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1 Introduction

Given a vertex operator algebra V' and a vertex operator subalgebra U C V', Cy (U) which is called the
commutant of U in V or coset construction, is the subalgebra of V' which commutes with U. The coset
vertex algebra construction, initiated in [46], was introduced by Frenkel and Zhu [44]. Coset construction
is one of the major ways to construct new vertex operator algebras from given ones. It is widely believed
that the commutant Cy (U) inherits properties from V and U in many ways. In particular, it is expected
that Cy (U) is rational if both V' and U are rational. No general results of this kind have been known so
far. Nevertheless, many interesting examples, especially coset vertex operator algebras related to affine
vertex operator algebras, have been extensively studied both in the physics and mathematics literature.
For coset parafermion vertex operator algebras one can refer to [8,9,15,17,26,27,29,30], etc. For coset
vertex operator algebras related to tensor decompositions of affine vertex operator algebras one can refer
to [46-48,56-58], etc. See [2,19,21,22,45], etc, for other examples.

Let g and 6 be the affine Kac-Moody Lie algebras associated to a complex simple Lie algebra g and its
Cartan subalgebra b, respectively. For k € C such that k # —h", where h" is the dual Coxter number
of g, let L5(k,0) and La(k, 0) be the associated simple vertex operator algebras with level k, respectively
(see [44,59]). The commutant of the Heisenberg vertex operator algebra Ly (k,0) in Lg(k,0), denoted
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by K(g,k), is the so-called parafermion vertex operator algebra (see [65]). Parafermion vertex operator
algebras have been studied extensively (see [8,9,20,26,27,29,30,58]). Among other things, for a positive
integer k, the Co-cofiniteness of K (g, k) was established in [8,30], the generators of K(g, k) were given
in [29], and the rationalities of K (slo, k) and K (slx,2) were established in [9] and [47,48], respectively.

Let L5(1,0) be the simple affine vertex operator algebra associated to the simple Lie algebra g with
level 1. Forl € Zzo, Lz(1,0)®" has a tensor product vertex operator algebra structure with Lg((,0) being a
vertex operator subalgebra. The commutant of L(l,0) in Lg(1, 0)®! is a simple vertex operator subalgebra
of L5(1,0)®". It was proved in [47] and in [56] independently that CLA Loyt (L (1,0)) = K(sl,n) as
vertex operator algebras, presenting a version of level-rank duality. The classification of irreducible
modules and the rationality of C’LA(l 0yt (Lg;(1,0)) were established in [48]. Then by the level-rank
duality, the parafermion vertex operator algebra K(sl;,2) is rational for any [ € Zxs.

More generally, given a sequence of positive integers £ = (11, ...,1s), the tensor product vertex operator
algebra Lg(¢,0) = Lg(11,0) ® Lg(l2,0) ® - - - ® Lg(ls,0) contains a vertex operator subalgebra isomorphic
to Lg(|£],0) with [£| =l +---+1s. On the other hand, the sequence £ defines a Levi subalgebra [, of sl.
Denote by Lp (n 0) the vertex operator subalgebra of L~ (n,0) generated by l,. Set K(sljy,l;,n) =

sl
Cr (. 0y (L (n 0)). It was established in [47] that C’LA(g 0) (L (14,0)) = K(sly, g, n), which is a

more general version of rank-level duality. In particular, we have
CL oL 0L (1+1,0) = OLi— (n, 0)(Lg7;(n,0) @ L, (n,0)),

where by is the subalgebra of the Cartan subalgebra of sl;4;(C) commuting with sl;(C), and f)z is the
associated affine Lie algebra.

(The principal) W-algebras are one-parameter families of vertex algebras associated to simple Lie
algebras. First example of a W-algebra was introduced by Zamolodchikov [64] in an attempt to classify
extended conformal algebras with two generating fields. Since then there have been several approaches
to the construction of W-algebras (see [16,19,32,33,36,37,60,62]). W-algebras have also been studied as
extended Virasoro algebras (see [11-13,18,61]).

For k € C, let V4(k,0) be the universal affine vertex operator algebra associated to the simple Lie
algebra g with level k. The associated (principal) affine W-algebra W¥(g), which is a vertex algebra, can
be realized as the cohomology of the BRST (Becchi, Rouet, Stora and Tyutin) complex of the quantum
Drinfeld-Sokolov reduction (see [35,37]). From this point of view, W-algebras have been studied deeply
and extensively, and many remarkable results have been achieved recently (see [3-6,51-54]). For some
earlier results, one can also refer to [10,14] and [34-41], etc. Among other things, it was established in [4]
that the character of each irreducible highest weight representation of W¥(g) is completely determined
by that of the corresponding irreducible highest weight representations of the affine Lie algebra g. The
C5-cofiniteness and the rationality of the minimal series principal W-algebras were established in [6]
and [7], respectively.

