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Abstract In this paper, we investigate the boundedness and compactness for variation operators of Calderén-
Zygmund singular integrals and their commutators on weighted Morrey spaces and Sobolev spaces. To be
precise, let p > 2 and K be a standard Calderén-Zygmund kernel. Denote by V,(7Tx ) and Vp(T;{fb) (m > 1) the
p-variation operators of Calderén-Zygmund singular integrals and their m-th iterated commutators, respectively.
By assuming that V,(7x) satisfies an a priori estimate, i.e., the map V, (T ) : LP°(R™) — LPo(R™) is bounded
for some po € (1,00), the bounds for V,(Tk) and V,(Tg",) on weighted Morrey spaces and Sobolev spaces
are established. Meanwhile, the compactness properties of V, (7—;{’?5) on weighted Lebesgue and Morrey spaces
are also discussed. As applications, the corresponding results for the Hilbert transform, the Hermite Riesz
transform, Riesz transforms and rough singular integrals as well as their commutators on the above function

spaces are presented.
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1 Introduction

The variational inequalities for various operators have been an active topic of current research. The
first work was due to Lépingle [32] who established the variational inequality for general martingales
(see also [42] for a simple proof). Motivated by the work [32], similar variation estimates were obtained
by Bourgain [2] for the ergodic averages of a dynamic system. Since then, more and more scholars
were devoted to studying variational inequalities for various operators. For examples, see [26,27] for
the ergodic averages, [35,36] for the differential operators, [3, 18] for the Hilbert transform, [13, 18]
for the Riesz transforms, [4,5,14,28] for the singular integrals with rough kernels, [35,36,46,47] for the
Calder6n-Zygmund singular integrals and their commutators, and [37,38] for the discrete singular integral
operators.

* Corresponding author

© Science China Press and Springer-Verlag GmbH Germany, part of Springer Nature 2022 math.scichina.com link.springer.com


http://crossmark.crossref.org/dialog/?doi=10.1007/s11425-020-1828-6&domain=pdf
https://doi.org/10.1007/s11425-020-1828-6
math.scichina.com
link.springer.com
https://doi.org/10.1007/s11425-020-1828-6

1268 Liu F et al. Sci China Math  June 2022 Vol. 65 No.6

Most of the function spaces considered in the above references are Lebesgue spaces and their weighted
versions, and a natural question is whether variational inequalities hold for more general function spaces.
In this paper, we establish the boundedness and compactness for variation operators of Calderén-Zygmund
singular integrals and their commutators on weighted Morrey spaces and Sobolev spaces. This is the main
motivation of this work.

1.1 Objectives of research

Let T = {T.}c>0 be a family of bounded operators satisfying lim._,o 7. f(z) = T f(x) almost everywhere
for a certain class of functions f. For p > 2, the p-variation operator of T is defined by

00 1/p
VAT = s (Z T, f(x) - Taﬂf(x)v’) ,

where the supremum runs over all the sequences {¢;} of positive numbers decreasing to zero.
Let K(-,-) be a kernel defined on R™ x R™ \ {(z,z) : € R"}. We consider the following operator of
Calderén-Zygmund type

Tk (f)(x) = . K(x,y)f(y)dy for all x ¢ suppf. (1.1)

Formally, the operator Tk can be rewritten as Tk (f)(z) = lim._,o+ Tk.(f)(z), where Tk . is the trun-
cated singular integral operator, i.e.,

L) = [ Ky)iwi
|z—y|>e
The commutator of Tk with a suitable function b is defined as

Tica(£)(a) = . Tel(F)@) = [ (bla) b)) e,)f(5)dy = lim Trca (),

where

Ticp.e(f)(x) := /l e (b(z) = b(y)) K (z,y) f(y)dy.

Let T}(yb = Tkp. For m > 2, the m-th iterated commutator Ty, is defined by

132,(7)(a) = . T2 D@ = [ (60) = W) Keo) f)dy = lim TR, (D). (12)

where

TRy = [ 0 b)) K ) Sy

Based on the above, the variation operators of Calderén-Zygmund singular integrals and their com-
mutators can be defined as follows:

Definition 1.1 (Variation operators for singular integrals and their commutators). Let Tx = {Tk e }e>0
and T, = {Tx', fe>0 with m > 1. For p > 2, the p-variation operator of Tk is defined by

p>l/p. (1.3)

VoTie)(f) (@) = sup (Z;

/ K(z,9)f (y)dy
eir1<|r—y|<e;

Similarly, the p-variation operator of ’7}?:”,) can be given as

,,) W, (1.4)

where the above sup is taken over all the sequences {e;} decreasing to zero. For convenience, we set
Vo(TE) = V(T ) when m = 0.

V(T3 () () = ‘%(Z

Lo ) ) K ) )y
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It should be pointed out that the operators defined in (1.1) and (1.2) have some classical models, which
are listed as follows:

e When n = 1 and K(z,y) = I—iy, Tk (vesp. Ty',) is (vesp. the m-th order commutator of) the
Hilbert transform. We define 7 = H and Tf}’?b =H;" for m > 1.

e When n = 1 and K(z,y) = R*(z,y), where ¥ (z,y) is an Hermite Riesz kernel whose expressions
can be found in [43], Tk (vesp. T%';,) is (resp. the m-th order commutator of) the Hermite Riesz

transform. We define Tx = R* and TI?,b = RT,b for m > 1.
e When n > 2 and K(z,y) = Rj(z,y), where R;(z,y) := F("T‘H)W_%H Y for 1 < j < n, Tk

gL
(resp. Tg'p) is (resp. the m-th order commutator of) the Riesz transforml. \g\‘/e define Tx = R; and
Ty = Ry, form > 1.

e When n > 2 and K(x,y) = %, where Q € L'(S"7!) is homogeneous of zero and satisfies
Jgu1 Q(0)do(0) = 0, Tk (vesp. T#,) is just the usual (resp. the m-th order commutator of) singular
integral operator with the rough kernel Q2. We define Tx = Tq and T, = 73", for m > 1.

e When Tk is bounded on L?(R") and the kernel K is a standard Calderén-Zygmund kernel, which

satisfies the size condition

|K(z,y)| < m forz #y (1.5)
and the regularity conditions
Alx — 2[°
|K (z,y) — K(z,y)| < T—gpte for |x —y| > 2|z — 2|, (1.6)
Alz — 2[°
K (y,z) — K(y,2)| < |x|—y|"+5 for |z —y| > 2|z — 2|, (1.7)

where ¢ > 0, then T (resp. T%';) is the (resp. m-th order commutator of) standard Calderén-Zygmund
singular integral operator on R”.

Denote by CZO(R™) the set of all the Calderén-Zygmund singular integral operators on R™. It is well
known that the Hilbert transform and the Hermite Riesz transform (see [43, Proposition 3.1]) belong to
CZO(R) and the Riesz transform belongs to CZO(R™). Moreover, T, € CZO(R™) when Q € Lip,,(S" 1)
for a > 0.

Throughout this paper, we always assume that p > 2 since the p-variation in the case where p < 2 is
often not bounded (see [1,2]).

1.2 Variation operators for singular integrals

We attribute the developments of the variation operators for singular integrals to two stages.

Stage 1 (n = 1). The variation operators for singular integrals were originally studied by Campbell
et al. [3] who proved that V,(#) is of type (p,p) for 1 < p < oo and of weak type (1,1). Subsequently,
Gillespie and Torrea [18] extended the result of [3] to the weighted version and showed that V,(#)
is bounded on LP(w) for 1 < p < oo and w € A,(R). The same conclusion holds for V,(R*) (see
[13, Theorem A]). Later on, Crescimbeni et al. [13] obtained the L'(w) — L%*°(w) bounds for V,(H)
and V,(R*) with w € A;(R) (see [13, Theorem A]). Recently, Liu and Wu [33] established a weighted
boundedness criterion: the operator V,(7x) is bounded on LP(w) for 1 < p < oo and w € A,(R), provided
that n =1 and V,(Tk) is of type (po,po) for some py € (1,00).

