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1 Introduction

Triangular algebras, introduced by Kadison and Singer [8], and reflexive algebras are two important
classes of non-selfadjoint operator algebras. They are closely related to the study of structural properties
of bounded linear operators, such as the invariant subspace problem for operators. The intersections
of these two are nest algebras [2,11]. Many people have tried to extend selfadjoint theory, as well as
its techniques and invariants, to non-selfadjoint algebras. Recently, combining triangularity, reflexivity
and von Neumann algebra property into one consideration, Ge and Yuan introduced a new class of
non-selfadjoint algebras which they call Kadison-Singer algebras or KS-algebras for simplicity [3]. These
algebras are reflexive, maximal triangular with respect to their “diagonal subalgebras”. A more direct
connection of Kadison-Singer algebras and von Neumann algebras is through the lattice of invariant
projections of a KS-algebra. The lattice is reflexive and “minimally generating” in the sense that it
generates the commutant of the diagonal as a von Neumann algebra. Nest algebras are KS-algebras with
“abelian cores” and commutative lattices of invariant projections.

In [3], using the tensor product structure of hyperfinite factors, Ge and Yuan constructed the examples
of Kadison-Singer algebras with hyperfinite ones as their diagonals. In [4], making use of von Neumann
algebra techniques, they proved that the reflexive lattice generated by a double triangular lattice with
three nontrivial projections is, in general, isomorphic to the two-dimensional sphere S? (plus two distinct
points corresponding to 0 and I), and the corresponding reflexive algebra is a Kadison-Singer algebra.
Wang and Yuan showed that the reflexive algebra, corresponding to the one point extension of a maximal
nest on an infinite-dimensional separable Hilbert space by a rank one projection which is determined by
a separating vector for the diagonal of the nest algebras, is a KS-algebra [13].
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KS-algebras are generalizations of nest algebras and are a much broader class of (reflexive) non-
selfadjoint operator algebras, whose lattices of invariant projections may be noncommutative and non
distributive [3,4]. Nest algebras have many nice properties such as the existence of rank one operators, the
innerness of bounded derivations and vanishing bounded cohomology groups. It becomes an interesting
problem whether all or some of these properties are still true for some or all KS-algebras.

In this paper, using some techniques in [13], we show that the reflexive algebra Alg(L), with £ generated
by a nest on a separable Hilbert space and a rank one projection determined by a separating vector for
the core of the nest algebra, is a KS-algebra. Here we do not require that the nest is maximal. Our result
generalizes the main result in [13]. We will determine its center, the commutator of this algebra modulo
itself. We also show that every bounded derivation from Alg(L) into itself is inner, and all n-th bounded
cohomology groups H"(Alg(L), B(H)) of Alg(L) with coefficients in B(H) are trivial for all n > 1.

Now we recall the definitions of some well-known classes of non-selfadjoint operator algebras. For
details on triangular algebras and nest algebras, we refer to [2,8].

Let H be a separable Hilbert space and B(H) the algebra of all bounded linear operators on H. For
a set L of orthogonal projections in B(H), we denote by Alg(L) the set of all bounded linear operators
on H leaving each element in £ invariant. Then Alg(L) is a unital weak-operator closed subalgebra of
B(H). Similarly, for a subset S of B(H), we let Lat(S) be the invariant projection lattice of S consisting
of all projections invariant under each operator in S. Then Lat(S) is a strong-operator closed lattice of
projections. A subalgebra A of B(H) is said to be reflexive if A = Alg(Lat(A)). Similarly, a lattice £
of projections in B(H) is called reflexive if £ = Lat(Alg(L£)). A nest N is a totally ordered family of
projections on H which contains the zero operator 0 and the identity operator I on H and is closed in
strong operator topology. If N is a nest, then A is reflexive and Alg(N) is called a nest algebra. The
von Neumann algebra N’ generated by N is called the core of Alg(L); Alg(L) N Alg(L)* = N’ is called
the diagonal of Alg(L). Obviously, N7/ C N.

Definition 1.1. A subalgebra A of B(H) is called a Kadison-Singer (operator) algebra (or KS-algebra)
if A is reflexive and mazimal with respect to the diagonal subalgebra A N A* of A, in the sense that if
there is another reflexive subalgebra B of B(H) such that A C B and BN B* = AN A*, then A = B.
When the diagonal of a KS-algebra A is a factor, we say A is a Kadison-Singer factor (or KS-factor).

A lattice L of projections in B(H) is called a Kadison-Singer lattice (or KS-lattice) if L is a minimal
reflexive lattice that generates the von Neumann algebra L, or equivalently, L is reflexive and Alg(L) is
a Kadison-Singer algebra.

Clearly nest algebras are KS-algebras. When A is a KS-algebra and A NA* is a von Neumann algebra
(or factor) of type I, IT and III, then A is called a KS-algebra (or KS-factor) of the same type. In the
same way, one can further classify KS-factors into Iy, 11, etc., similar to usual factors. Since a nest
generates an abelian von Neumann algebra, the nest algebras are “type I’ KS-algebras.

Next we recall some notions in Hochschild cohomology theory. For details on cohomology theory of
Banach algebras, von Neumann algebras and nest algebras, we refer to [6,9,12]. Let A be a unital Banach
algebra, and M a unital Banach A-bimodule. A linear mapping § from 4 into M is called a derivation
if 6(AB) = A0(B) + 6(A)B for all pairs A, B in A; if there exists M in M such that 6(A) = AM — M A
for each A in A, then § is called an inner derivation. Every derivation from a nest algebra acting on a
separable Hilbert space H into B(H), or into itself, is inner, and hence, automatically bounded [1].

