Rl2Z . BZE 20114F 41 HsH:701~724 N a2 7
R B O B8l ¢ ChEB2EY Zekit

www.springerlink.com math.scichina.com 7~ SCIENCE CHINA PRESS

YR ) BTG (1): MiE= ATk
5_F PDE 43 LI

FPEAL

o ERHE BRI AT R SE R =, bRt 100190

E-mail: sun@mail.rdcps.ac.cn

Wk H1: 2011-01-27; #:52 HI: 2011-07-29
FR BB 34 (#EHES: 60970089) ¥t B H

WE ACURE — KRB E AN T = ARSI %, B AR BN REEET = ATE T
JT AR B IR D B G B AR R AR A 1 BB R R AR, BB B xE A ST MR AT AR AT
By — A1, FLAE o x4 T AR T AR ALK BT B TR T, Ani sk (K8 L= PDE $E 3+ 8 4 4,
X F UL Laplace 77 78 X 3% 09 AL 35 1) B 4L R IR X % BU AL A ) 2 B9 B L A&

MEZARREERRF XN —REZ R AR AEEEA TR ST, &l —RE
MRAMGEZAEREL L. ERESRTHEN L= AERNRELM, 10 T LR ITHRTE KSR
AWM EEL (ZALES T A% ) PRAAEMERTE RSN TELRE, U TH
#Hth — T PDE EA % H .

KPR BERMFLY —W PDESHMELHA HEZAEHR
MSC (2000) £85H%E  65F15, 65D99, 65N25, 15A18, 35P99

1 35|

AR SR, T RS AR ) U B v SIS AR A IR PR E S 2. SRR 1 T R 4 I T
FAFFINEA B HEARIANDCR 2 CAESFERCR 5 MBS b S b s B R sk g 3
SR AT IR IR AT Au = f BRAG —DNEMTTIA BAu = Bf BIRME, UGS 1145
K(BA) < k(A) INIEIEAR. TR I AR EHE 2 oA g AR 2tk 7 FR 4R A B, 2010 4F 11 A,
VR FAEWT T 1095 48278 i AE [ T 0 AC OO AL <R 57 EINR “HbERAMZ Pamt s sl
I 3 B X S 7 i TS R H T AG R S B g R 2 1.

ey A PRE TE AR ) RN AT A3 20 . AR EARL IR) RS — FRp R A B il R, SRAE 7 2 A I PR
MFel PDE P58 UIAH oG, s b, BE T SR B, ANDA B2 5 A T AR 2 I AR I R PR I LI A
KA Schrodinger 77 FEARFAEAR IF) €. 2 R4 2125 58 T i A5 I T A v A4 v I e M AR S0 1 T g
JIVE, A58 Pz R AR R BR X S 3 AR O LN, THE T L Roc R A 25 G ae ), I 51E# G 1E
LEE =L BRI TR AT U7 W R S R BN IEAE AT 2L Jacobi-Davidson 5%
Set vk A AR I 1,

jilll3

5| F#&30: Sun J C. On pre-transformed methods for eigen-problems, I: Yanghui-triangle transform and 2nd order PDE
eigen-problems (in Chinese). Sci Sin Math, 2011, 41(8): 701-724, doi: 10.1360/012011-76




PINSHE: REAEAR IR 8 TRAZ H7T (T): Mo = AR A2 e 5 ) PDE 44k 2 35050

FERE b, FALT SR LANE T R IR AT T35, — MR AR )

Au=du, A= (aj) (1.1)
A DL i AR AR AR 4
u="Tuv (1.2)
AR Ay 5 — AR AL ) 8 011
(T7*AT)v = M. (1.3)

P, ASCHEH R LA ) ALK N = A PR 5 9.
EX 1 SFPRFLE R (1.3) FOYBURRF AL I8 (1.1) 1D HAE e, i
(1) PSR T = (S =Af) JCE I MR,

of (T AT := Y |(T7HAT)jul” < Y [(A)jal* = off (A)z, (1.4)
J>k i>k
o
of (T ATy ==Y (T AT) > < D [(A)jk]? = off(A)g. (1.5)
i<k i<k

(2) PAZH J B AEAG 5] 8 (1.3) SARAE )& (1.2) %5 K.

W IX AR AR e T FRA JRUAREAE A ) PR3 1. 4 T R = AFERER ATRR O = A 1A
oy, TiFR N LIAL.