Stage 2 (n > 1). The higher-dimensional case began with Campbell et al. [4] in 2003 when they
obtained the LP(R") (1 < p < oo) bounds for V,(7Tq), provided that Q € Llog* L(S"~!). This result
was essentially improved by Ding et al. [14] to the case where Q € H'(S"!) since Llog™ L(S"™ 1) C
H'(S"'). The weighted result for V,(75) was first considered by Ma et al. [36] who proved that V,(7g)
is bounded on LP(w) for 1 < p < oo and w € A,(R"), provided that Q € Lip,(S"™!) for o > 0. Later
on, the above result was improved by Chen et al. [5] to the case where Q € L4(S"!) for some ¢ > 1.
In [18], Gillespie and Torrea studied the variation operators for Riesz transforms and showed that V,(R;)
is bounded on LP(|z|¥) for 1 < p < co and —1 < o < p — 1. Recently, Zhang and Wu [47] extended the
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above result to the general A, weight. Particularly, Ma et al. [36] established a criterion on weighted
variation inequalities for Calderén-Zygmund singular integrals, which is the following theorem.

Theorem A (See [36]). Let K be a kernel satisfying (1.5)—(1.7) and the a priori estimate

Vo (Tre) ()l zro ®r) Snpo I1f | 2ro @) (1.8)

hold for some poy € (1,00). Then V,(Tk) is bounded on LP(w) for all1 < p < co and w € A,(R™).

1.3 Variation operators for commutators of singular integrals

It is well known that the commutator [b, T|(f) := bT'(f) — T (bf) with the suitable operator T" and the
function b was initialized by Coifman et al. [11] who proved that the commutator [b, R;] is bounded
on LP(R™) for 1 < p < oo under the condition that b € BMO(R™). This result was later improved
by Uchiyama in his remarkable work [44], in which he showed that the commutator [b, Tq] with Q €
Lip;(S™™!) is bounded (resp. compactness) on LP(R™) for all p € (1,00) if and only if the symbol
b € BMO(R") (resp. b € CMO(R™)). Here, CMO(R") is the closure of C°(R™) in the BMO(R™)
topology, which coincides with the space of functions of vanishing mean oscillation. Since then, the
boundedness and compactness of [b, T] with sorts of operators T on various function spaces have been
studied by many authors (see, e.g., [7,10,12,31]).

The variation operator for the commutators was first studied by Liu and Wu [33] who showed that
V,o(TY) is bounded on LP(w) for 1 < p < oo and w € Ap(R), provided that m > 1 and K satisfies
(1.5)-(1.8) and b € BMO(R). As applications, they obtained the L (w) bounds for V,(#H}") and V,(R1 ;)
for 1 < p < oo and w € A,(R) if b € BMO(R). Later on, the above results were extended by Zhang
and Wu [46] to weighted Morrey spaces. In the general dimensional case where n > 1, Chen et al. [6]
established the following result.

Theorem B (See [6]). Letm =1, p>2, b€ BMOR") and K be a kernel satisfying (1.5)—(1.8). Then
for1 <p<ooand w e A,(R"),

Ve (TR W) (Dl w) Snopp 1lBMo@Em | FllLr (), ¥ f € L7 (w).

It should be pointed out that Theorem B can be extended to arbitrary order commutators of Calderén-
Zygmund singular integral operators by applying Theorem B, the method in the proof of [6, Theorem 1.1]
and the induction arguments as in getting [15, Theorem 1]. Here, we only list the relevant result and
leave the proof to the readers.

Theorem 1.2.  Letm > 1, p>2, b€ BMO(R") and V,(Tg",) be defined as in (1.4). Assume that the
kernel K satisfies (1.5)—(1.8). Then for 1 < p < co and w € A,(R™), we have

Vo (T (Dl o) Snopp 0BM0 @) | fllL2(w)s ¥V F € LP(w).

Recently, Guo et al. [21] studied the compactness for V,(Tx ) on LP(w), which can be formulated as
follows.

Theorem C (See [21]). Let 1 < p < oo and w € Ap(R™). Then V,(Tkyp) is a compact operator
on LP(w), provided that b € CMO(R") and K satisfies (1.5)-(1.7) and that V,(Tk ) is of type (p,p).

1.4 Main motivations

The first question is based on Theorem 1.2 and Theorem C, which is the following question.

Question 1.3.  Is the operator V,(7g",) with m > 2 a compact operator on LP(w) for some p € (1, 00)
and w € A,(R™) when b € CMO(R™) and K satisfies (1.5)—(1.8)?

Our next question is related to weighted Morrey spaces. Let us recall the weighted Morrey spaces.
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Definition 1.4 (Weighed Morrey spaces [30]). Let 1< p<ooand 0< < 1. For a weight w defined
on R™, the weighted Morrey space M?+%(w) is defined by

MPP(w) = {f € LYo (w) « | fllares () < 00},

where

1 1/p
», = su —_— ) [Pw(x)dx
o= sw (g [ 7@ Putea)

with the supremum taken over all the balls in R™. Particularly, M?®(w) is just the classical weighted
Lebesgue space LP(w) when = 0.

When w = 1, MP#(w) reduces to the classical Morrey space MP#(R™), which was first introduced
by Morrey [39] to study the local behavior of solutions to second order elliptic partial differential
equations. The weighted Morrey spaces MP?+?(w) were originally introduced by Komori and Shirai [30]
who established the bounds for the Hardy-Littlewood maximal operator, the fractional integral operator
and the Calderén-Zygmund singular integral operator on MP#(w). Later on, more and more scholars
have devoted to investigating the boundedness of various operators on MP#(R") (see, e.g., [16,40,41]).

Some questions arise naturally.

Question 1.5. Let m > 1, p € (1,00), 8 € (0,1), w € A,(R") and K satisfy (1.5)—(1.8). Are the
operators V,(Tx) and V,(T;%,) bounded on M?-#(w)? Is V,(T}%,) compact on MP-#(w)?

The third question focuses on the regularity properties of variation operators of singular integrals
and their commutators, which is inspired by the regularity theory of maximal operators. In 1997, Kin-
nunen [29] first studied the Sobolev regularity for maximal operators and showed that the centered
Hardy-Littlewood maximal operator M is bounded on the Sobolev space W1P(R") for all 1 < p < oo,
where W1P(R") is the first order Sobolev space, i.e.,

WHPR™) := {f :R* = R: || fllwio@n) = [ fllzr@n) + IV fllzr@n) < 00},

where Vf = (D1f,...,D,f) is the weak gradient of f. Later on, Kinnunen’s work was extended and
generalized to various variants. Particularly, Hajlasz and Onninen [23] established the following Sobolev
boundedness criterion.

Theorem D (See [23]). Let T be a sublinear operator and be bounded on LP(R™) for some p € (1,00).
If T commutes with translations, i.e., (T'f)p(x) = T(fr)(x) for all z,h € R™, where fr(x) = f(x + h),
then T is bounded on WP (R™).

Note that the variation operators must not be linear, and it is natural to expect that it has similar
regularity properties to maximal operators. Actually, it is not difficult to see that when the kernel K
satisfies K (z,y) = K (z—y), the operator V,(Tx ) commutes with translations. Theorem D implies directly
the WP bounds for V,(Tx) under the LP bounds for V,(Tx) with some p € (1,00). Unfortunately,
the operator V,( i) does not commute with translations, even in the special case where m = 1 and
K(z,y) = K(z — y), which makes that Theorem D does not apply for V,(7g",). Therefore, it is natural
to ask the following question.

