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1 Introduction

Because of its theoretical and practical significance, the coloring problem of graph is
one of the primary fields studied by many scholars all over the world. The fundamental
coloring problem of graph is to determine the number of various kinds of colorings.

All of the graphs considered in this paper are simple, finite and undirected graphs. We
denote by V(G) and E(G) the set of vertices and edges of graph G, respectively.

After Burris and Schelp™, Bazgan? and Balister et al.l*! discussed vertex-distin-
guishing proper edge-coloring, Zhang et al.[) presented the concept of adjacent strong
edge coloring of graphs, i.e. adjacent-vertex-distinguishing proper edge-coloring of graphs,
and obtained some results, especially presented a meaningful conjecture. In this paper, a
new concept of adjacent-vertex-distinguishing total coloring of graphs is proposed.

Definition 1.1.  Let G(V, E)) be a connect graph with order at least 2, k is a positive
integer and f is a mapping from V(G) U E(G) to {1,2,---,k}. Forallu € V(G), the
set {f(u)} U{f(uwv)|luv € E(G)} is denoted by C'(u). If

1) for any uv, vw € E(G),u # w , we have f(uv) # f(vw);
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2) for any uv € E(G),u # v, we have f(u) # f(v), f(u) # f(uw), f(v) #

f(uv), then f is called a k-proper-total-coloring. If f is a k-proper-total-coloring, and

3) for any edge uv € E(G), we have C(u) # C(v), then f is called a k-adjacent-
vertex-distinguishing total coloring of graph G(k-AVDTC of G in brief) and the number
Xat(G) = min{k | G has a k-AVDTC}

is called the adjacent-vertex-distinguishing total chromatic number of G.

C'(u) in Definition 1.1 is called the color set of vertex w and {1,2,---,k} \ C(u) is
denoted by C(u).

Lemma 1.1.  If graph G has two vertices of maximum degree which are adjacent,
then
Xat(G) = A(G) + 2.

Proof. Suppose u, v are the two adjacent-vertices with maximum degree. Then for
any k-AVDTC of G, both C'(u) and C'(v) must have A(G) + 1 elements, but C'(u) #
C(v). So it must be true that k& > A(G) + 2 for any k-AVDTC f of graph G. So the
conclusion is followed.

The following lemma is obvious.

Lemma 1.2.  If graph G has k components G, Gs, - -+, G, and |V (G;)| > 2,1 =
1,2,---, k, then

Xat(G) = maX{Xat(G1)7 Xat(GQ)a ) Xat(Gk)}-
Based on Lemma 1.2, we only discuss the connected graph with order at least 2.

In this paper, we will obtain the adjacent-vertex-distinguishing total chromatic number
of cycle, complete graph, complete bipartite graph, fan, wheel and tree and, according to
these results, give a conjecture. The other terminologies we refer to refs. [5—S8].

2 Main results

Theorem 2.1. Let C,, be a cycle with order n, n > 4, then x+(C,,) = 4.

Proof. Suppose C,, = v1v; - - - v,,. From Lemma 1.1, we know that x,;(C,,) > 4.
We now prove Y.+ (C),) < 4, we need only prove that C,, has a 4-AVDTC. There are four
cases to be considered.

Casel. n = 0(mod4).
A mapping f from V(C,,) U E(C,,) to {1,2,3,0} is defined as follows:
f(viviy1) = i(mod4), f(v;) =i+ 1(modd),i =1,2,---,n.
Obviously f is a 4-proper-total-coloring of C,,. And for 1 < j < n, we have
C(v;) ={3,0,1} when j = 0(mod4),
C(v;) = {0,1,2} when j = 1(mod4)

)
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C(v;) = {1,2,3} when j = 2(mod4),
C(v;) ={2,3,0} when j = 3(mod4).
So fis a 4-AVDTC of C,,, and x.+(C,,) = 4.
Case2. n = 1(mod4).
We define a mapping f from V (C,,) U E(C,,) to {1, 2, 3, 0} as follows:

F(vivig) = i(modd), f(v;) =i + 1(modd),i =1,2,---,n — 5;
fn-qvn-3) =1, f(vn-30n-2) = 2, f(Un—2vn—1) = 0, f(vn-1vs) = 3, f(varv1) =0,
FWnos) =2, f(p3) =3, f(Un_2) =1, f(vp_1) = 2, f(v,) = 1.

