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正曲率齐性 Finsler空间的分类：
偶数维情形下的一种新方法*
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（首都师范大学数学科学学院，北京 100048）

摘要：本文介绍了正曲率齐性 Finsler 流形的分类。在偶数维的情形下，给出了一种新方法，证明了

偶数维光滑陪集空间上有正曲率齐性 Finsler度量，当且仅当其上面有正曲率齐性黎曼度量。
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Classification of positively curved homogeneous Finsler spaces：

a new approach in the even dimensional case*
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Abstract：In this paper，we briefly survey the classification of positively curved homogeneous Finsler

manifolds. We propose a new method in the even dimensional case，which proves that an even

dimensional smooth coset space admits positively curved homogeneous Finsler metrics if and only if it

admits positively curved homogeneous Riemannian metrics.
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0 Introduction

0.1 Survey on the classification of positively

curved homogeneous Finsler manifolds

The study on compact Riemannian manifolds

with positive sectional curvature is one of the hottest

projects in geometry and topology. The known exam ‐

ples are relatively rare and most of them are diffeomor‐

phic to homogeneous manifolds. The classification of

positively curved homogeneous Riemannian mani‐

folds was accomplished in the 1960’s and 1970’s［1-4］.

See references［5-6］for some minor corrections and

［7］for a modern proof.

In Finsler geometry，sectional curvature is natu‐

rally generalized to flag curvature. So it is important

and natural to classify positively curved homoge‐

neous Finsler manifolds，i. e.，homogeneous Finsler

manifolds with positive flag curvature. Generally
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speaking，curvatures in Finsler geometry are hard to

calculate，so this project has not been touched for

many years. After 2014，researchers found many cru‐

cial techniques in homogeneous Finsler geometry，in‐

cluding the homogeneous curvature formula［8-10］，the

submersion technique［11-12］ ， totally geodesic tech‐

nique［13］，etc. Since then，there are many progresses

on the classification of positively curved homoge‐

neous Finsler manifolds.

Using the Finsler submersion，normal homoge‐

neity and generalized normal homogeneity（i.e.，δ-ho‐

mogeneity） can be defined in Finsler geometry［11，14］.

All（generalized）normal homogeneous Finsler mani‐

folds have non-negative flag curvature and zero S-cur‐

vature. In［11，14］，the authors proved that a smooth

coset space admits positively curved （generalized）

normal homogeneous Finsler metrics if and only if it

admits positively curved normal homogeneous Rie‐

mannian metrics. So the classification list for positive‐

ly curved（generalized）normal homogeneous Finsler

manifolds coincides with the following Berger’s

list［1］：

（1）Compact rank-one symmetric spaces，S n =

SO ( n + 1) /SO ( n ) with n > 1， CP n = SU ( n +

1) /S (U ( n )U (1) ) with n > 0， HP n = Sp ( n +

1) /Sp ( n ) Sp (1) with n > 0，and OP 2 = F 4 /Spin ( 9 )；

（2）Other homogeneous spheres and complex

projective spaces， S 2n − 1 = SU ( n ) /SU ( n − 1) with

n > 1， S 2n − 1 = U ( n ) /U ( n − 1) with n> 1， S 4n−1 =

Sp ( n ) /Sp ( n−1) with n> 0，S 4n−1 = Sp ( n )U (1) /Sp ( n−
1)U (1) with n > 0， S 4n − 1 = Sp ( n ) Sp (1) /Sp ( n −
1) Sp (1) with n > 0，S 6 = G 2 /SU ( 2 )，S 7 = Spin ( 7 ) /G 2，

S 15 = Spin ( 9 ) /Spin ( 7 )， and CP 2n − 1 = Sp ( n ) /Sp ( n−
1)U (1)；

（3）Two Berger spaces SU (5 ) /Sp ( 2 )U (1) and

Sp ( 2 ) /SU ( 2 )；

（4）SU ( )3 × SO ( 3 ) /U ( 2 ) （in Riemannian ge‐

ometry，it was missed in reference［1］and added by

Wilking［5］）.

Notice that this list is only complete up to local

isometries. For example， RP n = SO ( n + 1) /O ( n )

does not show up because it is locally isometric to the

symmetric S n.