Question 1.6. Is the operator V,(7g",) bounded on Whp(R™)?
1.5 Outline of this paper

The rest of this paper is organized as follows. In Section 2, we shall present some preliminary definitions
and conclusions, including some properties for A,(R™) weights and BMO(R™) functions as well as a com-
pactness criterion for operators on weighted Lebesgue and Morrey spaces, which are the main ingredients
of concluding the bounds and compactness for variation operators of Calderén-Zygmund singular inte-
grals and their commutators on weighted Lebesgue and Morrey spaces. In Section 3, we shall establish
the boundedness for variation operators of Calderén-Zygmund singular integrals and their commutators
on weighted Morrey spaces. The compactness for the above operators on weighted Lebesgue and Morrey
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spaces will be given in Section 4. Finally, the bounds for the above operators on Sobolev spaces will be
proved in Section 5. The main ingredients of proving the bounds for the above operators on Sobolev
spaces are to establish some suitable difference estimates for the above operators and some properties of
Sobolev spaces.

2 Preliminaries

Throughout the paper, the letters C' or ¢, sometimes with certain parameters, will stand for positive
constants not necessarily the same at each occurrence, but are independent of the essential variables. If
there exists a constant ¢ > 0 depending only on ¢ such that A < ¢B, we then write A <y B or B 2y A,
and if A <y and B Sy A, we then write A ~y B. In what follows, we set N = {0,1,...}. The notation
Q(z,7) (resp. B(x,r)) represents the cube (resp. ball) in R™ centered at € R™ with the length of the
side (resp. radius) r > 0. For convenience, we define |y« := maxic <n |yi| for every y = (y1,...,yn).
For a cube @ and a function f defined on R”, we set fo = ﬁ fQ f(x)dx.
We now give the definition of A, weight class.

Definition 2.1 (A, weight [19]). A weight is a nonnegative and locally integrable function on R™ that
takes values in (0, 00) almost everywhere. For 1 < p < oo, a weight w is said to be in the Muckenhoupt
weight class A,(R™) if there exists a positive constant C' such that

, s B
QCUSB&W<Q|/Qw(x)dx><|cz|/cgw<x) pdm) S¢ 21)

The smallest constant C'in (2.1) is the corresponding A, constant of w, which is denoted by [w]4,.
We now recall the definition of BMO(R™) space.
Definition 2.2 (BMO(R") space [19]). The BMO(R") space is given by

BMO(R") := {f € Lioe(R") : [| fllBpo(@n) = [|M* | oo gy < 00},

where M* f is the sharp maximal function, i.e., M¥f(x) = SUP G5, ﬁ fQ |f(y) — foldy with the supremum
taken over all the cubes ) in R™ that contain the given point x.

The following result presents some properties for A,(R™) weights and BMO(R") functions, which are
very useful in the proofs of our main results.
Lemma 2.3. Letl <p< oo and w € A,(R™). Then the following conclusions hold:

(i) There exists a constant 6 € (0,1) such that w'™® € A,(R™). Both 6 and [w'*?]4, depend only on
n, p and the A, constant of w.

(ii) There exists a constant t € (1, min{p,2}) such that w € A, (R").

(iii) The measure w(x)dx is doubling, i.e., for all A > 1 we have

w(AQ)
Q cubes in R™ ’UJ(Q)

< [w]Ap)\np.

Moreover, there exists a constant v, > 1 such that

w(2Q)

m .
Q cubes in R™ U)(Q) Z T

(iv) There exists a constant € > 0 depending only on n and [w]a, such that for all cubes Q and all

measurable subsets A of Q,
wid) (|A|>
~NL WA, :

w(Q) Q|
(v) Let b € BMO(R™). Then

1 / )1/17
Su —— [ [b(x) — bg|Pw(zx)dw ~ b .
Q cubespin R™ ('LU(Q) Q [b() Q| () pi[w]a, I HBMO(R )
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We remark that Lemma 2.3(i) follows from [9], Lemma 2.3(ii) follows from [30] and Lemma 2.3(iv)
follows from [19]. Lemma 2.3(iii) follows by modifying the proofs of [34, Theorem 1.4.1 and Proposi-
tion 1.4.2(viii)], and the details are omitted. Lemma 2.3(v) is a well-known property for BMO functions
(see [24,25] for the recent developments).

For convenience, we always use the weighted Morrey spaces associated with cubes. Let 1 < p < oo and
0< B < 1. For a weight w defined on R", the weighted Morrey space associated with cubes is defined by
NP () = (S € o) : 170y < o0}, where

loc
1 1/p
~ = su —_— ) |Pw(x)dx
s =, s (g [ 1@t )

with the supremum taken over all the cubes in R™.

Remark 2.4. If the weight w is doubling, then we have MP#(w) = MPB(w), ie., ||f||]\7p,ﬁ(w) o~
| f|laz7.5 (w), Which can be seen by the doubling property for w and the observation

Q(xg,r) C B(wo,V/n/2r) C Q(z0,+/n1), VIe €R™, 7>0.

To prove the compactness result, we need the following characterization that a subset in MP8(w) is a
strongly pre-compact set, which is a direct application of [22, Theorem 3.1].

Proposition 2.5. Let1 <p <oo, 0 < B <1 andw € A,(R"). Then a subset § of MPP(w) is a
strongly pre-compact set in MPP(w) if § satisfies the following conditions:

(i) § is bounded, i.e., sup ez || fllare.s(w) < 00;

(ii) § uniformly vanishes at infinity, i.e.,

lim ||fxeyllves@w) =0  uniformly for all f €3,
N—+oco

where En = {z € R™; |x| > N}.

(iii) § is uniformly translation-continuous, i.e.,

lim sup |[|f(-+h) = f()lamrs@) =0  uniformly for all f € 3.
70 heB(0,r)

Remark 2.6. When 8 = 0, Proposition 2.5 is just the weighted Fréchet-Kolmogorov theorem following
from [8]. When 0 < 8 < 1, Proposition 2.5 represents a weight version of [7, Theorem 1.12].

We end this section by presenting a useful inequality

o0
(Z / F(z,y)dy
i—1 | Jeir1<f(z,y)<e;

K3
for all z € R™, and any arbitrary functions F' and f defined on R" x R™, where p > 1 and {g;} is an
increasing or decreasing sequence of positive numbers.

V< [ re (22)

3 Boundedness on weighted Morrey spaces

3.1 A boundedness criterion on weighted Morrey spaces

The following is a criterion on the boundedness for variation operators of Calderén-Zygmund singular
integrals and their commutators on weighted Morrey spaces.

Theorem 3.1.  Letm €N, p>2, b€ BMO(R") and V,(T¢",) be defined as in (1.4). Assume that the
kernel K satisfies (1.5)—(1.8). Then for 1 <p < oo, w € A,(R™) and 0 < § < 1,

HVP(TI??b)(f)”MP»B(w) Sjn,m,p,p,[w]Ap ”b”gMO(R”)Hf”MP’ﬂ(w)v Vf € Mpﬁ(w)'
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In fact, Theorem 3.1 can be deduced by Theorem 1.2 and the following proposition, which is of interest
in its own right.

