NOTES

A three-dimensional diffusion equation of suspended sediment by
waves and currents

DING Pingxing, SHI Fengyan and KONG Yazhen

State Key Laboratory of Estuarine and Coastal Research, East China Normal University , Shanghai 200062, China

Abstract Based on the law of mass conservation, a general three-dimensional diffusion equa-
tion of suspended sediment due to waves and currents, adaptable to estuarial and coastal ar-
eas, is derived by decomposing the instantaneous velocities and concentrations into three-dif-
ferent-time-scale components respectively. A three-dimensional suspended sediment diffusion
equation adaptable to actual calculations is available as the result of the parameterizations of
turbulent diffusion term and wave diffusion term. Different from the former diffusion equations,
the influence of waves and currents on suspended sediment diffusion can be simultaneously re-
flected in the newly derived equation.
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As we all know, waves and currents are the main hydrodynamic factors which lead to sediment transport in
estuarial and coastal areas, so quite a lot of scholars at home and abroad have studied sediment movement
due to waves and currents. Early research mainly followed the orientation of the study on river sediment
transport by replacing the shear stress in river sediment transport formula with the bed shear stress under
the influence of waves and currents-'* 2, Nowadays some scholars use tidal current models in which they
use the capacity of sediment due to waves and currents in the suspended diffusion equation to explore sed-
iment transport caused by waves and currents’> ¢}, Others introduce radiation stress into tidal currents e-
quation to discuss sediment diffusion due to waves and currents in combination with two-dimensional sus-
pended diffusion equation[7—9] . To some extent, these studies have improved the resolution in calculating
sediment transport in estuarial and coastal areas. However, at present, most of these sediment transport
mathematical models are two-dimensional, and in addition, in these models, the traditional diffusion e-
quation only due to currents is most commonly used and the influence of waves is considered only in
source function. Sometimes the effect of waves is considered by using mixing coefficients in order to ex-
press the combined influence of waves and currents on suspended sediment!’*"12] | There are few studies
on three-dimensional sediment transport due to waves and currents. So in theory as well as in application
it is very important to set up a suspended sediment diffusion model that can truly reflect the influence of
waves and currents. In this note a three-dimensional suspended sediment diffusion equation is theoretical-
ly derived from the law of mass conservation.

1 Derivation of a three-dimensional suspended sediment diffusion equation

Based on the law of mass conservation, continuity equation can be gained easily:
de, Jduc, dve, IHw - w,)c,
Bttt e =0 W
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where ¢, is suspended sediment concentration, u, v, w are the components of velocity in x, y, z di-

rections respectively, w, is the settling velocity of sediment particle. In order to study suspended sediment
transport due to waves and currents, the velocity field and suspended sediment concentration field can be
decomposed into

, (2)

¢o=C+cy,+c,
where U, V, u,, v,, w,and u’, o', w' denote horizontal large-scale background velocity field (such
as tidal currents, river flow ), wave particle velocity field and turbulent fluctuation velocity field respec-
tively; C, ¢, ¢’ denote suspended sediment concentrations corresponding to the background velocity
field, wave and turbulence respectively.

Substituting (2) into (1), then implementing time average by wave period that is much longer than
turbulent feature time scale, a general form of three-dimensional suspended sediment diffusion equation
due to waves and currents can be yielded as follows:

ac auc avec W -w,)

a—t + Jx + ay + 3z

drg, Jdrg drg, Ot 9T, ar,,
=8x+3yy+3z+9x+3yy+a_z’ (3)

where L - B o
U=U+uw,V:V—(\-UW,W/=w,,,,(:’=C+Cw (4)
denote velocity field and suspended sediment concentration field under the combined action of waves and

currents; 7., Tgys g, are suspended sediment diffusion caused by turbulent fluctuation, and their forms
are as follows:

r&=—u’c',rgy=—w,r&=—;}—’7, (5)
Tuss Twys Tw; are suspended sediment diffusion induced by waves with the definitions:
Tuw = — (UyCy — UpCu) s
Ty = — (0,60 — VuCu) s (6)
Tur = = (Wyth — Wty