Forn =1,2,3,..., we denote by C™(A, M) the complex vector space of all bounded n-linear mappings
(also called n-cochains) of A x -+ x A into M. By convention, we let C°(A, M) be M. The coboundary
operator 9" : C"(A, M) — C"F1(A, M) is given by 0°(M)(A) = AM — M A for A € Aand M € M; for
nzl peC"(AM), Ar,...,Apt1 € A, let

8"¢(A1,A2, .o ,An+1) = A“O(AQ, e ,An+1)
+ Z(—I)J()O(A17 cee 7AjAj+17 .- 'aAn-O-l)
j=1

+ (—1)n+1g0(A17 - ,An)An+1.
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The kernel of 0" in C™ (A, M) is denoted by Z" (A, M) and called the space of n-cocycles. The image of
o1 in C""1(A, M), denoted by B"(A, M), is called the space of n-coboundaries. It is standard that
o"o" =1 =0, so B"(A, M) C Z"(A, M). (We shall simply denote all these coboundary operators by the
same symbol 0.) The bounded n-th Hochschild cohomology group of A with coefficients in M is defined
as the quotient vector space:

HM(A,M) = Z"(A, M)/B" (A, M), n>1.

By convention, H(A, M) = {M € M| AM = M A, for each A € A}. In [9], Lance proved that all n-th
bounded cohomology groups H"(Alg(N), M) of each nest algebra on a separable Hilbert space H with
coefficients in M are trivial for all n > 1, where M is an ultraweakly bimodule of Alg(N') satisfying that
Alg(N) C M C B(H).

2  One point extension of a nest

In the rest, let H be an infinite dimensional separable Hilbert space and B(H) be the space of all the
bounded linear operators acting on . In this paper, we do not distinguish a projection with its range,
so write v € P for an orthogonal projection P to mean that v belongs to the range of P. Let P denote
the orthogonal complement I — P of a projection P. For projections P < @, we write @ & P for the
projection @ — P.

Let A be a nontrivial nest of projections on H, and Alg(N) be the corresponding nest algebra. Since
the core N’ of nest algebra Alg(/N) is abelian, it has a separating vector, say £, which means the mapping
T — T¢, from N into H, is injective [7]. We assume that ||¢]| = 1. Let P¢ be the orthogonal projection
from H onto the one-dimensional subspace of H generated by £. Then for each projection P € N with
P #0,I,wehave ¢ ¢ P, & ¢ P+ and hence PAP: = 0. Obviously, PV F is just the orthogonal projection
from H onto the closed subspace P(H) + C{. Hence for each pair P,Q in N, PA(QV P:) = PAQ. Let
L be the complete lattice of projections generated by N and Pg, which is called an one point extension
of N by Pg. It is not difficult to show that £ = {0,I,P,P;,PV P:: Pe N,P #0,1}.

Similarly, we could consider the dual of the nest V. Let N = {0,1, P*: P € N'}. Then N is a nest
such that Alg(N)* = Alg(./\? ), so these two nest algebras have the same diagonal and core. Let L be the
one point extension of N by P, ie., L= {0,1,P,P:,PV P;: Pe¢ N, P #£0,1}.

Question. Are £ and £ KS-lattices?

Remark. Notice that the core N is contained in the diagonal A/ of nest algebra Alg(N), i.e.,
N C N'. If we assume that £ is a separating vector for A/, then £ is a generating vector for N,
which implies that A is a maximal abelian self-adjoint subalgebra of B(H), and hence N/ = N [7].

Theorem 2.1 [13]. Sluppose that & is a separating vector for N'. Then L and L are KS-lattices, and
hence Alg(L) and Alg(L) are KS-algebras; Moreover, they have the same diagonals equal to CI.

Inspecting the proof in [13], we can show that £ is a KS-lattice, even though & is a separating vector
only for N”’. Firstly, we recall some notions on complete projection lattices. Let F be a complete lattice
of projections on ‘H. For P € F, we let

PF=v{QeL: Q#P} forP#0,0" =0.

If F is a nest, then P =Vv{Q € F: Q < P} for P # 0, and we call P the immediate predecessor of P
in F if there is one; otherwise P* = P. If there is no immediate predecessor for each nonzero projection
in F, then F is called a continuous nest. Similarly, for a projection P in a nest F, we define

PF=NMQeF:P<Q} for P£I I =1,

and call Pf the immediate successor of P in F if there is one; otherwise Pf =P.
For nonzero vectors v and 7 in H, we denote by v ® n the rank one operator, defined by (y ® n)(z) =
(z,m)y for all z € H. The following Lemma 2.2 comes from [13], and the main ideas in the proof of
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the following Proposition 2.3 and Theorem 2.4 also come from [13], although we use the langue of nest
algebras.

Lemma 2.2 [13]. Suppose E € Lat(Alg(L)), E # 0,1I. For P € N with P # 0,1, if there exists a
nonzero vector ¢ in E(H) such that P+( and P+¢ are linearly independent, then P < E.

Proof. Letn = P+(— jflg’f;fg Pt¢ Thenn #0,n € (P\/Pg)L. It is easy to show that for each nonzero
vector (8 in P, the rank one operator f® 7 is in Alg(L) (see also Corollary 3.3). Hence (6®n)¢ € E. By

calculation, we have

1 1 2
(B @) = (||PL<||2 - W—Pf”)ﬂ.

[ P+-¢11?
Since P+¢ and P*¢ are linearly independent, we have

(P, PHEP

PJ_C 2
S N T Tk

#0,

which implies that § € E. Consequently, P < F.
Proposition 2.3.  Suppose that ¢ is a separating vector for N". Then L is a reflexive lattice.

Proof.  Obviously, £ C Lat(Alg(L)). In order to obtain the reflexivity of L, it suffices to show that
Lat(Alg(L)) C L. Let E be an arbitrary projection in Lat(Alg(L) with E # 0,1, P¢. Define

Q=Vv{PeN: P<E}

Obviously, Q e N and 0 <K Q<K E<I. If Q = E, then E € L. So we assume that Q < E. Now we show
that £ = Q V Pe. If it is true, then £ € L.

We take two separate cases, depending on whether @ has an immediate successor in A or not.

Suppose that Qﬁf = (). Then there exists a strictly decreasing sequence {@Q,} in N: I > Q1 > Q-
> > Q> - > Q, such that lim, @, = @ in the strong operator topology. For each n > 1, it follows
that Q,, £ E. Then, by Lemma 2.2, for each nonzero vector ¢ in E, we have Q¢ and Q;-¢ are linearly
dependent, i.e.,

Q¢ =X\,Q-¢  for each n > 1 and for some ), € C.