Proposition 3.2.  Let m € N, p > 2, b € BMO(R") and V,(T¢",) be defined as in (1.4). Assume
that K satisfies (1.5) and

Ve (T (Dl Lo w) < BpllbllBmon) |1l Le (w) (3.1)

for some p € (1,00) and w € A,(R™). Here, By, := Ve (T r ) L2 @) g for any 8 € (0,1),

HbHElMO(]Rn)

Vo (T (P a2 (w) Snp,imoaswla, By 10l EMo@) | flarp sy, YV f € MP (w). (3.2)

Proof. Let f € MP’B(w) and 8 € (0,1). Fix a cube Q = Q(zo,r). To prove (3.2), by Remark 2.4, it
suffices to show that

1 1/p
(w@)ﬁ /Q 'Vp<Tf?b><f><w>Pw<w>dx) < C1bll B0 11 5705 (- (3.3)

where C' > 0 is independent of xg,  and b.
Decompose f as f = fx20 + fx(2q)- It is clear that

1/p

(s /. V@) < (o [ T o))t

L m » 1/p
i (w(Q)B/QW”(TKvb)(fX@Q)c)(x)I w(x)dx)
= ]1 + IQ. (34)

By (3.1) and Lemma 2.3(iii), we get

1 1/p
1 S, Mo (s [ 1F)Puta)iz )

Sni, WlEvoen (292 s [ Vputaras)

fmﬁ,p,[w]Ap,Bp ”ngLMO(]R")||f||Mp,{f(w)~ (3.5)

We now estimate I. Fixing x € Q, we get from (2.2) and (1.5) that

Vo(Ti) (FX2q)e) (@) < / [b(2) = b(2)["| K (z, 2) f()]d=

(2Q)°
b(z) —b(2)|™|f(2)]
< A/@Q)C o, (3.6)

Note that [z — 2| 2 |z — 2|sc = |2 — Z0|oo — | — Z0|oe = 3|2 — T0|o for z € (2Q)°. By Lemma 2.3(i), there
exists a constant 6 € (0,1) such that w'*? € A,(R"). Let t = (1(%2,1’;. Clearly, ¢ € (1,p). By (3.6), we
obtain

- o) — b

_ n
1—0 ~/2'lr<|zm000<2"+17‘ ‘Z 'r0|oo

<A@ [ 1)) - )
> |

l+1Q

Vo (T (fX(2q)e)(7) < 2"A

<2may @) [ I - bl
-0 2l+1Q
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F2EAY (@) b~ bl [ ()

= 241Q

=: I3+ 1.

For I3, by Holder’s inequality,

LS 1/t 1/t
I3 <2"™mA Z(er)"</ |f(z)|tdz> (/ b(2) — byr1g|™ dz) .
2141 2141

=0

Since b € BMO(R™), we have

1/t
( [ 1) =il ™ dz) S bl 12711V
204+1Q

Let s =p/t. Then 1/(s't) =1/t —1/p=1/(p'(1 + €)). By Holder’s inequality, we get

(Lol 'tdz)l/t (. f(z)|pw(z)dz>1/p< / me(z)l_s,dz)lusft)

" L 1/ (0’ (1+¢€))
w(2"F Q)B/p||f||]'v7p)ﬁ(w) (/21+1Qw(2) —s dz)

Since w!t€ € A,(R™) and (1 +¢€)(1 —p') =1 — s, we have

/ U)(Z)lisldz:/ w(z)(1+e)(1,p/)dz
21+1Q 21+1Q
14+€) 72T [ol+1 0 Lie —1/e=1)
< [T T2 Q) w(a)eds .
P 21+1Q

By Holder’s inequality, we get

1/(14¢€)
w@nQ = [ wades ([ wa) e
21+1Q 2l+1Q

which leads to [, w(@)' ™ dz > w(2!T1Q) €21 Q| €. This together with (3.11) leads to

, 1 , 1
/Hl w(z)l—s dz < [wl_‘—e]i;l |2l+1Q|p (w(2l+1Q)l+E|2l+1Q‘_€) =T
2M1Q

13

< [w He] Tw(2HQ) T 2L QP

Combining (3.12) with (3.10) implies

1/t
(/ |f(z)|td2:> < [ 1+€]2(1+e
2l+1Q

Then we get from (3.8), (3.9) and (3.13) that

2H—1Q\ 1+€ +rare w(2l+1Q>— ||fHMp 5 (w)-

Is Snpm,Alwla, HngMO(Rn)”fHMp,ﬁ(w)

oo
> Z(2lr>—n|2l+1Q|%,|2l+1Q|ﬁf+mw(21+lQ)%

o0
Sn,p,m,A,[w]Ap Hb||gM0(Rn)||f||jV7p,ﬁ(w Zw 2l+1Q
=0

where in the last inequality of (3.14) we have used that 1/(1+¢€) + ¢/(p(1 +¢€)) = 1/¢.

1275

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
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Fix [ € N. By Holder’s inequality,

1/p'
W@ QPP fll 57050 (/2]“62 w(z)' 7P dz) :

Since w € A,(R™), we have

’

1/p
([ w ) <wlr Qe o,
20+1Q P

which gives

[ el < @) 7 2l s .15

We get from (3.15) that
m B-1
I4 ~n,p,m,A,| ||f||Mp B (w) Z |b - b2"+1Q| w(2l+lQ) P (316)

It follows from (3.7), (3.14) and (3.16) that

21+1Q
IQ ~n,p,m,A,[w] Ap ”bHBMO R™) ”f”Mp B (w) Z (W)

s 1\ P 1/p
+ ||f||Mp B (w) ( / <Z |b(z) — bzz+1Q|mw(2l+lQ)[P> w(ﬂi)dx)

A-=p)(+1)

Snpym, A fw] Ap ”bHBMO R™) 11l 570 B (w) Z'Yw
1=0

N /(Zlb bz%’"(%)[i’l)pw@mf”

gn,p,m,A,[w]AP ”bHBMO(]R"
Ly A=p)(I+1) ﬁ)(l+1) P 1/p
#5700 @7 / (Z% F00) gl ) weyae) )

By Minkowski’s inequality and Holder’s inequality we get

(1-B)(1+1) ﬁ)(z+1) P 1/p

(/ (Z’yw ’ )—b21+1Q|m> w(x)dx)

_(a=-s+1) 1/p

Yo (/ |b(x) — 62L+1Q|mpw(ac)dx) . (3.18)
Q

By Lemma 2.3(v) and the fact that [bg — by+1g| Sn (14 1)||b]|BMo®n), We get by Minkowski’s inequality

that
1/p
</ |b(xz) — b2z+1Q|mpw(z)dx)
N 1/(mp)\ m
s (w(Q)l/(mp)wQ —barg| + (/ |b(z) — lem”W(x)dx) >
Q

Som (L4 1) w(Q)P([Bl[ B0 g

f”]\?p B (w)

<

Mg

l

I
=)
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which combining (3.17) and (3.18) implies

m - (" m
I, Sn,p,m,A,[w]AP Hb”BMO(]R")Hf”]\’/fp,ﬁ(w) Z a—pu+n ~n,p,m,A,[wla, Hb”BMO(]R{”)Hf”]\’/fp,ﬁ(w)v (3‘19)
1=0 7y, P

since v, > 1 and 0 < 8 < 1. Combining (3.19) with (3.4) and (3.5) yields (3.3). This completes the
proof of Proposition 3.2. O

Remark 3.3. (i) Theorem 3.1 for the case where 5 = 0 and m = 0 was proved by Ma et al. [36] (see
Theorem A).
(ii) Theorem 3.1 implies [46, Theorem 1.6], which corresponds to the case where n =1 and m = 0.
(iii) Theorem 3.1 is new, even in the unweighted case where w =1 or m =0, n > 2.

3.2 Some applications

As applications of Theorem 3.1, we have the following corollaries.