Obviously f is a 4—proper-total-coloring of C),. And for 1 < j < n — 5, we have
C(v;) ={3,0,1} when j = 0(mod4),
C(v;) = {0,1,2} when j = 1(mod4),
C(v;) = {1,2,3} when j = 2(mod4)
C(vj) ={2,3,0} when j = 3(mod4),

)

whereas
C(vn—4) =10,1,2},C(vn_3) ={1,2,3},C(v,—2) = {2,0,1},
C(v,-1) =40,3,2},C(v,) = {3,0,1}.
So fis a 4-AVDTC of C,,, and x.+(C,,) = 4.
Case3. n = 2(mod4).
We define a mapping f from V(C,,) U E(C,,) to {1, 2, 3, 0} as follows:
fvi11) = i(modd), f(v;) =i+ 1(mod4),i =1,2,---,n — 6;
fns5vn4) =1, f(Vn_avn_3) = 2, f(Vn_30n2) = 3,
f(n—2vn_1) =0, f(Vy_10,) = 3, f(vv1) =0,
flon-s) =2, f(tn-4a) =3, f(vn-3) =0,
fon2) =1, f(vn1) =2, f(va) = 1.

Obviously f is a 4-proper-total-coloring of C',,. And for 1 < j < n — 6, we also have

C(v;) ={3,0,1} when j = 0(mod 4),
C(v;) ={0,1,2} when j = 1(mod 4),
C(v;) = {1,2,3} when j = 2(mod 4),
C(v;) = {2,3,0} when j = 3(mod 4),

whereas

C(v,_5) =40,1,2},C(v,_4)
C(vy—2) =1{3,0,1},C(v,—1)
So fis a 4-AVDTC of C,,, and x.+(C,,) = 4.

Cased. n = 3(mod4).

{1,2,3}, C(va_s) = {2,3,0},
{0,3,2}, C(v,) = {3,0,1}.
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A mapping f from V(C,,) U E(C,,) to {1, 2, 3, 0} is defined as follows:

f(vivip1) = i(mod4), f(v;) =1+ 1(modd),i =1,2,--- ,n—T;
fn_6vns5) =1, f(vn50n-a) = 2, f(Un_aVn_3) = 3, f(Vn_3vn2) = 1,
J(Wn—2vn-1) =0, f(vp_1vn) = 3, f(vav1) = 0;

f(Wn-s) =2, f(vn-s) =3, f(vn-1) = 0, f(vn-3) =2,
f(on-2) =3, f(vn1) =2, f(v,) =1

Obviously f is a 4-proper-total-coloring of C',. Similar to Case 2 and Case 3, we can
verify that f is a 4-AVDTC of C,,. So x4:(C,,) = 4.

From all above, theorem 2.1 is true.

Theorem 2.2. Let K, be a complete graph with order n, n > 3, then

n+1, n=0(mod?2),
X(K,) = _ ( )
n+2, n=1(mod?2).

Proof. Suppose V(K,,) = {v1, 2, -+, v,}. In order to describe conveniently, we
identify v; with v,, when [ = r(mod n). From Lemma 1.1, we know that x . (K,) >
n + 1. There are two cases to be considered.

Casel. n = 0(mod?2).