Recall that [41] a rational number k with the denominator u € N is called principal admissible if

ulk+nY)=nY, (u,rY)=1,

where h is the Coxeter number of g, " is the dual Coxeter number of g, and rV is the maximal number
of the edges in the Dykin diagram of g. A principal admissible number k is called non-degenerate if the
denominator u is equal or greater than the Coxeter number h. For a non-degenerate admissible principal
number k, denote by Wi (g) the simple quotient of W¥(g), which are also called minimal series principal
We-algebras (see [6,7,41]).

One conjecture (see [18,41]) about minimal series principal W-algebras asserts that Wy (g) is isomorphic
to the commutant C7,. $(P.0)9Lg(1.0) (Lg(p+1,0)) of Lg(p+ 1,0) in Lg(p,0) ® Lg(1,0) for g being simply-
laced and k = —hY + pth, p € Zy. This conjecture comes partially from the fact that Wi(g)
and CrL_(p,0)9Ls(1,0) (LA(p + 1,0)) share the same normalized characters (see [41,53]). If g = sly(C),
then Wy(g) is the simple Virasoro vertex operator algebra L(cp,0), where ¢, = 1 — For this

6
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case, the conjecture follows from the Goddard-Kent-Olive construction (see [46]). If g = s[,,(C) (n > 2)
and p = 1, it was proved in [9] that W;(g) is isomorphic to the parafermion vertex operator algebra
K (sly,n), with which the rationality of K(sl2,n) is established. Then the conjecture in this case follows
from the fact that K(sly,n) = CLng(LO)@z (L (2,0)) (see [47,56]). For general I € Z31 and n € Zz2, by
the level-rank duality and the reciprocity law given in [47],

CLEI/; (170)®L§;(1,0) (L;[ﬂ (l +1, 0)) = CK(ﬁ[Hl,n) (K(ﬁ[la TL))

In this paper, we first give explicitly a generator of C(s1,,, n) (K (sl;,n)) of weight three. Then we prove
that the conjecture is true for the case that g = sl3(C).

The paper is organized as follows. In Section 2, we briefly review some basics on vertex operator
algebras. In Section 3, we recall some notation and facts about principal affine W-algebras. In Section 4,
we review parafermion vertex operator algebras and the level-rank duality for tensor power decompositions
of rational vertex operator algebras of type A. In Section 5, we study the coset vertex operator algebra
Ck(sty1,n) (K (5l;,n)). The main results of this paper are stated in this part.

2 Preliminaries

In this section, we recall some notation and basic facts on vertex operator algebras (see [17,28,42,43,59,
66]).

Definition 2.1. A vertex operator algebra V = (V,Y,1,w) is defined as follows:
(1) V =@B,,cz Va is a Z-graded vector space over C equipped with a linear map Y

V — (End V)[[z, 271]],
v Y(v,z) = Z vz "l v, € EndV,
neEZ

such that dimV,, < oo, V,,, =0 if m << 0, and for any u,v € V, v,u = 0 for sufficiently large n.
(2) There exist two distinguished vectors: the vacuum 1 € Vj, and the conformal vector w € V5
such that

Y(1,z)=id, lim;—oY (u,2)1 = u,
Y(w,2) = ZL(n)z_"_Q,

neZ
3

[L(m), L(n)] = (m —n)L(m +n) + ——"

T5m+n,00-

The complex number c is called the central charge of V. Moreover, L(0) =n on V,,, and for u € V|

iY(u,z).

(-1, Y (u.2)] = -

(3) For any u,v € V, there exists n > 0 such that
(21 — 22)"Y (u, 21)Y (v, 22) = (21 — 22)"Y (v, 22)Y (u, 21).

Definition 2.2. Let (V,1,w,Y’) be a vertex operator algebra. A weak V-module is a vector space M
equipped with a linear map

Y : V — End(M)][z, 271]],
v Y (v,2) =3, cptnz” ", v, € EndM

satisfying the following:
(1) vow =0 for n > 0, where v € V and w € M.
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(3) The Jacobi identity holds

22 — 21

zo_ld(zl z_ ZQ)YM(u, 21)Yar (v, 29) — zo_lé( )YM(U, 29) Y (u, 21)
0

—29

= z21§<Z1;ZO>YM(Y(u,z0)v,zQ). (2.1)

Definition 2.3. An admissible V-module is a weak V-module which carries a Z,-grading M =
®,.cz, M(n), such that if v € V; then v;, M(n) € M(n+r—m—1).
Definition 2.4.  An ordinary V-module is a weak V-module which carries a C-grading M = @, ¢ M»,
such that

(1) dim(M,y) < oo.

(2) M4, =0 for fixed A and n < 0.