Corollary 3.4. Letp>2,1<p<oo, w€ A,(R") and 0< < 1. Then

Vo) (N Isteswy < Cllf sy, V€ MPP (w)

holds, provided that one of the following conditions holds:
() T=R;,1<j<my
(b) T = Ta, Q € Lip,,(S"™1) for some a > 0.
Corollary 3.5. Letp>2 andm > 1. Then for 1 <p < oo, w € Ap(R™) and 0 < 8 < 1, we have

V(T latr6 ) < ClOIBMOEm I Iag2 500y, Y F € MPP (w),

provided that one of the following conditions holds:

(@) T=RJ, 1<j<n

(b) T="T3%, Qe Lip,, (S"~1) for some a > 0.

Remark 3.6. (i) The corresponding result for R; (resp. Tq) in the case where 5 = 0 in Corollary 3.4
was given in [47, Theorem 1.1] (resp. [36, Corollary 4]).

(ii) The bounds for V,(H) and V,(R*) on the weighted Morrey spaces were proved by Zhang and
Wu [46, Theorem 1.1].

(iii) It was shown in [18] that V,(R;) is bounded on LP(|z|*) for 1 < p < oo and -1 < a < p — 1,
which gives that V,(R;) is bounded on LP(R™) for all 1 < p < co. On the other hand, Campbell et al. [4]
showed that V,(7q) is of type (p,p) for 1 < p < oo when Q € Lip,(S"~!) for some o > 0. These bounds
together with Theorem 1.2 yield the conclusions in Corollary 3.4.

(iv) When n > 2, Corollary 3.4 is new, even in the unweighted case where w = 1.

Remark 3.7. (i) Corollary 3.5 for R, in the case where § = 0 was proved by Zhang and Wu [47,
Corollary 1.11]. Corollary 3.5 for 7 = 7%’ in the case where 5 = 0 and m = 1 was shown by Chen et
al. [6, Corollary 1.2]. '

(ii) By the known L? (1 < p < 00) bounds for V,(R;) with 1 < j < n and V,(75) with € Lip, (5"~ 1)
for some « > 0 and Theorems 1.2 and 3.1, we can get the desired conclusions in Corollary 3.5.

(iii) Corollary 3.5 is new, even in the unweighted case where w =1 or 5 = 0.

4 Compactness on weighted Lebesgue and Morrey spaces

4.1 A compactness criterion on weighted Lebesgue and Morrey spaces

A compactness criterion on variation operators of commutators of Calderén-Zygmund singular integrals
on weighted Lebesgue and Morrey spaces is as follows.
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Theorem 4.1. Letm>1,p>2,1<p<oo, we€ A,(R") and 0 < 8 < 1. If K satisfies (1.5)—(1.8)
and b € CMO(R™), then the operator V,(Tg",) defined as in (1.4) is a compact operator on MP: B(w).

Proof.  The proof of Theorem 4.1 will be d1v1ded into four steps:

Step 1 (Reduction via smooth truncated techniques). We shall adopt the truncated techniques following
from [31] to prove Theorem 4.1. Let ¢ € C°°([0,00)) satisfy that 0 < ¢ < 1, ¢(¢t) = 1 if ¢t € [0,1] and
(t) =0if t € [2,00). For any n > 0, we define the function K, by

Ko(o) = KGea) (1- 02l = 1) ). (1)

In what follows, let us fix b € CMO(R"), 1 < p < 00, w € A,(R™) and 0 < 5 < 1. We shall prove that
there exists a constant C' > 0 independent of 7 such that

V(T2 ) = Vo TR Dty < Cnllflagmsiays ¥ € MPP(w). (42)
By (1.4), (1.5) and (2.2), we have
Vo(T2 () (a) = Vol T (D)
> [ o ) B ,2) K ) ()

p) 1/p

< [ 10bG) = b ,2) — K, 2) ()

= [ 106 = )" £ o (2o - 4
G,

omsin o= 2171

< (2AIbll o )™ VB e () A2 M f () (4.3)

< 21b]] oo r)) ™ HIVD oo () A

for almost every x € R", where w,, = |B(0,1)|. Combining (4.3) with the MP#(w) boundedness for M
implies (4.2).

By (4.2) and [45, p. 278, Theorem (iii)], the compactness for V,(7g",) reduces to the compactness for
V,,(T;(’f]’b) when 7 > 0 is small enough, i.e., to prove the compactness for V,( I’gfb), it suffices to prove
that the set

F = AVo(Ti, p)(F) 2 (1 f a6 ) < 1}
is pre-compact when 77 > 0 is small enough. By Proposition 2.5, it is enough to verify that F satisfies
Propositions 2.5(i)-2.5(iii) .
Step 2 (A verification for Proposition 2.5(1)). Let n € (0,1). By Theorems 1.2 and 3.1 and (4.2), we
have

Vo (T, o) (D laaes )y < IVo(TE ) () = Vo(TR) (D)llage5. ) + Vo (T ()| a5 ()

<
< C”f”MPvﬁ(w) <C

when || f[|prp.6 () < 1. This yields that F satisfies Proposition 2.5(i).

Step 3 (A verification for Proposition 2.5(ii)). Assume that b € C§°(R™) and is supported in a cube
Q= Q(0,r). Fix f € MPP(w) with || f| x5y < 1 and Ey := {z € R" : || > N} with N > max{nr, 1}.
Note that |z| < n|z[o < 317 < AN < $|z| whenz € Ey and z € Q. Then we have [z—z| > |z]—|z| > 1|z|
when x € Ex and z € Q. By (1.5), we have

(Ko (2, 9)] < [K (2, y)] <

for x # y. (4.4)

|z —y|"



Liu F et al. Sci China Math  June 2022 Vol. 65 No.6 1279

Note that b(z) = 0 when € Ey since N > nr. By (4.4) and (2.2), we have

Ve < 4 [ IO <o a e ool [ 17z )

|z — 2"

for almost every x € Ex. By the arguments similar to those used to derive (3.15),

/Q Nz < 0] {70(Q) QIS iz (4.6)

For a fixed cube Q = Q(z0,1t), we get from (4.5) and (4.6) that

(g) [ I?:,bxf)(x)xEN(x)Ww(x)dx

< C@ Rl s /Q ke

< Chw el 1~ x| "Pw(x)dx

< CwlQ QP s Z / e

< C@ QP s S N) (@0 (BO.27FN) | BO,2N))

7=0
< Cun(@P1QP S @ N) (@ 1 (0,27 N) \ B0, 2/N)) 7, (4.7)
j=0

where Cy = (2”A||b||’L”oo(Rn)Hf||]\7p,5(w))p[w]j4p. Since w € A,(R™), there exists a constant e € (0, p) such
that w € A,_(R™). Then by Lemma 2.3(iii), we have

w(Q N (B(0,2711N) \ B(0,27N)))
< w(B(0,271N)) < w(Q(0,272N)) < [w]a,_, (27H2N)"P=9w(Q(0, 1)).

This together with (4.7) implies that

w(é? / Vo(Ti, o) (>XEN(:0)|”w(z)d:coo
<C [ ] Ap— ew( )B 1|Q\Pw( (0,1))1—5Z(2jN)—np(2j+2N)n(p_€)(1_6)
j=0
<Oy [w]Ap—ew(Q)ﬂ*”Q‘pw(Q(O’ 1))175 Z(QjN)fan*E(lfﬁ)n
=0

< Cifwla, w(Q)HQIPw(Q(0, 1)) PN A=A,

which leads to
HVP(TI?;,b)(f)XEN | a2e.8 ()
<OPl? w(@F 1QIw(Q(0, 1) F N
This implies that F satisfies Proposition 2.5(ii).

e(1—B)n
p

Step 4 (A verification for Proposition 2.5(iii)). It suffices to show that

Jim V(T2 ) (DA R) = Vo(T, ) (DO armacy = 0 (18)

for a fixed n € (0,1).
At first, we claim that K, (z,y) satisfies

Alz —2|°

Ky (2, y) = Ky(z,9)] < Te — g™+

for |z —y| > 2|z — 2|, (4.9)
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where A = (2 + 2" | V|| e ([0,00)) ) A-
When |z — y| > 2|z — z|, we consider the following different cases:

(i) (| —y| = nand |z —y| > n) In this case we have K,(z,y) = K(z,y) and K,(z,y) = K(z,y). This
together with (1.6) yields (4.9).