Using a homogeneous flag curvature formula

（see Theorem 0.2 below），Xu et al［12］ proved that an

even dimensional smooth coset space admits positive‐

ly curved homogeneous Finsler metrics if and only if

it admits positively curved homogeneous Riemannian

metrics. So the classification list for even dimensional

positively curved homogeneous Finsler manifolds co‐

incides with Wallach’s list［2］ ，which consists of

those in Berger’s list with even dimensions，and

three Wallach spaces， SU ( 3 ) /T 2， Sp ( 3 ) /Sp ( )1
[ 3 ]

and F 4 /Spin (8 ).

The odd dimensional case is the hardest. Until

now，there are only some partial results. If we require

the metric to be reversible，i. e.，any tangent vector

has the same length as its opposite，an odd dimen‐

sional smooth coset space admits positively curved in‐

variant reversible Finsler metrics if and only if one of

the following possibilities happens ［13，15］. Either it ad‐

mits positively curved homogeneous Riemannian met‐

rics besides those in Berger’s list with odd dimensions，

it could be an Aloff-Wallach space SU ( 3 ) /S 1［3］，or it

belongs to a short list of undetermined candidates［13］.

If we require its S-curvature to be vanishing，then all

non-Riemannian homogeneous Randers and (α，β )

manifolds with positive flag curvature and zero S-cur‐

vature can be classified［16-17］.

0.2 A new approach in the even dimensional case

In this paper，we will provide a new proof for

the following main theorem in reference［12］：

Theorem 0.1 A smooth even dimensional co‐

set space admits positively curved homogeneous Fin‐

sler metrics if and only if it admits positively curved

homogeneous Riemannian metrics.

When the authors of［12］proved Theorem 0.1，

they used the following crucial homogeneous flag cur‐

vature formula.

Theorem 0.2［12］ Let (G/H，F ) be a homoge‐

neous Finsler manifold，and g = h + m be a reduc‐

tive decomposition for G/H. Then for any linearly in‐

dependent commuting pair u，v ∈ m = TeH (G/H )，

such that gu ( u，[ ]u，m
m

) = 0， the flag curvature
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K ( o，u，u ∧ v ) satisfies

K ( )o，u，u ∧ v =
gu (U ( )u，v ，U ( u，v ) )

gu ( )u，u gu ( )v，v − gu ( )u，v
2
，

in which gu is the fundamental tensor for the Minkowski

norm F =F ( )eH，⋅ ：m→R，and U ( u，v ) is determined

by 2gu ( )U ( )u，v ，w = gu ( )[ ]u，w
m
，v + gu ( )u，[ ]v，w

m
，

∀ w∈m.

Using Theorem 0.2，the authors of［12］proved

the following lemma.

Lemma 0.3［12］ Suppose (G/H，F ) is an even di‐

mensional positively curved homogeneous Finsler

space with compact G and H，then there do not exist

a pair of linearly independent roots α and β of g，such

that α and β are not roots of h，and α ± β are not

roots of g.

Wallach called the root pair in Lemma 0.3 strong‐

ly orthogonal. All compact G/H without strongly or‐

thogonal root pairs are classified in［2］，which pro‐

duces Wallach’s list. To summarize，whenever Lem ‐

ma 0.3 is proved，Theorem 0.2 follows after it imme‐

diately.

It is not easy task to prove Theorem 0.2 directly

in［12］，or to prove Huang’s homogeneous curva‐

ture formula in［8］. So we propose a easier shortcut

to Lemma 0.3，which involves the following observa‐

tions. Firstly，the flag curvature for a symmetric Fin‐

sler space is easy to calculate［18］. In particular，a sym ‐

metric Finsler S 2 × S 2 is not positively curved. Sec‐

ondly，if Lemma 0.3 is not valid，then we can find a

homogeneous totally geodesic submanifold G’/H’ of

(G/H，F ). The submanifold (G’/H’，F ) itself is a pos‐

itively curved 4-dimensional homogeneous Finsler

space. Thirdly，we use the following theorem.

Theorem 0.4 Suppose that two homogeneous

Finsler manifolds (G 1 /H 1，F 1 ) and (G 2 /H 2，F 2 ) have

the same reductive decomposition g = h + m， in

which g = Lie ( )G 1 = Lie (G 2 ) and h = Lie ( )H 1 =

Lie ( H 2 )， such that F 1 and F 2 induce the same

Minkowski norm F on m， then (G 1 /H 1，F 1 ) and

(G 2 /H 2，F 2 ) are locally isometric.

Analysis the roots of G’/H’，and apply Theorem

0.4，we see that (G’/H’，F ) is locally isometric to a

symmetric Finsler S 2 × S 2，which is not positively

curved. The contradiction is found.