(3) LO)w = Aw = wt(w)w for w € My, where L(0) is the component operator of Yjs(w,z) =
ZnEZ L(n)z~"2.

It is easy to see that an ordinary V-module is an admissible one. If W is an ordinary V-module, we
simply call W a V-module.

We call a vertex operator algebra Cy-cofinite if V/Cy(V') is finite-dimensional, where

Co(V) = (u_qv|u,v € V)
(see [66]). A vertex operator algebra is called rational if the admissible module category is semisimple

(see [28,66]). We have the following result from [1, 28, 66].

Theorem 2.5. IfV is a vertex operator algebra satisfying the Cy-cofinite property, V' has only finitely
many irreducible admissible modules up to isomorphism. The rationality of of V also implies the same
result.

Let (V,Y,1,w) be a vertex operator algebra and (U,Y,1,w’) a vertex operator subalgebra of V. Set
Cy(U)={veV|[Y(u,z2),Y(v,22)] =0,u € U}
Recall from [44,59] that if ' € U NV, and L(1)w’ = 0, then
Cy(U)={veV|u,v=0ueU mz=0}
is a vertex operator subalgebra of V with the conformal vector w — w’. We shall write

Y (W, z2) = Z L'(n)z7 "2,

nez

where we view the operators L'(n) as acting on V. We have the following result from [59].

Proposition 2.6. Let (V,Y,1,w) be a vertex operator algebra and (U,Y,1,w’) a vertex operator sub-
algebra of V. Then
Cy(U) = Kery L'(—1).

3 Wh-algebras for principle case

In this section, we recall some notation and facts on the W-algebras. W-algebras may be defined in
several ways. The definition here was given by using the quantum Drinfeld-Sokolov reduction (see [4,
34,36,40,41,51]). Throughout this section, k is a complex number with no restriction unless otherwise
stated.

Let g be a complex simple Lie algebra of rank I. Let (-|-) be the normalized non-degenerate bilinear

form on g, i.e., (+|+) = 5~ -Killing form, where 1" is the dual Coxeter number of g.



Arakawa T et al. Sci China Math  February 2018 Vol. 61 No.2 195

Let e be a principal nilpotent element of g so that dim g® = [, where g¢ = {x € g|[z,e] = 0}. By the
Jacobson-Morozov theorem, there exists an sly-triple {e, f, ho} associated to e satisfying

[h()ve] :267 [hOaf] = _Qfa [67.}1 :hO-
Set

g; ={z € g|lho, x| =2jz}, for jeZ
This gives a triangular decomposition g =n; & h & n_, where

h=go, ny= @9j> n_ = @gfj-

j=1 jz1

Denote by A; C bh* the set of positive roots of g and by {a1,..., o} the subset of simple roots. Let n’
be the dual of ny. Define Y4 € n} by

X+(z) = (f|z), for zen,.

Then Y is a character of n, i.e., X4+ ([n4+,n+]) = 0. Let g be the non-twisted affine Lie algebra associated
to g (see [49] for details), i.e
§=90C[t,t '|® CK & CD,

with the commutation relations

[X(m), Y (n)] = [X, Y](m +n) + mbpno(X[Y)K
[D, X (m)] =mX(m), [K,g]=0

for X,Y € g, m,n € Z, where X(n) = X ® t". The invariant symmetric bilinear form (-|-) is extended
from g to g as follows:

(X(m)[Y(n)) = (X[Y)dmino, (D[K)=1,
(X(m)| D) = (X(m)| K) = (D|D) = (K| K) =0.

Denote

h=hoCK ®CD,
g+ =1y @Clt]® (n_ ®h) @ C[t]t,
g-=n_@Ct '@y +h)Cl

Then § has the triangular decomposition § = g+ & b & g_. Let h* = p* & CAg & Cd be the dual of b,
where Ay and § are the dual elements of K and D, respectively. For A\ € b* the number )\(K ) is called
the level of \. Let A be the set of roots of § g, A+ the set of positive roots, and A_= —A+ Denote by
A and A™ the set of real roots and the set of i imaginary roots, respectively. Then

={nd|n e Z}, ﬁff:{a+n5,fa+m5|a€A+,n€Z>o,m€Z>1}.