Let n = 2t. We need only to prove that K5, has a (2t +1)-AVDTC. Whent = 1, K,
has a 3-AVDTC obviously. When ¢ > 2, construct a mapping f from V (Ky;) | E(Ky;)
to {1,2,---,2t + 1} as follows:

floi) =d,i=1,2,--,2t; f(vjvara-5) =2t + 1,5 = 1,2, | 5
fojvaegs—j) =1,7=3,4,---,t+1;
f(rivs) = f(vjva45-5) =2,5 =5,6,---,t +2;
f(vavs) = f(vivs) = f(vjvegr—;) =3, =7,8,---,t+ 3;
fvgvs) = fvavg) = f(viv7) = f(vjvei19-5) = 4,7 =9,10,- -t + 4;
f(fUt72'Ut) = f(Ut73Ut+1) = f(Ut74Ut+2) =
= f(vivar—s) = f(va—1va) =t — 1

f(vt 1Wes1) = f(0—2Vig2) = f(V4—gViy3) = -+ = f(va02—2) = f(v1v201) = 1;
f(uwigo) = f(vim10is) = f(Vi—aViga) = -+ = f(vsva1) = f(vave) =t + 15
fWir1vi3) = f(vvi4a) = f(Ui1vi45) = - = fogva) = f(o102) =1+ 25
F(Wir2vi4a) = [(V1045) = f(0v46) = -+ = f(vev2r)

—f(U5 zz)_t+3z_12
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f(UQth'UQtfl) = f(U2t74U2t) = f(v2t75fivi) =2t—-2,1=1,2,---,t = 3;
f(Uzt—2’Uzt) = f(Uzt—?,—i’Ui) =2t—-1,i=1,2,---,t =2
f(UZt—l—ivi) = 2t,Z = 1, 2, s 71: —1.

Itis clear that C(vy;) = {i}, i =1,2,---,t; C(vg;_1) = {t +i},i =1,2,---,t. Thus
fisa(n+1)-AVDTC of K,,. So xu(K,) =n+ 1.

Case2. n = 1(mod?2).

Firstly we are going to prove that K, does not have (n + 1)-AVDTC, and then to
prove that K, has a (n + 2)-AVDTC.

Suppose that K, has a (n+1)-AVDTC f. Then f(v1), f(va), - -, f(v,,) are distinct.
Without loss of generality, let f(v;) =4, = 1,2,---,n. We define a (n+ 1) X n matrix
C, as follows:

3 - n-—1 n
n n+1
4 5 -+ n+1l 1
CQZ
n n+1 1 -+ n—3 n-—2
n—+1 1 2 - n—2 n-—1

For every v; € V(K,,), C(v;) is a set composed of all elements in some row of Cj,.
As C(v1),C(vq),--+,C(v,) are distinct, therefore different vertices of K, correspond
to different rows of Cy. Thus there is exact one row which does not correspond to any
vertices of K,,. Now consider the problem for deleting this particular row.

If delete the first row, then a matrix with order n is obtained. For this matrix, the color
n + 1 appears n (n is an odd number) times. It is impossible, because the color n + 1 is
only used to color edges, but not to vertices.

If delete the ith row (i = 2,3, ---,n), then a matrix with order n again is obtained.
For this matrix, the color ¢ appears n — 1 (n — 1 is an even number) times. It is impossible,
because the color 7 is only used once to color vertex, and the color ¢ which colors vertex
appears only once in this matrix, but the color 7 which colors edges appears even times in
this matrix.

If delete the last row, then the color 1 appears n — 1 times (n — 1 is an even number),
it is impossible, too.