This paper is scheduled as follows. In Section 1，

we summarize some necessary knowledge for later

discussion. In Section 2，we prove Theorem 0.4 and

then use it to prove Lemma 0.3.

1 Preliminaries

1.1 Minkowski norm and Finsler metric

A Minkowski norm on a real vector space V is a

continuous function F：V → [ 0，+ ∞ ) which meets

the following requirements：

（1）F is positive and smooth on V \ { 0 }；

（2）F ( )λy = λF ( )y ，∀λ ≥ 0，y ∈ V；

（3） The fundamental tensor gy ( )u，v =

1

2

|
|
|[ ]F 2 ( )y + su + tv

st
s = t = 0

is positive definite for any

y ∈ V \ { 0 }.

A Minkowski norm is Euclidean if and only if its

Cartan tensor Cy ( u，v，w ) =
1

2

|
|
|[ ]gy + tw ( )u，v

t
t = 0

van‐

ishes identically.

A Finsler metric on a smooth manifold M is a

continuous function F：TM → [ 0，+ ∞ )， such that

the restriction of F to TM\0 is smooth and F ( x，⋅ ) is

a Minkowski norm for each x ∈ M. Riemannian met‐

rics are an important subclass of Finsler metrics，

which only involves Euclidean metrics. That means，

a Finsler metric is Riemannian if and only if its Car‐

tan tensor vanishes everywhere.

Let ( M，F ) be a Finsler manifold. Suppose that

we have x ∈ M，y ∈ Tx M\ { 0 }，and a tangent plane

P = span{ }y，u ⊂ Tx M. Then the flag curvature

K ( x，y，P ) (or K ( x，y，y ∧ u )) for the flag triple

( x，y，P ) is defined as

K ( )x，y，P =
gy ( )Ry ( )u ，u

gy ( )y，y gy ( )u，u − gy ( )u，y
2

.

When F is Riemannian，K ( x，y，P ) is the sectional

curvature K ( x，P ). Here Ry is the Riemann curvature

operator. See reference［19］for its formula and more

details.

1.2 Homogeneous Finsler manifold and reductive

decomposition

A connected Finsler manifold ( M，F ) is called

homogeneous if its isometry group I ( M，F ) acts tran‐

sitively on M. Since I ( M，F ) is a Lie transformation

group，we may present M as G/H，in which G is any

connected Lie subgroup of I ( M，F ) which acts transi‐

tively on M.

For a homogeneous Finsler manifold (G/H，F )，

we can always find an Ad ( H )-invariant linear de‐

composition g = h + m，in which g = Lie (G ) and

h = Lie ( H ). We call it a reductive decomposition.

Usually，we only use the Ad ( H )-invariance of a re‐

ductive decomposition in the Lie algebra level，i. e.，

[ ]h，m ⊂ m. The subspace m can be naturally identi‐

fied with the tangent space To (G/H ) at o = eH，such

that the Ad ( H )-action on m coincides with the iso‐

tropic H-action on To (G/H ). The G-invariant Finsler

metric F is one-to-one determined by its restriction to

To (G/H )，which is any arbitrary Ad ( H )-invariant

Minkowski norm on m. See reference［18］for more

details.

1.3 Symmetric Finsler space and its flag curva‐

ture

A connected Finsler manifold ( M，F ) is called

symmetric if for each x ∈ M，there exists an isometry

sx on ( M，F )，such that sx ( x ) = x and the tangent

map ( sx ) *：Tx M → Tx M is − id. It can be presented as

a homogeneous Finsler space M = G/H with G =

I ( M，F )，and it has a Cartan decomposition g = h +

m i.e.， a reductive decomposition satisfying

[ ]m，m ⊂ h. Theorem 5.5 in reference［18］ can be

reformulated as follows.

Theorem 1.1 Let G/H be a homogeneous mani‐

fold with a connected and simply connected G and a

connected H. Suppose that it has a Cartan decomposi‐

tion g = h + m. Then any Ad ( H )-invariant revers‐

ible Minkowski norm on m induces a symmetric Fin‐

sler metric on G/H.

Example 1.2 S 2 × S 2 = G/H =( SU ( )2 × SU ( 2 ) ) /

(U ( )1 × U (1) ) has the Cartan decomposition g =

h + m which is orthogonal with respect to the Killing

form of g = a 1⊕a 1. Here h is a Cartan subalgebra of

g，and m = g±α + g±β is the linear direct sum of two

commuting root planes. Any Ad ( H )-invariant

Minkowski norm on m is reversible because it is an

(α1，α2 ) norm［19］，so by Theorem 1.1，any G-invari‐

ant Finsler metric on S 2 × S 2 is symmetric.