— W AT B SR AR PEAS R = A, IS AR CE RS . R, 2 T Uk SE A& REAE 1) R
I, d BT E S (1.3) sRED g VR, 10 w = To BG4S HE A R, 58—, TR A () J3L,
WA B AN UF TR 7, A4 5 IR6] A7 26 T A0 AR AE AR L 1R — AR, AR F (R0 1A
i PR R BLF TS AE T, BeInidE A S, 48 mh SRR,
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T, BB 4
(aj,e) = (ag,e”), (al! —all, el) = (all —all ey, vj=12...
AR 8 BRI e AN . 5 E, X,
((ay! —afl) —2(al! — all), elV) = (@} — al', ey — (a]! —a}l,ell) = 0.
b, R A
((af! —jal + ( ~ Daj).e)
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e, SIAE S
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EIE 3 WIR (2.1) BRI A (5 758 FE ) R

k agk] 7

KW ova; Fondt (2.3) & XHIR a; v BrSOR WIS R0 & SRS =MAARAZ R
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gie-1 - rall ety (ol e | 230
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SR 3
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R k Rl it k—1—v
B =dtal, R =3 (-1 ( k—1 )oka[ﬁ. (2.31)
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1
~ [k] k-}—l
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~(=17(]) 1
~1 q ) ]
1
Oe1 ((ovall e¥))  (oval ™ ocycra
1
() 1 (ot elM) ota) "
- (3 1
(,1)jlk(i) ' 1 (<R£k]7é[k]>)
Oy ((o”af", M) oval*!
B (Ukagck], élrly akagfﬂ]
~ (L S . k - ~ [k
(BT + (17 F ()ota, ) Y

PR =/AERE Ly S50 R M5 (2.30). (2.31) R, VIR E R 3 X T4 koL, A
FHEAE

s (T S () e ()
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v+k—1
k—1

k

+o a[k] 1)

1)~ v<'— )(ak ]
Yokl [klz(J—”k‘l)_
FM >k B

(o*alll, el =

(c*ay, &)

UK}
(" el &) = (o*(alM — aM,), &l
= (0" (al — o), &™) — (o*(al | — ), &™) =0
Pk, 5 > k I
(R g 55 (_1yv<j Z‘Fk)< k1M gy
Barat
TR, 115
AR+ _ (ﬁk (0”auk])1<u<k) .
0 (R ki
XFERLTE R T E B 3 IR, O
FH A W (N 1) % (N + 1) AR A ST () Ak
(o *1alf ety =0, vO<k<j<N, (2.32)
MIX A RE A ) N + 1 AMREEE AR R %
N(A) = (ofal, ey, vi=o0,1,...,N. (2.33)
WM, AR R AT DL AR = A AR AR I A AL AR A B b = A R
LAL™' =U, (2.34)
KH L J2 N+ 1 s T = MmlE, L1 2, HAR S0 b = A
(ao, ) (ay’,e) (ap", &)
o (o abt!l, &l (o ablM, eIN) 2.35)
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3 TMEMTEFRIXNZMAMBNERESLE: ZNA%ES I Ak

VERPRAS SR, AT TG AT Fabr IR WK AN RS (0 2R e o) A 2k
REAEAELART I PR — ik 22 X1 4 £
JEIHE (N +1) x (N + 1) By = # 2 b
¢(N,0)  b(N,0)

a(N-1,1) ¢(N—1,1) b(N—1,1)
a(N—=2,2) e(N—2,2) b(N—2,2)

A= - , (3.1)
a(2,N—2) ¢(2,N—2) b(2,N—2)
a(1,N—1) ¢(1,N—1) b(1,N—1)
a(0,N) c(0,N)
X B =N LT R NATIRES n I IRZ TS (n +m = N),
a(m,n) = n(Brom + Br1n + Boo),
c(m,n) = ago(m? +n?) + agymn + ago(m + n) + ago, (3.2)
b(m,n) = m(Bron + Srim + Boo)-
R, 2 N =1 W, YR RE
Qg + ap + ago B11 + Boo
2 p—
B11 + Boo o0 + a1 + oo
(I AN IR L A
A(A2) = ag + a1 + aoo £ (B11 + Boo)-
MY N =2 W, NP &R E: g
(2090 — a11)? = 4(B11 — Bro)?, (3.3)
) = g R
dang + 2019 + ago 2(2611 + Boo) 0
As = Bio + Bi1 + Boo 290 + @11 +2a10 + @00 Bio + B + Boo (3.4)
0 2(2B11 + Boo) daog + 219 + ago