Notice that @, < Qi for each n > 1. Hence Q7 (Q:-¢) = Qf (A, Q;-¢), and then Q¢ = A\, Q¢ Also
since Q1 ¢ = \Q1¢, it follows from Q7 ¢ # 0 that we have \,, = \; for all n > 1. Consequently, we have

Q¢ =MQ}r¢ foreachn >1and A\ € C.

Let n — oo. We have ( — Q¢ = A (§ — Q§), which yields that ¢ = (Q¢ — M Q&) + & € Q V P for each
nonzero vector ¢ in E. Hence E < (Q V P¢). On the other hand, since Q < E, we choose a unit vector
Co € E such that ¢y € Q*. Since we have proved that (o — Q¢ = (¢ — Q) for some p € C, we have
Co = p(€ — Q) # 0, and hence £ = %CO + Q¢ € E, which implies that E > (Q V P¢). Consequently,
E=QV P

Suppose that Qf > (). Now we claim that, for each nonzero vector ¢ in £, Q¢ and Q*¢ are linearly
dependent. For, otherwise, there exists a nonzero vector (y in F such that Q+(y and Q¢ are linearly

independent. Then Q¢ # 0. If we let § = Q1¢y — <ﬁgf§|§>QL5, then 3 # 0 and 8 € (Q V P)*.

Hence y ® 3 is a rank one operator in Alg(£) for each nonzero vector y in Q% (see Corollary 3.3(i));
in particular, (y ® 8)(p € E, and hence ({y, 3)y € E, for each nonzero vector y in Qf It follows from

the independence of Q¢ and Q¢ that (o, B) = || Qo> — W # 0. Hence y € E for each

nonzero vector y in Q{Lf , and thus Q{Lf C FE, which contradicts the maximality of Q). We have established
the claim. In other words, we have shown that, for each nonzero vector ¢ in E, there is p € C such that
Q*¢ = pQ*tE, which implies that ¢ = (Q¢ — uQE) + ué € Q V Pr. Hence E < (Q V P¢). By the same
argument as in above paragraph, we can prove that £ € E, so E > (QV P¢). Consequently, E = (QV F).
Theorem 2.4.  Suppose that £ is a separating vector for N''. Then L is a KS-lattice, and hence Alg(L)
is a KS-algebra.
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Proof.  Suppose N is a trivial nest, i.e., N' = {0,1}. Then L is a nest, and hence a KS-lattice. We
assume that A is nontrivial. In this case, £ is noncommutative, since for each nontrivial projection P in
N, PP¢ # P:P (otherwise, P{ = P:P¢, so P& = X for some A € C, which is a contradiction).

Let Ly be a reflexive sublattice of £ such that £, = £'. Noticing £” (= L) is a non-abelian von
Neumann algebra, we have Lo £ N and Lo € {PV P: : P € N'}. In other words, there exist Py, Qo € N/
with 0 < Py < I, 0 < Qg < I such that Qo\/PE#I, Py € Ly and QQ\/Pg € Ly.

Claim 1. P: € Ly.

WeletQ:/\{PE./\/: (P\/Pg)Eﬁg}. Then Q e N, Q < Qo < I and (Q\/Pg)Z/\{P\/PEEﬁot
P e N} € Ly. Suppose Q > 0. Then 0 < Q < Qo < I. For each M € Ly, if M € N then MQ = QM,
if M ¢ N then M = PV P for some P € N with 0 < P < I, and hence Q < P < M, so, MQ = QM.
Hence Q € Lj. It follows from Lj = £’ that QP: = P, which is a contradiction. Consequently, Q =0
and hence P: € Lo.

Claim 2. For each P € N with 0 < P < I, we have P € L.
Suppose, on the contrary, there exists P, € N such that 0 < P; < I and P; ¢ Ly. We have two cases.
Case 1. Suppose P ¢ L for each projection P € N with P, < P < I.

We let
PQZV{PGN: P#I,PG,CQ}

Then P» € Ly and 0 < Py < P» < Py < I. Obviously, P, V P # I (see Lemma 3.2). Now we show that
My := P, V P¢ is in L), but My ¢ L. If so, this case cannot occur.

In fact, for each M € Ly with 0 < M < I, if M has the form PV P for some P € N, then M and
My are commutative; if M € N, then M < P, < My, so MMy = MyM. Hence My = P, V P € L.
However, (P2 V P¢)P1 # Pi(Py V Pe), for otherwise, (P V P¢)Pi§ = Pi(PaV Pe)§ = P&, which yields
that Pi¢& = ¢ + X for some ¢ € P and A € C. Using P;- acts on both sides of the equation and noticing
that P, < Pp, we get (P;-P; — AP;5)¢ = 0, which is a contradiction, for (Ps-P; — APs") is a nontrivial
operator in N/, Hence My ¢ L'.

Case 2. Suppose that there is a projection P in A such that P; < P3 < I and P3 € L.

We let
Q1:V{MEN2ME£0,M<P1}, QQZ/\{MEN:MEEO,M>P1}.

Then Q1,Q2 € LoNN, 0< Q1 < Pp < Q3 < P3 < I. By the definitions of Q1 and Q», for each P in N
with Q1 < P < Q2, we have P ¢ L, and hence (P V FP) ¢ Ly by noticing that (P V P:) A Q2 = P and
Q2 € Ly. Since (P — Q1) # 0 and (Q2 — P1)¢ # 0, we let

[(Q2 — P1)E?
[(Pr — Q)2

Then n # 0,7 € Q2,7 € Q1,1 € PSJ-, n¢ P,n¢ P Let A=mn®nmn. Since Pin and 7 are linearly
independent, we have AP} # P1 A, so A ¢ L'. Now we show that A € L.

For each M € Ly with 0 < M < I, if M € N then M < Q1 or M > Q2, and hence MA = AM =0 or
AM = MA = A; if M has the form PV P for some P € N with 0 < P < I, then P < Q1 or P > Qo,
and hence MA = AM = 0or AM = MA = A. Hence A € L. Consequently, we have constructed a
rank operator A in £j, but not in £’, which is a contradiction. This case also could not occur.

By Cases 1 and 2, we have established Claim 2. By Claims 1 and 2, for each reflexive sublattice of L
such that £{; = L', we have that £y and £ are equal. Hence L is a KS-lattice.