Let V5(k,0) be the universal vertex operator algebra associated to g with level k (see [44,49,59] for
details). Let Cl be the superalgebra generated by odd generators: 1, (n), o € A,;n € Z with the following
super Lie relations:

[Ya(m), s (n)]+ = da+8,00m+n,0;

for a, 8 € A, m,n € Z. Here, 1, is regarded as the element of Cl corresponding to the root vector
ea(n) € go. Let F be the irreducible Cl-module generated by the cycle vector 1 such that

Ya(n)1 =0, if a+n§€3f.
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F is naturally a vertex operator superalgebra with the vacuum vector 1 and the fields defined by

Y ($a(=1)1,2) = va(2) =Y _dal(n)z """, for a€Ay,

ne”Z

Y (e (0)1,2) = o (2) := Zwa(n)z_”, for aeA_.

nez
The conformal vector is chosen as
w= Y Poa(-1)tha(-11.
QEA+

Let
Ci(g) = V5(k,0) @ F

be the tensor product of the vertex operator algebra V5(k,0) and the vertex superalgebra 7. Then Cj(g)
is a vertex algebra. Define vertex operators Q% (z) and v (z) as follows:

ZQ = Z €a(2)¢—a(z)—% Z o p—a(2)P—p(2)Y5 (2),
neEZ ac€A By€Ay

= Zw-&-(n)zin = Z >‘<+(ea)7j;_a(z),
neEL acAy

where Y is defined as above, and cl’ﬁ is the structure constant of g, i.e., for o, 8 € A, eq € ga, €3 € 93,
lea,es] = Z cl BE
VEAY
As in [4], by abuse notation, we set
1
it it
T=QY0) = Y eal-n)paln) - 3 > ¢ g—a(s)h—p(r)vs (m),
Q€A e a,8,7€A L, s+r+m=0

Xr=x+ ()= Y Xlea)t-a(l),

aEA,
Qy = QY + x+-
We have the following lemma (see [4,40]).
Lemma 3.1. It holds that (Q%)* = x% = [Q%, x+] =0, Q1 =0.
Let F =@, F i be an additional Z-gradation of the vertex algebra F defined by

1, for a€A_,

de 1:07 de aln) =
& 8¥a(n) {—17 for ae Ay

For i € Z, set
C’k( ) = V5(k,0) ® F.

=P ilo)

€L

This gives a Z-gradation of Ci(g):

By definition,

Q4+ Ci(g) € CiH (9.
Then by Lemma 3.1, (Ck(g), @+) is a BRST complex of vertex algebras in the sense of [4, Subsection 3.15]
(see also [40]). This complex is called the BRST complex of the quantized Drinfeld-Sokolov (“+”)
reduction (see [4,37,40]). The following assertion was proved by Feigin and Frenkel [37] for generic k, by
de Boer and Tjin [23] for k in the case that g = sl,,, and by Frenkel and Ben-Zvi [40] for the general case.
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Theorem 3.2.  The cohomology H'(Cy(g)) is zero for all i # 0.
Set
WH(g) == H°(Ci(g))-
Then W¥(g) is a vertex operator algebra. We have the following result from [40].

Theorem 3.3.  The vertex operator algebra H°(Cy(g)) is strongly generated by elements of degrees
d; +1,1=1,2,...,1, where d; is the i-th exponent of g and l is the rank of g.

Denote by Wi(g) the unique simple quotient of W¥(g) at a non-critical level k. The following theorem
has been proved in [63] in the case that g = sly(C)") and in [25] in the case that g = sl3(C) and in [7] for
the general case.

Theorem 3.4.  The simple W-algebra Wy, (g) is rational (and Ca-cofinite [6]), and the set of isomor-
phism classes of minimal series representations of W¥(g) forms the complete set of the isomorphism
classes of simple modules over Wi(g), if k satisfies k + h;’ = g € Qs0, (p,q) =1 and

{p >hy, q=hg if (grV)=1,
p=h q=rY if (q,rV)=r",
where hy is the Coxeter number of g, hg is the dual Coxeter number of g, g is the Langlands dual Lie
algebra of g and vV is the mazimal number of the edges in the Dykin diagram of g.

The following conjecture is well known (see [18,41,55]).
Conjecture 3.5. Let g be a simply-laced simple Lie algebra over C and h its Coxeter number. Then
forleZy and k= —h+ %,

Wi(9) = Cr..0)0L,1,0) (L5l +1,0)).

4 Level-rank duality

For k € Z and a complex finite-dimensional simple Lie algebra g with normalized non-degenerate bilinear
form, let g be the corresponding affine Lie algebra and Lg(k,0) be the simple vertex operator algebra
associated with the integrable highest weight module of g with level k. Let § be a Cartan subalgebra of g
and Lg(k,0) the associated Heisenberg vertex operator subalgebra of Lg(k,0). Let

K(g,k) ={v e Lz(k,0)|[Y(u,21),Y (v, 22)] = 0,u € La(k;,O)}.

Then K(g, k) is the so-called parafermion vertex operator algebra (see [15,27]).

Let s € Zyo and £ = (l1,...,ls) such that Iy,...,l, € Zy. Let Lg(l;,0) be the simple vertex operator
algebra associated with the integrable highest weight module of g with level I;, i = 1,2,...,s. Then we
have the tensor product vertex operator algebra

V = Lg(l1,0) ® Lg(l2,0) ® - - - ® L5(1s,0).
Denote i
l=¢= lev
i=1
g can be naturally imbedded into the weight one subspace of V diagonally as follows:
g—=WV CV,
a—a(-1)11l®---?1+1®a(-1)1R1Q--- 141 ---1®a(—1)1.