Now we need only to prove that K, has a (n + 2)-AVDTC. Let n = 2t + 1. If
t = 1,2, then we can geta (n + 2)-AVDTC of K, easily. Assume that ¢t > 3. Construct
amapping f from V(K,,)J E(K,) to {1,2,---,n + 2} as follows:
() = f(vjravjpae—1) = F(j43054202) =+~
= f(Vjp—1Vjqer2) = fU40j0441) = J,  §=1,2,---,2t + 1.
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Forj =1,2,---,2t — 1,if j = 1 or 2(mod 4), then let f(v;v;19) =2t +2;if j =3
or 0(mod 4), then let f(v;v;42) = 2t + 3. Let f(vov1) = 2k + 1, f(vor11v2) = 1.
Obviously f is a (n + 2)-proper-total-coloring of K ,,. Whereas

U(Uj) = {] - 17j + 1}73 < .7 < 2t — 1;6(1}1) = {232t + 3},6(’[}2) = {372t + 3}
If t = 1(mod 2), then C(vy;) = {2t — 1,2t + 2}, C(vgry1) = {2t,2t + 3}; if
t = 0(mod 2), then C(vq) = {2t — 1,2t + 3}, C(vgsy1) = {2t,2t + 2}. Thus fisa
(n + 2)-AVDTC of K,,.
The proof of Theorem 2.2 is completed.

It is interesting that x (K3 — e) = 3 for every e € F(K3) and x.:(K3) = 5. For
Xat(Kont1 — €), where e € E(Ky,41),n > 2, we have

Theorem 2.3. Forany e € E(Ks,1)(n > 1), we have
3, n=1;
Xat(Kont1 —€) =14 2n+2, n=23,4;
2n + 3, n = o.

Proof. Let V(Ky,11 —e) = {wy,wq,, way_1,u,v} and W = {wy, wy, - -,
Wan_1},e = wv. If n = 1,2 then the conclusion is correct obviously. If n = 3, then
Xat(K7 — €) > 8 by Lemma 1.1. In order to prove x (K7 — e) = 8, we need only to
prove that K7 — e has an 8-AVDTC. Construct a mapping f from V (K, —e)J E(K;—e¢)
to {1,2,---,8} as follows:
flw;) =13,7=1,2,3,4,5; f(u) = f(v) =8,
wows) = f(wzws) =1, f(wiu) = flwaw;) =4,
wiwz) = f(wzv) =5, f(waws) = f(wsws) =38,

flwiws) = fuws) = fows) = 2,
flwiwy) = flwou) = flows) = 3, f(wiv) = fwsu) = f(wiws) = 6,

flwiws) = fwv) = f(uws) =7

Obviously, f is an 8-AVDTC of K; — e. So xq:(K7; —e) = 8.

(

f
i

If n = 4, then x4 (K9 — €) > 10 from Lemma 1.1. In order to prove y (Ko —
e) = 10, we need only to give a 10-AVDTC of K¢ — e. Construct a mapping f from
V(K9 —e)UE(Kg—e)to{l1,2,...,10} as follows:
f(w_]) = ]7] = 1727374757677;f(u) = f(U) = 107
fwaws) = f(wsv) = f(wiws) = f(wru

g
£
|
=
£
§

Copyright by Science in China Press 2005



On adjacent-vertex-distinguishing total coloring of graphs 295

f(wiv) = f(wawr) = f(wsws)
flwyws) = f(wawy) = flwsws) =
flwaws) = f(
Obviously, f isa 10-AVDTC. So x (K9 — e) = 10.

Ifn > 5, then xo¢ (Ko, 11 —€) = 2n+2 from Lemma 1.1. By Theorem 2.2, we know
that X ¢ (Ka,11 —€) < 2n+ 3. So we need only to prove that X o¢( Ko, 11 —€) # 2n+ 2.
Use reduction to absurdity. Assume that K5, ,; — e has a (2n + 2)-AVDTC f. Let
C={1,2,---,2n + 2} be the set of all (2n + 2) colors . Then we have

iHn—-1<|E| <n,where E;, = {z € E(Kopy1 —€)|f(z) = i}, =
1,2,...,2n+ 2;

(ii) there are exact n + 1 colors s.t. each such color just color n edges, and there are
exact n + 1 colors s.t. each such color just color n — 1 edges.