The following are examples of KS-algebras.

n=(Q2—P1)§— (Pr—Q1)¢.

Example 2.1 [13]. Suppose H is an infinite dimensional separable Hilbert space with an orthogonal
basis {e,, : n € N}. For each n € N, let P, be the orthogonal projection of H onto the linear subspace of H
generated by {e1,ea,...,e,}. Then N ={0,1,P,: n=1,2,...} is an N-ordered nest with IV =TI and
Oﬁ‘r/ =P Let £ =Y77 | Xe, € H. Then ¢ is a separating vector of N”. Hence £ = {0,1, P,, P, P,V P :
n € N} is a KS-lattice, and Alg(L£) is a Kadison-Singer algebra.
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Remark. Iflet N/ = {0,I,P-: n=1,2,...}. Then A also is a nest with Of‘z =0, = Pi- < I, and
V'V P =1. Hence £ = {0,1, PX, P;, P- v P; : n € N} is a KS-lattice.

Suppose that H has an orthogonal basis {ey : k € Z}. For each k € Z, let Q) be the orthogonal
projection of H onto the closed subspace of H generated by {e; : [ € Z,1 < k}. Then N = {0,1,Qy :
k € Z} is a Z-ordered nest with IV = I and O{\[ =0. Let £ = Zfz ﬁek € H. Then £ is a separating

vector of A, and hence £ = {0,1,Qr, Pe,Qr V Pe : k € Z} is a KS-lattice, Alg(L) is a Kadison-Singer
algebra.

Example 2.2. Let H, P,, n = 1,2,..., and £ be as in Example 2.1. For a nontrivial subsequence
{nk} of N: 1 <my <ng <--- <ng <--- and limg ng = oo, we let Qp = P,,. Then N' = {0,1,Qy :
k=1,2,...} is a nest and ¢ is a separating vector for N/, but not for N’. Then the complete lattice
generated by N and P is a KS-lattice.

Example 2.3 [13]. Let H = L?[0, 1] be the Hilbert space consisting of all measurable complex-valued
functions f on [0,1] for which fol |f(z)|?dx < oo (with respect to the Lebesgue measure on [0,1]). For
any t € (0,1), let B, = My, , be the multiplication operator by the characteristic function o of
[0,2] on H, i.e., P;(g) = X[o,ng for each g in H. Then N' = {0,1,P; : t € (0,1)} is a continuous nest.
Let ¢ be the constant function 1. Then £ is a separating vector of A//. Hence the complete projection
lattice £ generated by the nest N and the projection P is a Kadison-Singer lattice, and thus Alg(L) is
a Kadison-Singer algebra.

3 Commutant

Let £ be a one point extension of a nontrivial nest A" on H by Pe, defined as in Section 2, where
is a separating vector for A/, In this section, we consider the rank one operators in Alg(£) and their
applications. For nonzero vectors « and 7 in H, we denote by v ® n the rank one operator, defined by
(y®n)(z) = (z,n)y for all z € H. The following lemma is a well-known fact. For completeness, we give
a proof.

Lemma 3.1 [10].  For a complete lattice F of projections on 'H, a rank one operator v®@n € Alg(F) if
and only if there exists P € F such that vy € P and n € (P¥)*.

Proof.  Suppose that 0 # v € P and 0 # n € (P7)* for a nonzero projection P in F. Let 0 # Q € F,
and x be an arbitrary vector in Q. If Q > P, then (y®n)(z) = (z,n)y € P C Q; if Q # P, then Q < PZ,
and thus (x,n) = 0, which implies that (v ® n)(z) = 0. Both cases yield that (v ® n)(Q) C (. Hence
vy ®n € Alg(F).

On the other direction, let v ®  be a rank one operator in Alg(F). Let M, = A{P € F: v € P}.
Then 0 # M, € F and v € M,. Now we show that n € ((M,)7)*. Let Q € F with Q # M.,. Then
v & Q. Tt follows that n € Q*, for otherwise, there exists a nonzero vector z in @ such that (x,n) # 0.
Since y®n € Alg(F), we have (y®n)(z) = (x,n)y € Q, and thus, v € Q, which is a contradiction. Hence
n € Q. Since Q is arbitrary, we have n € ((M,)%)*.

In the rest, we replace M* with M_ for a nonzero projection in £; if M is also in N, we still denote
by M* predecessor of M in N.

Lemma 3.2 (i) If P,Q € N with0 < P < Q < I, then (PV P:) < (QV FP) and (PV P¢) * Q. In
particular, for each pair P,Q € N with P,Q # 0,1, we have PV P: = QV P if and only if P = Q;

(i) I- = Vv Pe; Moreover, if € is a separating vector for N, then Vv P: = I, no matter whether
I has an immediate predecessor in N or not;

(iii) P_ = PNV P: for a projection P in N with 0 < P < I ;

(iv) (Pe)- = IN, (PV P:)_ = IV V P; for each nonzero projection P in N'; Moreover, if € is a
separating vector for N', then (P V P¢)_ = I, no matter whether I has an immediate predecessor in N
or not.
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Proof. (i) Let P,Q € N with 0 < P < Q < I. Then (PV FP¢) < (QV F). If (PV P:) =(QV F)
or (PV FP¢) > @, choose a unit vector yo in Q © P. Hence yo € (P V F¢), which implies that there
exist a nonzero vector zg € P and a nonzero complex number A such that yg = 2o + A(. Consequently,
§ = %(yo — 20) € Q, which contradicts with the assumption that £ is a separating vector. Hence
(P\/Pg) < (Q\/P&) and (P\/Pg) Z Q.

(ii) By the definition, we have I_ = V{M € £L: M < I} = IV P¢. Suppose ¢ is a separating vector
for N'. If (IN'V P¢) < I, we let M = (I V P¢)*, and then M is a nonzero projection in N, but M¢ = 0,
which contradicts with the assumption that ¢ is a separating vector for N’. Hence (I V P¢) = 1.

(iii) Let P € N, P #0,I. For each M € £ with M # P, if M € N then M < P, which implies that
M < PN < (PN vV P); if M ¢ N then there exists Q € A such that Q < P and M = Q V P, which
implies that M < (PY V P). Hence it follows from the arbitrariness of M that P_ < (PN V P¢). On the
other hand, since P_ > PN and P_ > P:, we have (Piv V P¢) < P_. Hence P_ = PN v Pe.