(ii) (Jz —y| = n and |z — y| < 1) In this case we have K, (z,y) = K(z,y) and |z — y| > 1|z — y| since
|z — y| > 2|z — z|. These together with (1.5) and (1.6) imply that

K1) = Kolev)] < K (o) = Kol + 1K Gl 21z =)

2 2
K (xy) - K(zy9)| + |K<z,y>|\so(n|z _ y|) _ w(nlm —y)]
Alx — 2[° A 2
Sz -yt |z —ylry

Vel e (0,00 7 — 2|

< (142541 vg| jalz =2
S @ L°°([0,00)) |1:_y|n+57
which proves (4.9).
(iil) (Jz — y| < n and |z — y| = n) The case is similar to the case (ii).
(iv) (Jx —y| < n and |z — y| < n) Without loss of generality we may assume that | —y| > |z — y|. By
(1.5) and (1.6) and the fact that |y — z[ > 1|z — y|, we get

Koo) = Kaeo)| < K o) = Kol + Koo (2o =1 ) = Ko 2 -1

< |K(2.9) - K(=,p)] + K (@,y) - K(z,y>|so(f7x - y|)

1 Gae(2 =)~ (Ble -l )|

2A|x — z\‘s A 2
Sz =yttt [z —ylry

IVlloo| = =]

|z — 2[°

< ) 2n+5+1 \V4 o A——
2+ IVl Lo ([0,00))) g

This proves (4.9) in this case.
In what follows, we set [h| < ¢ and 1 € (0,1). By the definition of V, (T ), we have

VoT2 )@+ B) = Vo(T3 ()]
<o (3
-/ o 0 U)o ) Sy
<o (3

(5

g0 \ oy

/ (b + h) — b)) ™ oz + b ) f(y)dy
cit1<|z+h—y|<e;

p) 1/p

/ oy (O 1) = D)™ = (b(o) = W)™ K ) )

p> 1/p
p) 1/p

/ ey, D) B (E (2 o+ b y) = K ) f W)y

[ 0+ = b0 o+ b))

p) 1/p

X (X8i+1<\z+h7y|<€i (y) - X€i+1<‘:c7y|<£i (y))dy

=1+ I+ Is. (4.10)
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For I, it is easy to see that

-1

(b +h) = b(y))™ — (b(x) = b(y))™ = Y ch(b(z +h) = b(x))™ 7 (b(x) — b(y))’

J

3

Il
=)

and

(b(x) = b(y)) = Z Ab(xy TH(=1)"b(y)*, YO<j<m—1,

where C}, = W for any r, N € N with » < N. Therefore, we have

,_.

m—

Vbl gy IR ™ JZc“HbuLx(Rn
JZO n=0

> PN\ 1/p
X;‘@(; Kn(x,y)(b(y))"f(y)dy> : (4.11)

Given a decreasing sequence {g;};>1 of positive numbers converging to 0, we set N({g;}) :=
max{i > 1:e; > n}. Note that K, (z,y) =0 when |z —y| < & and K, (z,y) = K(x,y) when |z —y| > 7
By (4.4) and (2.2), we have that for 0 < j < m —1and 0 < p < j,

(ZZ p)l/p

N({e:})—-1
< ( > / K (z,y)b" (y) f (y)dy
cit1<|z—y|<e;

i=1
oo

+<z

/ Ko, 5)X 3 <ty <n (0D (0) F (1)
i=N({e}) | e slemylss:

<Vp(Ti) V" ) (@) + AllbllY gy / @l

Z<lz—y|<n ‘LL‘ - y|n
< V(T B 1)() + 2 bl oy AM (),

eir1<|z—y|<es

/ Ky (@, y)b (y) f (y)dy
eit1<|z—y|<e;

p> 1/p

p) 1/p

which together with (4.11) implies

m—1

1 S (X2 VAT (@) + 20l oy AM S 2) ) (112)
n=0

For I, due to |h| < &, we have K, (z +h,y) = K, (z,y) = 0 when |z —y| < 7. Moreover, |z —y| > 2|h|
when |z —y| > 2. In light of (2.2) and (4.9), we have
p> 1/p

oo
I < sup (

sup (b(x +h) = b(y))™ (Ky(x + h,y) = Ky (2,9)) f (Y)X|2—y/> 3 (y)dy

eir1<|lz—y|<e

< [ 1(bla ) = )" (K o+ hy) — Bl ) £ a3 ()

([l () AR oyioa [T~y
b\
Smbin,d, A n M f(x) (4.13)

for almost every z € R".
It remains to estimate I3. Note that X.,,, <|a+h—y|<e: (¥) = Xers1<|z—yl<e, (¥) 7# 0 if and only if at least
one of the following statements holds:
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(a) gip1 <|z+h—y| <e and |z —y| < giq1;
(b) git1 <|lx+h—y| <g and |z —y| > e
() giv1 <|r—y|<e and |+ h—y| < egiq1;
(d) gip1 < |z —y| <eg and |+ h —y| > e
Then we get from (4.4) that

‘ /n(b('r + h) - b(y))mK’f](x + hv y)f(y) (Xsi+1<|x+h—y|<ei (y) - Xs,;+1<|x—y\<si (y))dy

Lf (W)l
Sm,b,A/Jrh - mXei+1<|x+h—y|<s,;(?/)X|x—y\<a,-+1(y)dy
z —Yiz3z

|f ()]
+/+h 52 mei+1<|x+hfy|<ei(y)X|x7y\>si(y)dy
x —Yl|=z 2

1/ (W)
+/+h |>77 |x+h_y|nX51+1<|£v7y‘§5i(y)xla:*%h*y‘gaprl(y)dy
z —Yiz3

lf (W)l
+/+h > |x+h_y|nXei+1<|ac—y\<s,y(y)X|x+h—y\>si(y)dy
z —Yizz

=131+ 132+ 133+ I34.

By Lemma 2.3(ii), there exists s € (1,2) such that w € A
respectively.

P/ s

(4.14)

(R™). We now estimate I3 ;, i = 1,2,3,4,

For I3, in the case (a) we have that ;11 > [t —y| > [ +h—y|—|h| = § — % > ] > 2|h| and

2
|z +h—y| > |z —y|—|h| > 3|z — y| when |z + h —y| > L. By Holder’s inequality,

4

|f ()l
I3 Smpa C SRR ey [ Ko <leth-yl<e: (Y)Xes i1 <lath—y|<eiri+In (Y)Y
TTrh=yY|z35
1/s
lf)l°
Sm,b,A (‘/l_;'_h ‘>77 |x+h7y|nsX6i+1<|m+h7y‘<5i(y)dy
x -y =3

1/s’
X (/]R X5'i+1<l'+h—y|<5i+1+hl(y)dy)

1/s
fw)l
Sm,b,n,A,s <‘/| ‘ ( )| Xsi+1<|x+h—y|<6i(y)dy

z+h—y|>Z |$ +h— y|n9

X ((gig1 + |R)™ = 5?+1)1/S,

1/s

fy)l®

Smbyn,A,s </|+h - m)@i“qwq—h—mgsi(y)dy
z —Yiz3

x (i1 + [R)"H|R))Y

1/s
’ [f )l
Sm,b,n,A,s |h|1/s (/ o o y|n+571X5i+1<|m+h7y|<6i (y)dy ,
-y

where in the last inequality of (4.15) we have used the fact that

(n-1)/s’
— SI 5 n— SI
)0 < (3) T oy

and [z +h—y| > |z —y| when [z +h —y| > 1.