Obviously, |E;| < n,i=1,2,---,2n + 2. Suppose n — 1 < | E;| does not hold for
some i € {1,2,---,2n + 2}. Then there are at most 2(n — 2) vertices which are in W
and are incident to some edge colored with ¢. So there are at least 3 vertices which are in

W and are not incident to any edges colored with 7. Thus there are at least two vertices
which have the same color set. A contradiction. So (i) holds.

For (ii), suppose there are exact x colors s.t. each such color just color n edges, and
there are exact y colors s.t. each such color just color n — 1 edges. Then

nr+(n—1)y=2n?+n-—1,
z+y=2n+2.
Thus x = y = n + 1, i.e. (ii) holds.
As |C(u)] = [C(v)
both in the color set of u’s and v’s, where
B ={ceC||E.] =n—1}.

= 2, therefore there are at least n — 3 colors in B, which are

Suppose ¢, ¢’ € B,s.t.c,d € C(u)NC(v),c#c.
D fu) # e fo) # e

In this time, there are 3 vertices in I/ which are not incident to any edge with color c.
This implies that there are two vertices in W which have the same color set. A contradic-
tion.

2) f(u) = cor f(v) = ¢, f(u) # f(v).

In this time, there exist w;, w; € W,i # j, s.t. ¢ ¢ C(w;) U C(w;). So C(w;) =
C(w,). A contradiction.

3) flu) = f(v) =c.

In this time, we consider the color ¢’. There exist w;, w;, w, € W, s.t. ¢’ does not
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color any edge which is incident to w;, w; or wy. So the two of C'(w;), C(w,), C(wy)
are the same. A contradiction.

The proof of this theorem is completed.

Theorem 2.4. Let F, be a fan with order n + 1, n > 3, then
Xat(F3) = 5?Xat(Fn) =n + 1(” 2 4)

Proof. When n = 3, we have x,(F3) > 5 by Lemma 1.1. It is easy to give a
5-AVDTC of F3. So xa¢(F3) = 5.

When n > 4, let V(F,) = {vg,v1, 02, -, v, }, E(F,) = {vov;|i = 1,2,---,n}
U{vivig1]i = 1,2,---,n — 1}. Obviously x4 (F,) = n + 1 by Lemma 1.1. Construct
a mapping f from V(F,)|J E(F,) to {1,2,---,n + 1} as follows:

f(UO) :n+17f(vn) = 17f(vi) :Z+1(Z = 1727”‘7”_ 1)7
f(UOUi) = Z(Z = 1a27"'7n)7f(vlv2) :n7f(vivi+1) =1- 1(i =2,3,---,n— 1)-
fisa(n+1)-AVDTC of F,,. Thus x.(F,) =n+ 1.

Suppose W, is the wheel with n + 1 vertices. When n = 3, from Theorem 2.2 we
know that xq¢(W,,) = xat(K4) = 5.

Theorem 2.5. Whenn >4, x,,(W,) =n+ 1.

Proof. Because the center vertex of the wheel W, is the only vertex with maximum
degree, xq:(W,) > n + 1. Based on the proof of Theorem 2.4, let f(v,v;) = n — 1.
Then fisa (n + 1)-AVDTC of W,,. So xa:(W,) =n + 1.

Theorem 2.6.  For complete bipartite graph K, ,,, if m > n > 1, then
m+1, m>2n+1,
Xat(Kmn) = 3, m=n=1,
n+2, m=n>=2.

Proof. Whenm =n = 1, we have x4 (K,,.,) = 3. This is obvious.

When m > n + 1, a proper total coloring of K, ,, is also the AVDTC of K,, ,,.
Because the total chromatic number of K, ,, is m + 1, Xt (K ) = m + 1.

When m = n = 2, as K, ,, is Cy, from Theorem 2.1, x,+(K22) = 4.