(iv) By the definition, we have (Pe)- =V{M € L: M # P} =V{M € L: £¢ M} =V{M € N :
E¢My=V{MeN: M<I}=IV.

Similarly, for P € N with P # 0,1, we have (PV P:)- =V{M € L: M #* (PV FP:)} = (V{Q e N :
Q<INV(V{QVP:: QeN,Q<P})=IN VP

Using Lemmas 3.1 and 3.2, we have the following corollaries.

Corollary 3.3.  For nonzero vectors x and y in H, the rank one operator x ® y € Alg(L) if and only
if one of the following statements holds:

(i) there exists P € N with P # 0,1 such that x € P and y € (PN V Pe)*;

(i) IV < I, and z € C¢, y € (INV)*-;

(iti) (IN VvV Pe) <1, andx € H, ye (INVvP)*t.
Corollary 3.4.  Suppose that I = I. Then for each rank one operator = @y, (x @ y)(&) = 0. Hence
if let R1(Alg(L)) be the linear span generated by all the rank one operators in Alg(L), then Ri(Alg(L))
is not dense in Alg(L) under the ultra-weak topology.

Corollary 3.5.  Suppose that N = 1. Then every rank n operator F' in Alg(L) can be written a sum
of n rank one operators in Alg(L).

Proof.  For a rank n operator F' in Alg(L), we have F € Alg(N). Hence F =e1 ® fi+ -+ en @ fa,
where e; ® f; € Alg(N), f; # 0 for each ¢, and ey, ..., e, are linearly independent in the range of F. So
there exists P; € N such that e; € P; and f; € (Pijl/)L for each i. Since IV = I, we have P, # I for
every i. Also since F(§) € C¢, we get that (£, fi)er + -+ (&, fn)en = A for some A € C. If X # 0,
then £ € Py V-V P,(# I), which contradicts with the assumption that £ is a separating vector. Hence
(€, f1Yer + -+ + (£, fu)en = 0. Using the linear independence of €}s, we have (¢, f;) = 0, which implies
that e; ® f; € Alg(L) for every i. Hence F can be written as a sum of n rank one operators in Alg(L).
Theorem 3.6. (i) If IV = I or (IN v P:) < I, then (Alg(L)) = CI. In particular, the center of
Alg(L) is trivial.

(i) If IN < I and (IN v P¢) = I, then T € Alg(L) if and only if there exist \,u € C such that
TQ = \Q and T¢ = pé, where Q = IV, Hence (Alg(L)) C Alg(L) is a two-dimensional subalgebra. In
particular, the center of Alg(L) has dimension two.

Proof. (i) Let T be a nonzero operator in B(H) such that T'S = ST for each S in Alg(L).

Suppose IV = I. Then there exists a strictly increasing sequence {Qn} in N such that Q1 > 0 and
limy,—.oc @» = I in the strong operator topology. By Lemma 3.2, we have (Q, V P:) < I, so that we can
choose a unit vector y, € (Q, V P:)* for each n. It follows from Corollary 3.3 that (Q,z) ® y,, € Alg(L)
for each z € H and each n. Hence T((Qnx) ® yn) = ((Qnzr) ® y,)T, which implies that

For a given nonzero vector z in H, since lim,, @,z = x, we can assume that Q,x # 0 for each n. Since
{Tyn,yn)| < ||T|| for each n, there exists a convergence subsequence in {(Ty,,y,)}. Without loss of
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generality, we assume that {(Ty,,yn)} converges to A € C. Let n — oo in both sides of (1). We have
Tz = Az. Since z is arbitrary, we have T € CI. Hence Alg(L)" = CI.

Suppose (I v P:) < I. Choose a unit vector yo € (I V P¢)*. Then for each nonzero vector z in
H, it follows from Corollary 3.3 that x ® yo € Alg(L). Hence T(z ® yo) = (z ® yo)T', which implies that
Tz = (Tyo,yo)x. Consequently, T' € CI.

(i) Let @ = IV. Since IV < I and (IN Vv P:) = I, we have H = Q(H) + C¢ and Q(H) has
codimension 1. For T' € B(H), suppose that there exist A, u € C such that TQ = A\Q and T¢ = p&. For
an arbitrary S € Alg(L) and a nonzero vector € H, we let S§ = o€ and z = z¢ + B¢ for zp € Q(H)
and «, 3 € C. Hence

TSz =TS(xo+ PE) =TSQxo + afué = TQ(SQxo) + afué = NSz + afué

and
STz = ST (xo + BE) = STQxo + afBué = A\Sxzo + aBué.

Consequently, ST = TS for each S in Alg(L), which implies that T € Alg(L)’. At this time, since
TP = AP for each P € N with P < I and T¢ = p&, we have T' € Alg(L).

On the other hand, suppose that 7' € Alg(L£)’. By Corollary 3.3, we have that £ ® Q¢ € Alg(L).
Hence T(£ ® Q1¢€) = (€ @ QL€)T, which yields that

TQ Q¢

_ _
8= gtge *=H

where
L TQ'e.0'g
lQ+¢l*
In order to show that T'Q = AQ for some A € C, we have two cases.

If QN < @, then using Lemma 3.2, we have (QVVP;) < I. Choose a unit vector yo in (QVVP;)*. Then
for each nonzero vector x in @, Corollary 3.3 yields that  ® yo € Alg(L). Hence T(z Q@ yo) = (z @ yo)T,
which implies that Tz = (T'yo, yo)z. Consequently, TQ = \Q, where A = (T'yp, yo) € C.

If QV = Q, then there exists a sequence {Q,,} in N such that 0 < Q; < Q2 < --- < Q, < --- < Q and
lim,, @, = @ in the strong operator topology. Then by Lemma 3.2, we have (Q,, V P¢) < I, so that we
can choose a unit vector y, € (Q, V P¢)* for each n. Then for each x € Q, we have Q,,x ® y,, € Alg(L).
By a similar way to (i), we can show that there exists a complex number A such that TQ = \Q.

