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1 Introduction

Let G be a graph with vertex set V(G) and edge set E(G). For a set X, the cardinality of X is denoted
by | X|. Given a vertex v in a graph G, we let Ng(v) denote the set of neighbors of v in G and let dg(v)
denote |N¢(v)|, the degree of v in G. For simplicity, we will write N(v) and d(v) instead of N¢(v) and
de(v). Let H and K be subgraphs of G, we denote the neighourhood of H in G by N(H) and define
Ng(H) = N(H)NV(K). G[K] is the subgraph induced by V(K) in G. We write G — K instead of
G—V(K). Let w(G) denote the number of components of G. A subset U C V(G) is called an independent
set of G if no two vertices of U are adjacent in G. We define 0 (G) = min {d(v1)+---+d(vg) | {v1,..., v}
is an independent set in G}. Clearly, 01(G) = 0(G) is the minimum degree of G. A K; ,-free graph is a
graph without an induced K , subgraph.

Let Pla,b] denote a path connecting a and b in G and define the orientation from a to b the positive
direction of P. Given a vertex z on P, we let 7 denote the successor of 2 and 2~ denote the predecessor
of x if they are well-defined. We let x?y denote the subpath from z to y and y$x denote the subpath
from y to x on P. Let ¢ and j be nonnegative intergers such that i < j, and we denote the integers from
i to j by [i,j]. For further explanation of terminologies and notation, we refer to [3].

A tree with at most m leaves is called an m-ended tree. There are several well-known conditions ensuring
that a graph G contains a spanning m-ended tree. Win [11] obtained a sufficient condition related to
independent number for k-connected graph that confirms a conjecture of Las Vergnas. Broersma and
Tuinstra [1] gave a degree sum condition for a spanning m-ended tree.
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Theorem 1.1 (See [11]).  Let m > 2 and let G be a k-connected graph. If o(G) < k+m — 1, then G
has a spanning m-ended tree.

Theorem 1.2 (See [1]).  Letm > 2 and let G be a connected graph of ordern = 2. If 02(G) = n—m+1,
then G has a spanning m-ended tree.

On the other hand, Flandrin et al. [4] obtained a neighborhood union condition for a spanning m-ended
tree. We denote the minimum order of the neighborhoods of an independent set of order m by N,,(G).

Theorem 1.3 (See [4]).  Letm > 2 and let G be a connected graph of order n. If Ny (G) > i (n—m),
then G has a spanning m-ended tree.

There are also several results for the claw-free graphs and K 4-free graphs, where a claw-free graph is
a K 3-free graph. Matthews and Sumner [8] obtained a degree sum condition for a claw-free graph to
have a hamiltonian path. Kano et al. [5] obtained a slightly stronger result than a generalization of it.

Theorem 1.4 (See [5]).  Let G be a connected claw-free graph of order n with m > 2. If op1(G) =
n —m, then G has a spanning m-ended tree with the maximum degree at most 3.

Recently, Kyaw [6, 7] presented some sharp sufficient conditions for a connected K 4-free to have a
spanning m-ended tree.

Theorem 1.5 (See [6]).  Every connected Ky 4-free graph with c4(G) > n — 1 contains a spanning
3-ended tree.

Theorem 1.6 (See [7]).  Let G be a connected K1 a-free graph.
(i) If 03(G) > |G, then G has a hamiltonian path.
(ii) If oy 1(G) = |G| = 5 for an integer m > 3, then G has a spanning m-ended tree.
As for the spanning tree with certain extremal properties in a k-connected K 4-free graph, Chen and

Schelp [2] gave some degree conditions for the hamiltonicity of a k-connected K 4-free graph where a
hamiltonian path is just a spanning tree with two leaves.

Theorem 1.7 (See [2]).  Let G be a k-connected Ky 4-free graph of order n > 3. If ox+1(G) = n+ k,
then G is hamiltonian.

Theorem 1.8 (See [2]).  Let G be a k-connected K1 a-free graph of order n. If o3(G) = n+k+1, then
G is hamiltonian-connected.

Here, we give a degree sum condition assuring the existence of a spanning 3-ended tree in a k-connected
K 4-free graph with £ > 2.

Theorem 1.9.  Let G be a k-connected Ky 4-free graph of order n with k > 2. If o443(G) > n+2k—2,
then G contains a spanning 3-ended tree.