It is known that the vertex operator subalgebra U of V' generated by g is isomorphic to the simple vertex
operator algebra Lg(1,0) (see [44,49,59]). Let Cy (U) be the commutant of U in V. We have the following
lemma (see [47]).

1 Beilinson A, Feigin B, Mazur B. Introduction to algebraic field theory on curves. 1993
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Lemma 4.1. Cy(U) is a simple vertex operator subalgebra of V.

Denote
50:0, Sj:ll+lg+"'+lj, 1<j<$

For I, > 2, let sl;, (C) be the simple Lie subalgebra of s[;(C) consisting of matrices A = (ai;)ixi €
50;(C) such that a;; = 0 for all the pairs (4,j) such that at least one of ¢ and j is not in the set
{sk—1+ 1,85—1+2,...,s;}. Let hy be the abelian subalgebra of s[;(C) consisting of diagonal matrices
A € s[;(C) such that [A, B] =0, for all B € sl;, (C) such that [, > 2. Then

|:f]g, @ S[lk((C):| =0.
k=1,l>2

Set

u:m@( @ sllk((C))

k=1,0x>2

Then [, is a Levi subalgebra of s[;(C) and by, is the center of [, which is contained in the (fixed) Cartan
subalgebra of sl;. Denote by LQ(mO) the vertex operator subalgebra of L (n,0) generated by [lp. It is

easy to see that
S
Lg(n,0) = ( X L (n,O)) &) Lg, (n,0), (4.1)

k=1,0x>2

where Lﬁe (n,0) is the Heisenberg vertex operator subalgebra of LEE (n,0) generated by ;. We denote
K(sl,lg,n) = CLEA[Z(n,o)(LQ(mO))-

The following theorem comes from [47].

Theorem 4.2.  We have the following level-rank duality and the reciprocity law:

CL - (1.0@®L 1 (1n.0) (Lgp, (1,0)) = K(sl, g, n),
K(sh, lg,n) = CL_— (1,.0@-0L - (1.,0) (Lg, (1,0) = Ck(st ) (K (sl ,n) @ - @ K(sl,,n)).

Remark 4.3. Ifl; =---=1,, =1, then by Theorem 4.2,

CrL - aoe (L (1,0) = K(sh, n),

which was also established independently by Lam [56].

5 The commutant of L-(l +1,0) in L~(1,0) ® L;-(1,0)

Recall from [9,47,56] that Cr— (l’o)®L5T(1a0)( (I+1,0)) 2 Wy(sl,) for I =1 and k = —n + 2L, So

s[n n+2°
in the following we always assume that [ > 2.
By Theorem 4.2, we have
Cra 0oL 0.0(Lg, (+1,0) = Cr— 0 (Lg;(7,0) @ Lg (n,0)
= CK(styy1,n) (K (81, 1)), (5.1)

where L?[l(n,O) is the vertex operator subalgebra of L/\(n 0) associated to the simple root system
{a;,1 <i<{—1}and Lg (n, 0) is the Heisenberg vertex operator subalgebra of L 1— (n 0) generated by

by :c(iihm)

i=1
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Let {eq, fa,ha; | € AL,1 < i < I} be a Chevalley basis of sl;1(C), and let e,, fo and h, be a
standard basis of the simple Lie algebra sly(C) associated to a € A;. For a € A, denote by W¢
and w® the weight 3 generator and the Virasoro vector of K (sl;11,n) associated to « introduced in [27],
respectively. Then

@ — # —-n _ _ C1\2 ne(— .
wo = 2n(n+2)[ hoc( 2)1 ha( 1) 1+2 a( 1)fa( 1)1]’
W = n2ha(—3)1 + 3nha(—2)ha(-1)1 + 2ha(—1)31

— 6nha(—1)eq(=1)fa(=1)1 + 3n2(eq(=2) fa(—1)1 — ea(—1) fo(=2)1).

For a € A, we denote by W** and W> the primary vectors of weight 4 and weight 5 of K(sl;;1,n)
associated to « introduced in [27], respectively. From [27], if n = 3, then both W% and W are zeros
for every a € Ay, and K(sl;41,n) is generated by {W<, a € A}
Denote
V= CK(5[H1’n) (K(S[l, n))

Then V has the conformal vector w with the central charge ¢y as follows:

__nt2 gty ! it tay
o= (S DT 7

1<i<l 1<i<i<i-1
I(n—1)(2n+1+1)
(n+Dn+1+1) "

cy = (5.2)

For o, 8 € A, denote by cq,g € C the structure constant, i.e.,

[604’6[3] = Ca,BCa+p, Oé,/B,Oé+ﬂ € A.