B HABH {0420,04107%07511”800} PP

5 XTI m+n=N, (3.1)-(3.2) FILEN IRZIAT =X ALHFE A 1 N AFFE
5 M\ (A) TENATHRAR n 2 IR IR BEAE (3.3) 0T,

HERR id

€:=2(a0 + B11 — Bio) — un,
€:=2(az — P11 + Pio) — a11-
WE n+m=N, i (22) 5 (2.27) PiFRIAR, 742
Smon = a(m,n) + c(m,n) + b(m,n) = ag + (10 + Boo) N + (20 + B11)N? + mne,
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Spn t = —a(m,n) + c(m,n) — b(m,n) = ag + (a10 — Boo) N + (a0 — B11)N? — mné.

S, i

St = ("; 1) a(m, n) + <Z) c(m,n) + (”Z 1>b(m, n),
SO (” . 1>a<m, n) + <Z>c(m, n) — (" ' 1) b(m. ).

PR A S =0 2R

an—1:=(0,...,0, alm+1,n—-1), ¢(m+1,n—-1), bm+1,n-1), 0, ..., 0),
a, =0, ..., 0, a(m,n), c(m,n), b(m,n), 0, ..., 0),
b k e
Kg — S (_1)” kg —
ay, ;}( ) (V) Ay, c%ay, ;} <V> Ap_y.
Vil
<anv 6[0]> = Sm,na <5ana e[O]> = Sm,n - Sm+1,n71 - _(N +1—- 2”)67
(an,é[0]> = (—1)"§m’n, (aan,é[o]) = (—1)”(5‘,”,” — Smﬂ’n,l) =—(N+1-2n)e,
LA &
(%an, ey = 6%8,,, = 2¢, (o%a,,e) = 2¢
(6%a,, e’y = 6S,,, =0, (ca,, %) =0, Vik>3.
[IREN

(8%an, ey = ((n = 1)a(m,n) +n cc(m,n) + (n+ 1)b(m,n))
—2(n—=2)alm+1,n—1)+(n—Declm+1,n—1)+nbm+1,n—1))
+ ((n—=3)a(m+2,n—2)+ (n—2)cc(m +2,n — 2) + (n — 1)b(m + 2,n — 2))
= —2(N +3—3n)e.

v, 2S5k
51 XTk=12...,

sFnk=1 =0, oFnk = k!, Shnk Tt = (k + 1)!(n - ’;)
g+ ((” . 1) n2) = (k+ 1)((k+2)n — (k+1)2).

B, A
5|38 2

(8" 1alFl My = —(k+ 1)(N+1+k(k+1) — (k+2)n)e, YO<k<n<N.

(3.5)

(3.7)
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WERR FESE b, Y k=1 N BAREOL, BRY
] Gkly _ (71 n n+1
(al! e!™) ( . )a(m,n) + <k>c(m,n) + ( . b(m,n),

(§F+1alFl elFly — gk+1 ((n ; 1) a(m,n) + (Z) c(m,n) + (n;— 1) b(m,n)> =09 + 0. + 0p.

M (3.9) ¥ T <k 2, WA

— ( (” - 1) (a(m, n) + c(m, n) + b(m, n)) ) _ gt ( (” - 1) sn>

g
=—(k+1)(—(k+1)*+ (k+2)n— N),
e () (1) (1 )
(Z B i) (2020 — au)nQ) = k(k + 1)(2020 — 1),

( )= () + (22
r ( i " 1) + (Z i)) (2611 — 2/310)712) = 2k(k 4+ 1)(b11 — Buo),
k

i,
JEALhHh, KA
(@l ) = (-0 (" atimon + 0 () etmon) + (M o)

= (=1)"(=a(m,n) + ¢(m,n) = b(m,n)) = (=1)" Sy n,
<0,k+1a£f:]7é[k]> — O'k—H((—l)ns’m’n) _ (_l)nék-‘rlg’yﬂn

= (—1)ok ! < - ("; 1) a(m,n) + <Z) c(m,n) — (” Z 1>b(m, n)>

= (=1)"(60 + G + Gp),

X H
o= ((7 1)) =0 (75 v )
=ék+1)(—(k+1)*+ (k+2)n— N),
et ( (0 (7)) (¢
= gk+1 ((Z: i) (2090 — an)n2> = k(k + 1)(2a20 — 111,
( n