The flag curvature for a Finsler symmetric space

has a simple formula.

Lemma 1.3［18］ Let (g，σ，F 0 ) be a Minkowski

symmetric Lie algebra and (G，H ) a pair associated

with (g，σ ). Suppose there exists an invariant Finsler

metric F on G/H such that the restriction of F to m is

F 0. Then the curvature tensor of F is given by

R 0 ( )u，v w =− [ ][ ]u，v ，w ，∀u，v，w ∈ m，

and the flag curvature of the flag ( )o，y，P ，y ≠ 0，

y ∈ P，is given by

K ( )o，y，P = gl ( )[ ][ ]l，v ，l ，v ，

where l = y/F（the distinguished section） and l，u is

an orthonormal basis of the plane P with respect to gl.

As a direct corollary of this theorem，only those

which are of compact type and rank one are positively

curved. So we see the following lemma.

Lemma 1.4 Any homogeneous Finsler mani‐

fold which is locally isometric to a Finsler symmetric

S 2 × S 2 = ( SU ( 2 ) × SU ( 2 ) ) / (U (1) × U (1) ) is not

positively curved.

1.4 Totally geodesic submanifold

A submanifold N in a Finsler manifold ( M，F ) is

called totally geodesic，if for any x ∈ N and y ∈ Tx N\

{ 0 }， the geodesic c ( t ) on ( M，F ) satisfying

c ( 0 ) = x and ċ( 0 ) = y is contained in N（at least for t

sufficiently close to 0）. Denote by F |​
N

or simply F，

the induced Finsler metric on N. The flag curvature

K F for ( M，F ) and the flag curvature K
F |​

N for a totally

geodesic ( N，F |​
N
) have the following relation （see

Proposition 2.2 in reference［11］）.

Lemma 1.5 For any x ∈ N，y ∈ Tx N\ { 0 } and

tangent plane P ⊂ Tx N containing y，K
F|N ( x，y，P ) =

K F ( x，y，P ).

The common fixed point set Fix ( S，M ) of a fam ‐
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details.
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group，we may present M as G/H，in which G is any

connected Lie subgroup of I ( M，F ) which acts transi‐
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composition g = h + m，in which g = Lie (G ) and
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ductive decomposition in the Lie algebra level，i. e.，
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To (G/H )，which is any arbitrary Ad ( H )-invariant
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sx on ( M，F )，such that sx ( x ) = x and the tangent

map ( sx ) *：Tx M → Tx M is − id. It can be presented as

a homogeneous Finsler space M = G/H with G =

I ( M，F )，and it has a Cartan decomposition g = h +

m i.e.， a reductive decomposition satisfying

[ ]m，m ⊂ h. Theorem 5.5 in reference［18］ can be

reformulated as follows.

Theorem 1.1 Let G/H be a homogeneous mani‐

fold with a connected and simply connected G and a

connected H. Suppose that it has a Cartan decomposi‐

tion g = h + m. Then any Ad ( H )-invariant revers‐

ible Minkowski norm on m induces a symmetric Fin‐
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(U ( )1 × U (1) ) has the Cartan decomposition g =

h + m which is orthogonal with respect to the Killing

form of g = a 1⊕a 1. Here h is a Cartan subalgebra of

g，and m = g±α + g±β is the linear direct sum of two

commuting root planes. Any Ad ( H )-invariant

Minkowski norm on m is reversible because it is an

(α1，α2 ) norm［19］，so by Theorem 1.1，any G-invari‐

ant Finsler metric on S 2 × S 2 is symmetric.

The flag curvature for a Finsler symmetric space

has a simple formula.

Lemma 1.3［18］ Let (g，σ，F 0 ) be a Minkowski

symmetric Lie algebra and (G，H ) a pair associated

with (g，σ ). Suppose there exists an invariant Finsler

metric F on G/H such that the restriction of F to m is

F 0. Then the curvature tensor of F is given by

R 0 ( )u，v w =− [ ][ ]u，v ，w ，∀u，v，w ∈ m，

and the flag curvature of the flag ( )o，y，P ，y ≠ 0，

y ∈ P，is given by

K ( )o，y，P = gl ( )[ ][ ]l，v ，l ，v ，

where l = y/F（the distinguished section） and l，u is

an orthonormal basis of the plane P with respect to gl.