It is easy to check that for a, 8 € A such that o + 5 € A4,

wiW?h = %_’_2[_3”}16(_2)}%(—1)—Gha(—l)hﬁ( 1) +6n(h a( 1) = hg(=1))es(=1)f3(=1)
+ 6nhs(—1)(earp(—1) fars(—1) — a(—=1)fa(—1)) + 3n*(es(=2) f5(—1) — es(—1)fs(-2))
— 3n*(ea(=2)fa(—1) — €a(—1)fa(=2) + cass(— 2)fa+5( 1) = eatp(=1)fars(=2))
+ 3n%ca,p(fa(—1)eats(=1)fa(=1) + ea(=1) fars(—1)es(—1))]1.

The following lemmas can be checked directly.

Lemma 5.1. For a,5 € Ay such that a + § € A, we have
1
WeWoTP = WP + ——(2WotP L W — 2w h),
n+2
1
WSWP 4 W = —— (W WP —weth)y,
n+2
Lemma 5.2. Forl1<p<Il—1, we have

!
€a, (0)( Z 2(n + 2)wy" it pag et Z(n + 44 — 2)Wa"+"'+al)

1<i<g<l i=1

= (2n* — 12np + 16)eq, (—3)1 + (—3n> + 6np — 12p — 12n — 12)ha, (—1)eq, (—2)1
+ (3n® + 6np)ha, (—2)eq, (—1)1 + (61 + 12p)hq, (—1)eq, (—1)1
h

—12n Z Coyp,oit++ap_1 ap(*l)eai+~~+ap(*l)fa7¢+~~+ap,1(*1)1
1<i<p—1

—12n Z eap ea+ +o¢p( )faiJr""‘rOép(_]')l

1<i<p



200 Arakawa T et al. Sci China Math  February 2018 Vol. 61 No.2

+12n Z ea,(—1)ea;+tay 1 (=1) faitota, 1 (1)1

1<i<p—1
—24 Z haittap—i (—1)(€a, (=2)1 = ha, (=1)eq, (=1)1).
1<igp—1

Lemma 5.3. Forl<p<Il—1, we have

6%(0)< Z 2(n + 2)w<1x1;+m+ocj Wittty Z (n+ 4i — Q)Wai+...+aq)

1<i<i<gsi—1 1<i<g<I-1
=(n+1) [(an — 12np + 16)eq, (—3)1 + (=3n + 6np — 12p — 12n — 12)ha, (—1)eq, (—2)1
+ (3n + 6np)ha, (—2)eq, (—1)1 + (61 + 12p)ha, (—1)%eq, (—1)1

—12n Z Capyai+"'+ap71hap(_1)eai+"'+ap(_1)fai+"'+apfl(_1>1
1<i<p—1

—12n Z ea,(—Dea;+ta, (—1) fa;+ota, (1)1

1<i<p

+12n Z €ap(—1)€a;ttay_ (1) faita,_ (1)1
1<i<p—1

=24 Y hagtetay (—1)(€a,(—2)1 = ha, (—1)eq, (1)1 .

1<i<p—1
Lemma 5.4. Fora,(,v € Ay, we have
WwIWe =0, wjwiw? =0,
Denote

XO =0, XV =_(n4+2)w,
X® =2n+2) Y wpTTTEWwesn Tt N (i — )Wt e,

1<i<i<gsp 1<i<q<p

for p > 2. Set

W = Lx(lfl) _ LX(I)_

Con+l n+l+1
We have the following result.
Theorem 5.5.  Forl>1, W is a primary vector of V- = Cg (s, , n)(K(sl;,n)) of weight 3.
Proof. Tt follows from Lemmas 5.2 and 5.3 that for 1 <p <l —1,

ea, (0)W = 0. (5.3)

Consider Lgm (n,0) as a module of the simple Lie algebra generated by eq,, fo, and hq,, for 1 <p < 1-1.

Then (5.3) implies that W is a highest weight vector. Since hq,(0)W = 0 for 1 < p < I, we have
fa, ()W =0, 1 < p<1—1. Notice that W € K(sl;1,n). It follows that W € Cg sy, n) (K (sl,n)).
Lemma 5.4 implies that W is a primary element. O

For a € AL, from [27] we have the following lemma.

Lemma 5.6. It holds that

WeW™ =12n3(n — 2)(n — 1)(3n + 4)1,
WEWe = 36n3(n — 2)(n + 2)(3n + 4)w®,
WEWe = 18n3(n — 2)(n + 2)(3n + 4)w®,1.
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The following lemmas can be checked directly.
Lemma 5.7. For o, € Ay such that o #

Wew? = 6(a| B)nd(n — 1)(n — 2)1,
W WP = 18(ar| B)n*(n — 2)(n + 2)°wiw”,
—18n3(n — 2)(n + 2)(w* + WP —w**F), if (a|B)=-—
WeW? = S 18n3(n — 2)(n + 2)(w® + wf —w*8),  if (a|B) =1,
0, if (a]B)=0.