= () - () pomm) = (G 2) + G2 o)
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—— (") + (121)) 280 - 2000002 = ~2k(6+ 1511 - o,
Got 6y = k(k + 1)z,

Zi LRNA, BA13 2

(" a,,e™y =oo+ 0.+ oy = —e(k+1)(k— (k+1)*+ (k+2)n — N)
= —(k+1)(=k(k+ 1)+ (k+2)n — N — 1)e,

(" ta,, ey =60+ 6.+ 6, =€ (k+1)(k— (k+1)2+ (k+2)n— N)
=(k+1)(~k(k+1)+ (k+2)n— N —1)&

T n> k, AL
(8" alkl elkly x (o 1alfl &My = Oy, € & = Cp (2020 — a11)? — 4(B11 — Bio)?),

HAHE Con RS (n, k) K,
FMHAHCUEMERE 1 5 3, BN 2 oem T e 5 1k
DI TP S 9 Sl
ce(N,0)  bi(N,0)  ba(N,0)

a1(N=1,1) cc(N—1,0) by (N—1,0) ba(N—1,0)
az(N72,2) al(N72,2) CC(N*Z,Q) bl(N72,2) bg(N*2,2)

A= a2(N—-3,3) a1(N—-3,3) cc(N—3,3) b1 (N—-3,3) ba(N—-3,3) , (310)
U aa(2N=2) a1(2N=2) ce(2,N—2) by(2,N—2) ba(2,N—2)
a2(1,N—1) a1(1,N—1) ce(1,N—1) b1 (1,N—1)
a2(0,N)  ao(O,N)  cc(O,N)
Hrp FETCHE AT n FaFs IR Z A (m +n = N),
az(m,n) =n(n—1), ai(m,n)=n(Brom + B11n + Boo),
ce(m,n) = ago(m? + n?) + ayymn + ago(m + n) + ago, (3.11)

ba(m,n) =m(m —1), bi(m,n) =m(Bion + B11m + Boo)-

BATEH

FE 6 XNTAEE m+n=N, (3.10)-(3.11) "FImzm R IR Z I A AL A 1 N ANEF
TEAE A (A) TEATHEAS n ) IR I 78 50 L B4 A

(2 + 2a90 — a11)? = 4(B1o — B11)*. (3.12)
JERR il
€:= 2+ 2090 — a1 — 2P10 +2B11, €:= 2+ 209 — 11 +2B10 — 2511

ST n+m=N, iHMITH

Smon © = az(m,n) + a1 (m,n) + ce(m,n) + by(m,n) + ba(m, n)
= Qoo + (0410 + 500 — ].)N + (0420 + ﬂll + 1)N2 + mne, (313)

Smﬁn L= a2(m7 TL) - al(ma TL) + CC(’I?’L, n) - bl (ma n) + bQ(mv ’I’L)
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= ago + (10 — Boo — DN + (ago — fr1 + 1)N? — mné. (3.14)
HR 4 2 B 2 A 4,
fe = (2 + 290 — a11)? — 4(B1o — B11)* =0

JRATEBE 6 JRAL I A A FAT TR UER, 1242 7870 1.
DU IR A T 0 2RI 2900 (myn) BRI, Hem T IR ZEMEN % il

ap_1:=100, ..., 0, aa(lm+1,n—-1), ax(m+1,n—1), ce(m+1,n—1), by(m+1,n—1),
bo(m+1,n—1), 0, ..., 0],
a,:=10, ..., 0, az(m,n), ai(m,n), cc(m,n), bi(m,n), ba(m,n), 0, ..., 0].

T, M k=1 B8 6 WARMOL. XTI k,
(6" 1a,, ey = gh+! ((n ; 2) az(m,n) + (n ; 1) ar(m,n) + (Z) cc(m,n)

i )

=00+ 0a2 + 0cc + Ob1 + Ob2,

()

(0 ) e R o ) )
(0 ) e B (i )
(G ) S B ()

s (119 () (1) ()i

MAEZES (3.8) HIAIN

o = € oF 1 <<Z)n(N - n)) =(k+1e ((N+2)— (k+2)(n+1)+ (k+1)2).