As a direct corollary of this theorem，only those

which are of compact type and rank one are positively

curved. So we see the following lemma.

Lemma 1.4 Any homogeneous Finsler mani‐

fold which is locally isometric to a Finsler symmetric

S 2 × S 2 = ( SU ( 2 ) × SU ( 2 ) ) / (U (1) × U (1) ) is not
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1.4 Totally geodesic submanifold
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called totally geodesic，if for any x ∈ N and y ∈ Tx N\

{ 0 }， the geodesic c ( t ) on ( M，F ) satisfying

c ( 0 ) = x and ċ( 0 ) = y is contained in N（at least for t

sufficiently close to 0）. Denote by F |​
N

or simply F，

the induced Finsler metric on N. The flag curvature

K F for ( M，F ) and the flag curvature K
F |​

N for a totally

geodesic ( N，F |​
N
) have the following relation （see

Proposition 2.2 in reference［11］）.

Lemma 1.5 For any x ∈ N，y ∈ Tx N\ { 0 } and

tangent plane P ⊂ Tx N containing y，K
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ily isometries S on ( M，F ) is a closely imbedded total‐

ly geodesic submanifold. In particular，when ( M，F )

is a compact homogeneous Finsler manifold，we have

the following consequence of Corollary II.5.7 in ref‐

erence［19］.

Lemma 1.6 Let (G/H，F ) be a homogeneous

Finsler manifold with compact G and H，K a closed

subgroup in H and G' the identity component of the

normalizer NG ( )K . Then connected component

Fixo ( K，G/H ) of the fixed point set Fix ( K，G/H )，

which contains o = eH， is the homogeneous totally

geodesic submanifold G' ⋅ o = G '/ (G' ∩ H ).

2 Proofs of the main results

2.1 Proof of Theorem 0.4

Without loss of generality，we may assume G 1

and G 2 are connected Lie groups.

Firstly，we prove Theorem 0.4 when G 2 H 2 is a

universal cover of G 1 H 1. To be more precise，we as‐

sume that G 2 is the universal cover of G 1，and denote

by π the covering map from G 2 to G 1，which is a Lie

group homomorphism. For G 2 H 2 to be simply con‐

nected， H 2 must be the identity component of

π − 1 ( H 1 ). Then π induces a smooth covering map π̄：

G 2 /H 2 → G 1 /H 1， π̄ ( g2 H 2 ) = π ( g2 ) H 1. We will

prove π̄ * F 1 = F 2，i.e.，π̄ is a local isometry.

Since both tangent spaces at o1 = e1 H 1 ∈ G 1 /H 1

and o2 = e2 H 2 ∈ G 2 /H 2 are identified as m，the tan‐

gent map π̄*：m = To2
( )G 2 /H 2 → To1

( )G 1 /H 1 = m be‐

comes the identity map.

So for any u ∈ m = To2
( )G 2 /H 2 ， we have

F 1 ( π̄* ( u ) ) = F ( u ) = F 2 ( u ) . That means

π̄ * F1|To
1

( G1 /H1 ) = F 2|To
2

(G2 /H2 )，i. e.，the local isometry is

valid at the origin.

Since π is a Lie group homomorphism，we have

π̄ ∘ g2 = π ( g2 )∘ π̄ is valid everywhere on G 2 H 2，（1）

for any g2 ∈ G 2. In equation（1），we have used g2 and

π ( g2 ) to denote their actions on G 2 H 2 and G 1 H 1

respectively. The invariance of F 1 and F 2 provides

F 2|T
g − 1

2
H

2

(G2 /H2 ) = g *
2 ( F 2|To

2
(G2 /H2 ) )

and

π ( g2 )* ( F 1|To
1

(G1 /H1 ) ) = F 1|T
π ( g − 1

2
) H

1

(G1 /H1 ).

So we may differentiate equation（1）and get

F 2|T
g − 1

2
H

2

(G2 /H2 ) = g *
2 ( F 2|To

2
(G2 /H2 ) ) = g *

2 ( π̄ * ( F 1|To
1

(G1 /H1 ) ) ) =

π̄ * (π ( g2 )* ( F 1|To
1

(G1 /H1 ) ) ) = π̄ * ( F 1|T
π ( g − 1

2
) H

1

(G1 /H1 ) )，

i.e.，π̄ is a local isometry at each g2 H 2 ∈ G 2 /H 2. This

proves Theorem 0.4 when G 2 H 2 is the universal cov‐

er of G 1 H 1.