Lemma 5.8. For a,f,v € Ay such that («|B) = —1, we have

WEwfW? = 18n%(n — 2)[—(n + 4)w” + (n 4+ 4)w*™? — 3(n + 2)w?],

WE2WEWP = 1803 (n — 2)[(n + 4)w® + 3(3n + 4w’ — (n + 4w 7],

WatHPLEWP =180 (n — 2)(n + 1) (w® — WP — 3w TP),

WiweWh =18n3(n — 2)(w P74+ WP — WP — WP if (yla)=0, (y]B) =1,
WIWEWA = 1803(n — (@™ + w7 — w547 _Wf) i (y]a) =0, (v]8) =
WwfW? =18n3(n — 2)(w® + 207 + 3w — ™ =207 8) if (y|a)=-1, (y|B)=1,
WHwiW? =0, if (a|y) =1, (v[8)=0.

By Lemmas 5.6-5.8, we can deduce the following result.
Lemma 5.9. [t holds that
6n3l(n — 1)(n —2)(n +20)(2n + 1+ 1)(3n + 21 + 2) 1
(n+1+1)(n+1)
WaW = 36n%(n — 2)(n + 20)(3n + 21 + 2)w.

WsW =

b

Notice that
J+1

WoW = —WoW + Z —1) W, o W.
So by Lemma 5.9, we have
WeW € <OJ>, (54)

where (w) is the Virasoro vertex operator algebra generated by the conformal vector w of V.

For k+n = #ﬁl, let V = Wi (sl,) be the W-algebra associated to sl,. Denote by & its conformal

vector. Let W be a weight-three primary vector of Wj,(sl,) such that

6n3l(n —1)(n —2)(n+20)(2n + 1+ 1)(3n + 21 + 2) 1

W, W) = 5.5
( ) (n+l+D(n+1) (5:5)
Then by the fusion rules of the Virasoro algebra, we have

WsW = 36n°(n — 2)(n + 20)(3n + 21 + 2)@. (5.6)

Note that cy = c;. We denote ¢ = cy = ¢y

In view of (5.1), the character of V' has been given in [53, Theorem 3.1]. This coincides with the
character of V that was conjectured in [41, Conjecture 3.4_ and Proposition 3.4] and proved in [4, Main
Theorem 1]. Therefore we have the following.

Lemma 5.10. V and V share the same characters.

Recall from Theorem 3.4 that Wj(g) is rational if k = —h + pf_‘gil, for some p € Z. Then by [31] the

Virasoro vertex operator subalgebra of Wi (g) generated by w is simple, denoted by L(c,0). The following
lemma follows from the OPE given in [40, Subsection 15.3.2].
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Lemma 5.11. Letg=sls and k= —h+ l-ﬁil' Then W, W € L(c,0), for alli > 0.

Recall from (5.2) that forn =3, ¢ = %. Since | > 2, we have ¢ > 1. By [50] the Virasoro vertex

operator subalgebra of V' generated by w is simple. We identify the simple Virasoro vertex operator
subalgebra L(c,0) inside V and V. By [24, Proposition 3.3], both V and V are completely reducible
L(c,0)-modules. We have the following lemma.

Lemma 5.12.  Assume that n = 3. Then W,W = WZW € L(c,0), fori>=0.

Proof. By Lemmas 5.11 and 5.9, (5.5), and the fusion rules of Virasoro vertex operator algebras, it is
enough to prove that W;W € L(¢,0). By Lemma 5.9 and (5.4), W;W € L(c,0), ¢ > 2. Then by the
skew-symmetry, we only need to show that W1, W € L(c,0). Recall from Theorem 3.3 that V = Wj(sls)
is strongly generated by & and W. Thus, (Wj(sl3))s = (L(c,0))s + CL(—1)W. Moreover, the character
formula of Wy(sl3) obtained in [4] shows that

(Wi(sls))a = (L(c,0))s & CL(~1)W.
Then by Lemma 5.10, we may assume that
WAW = aL(-1)W + u,
for some u € L(c,0) and a € C. If a # 0, then
L(H)(WAW —u) = aL(1)L(—1)W = 6aW. (5.7)
On the other hand, we have
2 (2
L)W W = Z < . > (wiW)3_;W = 3W,oW € L(c,0),
i=0 \'*

contradicting (5.7). We deduce that a = 0, which implies that W1 W € L(c,0). O

Denote by U the vertex operator subalgebra of V' generated by W. Then by Lemma 5.12, for n = 3,
U is linearly spanned by