== (1) (i3) o),

S
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FIHFEAE n 5 m =N —n F0RRPE,

o= (1) +(050) - (000)
Ta1 +0p1 = 2(f11 — ﬂ10)5k+1< ((k ﬁ 1) - (Z_ 1)

SJii
(05 an, ety = og = (k+1)e (N +2) — (k+2)(n+1) + (k+1)%).
REBLIEC N O
FAl i, F7
ot tant =t (7 st (7 et (ot
T s (0 o)
= (=1)"(60 + Ga2 + Gec + 1 + T2),
X

|

o (((117)- ) i)
et ( (1) () ocnn)
oo (1) () )
oo (1) ()

HitEAE3C (3.8) AT 4

Gy = & ok ((Z)”(N - n)) — ¢ gkl ((Z)(—(n F1)2 4+ (n+1)(N+2)— (N + 1)))

=(k+1)E((N+2)—(k+2)(n+1)+ (k+1)%).
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FIFaRE n 5 m =N —n FORRME, 73
wwem=o (1) (2 (20) - ()mne) =
0a1 +0p1 = 0.
PRt
(" ta,, ey =60 = (k+1)e (N+2)— (k+2)(n+1) + (k+1)%).

EIR 7 (3.10)(3.11) I LI RT LI L e AR = A MBI AR S A B Dl b = A
RI7E 7 E A2

€:=2 + 20[20 — 11 — 2B10 + Zﬂll = 0, (315)

€:= 2+ 2090 — a1 + 2B10 — 2611 = 0. (3.16)
HEIR 1 AT (3.10)-(3.11) FR ALK MALAEE A,
o 7 24 2090 — ayg = 2(Bi0 — Bi1), W
Amn(A) = (a0 = Bro + 1)n® + 2(azo — Lymn + (azo + Bu1 + 1)m®
+ (@10 — Boo + P10 — B11 — D)n + (10 + Boo — 1)m + aoo; (3.17)
o 47 24 2as0 — 11 = —2(B10 — B11), W

)\mn(A) = (CVQQ + 510 + 1)%2 + 2(0&20 — 1)mn + (a20 — ﬂ11 + 1)m2
+ (10 + Boo — Bio + P11 — 1)n + (10 — Boo — 1)m + o (3.18)

WERR BT n+m=N, W =0, WA

Ano = (ao, ) = ago + (a0 + Boo — )N + (a0 + B11 + 1)N?,
Av—11 = (Jar, ey = agy — 2800 + 4 + (a10 + Boo — 26811 — 5)N + (azo + Bu1 + 1)N?,
AN_2.2 = (6%ay, 6[2]> = (ago — 4Bo0 + 2611 — 2810 + 16) + (@10 + oo — 4511 — )N

+ (20 + B11 + 1)N?,

NI
A (A) = WANO —n(n—2)AN_11 + ”(”2* Y nas
= apo + (10 + Boo — )N + (azo + B11 + 1)N? + (B11 — Bio — 4)n”
— (2800 — Bro + P11 + 2N (B11 + 2)n.
EHE. O
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M,
it 2 He=010,
Amn = %(n —1)(n = 2){a,, ey — n(n - 2)(6a,, ™) + n(n —1)(5%a,, e?); (3.19)
I &= 0 i,
Ay = %(n —1)(n = 2){an, &%) — n(n — 2)(van, &) + n(n — 1)(c2an, 62). (3.20)

4 HEZH_MBir PDE $54EZ N 6/ e A
RSV (2,2) LA K AILHE PDE $FEE ) 5 [15.18.20]

A2 All 2
Llu(z,2)] := (i,i) (Alj AQO) (3) w(z, z) = Au(z,2),  V(z,2) € Q, (4.1)

0z

)

KR Agg, Ay BB (2,2) Mk H
Q= {(2,2)] — (AgA20 — A1 A1) > 0} (4.2)

ST S DA BT AT F P DX, ARIR 52 O

/f (2,2) g(z,2) dz dz. (4.3)
e —4EREAZ Z 0 R (-1, 1) XA, A AU 22 =1 E’Jﬂﬁ/\i‘ﬁ :?’EEiglﬁﬁE’J*
AWK P L 28 =1 =AMR = lLw=-1+iQ 0= V3 [y = .
VESN
g0 =2"—2%, gui=zi—1, go=2 —2z=g (4.4)

I 23 =1 =R (1, w, @) FIACHE I =AM Ik E 2 i,
IRAETATT F Hir v 755 ) S5 R BT A A ) X3 AR ) (4.1) 2 IR A, 2 R 5L
Asg, A1, Aga SO0 Z IR Z2 05U, Fieek B (132 57 ith £k

J=A11A1 — AyAy =0

R AU IR 2 T £k
ARHEE =R (Lw,0) WLAESE BT o BRI R T,

Az = agao + cg11 + bgoz,
Ay = dgoo + eg11 + dgoz, (4.5)
A2 = bgao + cgi1 + agos.