(4.15)

For I3 5, in the case (b) we have that |z —y| > e; > [t +h—y| > 3 > 4[h| and [z +h —y| = [z —y|— |}

> @ when |z + h —y| > 2. By the arguments similar to those used to derive (4.15),

/()]
-[3,2 ,Sm,b,A / h |>ﬁ ‘x+h7y|nX€i+1<‘z+h7y|<6i(y)XEi<‘:E7’y|<€i+|h‘(y)dy
T —Ylz3
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_ L )l Ve
Smubn,As || WXE¢+1<‘(E+h—y|<Ei (y)dy . (4.16)
lz—y|>4 Y

For I3 3, in the case (c) we have that |z —y| > ;41 > |z +h—y| > 3 > 4|h| and [z +h—y| > |z —y|—|h]|
> @ when |z +h —y| > 2. By the arguments similar to those used to derive (4.15),

/()
I3 5m1b7n7A75/|+h > mX€i+1<\w—y|§E¢(y)quz+1<|I—y\<8i+1+|h\(y)dy
kg —Ylz3
1/s
' lf()l*
Sm,b,n,A,s C|h|1/s </| o WX€H1<|I—7JKQ (y)dy . (4.17)
=y vy

For I5 4, in the case (d) we have that ¢; > |z — y|
o+ =yl > o~y = b > F3% when [+ h—y| >
derive (4.15),

Zlze+h—yl —|hl =3 -2 =7 > 2| and
7. By the arguments similar to those used to

/()
I3, §m,b,A / heyls mxaﬂq;c—mgsi (y)XE¢<\w+h—y|§E¢+|h\(y)dy
z —Yiz3z
1/s
, lf(y)l*
S/m,b,n,A,s |h‘1/s (/l . WXEH»1<‘1_?/|<E’L' (y)dy . (4.18)
T=Ylz7

Combining (4.18) with (2.2) and (4.14)—(4.17) implies

1 3 IO AN
I3 Sﬂn,b,n,A,s |h" ( Sup ( (/ | y|n+571 X61'+1<|:c+h7y|<6i (y)dy) )
=y

E'i\lo i=1 2% |x -

>0 s p/s\ 1/p

. i
&0\ 21 |

s 1/s
,Sm,b,n,A,s |h‘1/s (/ f(y73~|mldy)
o—y>1 17—l

|h| e s\1/s
St (5) " a1, (1.19)
It follows from (4.10), (4.12), (4.13) and (4.19) that
Vo (TE, u)(F) (2 +h) = V,o(TK, ) () ()]

m—1 ) 1/s’
St (7@ + 11 S V(T D) + (1) arpr+ (B1) “ans o) azo
pn=0
for all z € R™ when |h| < Z. Note that w € A,,s(R"). This together with the boundedness for M
on weighted Morrey spaces implies H(M|f|5)1/5||Mp,g(w) Snp,8 I flaee8(w)- On the other hand, by our
assumptions and Theorem A, we have that V,(7k) is bounded on LP(w). This together with Theorem 3.1
yields that V,(Tk) is bounded on MP#(w). Combining these with the boundedness of M on MP?(w),
Minkowski’s inequality and (4.20) implies that

Vo (Ti, o) ()4 h) = Vo(Ti o) ()l azes ()

m—1

S, P gy + CLRE Y IV (Ti) (0 )| agms )

pn=0
|| ||

) 1/s’
n (n) 1MLt o + c(n) V1Y g5 )

h| S |h| 1/s’
SV (T ()
,b,n,ALs,p, B R " "

when || < ¢, which leads to (4.8). This finishes the proof of Theorem 4.1. O
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4.2 Applications

As applications of Theorem 4.1, we can get the following result.

Corollary 4.2. Letm >1,p>2,1<p<oo, we Ay(R") and 0 < § < 1. If b € CMO(R"), then
V,o(Ty) is a compact operator on MP-B(w), provided that one of the following conditions holds:

(i) n=1 and wy = Hy'

(iil) n=1 and 77% = R’g,b;

(iil) 7y =Ry, 1 <j<my

(iv) T =T3% Q€ Lip,,(S™~1) for some a > 0.
Remark 4.3. (i) It was shown in [13] that both V,(H) and V,(R*) are bounded on LP(w) for 1 <
p < oo and w € Ay(R). This together with Theorem 4.1 leads to the desired conclusions for H; and R4 3
in Corollary 4.2.

(ii) By the known L? (1 < p < oo) bounds for V,(R;) with 1 < j < n and V,(Tq) with € Lip,(S"™1)
for some o > 0 and Theorem 4.1, we can get the desired conclusions for R;; and Tq in Corollary 4.2.

(iii) When o = 1, m = 1 and 8 = 0, the corresponding result in Corollary 4.2 for the case (iv) was
proved by Guo et al. [21, Corollary 1.5].

(iv) Theorem 4.1 and Corollary 4.2 are new, even in the unweighted case where w =1 or g = 0.

5 Boundedness on Sobolev spaces

This section is devoted to discussing the boundedness for variation operators of Calderén-Zygmund
singular integrals and their commutators on Sobolev spaces. Before presenting our main results, let us
introduce some notations. Let ¢; = (0,...,0,1,0,...,0) be the canonical [-th base vector in R™ for
I=1,...,n. For afixed f € LP(R™) with p > 1, all h € R with |h| > 0 and ¢ = 1,...,n, we define the
function f5 ; by setting

fuste) = L) = Sl0)

It is well known that for p > 1, f,; — D;f in LP(R™) when h — 0 if f € WLP(R"). For z,y € R", we
denote by A, f the 1st difference of f, i.e., A, f(x) = fy(x) — f(z), where fy(z) = f(z+y). Set

A 1 n
G(f;p) = limsup I8 Sl gy ),
|h|—0 |h|
According to [17, Subsection 7.11], we have
ue WHI(R™), 1< q<oosuc LYR") and G(u;q) < oc. (5.1)

5.1 Boundedness for variation operators of singular integrals

The following result represents a perfection of Theorem D.

Proposition 5.1. Let T be a sublinear operator. Assume that T is bounded on LP(R™) for some
p € (1,00) and commutes with translations. Then T is bounded on WP (R™). Moreover, if f € WLP(R"),
then for anyi=1,...,n, we have

DT f)(2)| < |T(D; f)(z)] (5.2)

for almost every x € R™. As an application of (5.2), we have

1T fllwre@ny < T Le@e)— e @) | fllwie@n). (5.3)

Proof. By Theorem D, we know that Tf € WYP(R"). Fix i € {1,...,n}. Since f € WIP(R") and
Tf € WHP(R"™), we have fr; — D;f and (T'f)n; — D;(Tf) in LP(R"™) as h — 0. By the sublinearity
and the LP boundedness for T and the fact that f,; — D;f in LP(R™) as k — oo, we have that
T(fn:) — T(D;f) in LP(R™) as h — 0. Therefore, there exist a sequence {hy} of real numbers with
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limg_,0 by = 0 and a measurable set E with |[R™ \ E| = 0 such that (T'f)n, i(z) = D;(Tf)(x) and
T(fn,i)(x) = T(D;f)(x) as k — oo for x € E.
Since T' commutes with translations and is sublinear, for any x € E we have

(T s(2)] = L h|khei) —Tf(z)l
k|

_ T fhei (x) =TS ()] < T (frye; — f)(@)]
|hi| h |h|

=T (fny.i)(x)|.