Remark. Suppose that Q = IV < I and (IV v Pe)=1. If let

Qe
Q€|

and P, be the orthogonal projection onto Cn, then @+ = P,. Relative to I = Q + Q*, T € (Alg(L))" if

and only if T has the matrix representation (6‘ T;Lz), where A\, p € C and Th9n = ﬁ@f. So

w—A
Q€I

If A is a subalgebra of B(H) and M is a bimodule of A in B(H), we denote by C(A, M) the commutant
of A module M, ie., C(A, M) ={T € B(H): TS — ST € Mfor each S in A}. In [5], Han proved
that, for any ultraweakly closed bimodule of a commutative subspace lattice (CSL) algebra A satisfying
A C M C B(H), the commutant of .4 module M is equal to M, i.e., C(A, M) = M.

Proposition 3.7. C(Alg(L),Alg(L)) = Alg(L).
Proof.  Obviously, C'(Alg(L), Alg(L)) D Alg(L£). Let T be an arbitrary nonzero element in C(Alg(L),

Alg(L)). Then T'S — ST € Alg(L) for each S in Alg(L). We first claim that T' € Alg(N), i.e., TP C P
for each P in N satisfying 0 < P < I.

Alg(L) = {AQ uQt QEDOQL: Ape c}.
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Suppose that 0 < PV < P. Then using Lemma 3.2, we have (PN V P;) < I and P £ (P V ).
Choose yo € (PN v P¢)* and 29 € P such that (29,y0) = 1. By Corollary 3.3, since z ® yo is in Alg(L)
for each nonzero vector x in P, we obtain that T'(z ® yo) — (z ® yo)T € Alg(L), which yields that
[T(x®yo) — (x ®yo)T]20 € P. Hence Tx — (T'zp,yo)x € P, and thus, Ta € P for each z in P.

Suppose that PY = P. Then there exists a sequence {P,} in N such that 0 < Py < Po < --- < P,
< --- < P and lim, P, = P in the strong operator topology. Then Lemma 3.2 yields that (P, V P¢) < I
and P & (P, V P) for each n. Choose y,, € (P, V P¢)* and z, € P such that (z,,y,) = 1 for each n.
Then for each x € P, we have P,z ® y,, € Alg(L). Hence T(Prz ® yn) — (P @ yn)T € Alg(L), which
implies that [T(Ppx @ yn) — (Pnx @ yn)T|2zn € P, and thus TP,z — (Tzp, yn)Pox € P. So, TP,z € P
for each n and each x € P. Also since lim,, TP,z = Tz for each x € P, we have Tx € P. We have
established the claim.

Now we show that T¢ € C¢. If so, we can obtain that T' € Alg(L). We have two cases.

Suppose that O{\[ = 0. Then there exists a sequence {@,} in A such that I > Q¢ > Q1 > ---
> @, > -+ and /\n>1 Qn = 0. It follows from Lemma 3.2 that (Q, V Pr) < I for each n > 1. Using
Corollary 3.3, we have Q,& ® y € Alg(L) for each n and each y € (@ V P¢)*, which implies that
T(Qn§®@y) — (Qu€@y)T € Alg(L). Hence [T(Qné®@y) — (Qnf ®@y)T]¢ € CE, and then, (T'€,y)Qn€ € CE
for each n and each y € (Q,, V P:)*. Since Q& ¢ CE for each n > 1, we have (T¢,y) = 0 for each n and
eachy € (Q,V P:)*, which yields that T¢ € (Q,V P) for each n > 1. Let T¢ = x1+ A€ for some 21 € Q4
and \; € C. Since for each n > 1, there are x,, € @, and A\, € C such that T¢ = z, + \,§, we have
1 —op = (A — A€ € Q1. Tt follows that \; = \,,, and then 1 = z,, € Q,,. Hence x; € /\n>1 Q. =0.
Consequently, T¢ = A\&.

Suppose that 0{\[ # 0. Let P = Oﬁ\r/. Then ¢ ® y € Alg(L) for each z € P and each y € Pg-. Fix
o € P with zg # 0. Hence for each nonzero vector y € P, T(zo ®@ y) — (z0 ® y)T € Alg(L), and
then [T(zo ® y) — (zo ® y)T)¢ € CE. Consequently, (T€,y)xg € CE for all y in P, which implies that
(T¢,y) =0 for all y in P, so, T¢ € CE.

4 Cohomology

In this section, we study the innerness of bounded derivations from Alg(£) into itself and into B(H).
Using the techniques in [9], we calculate n-th Hochschild cohomology group H™(Alg(L), B(H)) of Alg(L)
with coeflicients in B(H) for each n > 1.

Lemma 4.1.  Suppose that TN < T and (IN Vv P¢) = I. Let Ty : IN(H) — H be a bounded linear
operator, and ng € H. Then Ty can be uniquely extended to a bounded linear operator on H, denoted by
T, such that T¢ = no and | T|| < dmax(||Toll, [Inoll) /I (1) *€]].

Proof.  For convenience, we let Q = IV, Then H = Q(H) + C¢, so Q(H) has codimension 1. Since each
x € 'H has a unique decomposition zg + A§, where zp € Q(H), A € C, the mapping 7" on H, defined by

Tx =Toxg + A\no

is well-defined. Obviously, 7" is a linear operator on H, T'|g¢) = To and T¢ = 1. Next we show that T
is bounded and estimate its norm. .
Since Q(H) has codimension one, if let 7 = ﬁ and P, be the orthogonal projection onto Cn, we

have Q+ = P,. For x € H, we let © = zo + A{ = x1 + un, where zg, 21 € Q(H) and A, € C. Then
lz||? = [|z1]|? + |p|?, 20 = 21 — ng and \ = m Hence

[Tz = [|Toxo + Anoll < max([[Tol[, [lnol[)(llzoll + [A])
< max(||To|l, ol ([l | + 2|al/ Q1)

< I Tolls [lnoll) /1 Q€N ]| + 11l

< 2max(|Toll, o]/ 1Q €IV [l ][ + 2

< [dmax([|Tol, [nol)/ Q€] - ll.

[2 max(
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Consequently, || 7| < 4 max(||Zo]l, [Inoll)/[|Q€]-

Theorem 4.2.  Every bounded derivation § from Alg(L) into B(H) is inner, i.e., there exists T € B(H)
such that 6(A) = TA — AT for each A € Alg(L). Hence H'(Alg(L), B(H)) = {0}.
Proof.  We consider three cases.