XL Y h 2 X im0

J(Z7 2) = AggApa — A%l =0. (46)
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¥ (4.5) RN B BJL5E PDE FRAE 72 (4.1),

L[z™z"] = bn(n — 1)2™ 22" 2 £ n(2d m +c n+2d) 2" 2" + (a(m? +n?) +2e mn

+(a+e)m+n))z"z" +m(2d n+cm+2d) 2" 2 4 bm(m — 1)2™ 22" £ 101
FARNE T T A EEEE (3.11) 1B,

az(m,n) =bn(n—1), ai(m,n) =n(2dm + cn + 2d),
ce(m,n) = a(m? 4+ n?) + 2emn + (a + €)(m + n),
ba(m,n) =bm(m —1), bi(m,n) =m(em + 2dn + 2d).

b =0 I, Pt AERES B (3.1)-(3.2) =X ML, Kl R AL
Bro=2d, Bii=c, Pfoo=2d, ax=a, a; =2 ap=a+e
RN (3.3) WIRR N
da = (2020 — a11)? — 4(B10 — B11)? = 4((a — €)* — (2d — ¢)?),
M2 b# 0 I, SR

2d c 2d a 2e a+te
510:?, 51125, 500:?, G20 =5 Q11= 7, 010 = ——.

BRI (3.12) 045 A

Oa = (24 2020 — a11)® — 4(B1o — 1) = %((a +b—e)? = (2d - ¢)?).

M E 7 LA T
EH 8 Ll (4.5) N AKI K AL PDE $FALJTRE (4.1) A1 2 IR I 7870 i EAAEIE J (2, 2) =
0 FRIEIEAT F P X I A B S 5t XA 2 A S S R I R

6a = (a+b—e)* —(2d — c)*. (4.7)
BEMT, 24 a+ b+ c=e+2d I, BAGME= i A TR 1, AHIARFAESE 2 b £ 0 B J2 b= 0 I 435 45 T
N %((a+b+c)m2+2(a—b)mn+(a+b—2d)n2+(a—b+2d+e)m+(a—b—c+e)n),
Ann = (a + ¢)m? + 2amn + (a — 2d)n® + (a + 2d + €)m + (a — c + e)n. (4.8)
M a+b—c=e—2d I, HWHE=MATUEST, FHRAFFIER Y b # 0 B A& b =0 B4 3155 T

)\mn =

%((a—i—b—c)mz—i—Q(a—b)mn—|—(a+b—|—2d)n2+(a—b—2d+e)m+(a—b+c—|—e)n),
A = (@ — e)m? + 2amn + (a + 2d)n* + (a — 2d + e)m + (a +c + e)n. (4.9)
it 3 B ALY PDE RAE AR (4.1) 1R o0 O il b AT 2 R K OO e

53] 42K
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0.4 —0.2 0.4 —0.2
~0.25 ~0.25
0.5 —0,5
% - —0.75 |
B 1 MELSMILERM=FAE B 2 BHE&S5ZKHZERH=fAE

b, HA, RTINS IR, B e A ety D T it e, FUAT R I A S P 2k
1117 AR B (4.5), 0P U 2R X IGR AL U AT LU R R T fiE: @ = b= ¢ = 0,d = Bo,e = =261 [
a=>b=fo,c=—201,d=e=0, KINAMFAK 64 BAEE, BRAZE 58 = 57

YEE AL [15] CUEW], S HALE v =0,1,2 I,

Asg =920 =7(2* = 2), An=gn =221, (4.10)
J(2,2) = (22 = 1) =7*(2* = 2)(z% - 2)

(R AR ) (4.1) A5 P AT 20 T, O I 0 X 373 390 D 13 = Al = 1R e ik iy — e Y

OISk, RIFTIE A Stener X2 (W1 4). FEZH —70P 2 WA XK (4.5)-(4.6) A7 2 IS#
R At = A X3k

B 3 HXFRER =/ B4 Z[@EXHREH=/A
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o MEZ S5 B3 th = MAig (Koorwinder 1EAZ 2 I={Ik) (41l 1 JiR)
A =2g20 — 11+ go2 =22"+2° — 22—z —22+1,