When m = n > 3, from Lemma 1.1, we know that X (K, ) = n + 2. Now we
prove Xa:(Kmn) < n + 2. We need only to prove that K, ,, has a (n + 2)-AVDTC.
Suppose that V (K, ,,) = V1 U V3, where Vi NV, = ¢, V; and V5 are independent sets of
K, »,, and both have n vertices in K, ,,, and each vertex in V; is adjacent to each vertex
in V5. Let Vi = {uy,ug, -+, u,}, Vo = {v1,v9,- -+, v,}. Construct a mapping f from
V(Kmn)UE(K,,,)t0{1,2,---,n+ 2} as follows:

flu)=n+2,i=1,2,---,n;f(v;) =4,7=12,---,n
fluwy) € {1,2,-+-,n+ 1} and f(u;v;) =i + j(mod n + 1).
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Obviously f is a (n + 2)-proper-total-coloring of K, ,,, and C'(u;) = {i},C(v;) =
{n+2},ie{l,2,---,n}. So fisa(n+2)-AVDTC of K, ,,, and X (K, n) = n+2.

In order to discuss the adjacent-vertex-distinguishing total coloring of tree, we give
the following two lemmas firstly.

Lemma 2.1. Let P, be a path with order n, n > 2. Then

3, n=23;
Pn: ) M b
X(Fn) {4, n = 4.

Proof. Suppose that P, = vyv; - - - v,. Itis clear that x,(FP,) = 3 whenn = 2, 3.
When n > 4, from Lemma 1.1, we have Xat(Pn) > 4. We need only to prove
Xat(Pn) < 4. Construct a mapping f from V(P,) J E(P,) to {1,2,3,4} as follows:
fvwir) € {1,2,3,4} and f(v,v;1 1) = i(modd),i =1,2,--- ;n—1;
f(v;) € {1,2,3,4} and f(v;) = j + 1(mod4),j =1,2,---,n.
Obviously f is a 4-proper-total-coloring. And we also have
C(v;) ={3,4,1} when 2 < j < n — 1 and j = 0(mod4)
C(v;) ={4,1,2} when2 < j <n — 1 and j = 1(mod4),
C(v;) ={1,2,3} when 2 < j < n — 1 and j = 2(mod4),
C(v;) ={2,3,4} when 2 < j < n — 1 and j = 3(mod4).
Both C(v;) and C(v,) are two-elements sets. Then C(v;) # C(v;11) for all i €
{1,2,---,n —1}. So f is a4-AVDTC of P, therefore x,,(P,) = 4.

)

<
<

The following lemma is obvious.

Lemma 2.2. Let .S, be a star with order n + 1, n > 3. Then
Xat(Sn) =n++ 1.

Theorem 2.7. Let T), be a tree with order n(n > 2). If there are no two adjacent
vertices of maximum degree, then x .+(7;,) = A(T},)+1; if there are two adjacent vertices
of maximum degree, then x,(7},) = A(T,,) + 2.

Proof. LetS = {z € V(T)|d(z) > 2, there are at least d(z) — 1 vertices of
degree 1 which adjacent to x}. For n > 3, obviously |S| > 1. When |S| = 1,7, is a
star. By Lemma 2.2, conclusion of Theorem 2.7 is valid. In the following we assume that
S| >2.

We prove the result of Theorem 2.7 by induction on the order n of tree T',.

If n = 4, then T, = P,, the conclusion of Theorem 2.7 is valid from Lemma 2.1.
Assume that for a tree of order n, the conclusion of Theorem 2.7 is valid. Now we prove
that for a tree 7}, 1 of order n + 1, the conclusion of Theorem 2.7 is also valid.

If T}, is a path, then the conclusion of Theorem 2.7 holds by Lemma 2.1. Suppose
A(T,) > 3. Letu € S, and d(u) =min{d(x)|ze S}. Letwu € E(T,11), d(w) > 2.

www.scichina.com



298 Science in China Ser. A Mathematics 2005 Vol. 48 No. 3 289—299

Letuv € E(T,,41), and d(v) = 1. Let 7" = T, ;1 — v. Then V(1") = n. By induction
hypothesis, for 7", the conclusion of Theorem 2.7 is valid.