(i) Suppose that (I v P¢) < I. Choose a unit vector yo € (I V P¢)*. Hence it follows from
Corollary 3.3 that for each = € H, we have  ® yy € Alg(L). Define a mapping T" on H by

Tz =0z ®yo)yo, «€H.

Then T € B(H) and TAx = §(A)x + ATz for each A € Alg(L) and z € H. Hence J is inner.

(ii) Suppose that IV < T and (IN vV P;) = I. If let Q = IV, then H = Q(H) + C¢ and Q(H) has
codimension 1. Now we claim that there exists a bounded linear operator Ty from Q(H) into H such
that, for each A € Alg(L), d(A)|g) = (ToA — ATo)|ow)-

If QY < Q, then using Lemma 3.2, we have (Qﬁ/ V P¢) < I. Choose a unit vector o in (Qﬁ[ v Pe)t.
Then for each nonzero vector = in @, Corollary 3.3 yields that © ® yo € Alg(L). Let Ty be a mapping
from Q(H) into H, defined by

Tor = 6(z @ yo)yo, = € Q(H). (2)

Then Ty is a bounded linear operator on Q(H). For each A € Alg(L), by calculation, we have Ty Az =
§(Ar ® yo)yo = 0(A)x + ATpz for each v € Q(H). Hence 6(A)|grn) = (ToA — ATo)|qw) for each
A e Alg(L).

If QN = @, then there exists a sequence {Qn} m N such that 0 < Q1 < Q2 < -+ < Qp < -+ < Q
and lim,, @, = @ in the strong operator topology. Let n > 1 be fixed. Then Lemma 3.2 yields that
(Qn V P:) < I, so that we can choose a unit vector y,, € (Q, V P¢)*. Hence for each z € @, we have
Qnzr @y, € Alg(L). Define a mapping T, on Q(H) by

Then for each n, T, is a bounded linear operator from Q(H) into H and ||T5,|| < ||0]|. Let & > n. Then
for each A € Alg(L) and each = € Q(H), we have Ty AQnx = 6(QrAQLT ® yi)yr = (AQnT ® Yk )yr =
0(A)(Qnx @ yi)yr + A0 (QrQnz ® yi)yr = 6(A)Qnr + AT Qnz = (0(A) + AT))@Qnx. Hence

T AQn|qH) = (0(A) + ATy )Qnlon) for each n > 1 and each k > n. (3)

Since {7} is a bounded sequence in B(Q(H),H), it has a convergence subsequence under the weak
operator topology. We can assume that {T}} weakly converges to Ty € B(Q(H), H). Let k — oo, and
then, let n — oo in (3). We have §(A)|gn) = (ToA—ATy)|qx) for each A € Alg(L). We have established
the claim.

By Corollary 3.3, we remark that £ ® n € Alg(L), where n = Wg—ig\l Using Lemma 4.1, we can extend
the mapping T to be a bounded linear operator 7" on ‘H such that

Tl =To, TE=d(E@n)n. (4)
For each A € Alg(L), if let A = A&, then
TAL = AT'(§) = M(§ @m)n = 6(AL @ n)n = 0(A)§ + ATE.

Hence §(A) = TA — AT, so ¢ is inner.

(iii) Suppose T N — I. Then there is a strictly increasing sequence {Pmn}m in N such that lim,, o P, =
I in the strong operator topology. For each m > 1, since (P, V P¢) < I, we could choose a unit vector
Ym € (P V Pe)*. Then (Ppz) ® ym € Alg(L) for every x € H. Define a mapping 7,,, on H by

Tz = 0(Pnx @ Ym)Ym, € H.
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Then Ty, € B(H), T, = T P, and || Ty || < ||6]]. Hence for each 2 € H and each S € Alg(L), if k > m,
we have Ty SPx = 0(PuSPnz @ yp)yr = 0(SPnx @ yr)yr = 6(S)(Pmx @ yi)yr + S0(Pe Pz ® yi)yr =
3(S)Prx + STy Prx = (0(S) + STk) Pz, That is,

TxSPy = (6(S) + ST,) Py, for each m > 1 and each k > m.

Since {T}} is a bounded sequence in B(H), it has a convergence subsequence under the weak operator
topology. We can assume that {7}} weakly converges to T' € B(H). Hence §(S) = T'S — ST for each
S e Alg(L).

Corollary 4.3.  Every bounded derivation ¢ from Alg(L) into itself is inner, i.e.,

H'(Alg(L), Alg(£)) = {0}.
Proof. By Theorem 4.2, there exists T' € B(H) such that 6(A) = TA — AT for each A € Alg(L). Note
that T € C'(Alg(L), Alg(L)). Proposition 3.7 yields that T is in Alg(L£). Hence ¢ is inner.

Theorem 4.4. H"(Alg(L),B(H)) = {0} for each n > 2.

Proof. Let o € Z™(Alg(L), B(H)) be a nonzero bounded n-cocycle. In order to show ¢ is a coboundary,
we consider four separate cases.

Case 1.  Suppose (IV V P:) < 1.

Choose a unit vector yo € (I V P¢)*. Tt follows from Corollary 3.3 that for each = € H, we have
x ®yo € Alg(L). Define a bounded (n — 1)-linear mapping ¢ € C"~1(Alg(L), B(H)) by

0(A1, Az, A1)z = (=1)"0 (A1, Ag, . An 1,2 @ yo)yo, Ai € Alg(L), x € H.
As in [9], we could show o = d¢. In fact, for each x € H and A; € Alg(L), we have

890(1417 RS An)x

n—1
= A1p(Ag, .. Az + > (1) '0(Ar, . AAi, . A)e 4 (—1)"0(Ar, . Ap) Ana
i=1

n—1

= (_1)77« |:A10.(A27 sy ATL)J: & yO)yO + Z(_I)ZU(A17 sy AiAH-l) e ,An,l‘ ® yO)yO

1=1
+ (—1)”0’(141, .o ,An_l, Anl‘ X yo)y0:|

= (—1)”[80’(141, LA ®y0)y0 + (—1)"0(141, .. ,An)x]
= O'(Al,. . ,An)x

Hence o = 0y, i.e., o is an n-coboundary.
Case 2. Suppose IV = 1.

