FLIE I 55 > PIRRRFAIE = AR IR SR A L G, LA
— AR R R R SR ORI SR s B ) . J8 a5 I Al
BOABAREL, SR T RN S T A7 AR SE N ]
TS K P EOCEIE W . fe)s, 16
Intel Image Classification, Gender Classification 200K
ImageslCelebA . Chinese Calligraphy Styles by Callig-
raphers 25 #( #ii 4£ I A1 VGG16., EfficientNet v2,
DenseNet121 (4% FS0HIE A SCH A RPE .

ARAL AL TDA J7 ik 5 B ZHLaw v > FITR
) IPERAHRLG RO AT A R AR S T A
TDA MR A ESNTH .

EETR: FHEARBEIEETIITH (62172045) ; JLRtBCA K2F
e RHIF 7 B H (ZK10202403)

1EERN: ¥ & (monica_yh2024@163.com), JbEt A KA 5T
L BT s N T S AL

g3l X WE, R, XTI, &L TIN5 B
P25 9 25 B R AE RS ik [T ). RN R 424 R B TR,
2025, 42(5): 624-630.
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