Al =gao+ge=72"+2 —2-%, (4.11)
J(2,2)=(1-2(z+2) + (2= 21— (2 +2) + (22 — 22+ 2?)). (4.12)
R HEARL TS B T £ A RRLR 2
M, 4 i1 = FiveDiagonal{m(m — 1),2m — m? + 2mn,
2(m? +n?) +2(m +n),2n —n? + 2mn,n(n — 1)}. (4.13)

W R
a=2, b=1, c¢c=-1, d=1, e=0

RNFN (4.7) . dn] &, AN ARG ) — k2 I, 3Eif, B oa+ b+ c = e+ 2d, M4 &
o4 h AR (4.8) /A W n=0,1,...,N,

A (A) = 2m? 4 2mn +n? + (3m + 2n). (4.14)

XA 22 T AE SCik AR Koornwinder 22 T st 18,21,
o —HES - Rh&BEXZM =M (WK 2 Fir)

Ago:7920—911—|—902:722—z2+22—z—72+1,
Aq1 = —2g20 + 5g11 — 2902 = —2(2% + 2%) 4+ 527 + 2(2%) — 5, (4.15)
J(2,2) =32+ 2+ 1)(23 +322(2 + 2) + 2° — 15(2* + 22 + 622 + 12(2 + 2) — 8).

¥ R
a=7 b=1, c¢c=-1, d=-2, e=5

RNH (4.7) B deal &, AHN PRI — k2 0. B o + b+ c # e +2d 1
a+b—c=e—2d, P 4 P AKX (4.9), B M4 TR TH: X T n=0,1,...,N,

Amn(4) = <U"a£?], é["]> =9m? + 12nm + 4n? + 15m + 10n. (4.16)
o HXTFR. BIE=mMFRAIZ TR fiZe i = Als (W 3 Fior)

Asg = 61gag — 10g11 + 13gos = 6122 — 1027 + 1322 — 132 — 612 + 10,

Aqy = 19990 + 26911 + 19902 = 19(2? + 222 — 2) +26(22 — 1), (4.17)
1
mJ(z, z) = 3(2* + 2%) — 1222(2% + 22) + 182227 — 22(23 + 2°)

+622(z + 2) + 15(2% + 22) + 3022 — 12(2 + 2) — 4. (4.18)
XIS, R AEARL TS N 0] F 2R R
M 4m+1 = FiveDiagonal{13(m — 1)m, m(—10m + 38n + 38),

61m? + 52nm + 87m + 61n* + 87n, (38m — 10n + 38)n, 13(n — 1)n}. (4.19)
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[R]
o
B

—RTEBRO= AR

¥t 25K
a=61, b=13, c¢=-10, d=19, e=26

FRNHN (4.7) 2. dben &, AN R A k2 0K, B, H a + b+ c = e + 2d, HRHEE
o4 AR (4.8) MM = MR HE X e=0,1,...,N

Amn(A) = (6"al™ | ey = 2(32m? + 48nm + 18n2 + 56m + 42n). (4.20)

BN, 24 JCAMEZ IR BIRE m +n = N FER, (4.14), (4.16), (4.20) B N +1 M
{HHAAT ERFAEAE, BT AR A JSPems RE (4.1) IAIE 2 AR % X B f AR (4.3) 1F

1k
L.
& FPnik, AT LLE]
il 1 HIELL (4.5) AR K B350 PDE FRHETFE (4.1), 5 2 BRI = oYk A it £k
DI TP AFAE T8 1EAT 22 T ) DX SR J LA R IR 46 0 LU 1\ R AR B
o 1) BB (—liLE):
e 2) —MTE L3 (Appell ZI0);
=S PR =B (Stener Z2T0) (K 4);
W S I LA AZ th — A TE3K (Koorwinder 2 I05) (K& 1);
I ARk ERAY) (K 5);
a4k ZEIA S = MBI (K 6);
HE&S Zn =it gaiss 2 th =Mmesk (K 2);
o 8) HXIFR. HAE=1D0I R — ook th& th =8 (1 3).
A (4.7) ARER, LU (4.5) 4 RE B B L5 PDE FRAETTRE (4.1) AEAHN I — 6 PY IR
P DX 358 P S AT T A 22 T e, LR — JCRE R pR . IX I TR RE AR S R 0 ) s T Bt m) R AR S
R PR T VEIRAR, HE KA R4 e k3R

3
4
*5
6
7

)
) =
)
)
) it
)