2 Preliminaries

According to the algorithm used by Zhang in [12], Chen and Schelp defined a concept, i.e., insertible
verter, in [2] as follows.
Let G be a non-hamiltonian connected graph and C' be a maximal cycle of G with an orientation.

Assume that H is a connected component of G — V(C') and {v1, va,...,vp} are h vertices in No(H) with
xv; € E(G), where z; € V(H) for 1 < i < h. We define the counter-clockwise direction the positive
direction of C. We also assume that vy, vs,...,v, are labeled in the order of the positive orientation of
C,ie., v; € C(vj—1,vi+1). The vertices vy, va, ..., v, divide the cycle C into h segments, @Q; = C(v;, vi41]

for 1 < i < h, where the subscripts are taken modulo h.

A vertex w; in Q; is called an insertible vertezx if there is a pair of consecutive vertices w and w™ in
C — Q; such that w;w, w;wt € E(G). If w; is an insertible vertex, we define I(w;) as some fixed vertex
in C' — Q; such that w;I(w;), w;(I(w;))" € E(Q).

Motivated by the method of segment insertion used by Chen and Schelp in [2], we define segment
insertion with respect to X as follows. Suppose that X := {x1,...,24,}, where z1,..., x4, are insertible
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vertices of @; in order along @;. Let 1 be the largest integer in [1, ;] such that I(z1) = I(zg,),
and let By be the largest integer in [51 + 1, o] such that I(zg,4+1) = I(xs,). Continuing in the same
manner, we will have 8, = «; for some ¢ > 1. Then we insert the segment C|xy,xg,]| between I(x;) and
(I(z1))", the segment Clzg, 11, xp,] between I(z,+1) and (I(zg,+1))",..., the segment Clag, ,41,23,]
between I(zg, ,+1) and (I(zg, ,+1))". We call such an insertion a segment insertion with respect to
X and denote it by SI[Q;, X]. After such an insertion, we obtain a path P’[z} 2] in G such that
V(P) 2 V(Clzf ,x1]) UX. We denote SI[Qq, X] by SI[Clx1,24,]] if X = V(Clz1,z4,]).
In [2], Chen and Schelp gave the following two lemmas.

Lemma 2.1 (See [2]).  For each Q;, there is a non-insertible vertex in Q; — {vit1}.

For each Q;, let w; be the first noninsertible vertex in Q; — {v;+1}. Then the following lemma holds.
Lemma 2.2 (See [2]). Let 1< i< j<h. Then for u; € Clv;,w;] and u; € C[v;f,wj], the following
properties hold:

(i) There does not exist a path Qu;, u;] in G such that Qu;, u;] NV (C) = {us, u;}.

(ii) For every v € Clu;, u; ], if vu; € E(G), then v=u; & E(G). Similarly, for every w € C[uj,u;], if
wu; € E(G), then w™u; € E(G).

(iii) For every v € Clu;, ujl, if vu;,vu; € E(G), then vtv™ & E(G).

3 Proof of Theorem 1.9

Let G be a k-connected K 4-free graph of order n with k > 2 such that o13(G) > n+ 2k — 2. Suppose,
to the contrary, that every spanning tree of GG has at least 4 leaves. Let P be a longest path of G. Clearly,
V(P) C V(G). We additionally assume that the following conditions hold.

(P1) w(G — P) is minimum; and

(P2) subject to (P1), |Pla,v]| achieves the minimum, where a is the first vertex of P and v is the first
vertex of P that is adjacent to some vertex in G — P.

Let a and b be the first and the last vertexes of P along its orientation respectively, and H be a
component of G — P. Let vy,...,v; be the neighbors of H on P in the order along the orientation of P
with y;v; € E(G), where y; € H for i € [1,t].

Let G* be the graph obtained from G by adding a new vertex vy and joining it to every vertex of G.
Set C' := vga Pbvy. Then C' is a longest cycle of G*. The vertices vy, ..., vy divide the cycle C into ¢t 41
segments. Let Q; = C(v;,v;41] for 0 <@ < ¢, where the indices are taken modulo ¢ + 1.

From Lemma 2.1, there exists a non-insertible vetex in Q; — {v; 41} for each @Q;. Let w; be the first
non-insertible vertex in @; — {v;y1} and let W = {wg, w1, ..., w}.