Nextly，we prove Theorem 0.4 in the general sit‐

uation.

We denote by G͂ 1 the universal cover of G 1，by

π1：G͂ 1 → G 1 the corresponding covering map，which

is a Lie group homomorphism，and by H͂ 1 the identity

component of π − 1 ( H 1 ). So H͂ 1 is a closed connected

Lie subgroup generated by the Lie subalgebra h in G͂ 1.

Then G͂ 1/H͂ 1 is the universal cover of G 1 /H 1.

Obviously， we have Lie(G͂ 1 ) = Lie (G 1 ) = g，

Lie( H͂ 1 ) = Lie ( H 1 ) = h. Since we have [ ]h，m ⊂ m

and H͂ 1 is connected，the decomposition g = h + m

is Ad ( H͂ 1 ) -invariant，i.e.，it is a reductive decompo‐

sition for G͂ 1/H͂ 1. The Ad ( H͂ 1 )-invariance of the

Minkowski norm F on m implies

gy ( [ w，u ]，v ) + gy ( u，[ w，v ] ) + 2Cy ( u，v，[ w，y ] ) =

0， ∀y ∈ m\ { 0 }，u，v ∈ m，w ∈ h，

in the Lie algebra level，which is equivalent to the

Ad ( H͂ 1 )-invariance of F. To summarize， the

Minkowski norm F on m induces a G͂ 1-invariant Fin‐

sler metric F͂ 1 on G͂ 1/H͂ 1. Previous argument proves that

(G 1 /H 1，F 1 ) is locally isometric to (G͂ 1/H͂ 1，F͂ 1 ).

By similar argument，we can find a universal

cover G͂ 2/H͂ 2 for G 2 /H 2，and a G͂ 2-invariant Finsler

metric F͂ 2 on G͂ 2/H͂ 2 which is locally isometric to F 2.

Finally，we have G͂ 1 = G͂ 2 because they are both

connected and simply connected and have the same

Lie algebra. We have H͂ 1 = H͂ 2 because they are con‐

nected Lie subgroups generated by the same Lie sub‐

algebra. We have F͂ 1 = F͂ 2 because they are induced

by the same Minkowski norm F，with respect to the

same reductive decomposition g = h + m for G͂ 1 /H͂ 1 =

G͂ 2 /H͂ 2. To summarize，(G 1 /H 1，F 1 ) and (G 2 /H 2，F 2 ) are

locally isometric through (G͂ 1 /H͂ 1，F͂ 1 )= (G͂ 2 /H͂ 2，F͂ 2 ).
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This ends the proof of Theorem 0.4.

2.2 Proof of Lemma 0.3

Let (G/H，F ) be a positively curved homoge‐

neous Finsler manifold，where G and H are compact

Lie groups. The dimension of G/H is even implies

that rank G = rank H［12］. Then we can find a Cartan

subalgebra t of g，which is contained in h. We fix a

Ad (G )-invariant inner product < ⋅，⋅ > bi on g. For

simplicity，we use < ⋅，⋅ > bi|t × t to identify root sys‐

tems Δg and Δh of g and h respectively as subsets of

t\ { 0 }. We denote by g = h + m the reductive de‐

composition for G/H，which is orthogonal with re‐

spect to < ⋅，⋅ > bi. It is compatible with the root plane

decomposition g = t + ∑
α ∈ Δg

g±α in the sense that each

root and root plane of h are also root and root plane of

g respectively，and m is the linear direct sum of

those root planes g±α with α ∉ Δg \Δh.

Assume that there exist a pair of linearly inde‐

pendent roots α and β in Δg \Δh，such that α ± β are

not roots of g. Denote t ' to be orthogonal complement

of Rα + Rβ in t and denote T'，the torus generated by

t '. By Lemma 1.6，Fixo (T'，G/H ) = G' ⋅ o = G'/H' =

G'/ (G' ∩ H )，where g ' = Lie ( )G' = t '⊕ g'' with g'' =

Rα + Rβ + g±α + g±β，h ' = Lie ( )H ' = t '⊕h'' with h'' =

Rα + Rβ. Let G'' be the connected subgroup generated

by g'' in G. It is a compact Lie subgroup because its

Lie algebra g'' = a 1⊕a 1 is compact semi-simple.

Since G' = G''T' and T' acts trivially on

Fixo (T'，G/H )，Fixo (T'，G/H ) = G'' ⋅ o = G''/H'' where

the Lie algebra of H'' = G'' ∩ H' is h''，and the sub‐

manifold metric F |​
Fixo (T'，G/H )

is G''-invariant.