Then there is a strictly increasing sequence { Py}, in N such that lim,, o P = I in the strong
operator topology. For each m = 1,,2,..., since (P, V P:) < I, we choose a unit vector y,,, € (Pp, V P¢)*t.
Then (P, z) ® ym € Alg(L) for every x € H. Define an (n — 1)-linear mapping ¢,, on Alg(L) into B(H)
by

Om(Ar,.. Ap—1)z = (—1)"0(A1,..., An_1, (PnZ) @ Ym )Ym, for each z € H,

for all Als in Alg(£). Then ¢, € C""Y(Alg(L), B(H)) and [|¢n| < ||lo||. Consequently, {¢,:m =
1,2,...} is a bounded sequence in C"~1(Alg(L), B(H)).

Note that space C"~1(Alg(L), B(H)) is isometrically isomorphic to the dual of the (Banach space)
projective tensor product

n—

1
Alg(L)2A1g(L)® - - - ®Alg(L) ®B(H).,
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and the weak-* topology on the dual space corresponds to the topology of pointwisely ultraweak con-
vergence on C"~1(Alg(L), B(H)), where B(H). is the predual of B(H). It follows from the weak-*
compactness of the bounded set in the dual space of a Banach space that there is a subsequence
of {¢m| m = 1,2,...} which converges in the pointwisely ultraweak topology to an element ¢ in
C"Y(Alg(L), B(H)). Without loss of generality, we assume that {¢,,| m = 1,2,...} converges in the
topology to ¢, which implies that {J¢,,} converges in the topology to d¢p.

Next we show that o = ¢, which implies that o is a coboundary. Let m > 1 and k > m be fixed. For
arbitrary Ai,..., A, € Alg(£) and each = € P,,,(H), we have

Opr(Ar, ..., Ap)x

= Aiop(Ag, ..., Az + Z You(Ar, ..., AiAipr, .., Az + (=1)"or(AL, ..., A1) Ape
=(=1)" {AW(A% v Ap, Pz @ yr)yk + (—1)"0(Ar, . A1, PrAn @ yr)y

+Z o(A1, .. AiAig1, .., Ap, Pt @ yi )y

= (_ ) [80(A17"'7An7pkx®yk)yk_(_ )n+1 (Alv »An)ka]
:O-(Alv"wAn)x?

where we use the fact that PyA,x = A,Pyx for each z in P,,. Hence for each k& > m, we have
Opr(Ar,..., APy =0(Ay, ..., Ay)Py. Let k — oo, and then let m — co. Then dp = 0.
Case 3. Suppose (IN VP:) =1, 1N <Tand (IN)Y <1V,

Iflet Q=IN, then Q¥ < Q < I, H = Q(H)+C¢ and Q(H) has codimension 1. Using Lemma 3.2, we
have (QV V P¢) < I. Choose a unit vector y in QY V P¢)+. Then for each nonzero vector z in @, we have

x®yo € Alg(L). Let n = % Then £ ® n € Alg(L). For arbitrary operators Ay, ..., A,_1 in Alg(L),
we define a bounded linear operator ¢(Ay, As, ..., A,—1) € B(H) by the following two conditions:

(p(Al,AQ, .. ,An,1)$ = (—1)"0(141,142, .. ,An,l,x ® yo)yo, S Q(H),

and

(A1, A2, Ap1)§ = (=1)"0 (A1, A2y oo, A1, E@ ).
By Lemma 4.1, we have |o(A1, Az, ..., An_1)|| < 4/|1QEIDlIel|| A1l -+ | An_1]]. Hence the mapping
0: (A1, Ap1) — p(A1, As, ..., Ay 1) is a bounded (n — 1)-linear operator in C"~1(Alg(L), B(H)).
Note that A& € C¢ for each A in Alg(L£). By similar calculations to Case 1, we have

8¢(A1, AQ, ey An)a: = O'(Al,AQ, - ,An)x, for each x € Q(H)

and
Op(A1, Ag, ..., Ap)E = 0(A1, Ag, .o AR)E,
for all A;’s in Alg(L). Hence o = dyp, i.e., o is a coboundary.
Case 4. Suppose (IN VP:) =1, N <Tand (IN)Y =1V,
If we let Q = IV, then QY = Q < I, H = Q(H) + C¢ and Q(H) has codimension 1. Since QY = Q,
there exists a sequence {Q,,} in N such that 0 < Q1 < Q2 < -+ < Qu, < -+ < @ and lim,, @, = Q in

the strong operator topology. Let m > 1 be fixed. Then Lemma 3.2 ylelds that (Qm V P¢) < I. Choose
a unit vector ¥, € (Qm V P¢)*. Hence by Corollary 3.3, for each € Q, we have Q2 ® Yy, € Alg(L).

Notice that &€ ® 7 € Alg(L), where 7 = ”gjg”
For each m > 1, we define ,, in C"~1(Alg(L), B(H)) by the following two conditions:

m(Ah A27 ceey Anfl)x = (_1)nU(A17 A27 ) Ap_1, me & ym)ymv WS Q(H)7
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and
(pm(Al,Ag, .. .,An,1)§ = (—1)”0’(141,142, . ,Anfl,f ®77)77

By Lemma 4.1, we have ||¢m (A1, Az, ..., An—1)|| < @4/[1QEED lo|[|| ALl - - - || An_1]| for all A;’s in Alg(L).
Hence {¢y,:m =1,2,...} forms a bounded sequence in C"~*(Alg(L), B(H)).

Using a similar argument to Case 2, we can assume that {¢,,| m = 1,2,...} converges in the point-
wisely ultraweak topology to ¢, which implies that {Jd¢,,} converges in the topology to d¢. Using a
similar way to the proof in Case 2, we can show that for each m > 1 and all 4;’s € Alg(L),

0vr(A1,..., 4,)Qm =0(A1,..., A,)Q.  for each k > m;
Opr(Ar,..., A =0(A1,..., A for each k > m.

Let k — oo, and then let m — oo. Then d¢p = 0. Hence o is a coboundary.
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