Claim 1.  We have a = wo and b ¢ N(w;) fori € [0,t — 1].
Proof.  Suppose, to the contrary, that a # wg. Then a is an insertible vertex in (Qy. The existence of the

path a*?[(a)a([(a))Jr?b contradicts (P2). Thus a = wy. Note that b € Q; and w;b™ = w;vy € E(G),
we have w;b ¢ E(G) for i € [0,¢ — 1]. O

Lemma 3.1.  Let I be an independent set of H. Then the following inequality holds,

t .
|P|+t—1, if I#0,

E dp(w; E d <

i=0 P<w)+x€1 P($)<{|P|—1v if I =0.

Proof. ~ We define a function 7 from V(G*) to Z* such that 7(v) = |N(v) N W|. For each A C V(G),
T(A) = ZveV(A) 7(v).

To prove Lemma 3.1, it suffices to show that

T(P)+ Y dp(z) <

zel

|P|+t—1, ifI#0,
|P| -1, if 7 =0.
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For I = ), we will show that 7(P) < |P| — 1. From (i) of Lemma 2.2, W is an independent vertex set.
Then the cycle C' is a disjoint union of intervals T' = Cle, d] with ¢, d* & N(W) and V(C|cT,d]) € N(W).
Notice that V(ClcT,d]) = 0 if ¢ = d. Such intervals are called W-segments.

From Claim 1, the endvertex b has at most one neighbour w; in W. Since vy € N(W) and wy is the
successor of vy on C, vy is the last vertex of some W-segment denoted by Tj. Set

T — C[b; ’Uo], ifo¢ N(wt)a
T\ Cluvo], ifbe N(w),

where u € V(C[wy, b™]) satisfying that N(W) NV (Clu,vo]) = V(C[u™, vg)).
Firstly, we show that 7(Tp) = [To| + ¢ — 1.
If b & N(w), we have |Ty| = |C[b,vo]| = 2, 7(vo) = t+1 and 7(b) = 0, then 7(Tp) =t+1 = |Tp|+t—1.
If b € N(w;), from Lemma 2.2(ii) and Claim 1, every vertex in Ty — {u,vo} is only adjacent to w; in
W. For v € Ty — {u,vo}, 7(v) = 1. Then we can also have

(M) = > 7 +7(wo)=(To| —2)+ (t+1) = |To| +t— 1.

veTy—{u,vo}

Next, we show that 7(T") < |T'| for every W-segment T' other than Tp.

Let T' be such a W-segment. From Lemma 2.2(i), there is an integer I such that 7' C Clwy,w; ],
where the indices are taken modulo ¢ 4+ 1. Without loss of generality, we assume that T C Clwy, ws |.

If |T| =1, then 7(T') = 0. So assume that |T'| > 2. From Lemma 2.2(ii),

N(w1)NT,N(wo) NT,N(we) NT,...,N(we) NT

form consecutive closed subintervals of T' (possibly some of them are empty) which can only have their
endvertices in common. We assume that 7' = {¢,c1,...,¢s} such that ¢ ¢ N(W) and ¢; € N(W). We
claim that there exists at most one vertex ¢; in T such that [N (¢;) N W| > 2.

Suppose that |[N(c;) N W| > 2 for some ¢ € [1,s]. Say wj,, w;, € N(c;) for some j; # jo. From
Lemma 2.2(i), ¢; € V(C[vy,wy]). Thus ¢; € V(Clw;,v2]). We claim that 1 € {j1,j2}. Suppose not.
If ¢; # vo, then from Lemma 2.2(iii), G[{c;,c; , ¢;, wj,,wj, }] is an induced K; 4, a contradiction. Hence
¢; = vy. But in this case, G[{c;, ¢; ,y2,wj,, wj, }] is an induced K 4, also a contradiction.

Thus w; € N(c¢;), and there exists at most one j # 1 such that w; € N(¢;). Thus 7(¢;) < 2 and
T(cj) =1for j € [1,s] — {i}. Hence

H(T) <24 (s—1) = s+1=|T]. (3.1)
To sum up,
T(C)= Y (D) +7(To) < > |T|+[To| +t—1=|C|+t—1.
T#Ty T#To
Hence

T(P) =7(C) = 7(vo) < (ICl+t-1) = (t+1) = [C]| =2 =[P| - 1.
On the other hand, for I # (), we will show that
T(P)+ > dp(z) < |P|+t-1.
xzel

Let I be an independent set in H. Obviously, N(I)NV (P) C {vy,...,v:}, where V(P) = (Uf;é V(Plw,
w;14])) UV (Plwg,b]). Then

(P)+ Xde(e) = 3 (rPlusswin) + X doge @) + 7(Plurs ).

zel i=0 zel

For i € [0,t — 1], we take 7(Plwi, w; 1]) + >, c1 dpp, (z) into consideration.