Case 1. There are no two adjacent vertices of maximum degree in 7}, 1.
Case 1.1- dT’ (’UJ) § dT’ (U)

In this moment, A(7") = A(T,,+1)(Because if T}, 1 has only one vertex of maximum
degree, then from the selection of wu, w is not the vertex of maximum degree). Obviously,
we can obtain a (A(7,41)+1)-AVDTC of T, from the (A(7},+1)+1)-AVDTC of T".

Casel.2. In dT’ (’UJ) > dT’ (u)
Case 1.2.1. dp (w) = dp(u) + 1.

Since there are no two adjacent vertices of maximum degree, in T,,41, dr, ., (u) <
A(T,,11) (Otherwise, in T}, 1, w and u are two vertices of maximum degree which are
adjacent. This is a contradiction). Let g be a (A(T,,+1) + 1)-AVDTC of T". We have
C(w) # ¢ (in the meaning of g). If C(u) C C(w), let g(v) = g(uw), g(uv) €
{1,2,--- ,A(T11) + 1} — C(w); if C(u) € C(w), then let g(v), g(uv) € {1,2,---,
A(Tor) + 1} — Clu), st. g(v) # gluw), where C(u) = {g(u)} U {g(uz)lz €
V(T"),ux € E(T")}, similar for C'(w). So gisa (A(T,+1) + 1)-AVDTC of T, 4.

Case 1.2.2. dp (w) = dp/(u) + 2.

In this subcase, we can easily obtaina (A(7},11)+1)-AVDTC of T}, ; from (A(T},11)
+1)-AVDTC of T".

Case 2. There are two adjacent vertices of maximum degree in 7, ;.
Case2.1. dr/(u)+1=dp(w).

In this moment, d7(w) < A(T") = A(T,,+1). By induction hypothesis, there exists
a (A(T,41) + 2)-AVDTC f of T” (Note that if there are no two adjacent vertices of
maximum degree, then 7" has (A(7T,, 1) + 1)-AVDTC. And the (A(T,, 1)+ 1)-AVDTC
of T" is also a (A(T,11) + 2)-AVDTC of T”). Let C(u) = {f(u)} U {f(ux)|lx €
V(T"),ux € E(T")}, C(w) = {f(w)} U{f(wy)ly € V(I"),wy € E(T")}. If
C(u) € C(w), thenlet f(uv) € {1,2,--- ,A(T\41) + 2} — C(w), f(v) = f(uw). If
C(u) € C(w), then let f(v), f(uv) € {1,2,--- | A(T,41) + 2} — C(u) s.t. f(v) #
f(uv). In this way, we obtain a (A(7},11) + 2)-AVDTC of T}, .

Case2.2. dp (u)+1#dp(w).

In this moment, by induction hypothesis, there is a (A(7},41) + 2)-AVDTC f of T".
For this f, |C(u)| < A(T,11). Let f(v), f(uv) € {1,2,---,A(Ty41) + 2} — C(u),
s.t. f(v) # f(uv). Then f becomes a (A(7},4+1) + 2)-AVDTC of T}, ;.

From the discussion above, the proof of Theorem 2.7 is completed.
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3 Conjecture and unsolved problem

From Theorem 2.1 to Theorem 2.7, we give the following conjecture.

Conjecture 3.1.  For connected simple graph GG with order at least 2, we have
Xat(G) < A(G) + 3.

Let G be an order 4 graph obtained by joining K3 and K at one vertex. Then 4 =

Xat(G) < Xat(K3) = 5. So we propose the following unsolved problem.

Open Problem 3.1.  If H is a subgraph of G, when do we have ¢ (H) < Xt (G)?
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