Because g'' = a 1⊕a 1 and h'' is a Cartan subalge‐

bra of g''，it has the same Cartan decomposition as

S 2 × S 2 = ( SU ( 2 ) × SU ( 2 ) ) / (U (1) × U (1) ) in Ex‐

ample 1.2. By Theorem 0.4 and Theorem 1.1，

F |​
Fixo (T'，G/H )

is locally isometric to a Finsler symmetric

metric on S 2 × S 2 = ( SU ( 2 ) × SU ( 2 ) ) / (U (1) ×

U (1) ). By Lemma 1.3，F |​
Fixo (T'，G/H )

is not positively

curved. This is a contradiction to Lemma 1.4 because

(G/H，F ) is positively curved.

Reference

［ 1］ BERGER M，VARIÉTÉS L. Riemanniennes homogènes

normales simplement connexes à courbure strictement

positive［J］. Annali Della Scuola Normale Superiore Di

Pisa-classe Di Scienze，1961，15：179-246.

［ 2］ BERGERY L，VARIÉTES L. Riemannienes homogénes

simplement connexes de dimension impair à courbure

strictement positive ［J］. Journal De Mathematiques

Pures Et Appliquees，1976，55：47-68.

［ 3］ ALOFF S，WALLACH N. An infinite family of distinct

7-manifolds admitting positively curved Riemannian

structures［J］. Bulletin of the American Mathematical

Society，1975，81：93-97.

［ 4］ WALLACH N. Compact homogeneous Riemannian

manifolds with strictly positive curvature［J］. Annals of

Mathematics，1972，96：277-295.

［ 5］ WILKING B. The normal homogeneous space SU ( )3 ×

SO ( 3 ) /U * ( 2 ) has positive sectional curvature ［J］.

Proceeding of the American Mathematical Society，

1999，127：1191-1194.

［ 6］ XU M， WOLF J A. Sp ( 2 ) /U (1) and a positive

curvature problem［J］. Differential Geometry and Its

Applications，2015，42：115-124.

［ 7］ WILKING B， ZILLER W. Revisiting homogeneous

spaces with positive curvature［J］. Journal Fur Die Reine

Und Angewandte Mathematik，2018，738：313-328.

［ 8］ HUANG L. On the fundamental equations of

homogeneous Finsler spaces［J］. Differential Geometry

and Its Applications，2015，40：187-208.

［ 9］ HUANG L. Ricci curvatures of left invariant Finsler

metrics on Lie groups［J］. Israel Journal of Mathematics，

2015，207（2）：783-792.

［10］ XU M. Submersion and homogeneous spray geometry

［J］. Journal of Geometric Analysis，2022，32：172.

［11］ XU M，DENG S. Normal homogeneous Finsler spaces

［J］. Transformation Groups，2017，22（4）：1143-1183.

［12］ XU M，DENG S，HUANG L，et al. Even dimensional

homogeneous Finsler spaces with positive flag curvature

［J］. Indiana University Mathematics Journal，2017，66

（3）：949-972.

［13］ XU M，ZILLER W. Reversible homogeneous Finsler

metrics with positive flag curvature ［J］. Forum

Mathematicum，2017，29（5）：1213-1226.

［14］ XU M，ZHANG L. δ-homogeneity in Finsler geometry

and the positive curvature problem［J］. Osaka Journal of

129



首都师范大学学报（自然科学版） 2024 年

Mathematics，2018，55：177-194.

［15］ XU M，DENG S. Towards the classification of odd-

dimensional homogeneous reversible Finsler spaces with

positive flag curvature［J］. Annali Di Mathematica Pura

Ed Applicata，2017，196：1459-1488.

［16］ HU Z，DENG S. Homogeneous Randers spaces with

positive flag curvature and isotropic S-curvature［J］.

Mathematische Zeitschrift，2012，270：989-1009.

［17］ XU M， DENG S. Homogeneous ( )α，β -spaces with

positive flag curvature and vanishing S-curvature［J］.

Analysis-Theory Methods & Applications，2015，127：

45-54.

［18］ DENG S. Homogeneous Finsler spaces［M］. New York：

Springer，2012.

［19］ BREDON G. Introduction to compact transformation

groups［M］. New York：Academic Press，1972.

（责任编辑：马田田）

（上接第 51页）

［ 4］ MANÁSEVICH R，FABRY C. Equations with a p-

Laplacian and an asymmetric nonlinear term ［J］.