“’;1]
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Without loss of generality, we choose Plwy,w, |. Firstly, we consider the W-segment containing vs
which is denoted by T,

If 7(ve) = 0, then {vse} is the first vertex of Tv2 From Lemma 2.2(i), every vertex other than vs in Ty,
is only adjacent to wy in W. In this case, 7(Ty,) < |Tw,| — 1. Since G is K 4-free, vy can be adjacent
to at most two distinct vertices in I. Otherw1se, 1f 21, 22,23 € N(ve2) N1, then G[{va, vy , 21, 22, z3}] is an
induced K 4, a contradiction.

By inequality (3.1), for any W-segment T' in Plwy, wy | other than T,,, 7(T') < |T'|. Then

r(Plon,wg )+ 3 dpp @) = S TT) 4 7(T0y) + dir(v2)

z€l T#T,,
< D T+ Ty —1+2
T#Ty,
= |Plwr,wy]| + 1.

If 7(v2) # 0, by inequality (3.1), 7(T) < |T| for any W-segment 7" in P[wi,w, ]. We claim that vy can
be adjacent to at most one vertex in I. Suppose, to the contrary, that v, is adjacent to two distinct vertices
z1 and 22 in I. Let w; be a vertex in W that is adjacent to vo. If j = 1, then G[{ve, w1, vy, 21, 22}] is an
induced K 4, a contradiction. Otherwise, G[{vs, wj, vy , 21, 22} is an induced K 4, also a contradiction.

Then

r(Plon,wy )+ 3 dpp s @) = S TT) 4 7(T0y) + dir(v2)

xel T#Ty,
< >0 T+ [T +1
T#T,,
= |Plwy,wy ]| + 1.

For 7(P[wy, b)), from Lemma 2.2(i) and Claim 1, every vertex in P[w;",b] can be only adjacent to at
most one vertex wy in W. Then 7(Plwy, b)) < |Plwg, b]| — 1.
To sum up, we get the conclusion that

t—1
)+ 3 dp(e) = S (r(Plun, wi]) + 3 dppy e (@) + 7(Pluwb)
xel =0 xzel
t—1
(IPfwi, wip )l + 1) + | Pluwe, B = 1 < [P+ — 1. =
=0

Claim 2.  For every component H in G — P, we have |Np(H)| =k and H is hamiltonian-connected if
|H| =2

Proof.  From Lemma 2.2(i), for 0 < i # j < ¢, w; and w; have no common neighbor in G — V' (P). Then
Yicoda—v(p)(w) <n—|P| - |H|.
Since G is k-connected, we have ¢ > k. We claim that ¢t = k. Suppose, to the contrary, that t > k + 1.
If ¢t > k+ 2, then {wo,...,w:} is an independent set of order at least k + 3. By taking I = () in
Lemma 3.1, we have

¢ ¢
S () = S dplu) + 3 demyiey () < (1P|~ 1) + (0 — [P~ |H]) = n — |H] - 1,
i=0 =0 i=0
a contradiction to o,1+3(G) = n + 2k — 2.

Ift = k+1, let z be a vertex in V(H), then {z,wp, ..., w1} is an independent set of order k + 3. By
taking I = {z} in Lemma 3.1, we have Z o dp(w;) + dp( )<|P|+ (k+1)—1=|P|+ k. Then

k+1 k+1 k+1

Zd(wz)—i—d de w;) +dp(z +ch vp)(wi) + du(2)

=0 =0 =0
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S (IPl+k)+ (n—[P[—H])+ (|H]-1)
=n+k-1,

also a contradiction to o13(G) = n + 2k — 2 since k > 2.