If there are no waves in the estuarial and coastal areas, or the influence of waves on suspended sedi-
ment diffusion is neglected, that is to say, u, = v, = w, = ¢, =0 in eq. (2), eq. (3) can be simpli-
fied to a three-dimensional suspended sediment diffusion equation only due to currents:

9C  UC V€ Iw,C Itp  Imy ITw

at+3x+3y_ dz _3x+ay dz ’ (7)
Suspended sediment diffusion induced by turbulent fluctuation has less order of magnitude compared
with that induced by waves in relatively shallow area, especially in the surf zone. Therefore the turbulent
term in eq. (3) can be neglected as the following:
ac avuc ave W -w) Jr, I, I,
a1t an tay * 7 = %% * Ty * o (8)
By integrating eq. (3) from water surface to bed and using the boundary conditions, a two-dimen-
sional diffusion equation of suspended sediment by waves and currents can be yielded:
aDC apuUC aDvC a1, JT, 9T, 9T,
ar *Tax YTy =‘Fs+ax+ay+ax+ay’ (9)
which has been deduced beforel'*] .

2 Parameterizations of turbulent diffusion term and wave diffusion term

In order to resolve the three-dimensional suspended sediment diffusion equation, sediment diffusion
terms induced by turbulence and waves must be determined before the velocity field reflecting the co-ac-

tion of waves and currents is given. The parameterization of sediment diffusion term due to turbulence can
be represented as:
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TRy = ecx%’ TRy = Ecy%’ TRy = eczaa_f’ (10)
where mixing diffusion coefficients €., , €, , €. are related to friction velocity. By neglecting the influ-
ence of wave on suspended sediment and substituting eq. (10) into eq. (7) while omitting “—", a well-
known and commonly used three-dimensional suspended sediment diffusion equation due to currents alone
is yielded:

aC aduC dIve 9w, J aCc a ac d ac
TR R el e OO ) 5eo 55+ 7l 57)- (n
Equivalently, the parameterization of suspended sediment diffusion term induced by waves is as fol-
lows:
m%g’rwy:ewy?)_g’rm:emz_f’ (12)
where the wave mixing diffusion coefficients €,., €,,, €,, should be related with wave feature elements
such as wave height, wave period or wave particle velocity. And then eq. (8) can be written as
ac auc avc (W -w)C
2.t ax * 3y + e
a ac a ac J ac
= gl 5e) e aylen 5) ¢ (e 5 (13)
In general, both wave and turbulence can influence suspended sediment diffusion, so by substituting

eqs. {(10) and (12) into (3), a three-dimensional suspended sediment diffusion equation can be yield-
ed:

Tyx = €

ac auc avc I W-w)C

2: Y ax t oy 3z
2(,,3), 2, 26), 2(, ¢)
= ax(e, 3z )t 3\ Ty +5,\l8&75, ) (14)
where
€y = Ep + Epns €, = € + €4y €, = g + Euy (15)

are mixing diffusion coefficients involving turbulence fluctuation and waves. At present, a diffusion equa-
tion similar to eq. (14) is used to describe suspended sediment transport due to waves and currents. In
the equation the effects of turbulence and waves are involved in mixing diffusion coefficients.

This note derived a three-dimensional diffusion equation suspended sediment by waves and currents,
in which the effects of waves and currents on suspended sediment concentration can be embodied clearly.
A three-dimensional coupling model, in correspondence to the three-dimensional diffusion equation which
reflects wave and current interaction, will be given in another paper. Now we are studying how to deter-
mine the wave mixing diffusive coefficients. It is to be wished that the results presented in the note could
be helpful for these who investigate sediment transport in estuarial and coastal areas.
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