Discrete and Continuous Dynamical Systems（A），2001，

7（3）：545-557.

［ 5］ PING Y. Nonresonance for one-dimensional p-Laplacian

with regular restoring［J］. Journal of Mathematical

Analysis and Applications，2003，285（1）：141-154.

［ 6］ 王在洪 . 时间映射与二阶拟线性微分方程周期解的存

在性［J］.数学年刊，2001，22（3）：245-258.

［ 7］ ZHANG M R. The rotation number approach to

eigenvalues of the one-dimensional p-Laplacian with

periodic potentials ［J］. Journal of the London

Mathematical Society，2001，64（1）：125-143.

［ 8］ LAZER A C，SOLIMINI S. On periodic solutions of

nonlinear differential equations with singularities［J］.

Proceedings of the American Mathematical Society，

1987，99（1）：109-114.

［ 9］ PINO M D，MANÁSEVICH R，MONTERO A. T-

periodic solutions for some second order differential

equations with singularities［J］. Proceedings of the

Royal Society of Edinburgh（A），1992，120（3/4）：

231-243.

［10］ PINO M D，MANÁSEVICH R. Infinitely many T-

periodic solutions for a problem arising in nonlinear

elasticity［J］. Journal of Differential Equations，1993，

103（2）：260-277.

［11］ WANG Z H. Periodic solutions of the second-order

differential equations with singularity［J］. Nonlinear

Analysis，2004，58（3/4）：319-331.

［12］ XIA J，WANG Z H. Existence and multiplicity of periodic

solutions for the Duffing equation with singularity［J］.

Proceedings of the Royal Society of Edinburgh（A），

2007，137（3）：625-645.

［13］ WANG Z H，MA T T. Existence and multiplicity of

periodic solutions of semilinear resonant Duffing

equations with singularities［J］. Nonlinearity，2012，25

（2）：279-307.

［14］ DING T R，IANNACCI R，ZANOLIN F. On periodic

solutions of sublinear Duffing equations［J］. Journal of

Mathematical Analysis and Applications，1991，158（2）：

316-332.

（责任编辑：马田田）

DOI：10.19789/j.1004-9398.2024.01.013

文献引用：李海梁，张越 .三维无压 Euler-Navier-Stokes 方程组的格林函数［J］.首都师范大学学报（自然科学版），2024，45（1）：131-144. LI H L，

ZHANG Y. The Green’s function of the pressureless Euler-Navier-Stokes system in R 3［J］. Journal of Capital Normal University（Natural Science

Edition），2024，45（1）：131-144.

三维无压 Euler-Navier-Stokes方程组的
格林函数*

李海梁 1，2**，张 越 1

（1. 首都师范大学数学科学学院，北京 100048；2. 首都师范大学

交叉科学研究院，北京 100048）

摘要：本文研究三维无压 Euler-Navier-Stokes 耦合模型解的时空逐点行为，该模型可用于描述两流

体运动。首先证明线性化系统的格林函数由惠更斯波、扩散波、Riesz波和包含由无压结构产生的稳

态 delta 波的奇异部分组成，进而当初值具有适当的空间衰减率时得到线性化系统 Cauchy 问题整

体解的时空逐点估计。

关键词：无压 Euler-Navier-Stokes方程组；格林函数；时空逐点行为
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The Green’s function of the pressureless Euler-Navier-Stokes

system in R 3*

LI Hailiang1，2**，ZHANG Yue1

（1. School of Mathematical Sciences，Capital Normal University，Beijing 100048；2. Academy for

Multidisciplinary Studies，Capital Normal University，Beijing 100048）

Abstract：In this paper，we investigate the space-time pointwise behaviors of global solutions to the

pressureless Euler-Navier-Stokes system in three dimensions，which characterizes the motion of a two-

phase fluid. First，we construct the Green’s function for the linearized system，which consists of the

Huygens wave，the diffusion wave，the Riesz wave，and the singular part containing the stationary delta

wave arising from the pressureless structure. Then，under the assumptions on the initial data with

appropriate spatial decay rates，we obtain the space-time pointwise estimates of global solutions to the

Cauchy problem for the linearized system.

Keywords：pressureless Euler-Navier-Stokes system；Green’s function；space-time pointwise behavior
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0 Introduction

We consider the three-dimensional pressureless

Euler-Navier-Stokes（pressureless Euler-NS） system

for two fluids，which can be formally derived from

the kinetic-fluid model，the so-called Vlasov-Navier-
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