Suppose that |H| > 2 and H is not hamiltonian-connected. From Ore’s theorem in [9], there exists a
pair of nonadjacent vertices z; and zo in H such that dg(z1) + dg(z2) < |H|. Since {z1, 22, wo, ..., Wk}
is an independent set of order k + 3, by taking I = {21, 22} in Lemma 3.1, we have

k
ZdP(wi) +dp(z1) +dp(z2) < |P|+k—1.
1=0
Then
k k k
D d(wi) +d(z1) +d(z0) =Y dp(wi) +dp(21) + dp(22) + Y da-v(p)(wi) + du(21) + du(22)
=0 =0 =0

S(Pl+k=1)+(n—|P|-|H]) +[Hl =n+k—1,

also a contradiction to op4+3(G) > n + 2k — 2 since k > 2.

Hence |[Np(H)| = k and H is hamiltonian-connected if |H| > 2. O
Claim 3.  Let v; and v; be distinct vertices in Np(H). Then for 0 < i # j < k, G[V(H) U {v;,v;}]
contains a hamiltonian path from v; to v;.

Proof.  Note that min{dg(v;),dm(v;)} > 1. If |[H| = 1, there exists only one vertex named h in H,
then v;hv; is a hamiltonian path from v; to v; in G[V(H) U {v;,v;}].If |H| > 2, from Claim 2, H is
hamiltonian-connected. It suffices to show that |Ng(v;) U Ng(v;)| > 2. Otherwise, both v; and v; have
exactly one neighbor y in H. Then (Np(H) — {v;,v;}) U{y} is a separate set of k — 1 vertices which
contradicts the k-connectedness of G. O

It follows from Claim 2 that ¢t = k. For 1 < i # j < k, we denote the hamiltonian path from v; to v;
in G[V(H) U {v;,v;}] by v;Hv;. If w(G — P) =1, then G contains a spanning 3-ended tree. So we have
w(G — P) > 2. Assume that H' is a component in G — P — H.

Claim 4. N(w;) NV (H') #0 for some i € [1,k].
Proof.  From Claim 1, we have wy = a. Then i # 0. Suppose, to the contrary, that N(w;) NV (H') =0
fori € [1,k]. Let y and y’ be vertices in H and H’, respectively. Then {wy, ..., wk,y,y’} is an independent

set of order k + 3. By taking I = {y} in Lemma 3.1, we have Zf:o dp(w;) +dp(y) < |P|+k — 1. In this
case, Yo da_v(p)(w;) < n —|P|—|H| — |H'|. Then

k k k

Zd(wi) +d(y)+d(y') = Z dp(w;) + +dp(y) + Z da—vpy(wi) +du(y) + dp(y') +du (y)
i=0 i=0 i=0
<(Pl+k—=1)+(n—|P|—|H - [H)+ (H|-1)+k+(H-1)
<n+2k-—3,
a contradiction. O

In the following, we assume that N(w;) NV (H') # ( for some i € [1,k]. From Lemma 2.2(i), N(w;)
NV(H') =0 for j € [0,k] — {3}

Claim 5.  There ezists a second non-insertible vertexr w; in Q; — {vit1} and w, ¢ N(H').

Proof. Suppose, to the contrary, that w; is the only non-insertible vertex in Q; — {v;11}. Let X =
Q; —{w;} in G*. Then every vertex of X can be inserted into C[v;y1,v;]. By using the segment insertion
SI[Q;, X], we get a path P'[v;41,v;] in G* such that V(P [viy1,v:]) 2 Clvig1,vi] UX = V(C) — {w;}.
From Claim 3, the hamiltonian path v; Hv,11 in G[V (H) U {v;, v;41}] together with P’ forms a cycle C*
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in G* with V(C*) 2 (V(C)—{w;})UV(H). From Claim 4, N (w;)NV (H') # 0. If |H| = 1,then C* — {vo}
is a path in G which contradicts (P1). If |H| > 2, then C* — {vg} is a path in G which contradicts to the
maximality on the length of P. Thus there exists a second non-insertible vertex w} in Q;.

Now, suppose that w], € N(H’). By using the segment insertion SI[C[w],w] ]|, we get a path
Q' = Q'[w},w;] in G* with V(Q") = V(C). This together with the non-trivial (w;, w})-path in G[V (H’)
U{w;, w}}] forms a cycle in G* longer than C, a contradiction. O

Lemma 3.2. Let j be an integer such that j € [0,k] — {i}. Then for every u; € Clw; ,w!] and
uj € C[U;r,wj], the following properties hold.

(1) There does not ezist a path Qu;, uj] in G* such that Qlu;, u;] N V(C) = {w;, u;}.