S = {L(—ms)---L(—ml)W,kp'--W,kll,kp > 2k 21,
n€Z7ms>"'>ml>178ap>O}-

From Theorem 3.3, for n = 3, V= Wi (sl,,) is linearly spanned by

;S'v:{L(—ms)---L(—ml)w,kp--~,VVL;€117 kp2- 2k 21,
n€Z7ms>>ml>1as7p>0}

For any
q
w="Y biL(=nj1) - L(=nje, )Wy, - Wy 1,
j=1
where ¢ > 1,t5,p; 2 0, nj1, ..., Nt T15- - Tip; € Ly, 5 =1,2,...,q, we always denote

q
U= Z bjL(*’ﬂjl) tee L(*njtj)W—rjl e W_ijj 1.
Jj=1

We have the following lemma.

Lemma 5.13. Form € Z and

q
w="3 biL(=nj) - L(=nje, )Wy, - Wy 1,
j=1
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where ¢ = 1,t5,p; 2 0, nj1, ..., g, 71,5 Tjp, € Ly, §=1,2,...,q, if
Wnu=wv

is a linear combination of vectors from S, then
Wha = .

Proof. =~ We may assume that u is homogeneous. We prove the lemma by induction on the weight of u.
If wtu < 3, the lemma is true by the fact that (W, W) = (W, W) and the fusion rules of the Virasoro
algebra L(c,0). Suppose that the lemma holds for homogeneous u such that wtu < N. We now assume
that wtu = N. For each monomial u; = L(—n;1)--- L(—n;, )W_,,, Wy, 1, let Wiuy = v; be a
linear combination of elements in S. It is obvious that we may assume that t; = 0. If m < —rj;, then
we have Wmﬁj =v;. If m > —r;1, we have

Wity = WWop - W, 1

Tip;
= Z " (WSW)me# Wy W LW W, W,y - W, 1,
s 1 32 ipj 31 32 irj
s=0
Wty — Wl -0, 1

_ (m> (AL T P N O S Y

s=0 s
Then the lemma follows from Lemma 5.12 and the inductive assumption. O
Lemma 5.14.  Suppose that n = 3. For any q > 1,tj,p; =2 0, nji,...,njt;, 71, Tjp, € Ly,

J=12....q,1f
q
u= Z biL(=nj1) - - L(=nje, )W_r,, - Wer;,,1=0
j=1

for some b; € C, then
q — —_—
U= biL(=nj) - L(=nje,)W_p, - Wy 1 =0,
j=1

Proof. = We may assume that w is a linear combination of homogeneous elements having the same weight.
Suppose that % # 0. Since Wy(sl,,) is self-dual and generated by W, there is W, W, --- W, 1 € Wy (sl,,)
such that

(@, Wy, Wiy - W, 1) # 0. (5.8)
Claim. Foranyk,>---2k 21, q,q,....,¢ €Z, mg=---2m; =21,p,t >0,
(L(=mg) -+ L(=my)W_p - W_p, 1, Wy Wy, --- W, 1)
= (L(—mg) - L(=m)W_p, - W_p, 1, Wy, Wy, - Wy, 1). (5.9)
We may assume that
wt(L(—my) - L(—my)W_y, -+ Wy, 1) = wt(Wy, We, - - - W, 1).

We prove (5.9) by induction on wt(L(—ms) - L(—ml)W,kp e W,kll). By Lemma 5.9 and (5.5), (5.9)
holds if wt(L(—ms) - L(=m1)W_g, ---W_3,1) < 3. Now assume that the claim holds for

wt(L(—my) - - L(=m1)W_y, - W_g,1) < N.
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Then by Lemma 5.12, inductive assumption, and the invariance of the bilinear form, the claim holds for
L(—mg)--- L(—ml)w,kp -+ W_p, 1 such that wt(L(—my) - -- L(—ml)W,kP o W_p, 1) = N.
By the claim and (5.8), we have
(u’ th WQ2 e Wthl) 7é 0,

which contradicts the assumption that u = 0. O

Theorem 5.15. Forn=3 and k= —n+ niﬁl, we have Cr (s, 1 ) (K (sl;,n)) = Wy(sly).

Proof.  Define ¢ : U — V as follows: for any

q
u = Z bjL(—njl) s -L(—njtj)W_rjl R W_ijj 1,
j=1
where q > l,tj,pj >0, Mgty ey Mty V15 -+ -5 Tip; € Zy,j=1,2,...,q,

q
Lp(u) =u= Z bjL(—nj1> ce L(—njtj)W,le T W,ijj 1.
j=1

By Lemmas 5.14 and 5.12, ¢ is a surjective vertex operator algebra homomorphism from U to V. Since
U CV,and V and V share the same characters, we deduce that U = V and ¢ is an isomorphism. O
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