S 30k

1 Chandra R. Conjugate gradient methods for partial differential equations. PhD Thesis, Yale University, 1978

2 Eisenstat S C, Schultz M H. On some trends in elliptic problem solvers. In: Schultz M, ed. Elliptic Problem Solvers.
New York: Academic Press, 1981

3 Cai X C, Keyes D E. Nonlinearly preconditioned inexact Newton algorithms. SIAM J Sci Comput, 2002, 24: 183-200

4 Yang C, Cai X C. Parallel multilevel methods for implicit solution of shallow water equations with nonsmooth
topography on the cubed-sphere. J Comput Phys, in press

5 Geng W T, Zhou Y M, Wang D S. Cohesive energy of elemental crystals: extended application of the linearized
augmented planewave band method. Chin J Comput Phys, 1999, 16: 372-392

723



PINSHE: REAEAR IR 8 TRAZ H7T (T): Mo = AR A2 e 5 ) PDE 44k 2 35050

6 FIHEM. RAFAFLNE Schrodinger T3 REAEAEL AR ) RIKPHT A%, THE, 2002, 24: 461-468
NG, XA, WS, 45, T SCAMIEE AT VAR S AR RE A P N Y. BE2IEAR, 1997, 42: 818-821
8 Hwang F N, Wei Z H, Huang T M, et al. A parallel additive Schwarz preconditioned Jacobi-Davidson algorithm for

polynomial eigenvalue problems in quantum dot simulation. J Comput Phys, 2010, 229: 2932-2947

9 Householder A S. Matrix in Numerical Analysis. New York: Blaisdell, 1964. PR PN, EOHER, AR, 2
B BB TP AR S, dent Bl AL, 1980

10 LiH, Sun J, Xu Y. Discrete Fourier analysis, cubature and interpolation on a hexagon and a triangle. STAM J Numer
Anal, 2008, 46: 1653-1681

11 Sun J. Multivariate Fourier series over a class of non tensor-product partition domains. J Comput Math, 2003, 21:
53-62

12 Betcke T. Optimal scaling of generalized and polynomial eigenvalue problems. SIAM J Matrix Anal Appl, 2008, 30:
1320-1338

13 Knyazev A V. Toward the optimal preconditioned eigensolver: locally optimal block preconditioned conjugate gradient
method. SIAM J Sci Comput, 2001, 23: 517-541

14 Weideman J A C, Trefethen L N. The eigenvalues of second-order spectral differentiation matrices. SIAM J Numer
Anal, 1988, 25: 1279-1298

15 PAEK. AFNIX IR Fourier 24t 5 IEAZ Z I AL B ERFAHAR A R, 2009

16 Edelman A, Strang G. Pascal matrices. Amer Math Monthly, 2004, 111: 361-385

17 Dunkl C F, Xu Y. Orthogonal Polynomials of Several Variables. Cambridge: Cambridge Univ Press, 2001

18 Suetin P. Orthogonal Polynomials in Two Variables. Amsterdam: Gordon and Breach Science, 1999

19 Koornwinder T. Two-variable analogues of the classical orthogonal polynomials. In: Askey R A, ed. Theory and
Applications of Special Functions. New York: Academic Press, 1975, 435-495

20 NFOM. B — R AR REAZ LI RN S P EEFE A §, 2008, 38: 221-240

21 Koornwinder T. Orthogonal polynomials in two variables which are eigenfunctions of two algebraically independent
partial differential operators. Indag Math, 1974, 36: 357381

On pre-transformed methods for eigen-problems, I: Yanghui-triangle trans-

form and 2nd order PDE eigen-problems
SUN JiaChang

Abstract A so-called pre-transformed method for solving eigen-problems is proposed in this paper. The aim
is to reduce the total sum of off-diagonal entries in lower triangular of T~'AT much smaller than the original
one. Finding a good pre-transformer, just like a good pre-conditioner in solving linear system, may accelerate the
eigen-solver iteration. In this paper, we take the pre-transformer 7" as a special elementary unit triangular, which
is called Yanghui matrix.

Yanghui triangle was found in China much earlier than Pascal triangle in abroad. Some sufficient and
necessary conditions, with which a matrix can be reduced to an upper triangular form through similar transforming
with Yanghui matrix, are given. As an application, the existence of a class of 2-D second order PDE eigen-
polynomial problems is proved.

Keywords: pre-transformed methods for eigen-problems, 2nd order PDE polynomials, Yanghui triangle

matrix
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