(ii) For every v € Cluj, u; ], if vu; € E(GY), then v=u; & E(G). Similarly, for every w € C[uj,ui_],
if wu; € E(G*), then w™ uz ¢ E(G™).

(iii) For every v € C[u;, ui ], if vug, vuy € E(G*), then v-vt & E(G*). Similarly, for every w €
Clul,u;], if wus, wu; € E(G¥), then v-vt & BE(G*).

g

Proof. ~ We prove this lemma by induction on I(ui,uj) = |V(Clw;,u;]) U V(Clv; o))l

For [ =0, i.e., u; = w; and uj = v , by using the segment msertlon SI[Clv :r, w; |], we obtain a path
S[w;, v;] such that V(S[w;,vi]) = V( )—{w;}. From Lemma 2.2(i), we have N( )OV(C[ w; ) =10
which implies that no Vertlces in V(C[vj,w;]) are inserted between v; and vj Thus vj is still the
successor of v; on S[w;", v;].

in G* such that Q[w;",v 1N V(C) =

i _]
{w, v; vil. Let Cp := w*?ijvz SerQw Then Ry := C; — {vo} is a path in G of order at least |P|
and with less components in G — Ry, a contradiction.

To prove (i), assume to the contrary, there is a path Q[w;', v; v

To prove (ii), assume to the contrary, there is a vertex v € C[u;" ;u; | such that vu; and v_uj € E(G*).
Then from Lemma 2.2(ii), no vertex in C[v;",w; ] is adjacent to v. Hence no vertices in C[v;", w; | are
inserted between v and v~. Thus v~ and v are two consecutive vertices on the path S[w;,v;]. Let
Cy = wjv?ijvigv Sw+ Then Ry := C3 — {vp} is a path in G of order at least | P| and with less
components in G — Rg, a contradiction.

To prove (iii), assume to the contrary, there is a vertex v € Clu], u; ] such that vu;, vu; € E(G*)
and v~ vt € E(G*). From Lemma 2.2(iii), N(v) N C[v;",w;] = 0. Thus v s stﬂl the immediate
predecessor of v in S[ w;,v;] and vt is still the 1mmed1ate successor of v in S[w;", v;]. Let C3 :=
w+?v v*?v]Hvz Swvj FTow. Then Rz := C3 — {vo} is a path in G of order at least |P| and with less
components in G — Rs, a contradiction.

Now we see that (i)—(iil) are true for I = 0. Assume that (i)—(iii) are true for any pair of vertices z;
and z; with z; € Clw]", u;] and z; € C[’U;_,Uj] such that 1(z;, z;) < (i, u;).

Let X = V(C[v]",u;]) — {w;}, then every vertex of X is an insertible vertex in @;. Using the segment
insertion SI[Q;, X|, we obtain a path S'[u;,v;] in G* such that V(S [u;,v;]) 2 V(C) — {w;}. From the
induction hypothesis on (i) and Lemma 2.2, there are no edge between the vertex sets V(C[v;", u;]) and
V(C[v;’, u;]). Thus no vertices in V(C[v;", u; |) are inserted between any pair of vertices in V(C[v j, ujl).

From the induction hypothesis on (i), (z;) # I(2;) for any z; € V(C[v;t,u;]) and z; € V(C[v v; ,uj_])
Then (I(zj))"r is also the immediate successor of I(z;) on the path S'[u;, v;]. Using the segment insertion
SI[Cvf v, u;]], we can insert every vertex in C[v;-r,u;] in S'[u;,vj] or S'uj,v;] to obtain two vertex
disjoint paths T [u;, v;] and Th[uj, v;] such that V(17 [us, v;]) UV (Ta]u;, vl]) 2 V(C)—{w;}. For any pair
of two consecutive vertices w™ and w of V(C) — V(C[vj",u;]) U V(Clv} v}, u;]), only one of the following
three properties holds:

1) w™ and w are two consecutive vertices on one of the paths T4 [u;,v;] and Talu;, v;].

2) There is a segment C[z;, z/] in C[v;", u; ] inserted between w™ and w with N (z;) NN (2}) 2 {w™,w}.

3) There is a segment C/z;, z}] in Clvi v, ,u; | inserted between w™ and w with N (z;) NN (2}) 2 {w™, w}.

To prove (i), suppose, to the contrary, that there is a path Q[u;, u;] in G* such that Q[u“ u; NV (C) =
{ui,uj}. Let C = uzﬁ)v]HUz?u]Qul Then R} := C] — {vp} is a path in G of order at least |P| and

with less components in G — R}, a contradiction.
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To prove (ii), suppose, to the contrary, that there are two consecutive vertices w and w™ in Clu], uj_]

such that wu; € E(G*) and w™u; € E(G*). Because w™u; € E(G*), by our induction hypothesis on (ii)

and Lemma 2.2, we have wz; ¢ E(G*) for every z; € V(C[v;",u;]). Hence no vertices in V(Clv;", u;])
are inserted between w and w~. In the same manner, we can show that no vertices in V/(C [’U;-r, u;]) are

inserted between w~ and w. Thus w~ and w are two consecutive vertices on the path T7[u;, v;]. Let
Ch = uiwﬁij’uiﬁujw*ﬁui. Then R, := C% — {vo} is a path in G of order at least |P| and with less
components in G — R}, a contradiction.

To prove (iii), suppose, to the contrary, that without loss of generality, there is a vertex v € V(C[u;, u;])
such that vu;, vu; € E(G*) and v=vT € E(G*). By the induction hypothesis on (iii) and Lemma 2.2,
N(v) N (V(C;,u]) U V(C[v;',vj_])) = (). Thus v~ is still the immediate predecessor of v in T [u;, v;]
and v is still the immediate successor of v in Ti[u;,v;]. Let C% = uil_“iv’v*]_“l)ijviﬁujvui. Then

5= C% —{wo} is a path in G of order at least | P| and with less components in G — Rj, a contradiction.

This completes the proof of Lemma 3.2. |

We replace w; with w} in W to obtain W’ = {wo, ..., w;—1,w}, w;iy1,...,w}. From Lemmas 2.2 and
3.2, the vertices of W’ have the same properties as that of W. Using the same method as in the proof of
Lemma 3.1, we also have )y, dp(z) <[P|— 1.

Let y and y’ be vertices in H and H’, respectively. From Lemma 2.2 and Claim 5, W’ U {y,y'} is an
independent set in G of order k4 3. Then ) . dg_v(py(z) <n — |P|—|H| —|[H'|. Now we have

Y d@) < (Pl =1)+ (n—|P|—|[H| - |H'|) =n—1-|H| - |H
zeW’

On the other hand, d(y) < |H| — 1+ k,d(y") < |H'| — 1+ k. Hence

> d@) +dly) +d(y) < (n—1— |H| — [H') + (|H| = 1+ k) + (|H'| - 1 + k)
zeW’
=n+2k—3,

a contradiction. This completes the proof of Theorem 1.9. O

Acknowledgements This work was supported by Scientific Research Fund of Hubei Provincial Education
Department (Grant No. Q20141609), National Natural Science Foundation of China (Grant Nos. 11371162 and
11271149), and Wuhan Textile University (2012).

References

Broersma H, Tuinstra H. Independence trees and Hamilton cycles. J Graph Theory, 1998, 29: 227-237

Chen G T, Schelp R. Hamiltonicity for K1 4-free Graphs. J Graph Theory, 1995, 20: 423-439

Diestel R. Graph Theory, 3rd ed. Berlin: Springer, 2005

Flandrin E, Kaiser T, Kuzel R, et al. Neighborhood unions and extremal spanning trees. Discrete Math, 2008, 308:
2343-2350

Kano M, Kyaw A, Matsuda H, et al. Spanning trees with a bounded number of leaves in a claw-free graph. Ars
Combin, 2012, 103: 137-154

Kyaw A. Spanning trees with at most 3 leaves in K1 4-free graphs. Discrete Math, 2009, 309: 6146-6148

Kyaw A. Spanning trees with at most k leaves in K1 4-free graphs. Discrete Math, 2011, 311: 2135-2142

Matthews M, Sumner D. Hamiltonian results in K1 3-free graphs. J Graph Theory, 1984, 8: 139-146

Ore O. Hamiltoian connected graphs. J Math Pure Appl, 1963, 42: 21-27

10 Ozeki K, Yamashita T. Spanning trees: A survey. Graphs Combin, 2011, 27: 1-26

11 Win S. On a conjecture of Las Vergnas concerning certain spanning trees in graphs. Result Math, 1979, 2: 215-224
12 Zhang C Q. Hamilton cycle in Claw-free graphs. J Graph Theory, 1988, 12: 209-216

ot =W N =

© 00 N