This yields
DT F)@)] = | Jim (7 ) a@)| < Jim [Ty, 0) @) = [T(Df) (@)

for all z € E. This proves (5.2). By (5.2) and the arguments similar to those used to derive (2.4)

in [29], we have |V(Tf)(z)| < |T(IVf])(z)| for almost every x € R™. This together with our assumption

implies (5.3). O
As an application of Proposition 5.1, we have the following theorem.

Theorem 5.2. Let p > 2 and V,(Tk) be defined as in (1.3). Assume that K(x,y) = K(x —y) and
V,(Tk) is of type (p,p) for some p € (1,00). Then V,(Tk) is bounded on W P(R™). To be precise, if
f € WEHP(R™), then for anyi =1,...,n, we have |D;(V,(Tx)(f))(x)] < V,(Tk)(D; f)(z) for almost every
z € R™. Moreover, ||[V,(Tk)(f)llwre@n) < IVo(Tr) Lo @n)— o @) | fllwe@n)-

As consequences of Theorem 5.2, we have the following corollaries.

Corollary 5.3. Let p > 2 and V,(Tk) be defined as in (1.3). Assume that K(z,y) = K(xz —y)
and K satisfies the conditions (1.5)-(1.8). Then for any 1 < p < oo, the operator V,(Tk) is bounded on
WLP(R™). To be precise, if f € WHP(R™), then for anyi=1,...,n and almost every v € R™,

1Di (Vo (T ) () (@)] <V, (Tre)(Di f) ().

Moreover, Vo (Tr)(/)llwre@ny < [Vo(Tr) | Le )= Lo @) [ fllw e @)
Corollary 5.4. Let p>2 and 1 < p < oo. Assume that one of the following conditions holds:
(i)n=1and T = H;
(ii) n=1 and T = R*;
(iii) T=R;, 1 <j < n;
(iv) T="Ta, Q€ Hl(S“ Y oor Q€ Nysy Fal(S"h), where Fo(S™™1) for o > 0 denotes the set of all
the integrable functions over S™~' which satisfy the condition

1 [e3%
sup Qy (log+ ) do(y'") < 0.
£esn—1 /S\”*l ‘ ( )l |£l : y/‘ ( )

Then the map V,(T) : WhP(R™) — WIP(R") is bounded. To be precise, if f € WLP(R™), then for
anyi=1,....,n, |Di(V,(T)(f)(@)] < V(T)(Dif)(z) for almost every x € R™. Moreover,

IVe(T)(Dllwre@ny < IVo(T)l e @)= Lo @) L lwrr @n)-

Remark 5.5. (i) Corollary 5.3 follows from Theorems A and 5.2. The corresponding results in Corol-
lary 5.4 for the cases (i)—(iii) follow from Theorems A and 5.2.

(ii) The space F,(S" 1) was introduced by Grafakos and Stefanov [20] in the study of the L? bound-
edness of the singular integral operator with rough kernels. Clearly, Uq>1 La(S"~1) € F, (S~ 1) for any
a > 0. Moreover, the examples in [20] show that

() Fals"H g HY(S™ ) € | FalS"),

a>1 a>1

(iii) It was shown in [14, Theorem 1.2 and Corollary 1.6] that V (7?1) is bounded on LP(R™) for
all p € (1,00) under the condition that Q € H*(S"!) or Q € [, ,.y Fa(S""1). This together with
Theorem 5.2 yields the conclusions of Corollary 5.4 for the case (iv).

a>2
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5.2 Boundedness for variation operators of commutators

As mentioned in Section 1, the operator V,(7g",) does not commute with translations, even in the special
case where m = 1 and K(z,y) = K(x—y), which makes that Proposition 5.1 does not apply for V,(Tx",).
In order to establish the Sobolev regularity for variation operators of commutators of Calderén-Zygmund
singular integrals, we shall make the most of the characterizations of Sobolev functions. At first, let us
introduce the definition of Lipschitz spaces.

Definition 5.6 (Lipschitz space). The homogeneous Lipschitz space A(R”) is given by

AR") :={f : R" — C continuous : || f|| j g~y < o0},

where Fa+h)— f()
T + — flx
”fHA(R") ‘= sSup  sup < 0.
©€R™ heRm\ {0} R

The inhomogeneous Lipschitz space A(R™) is defined by
AR") == {f : R" = C continuous : || f||a®rn) := [[fllzoe®n) + Iz @n) < o0}

Remark 5.7. Let b € A(R™). Then the weak partial derivatives D;b (i = 1,...,n) exist almost
everywhere. Moreover, for almost every = € R”, we have

}llii% by.i(x) = D;b(z) (5.4)
and

1Dib()] < [1b]l 4 @y (5.5)
To see this, let us fix i = 1,...,n. Since b is Lipschitz continuous, b is differentiable almost everywhere by

Rademacher’s theorem. Therefore, the partial derivatives D;b exist almost everywhere and (5.4) holds.
For almost every x € R", we get from (5.4) that

b(x + he;) — b(x) < lim |b(x + he;) — b(z)|
h = h0 h

|Dib(x)| = |lim <|

101l 4 ey
which gives (5.5).
The Sobolev regularity for the commutators is the following theorem.

Theorem 5.8. Let p > 2, m > 1, b € AR") and V,(Tg",) be defined as in (1.4). Assume that
K(z,y) = K(z —y) and V,(Tk) is of type (p,p) for some p € (1,00). Then V,(Tg",) is bounded on
WLP(R™). To be precise, if f € WHP(R™), then for any i =1,...,n and almost every v € R",

DV (TR (@) < Y b7 fany Vo Ti) BFDi ) ()

k=0

m—1
+m > e bl s (Vo (T ) (B Dibf) () + | Dibl (@) Vo (Tie) (0 ) (). (5.6)
pn=0

As an application of (5.6), we have
HVP(T;(T,Lb)(f)HWLP(R") < QmmnAprHT(Rn)||f||W1m(1Rn)7 (5.7)

where Ay := ||V, (Ti )| Lo Ry — Lo () -
Proof.  We divide the proof of Theorem 5.8 into three steps:
Step 1. Proof of V,(T2,)(f) € W'P(R"). By the definition of V,(7:2%)(f), we conclude that for all
z e R”,
Vo(Ti) (£) (@) < [b(@) V(T ) () (@) + V(T H0f) (@), Vm > 2. (5.8)
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When m = 1, one can easily check that

Vo(Tic ) (F)() < [0(2) |V, (Tre)(f) (@) + V(T ) (0F) () (5.9)

for all x € R™. Then (5.8) and (5.9) give that

Zc 6™ (@) [V, (T ) (0 f) () (5.10)

for all z € R™. Combining (5.10) with our assumptions and Minkowski’s inequality implies

Vo (T ()l r@ny < D emllbll 7= (amy Vo (Ti ) (OF ) 2o ()
k=0
<D A Aplbl Tt 16 Fll o ny = 27 Ap 1Bl e (ny L f | 2 (- (5.11)
k=0

Fix =, h € R™. By a change of variables, we have

p>1/p
i PN\ 1/p
= sup ( )
€0 NG

= Vo(T, ) (J1)(2). (5.12)

VTR 1) = sup (3

/ (b + h) — (=) K (z + h — 2)f()dz
eir1<|z+h—z|<e

/ e (b(x+h)—blz+h)"K(z—2)f(z+ h)dz

This yields that the operator V,(7g",) does not commute with translations. By (5.12) and the sublinearity
of V,(Tg"), one finds

[ARVo(Tr ) (1)) (@) = Va(Tr) () (@ + h) = Vo (T ) () ()]

= Vo (T, ) () (@) = Vo(Ti) () ()]
S Vo(Ti ) (Bnf) (@) + [Vl Kbh)(f)( z) = Vo(Ti) () ()] (5.13)
By (5.10), we have
Vo(Tilo, ) (A f) (@) < 3 e 0~ (@) Vo Tie) (0 An f) (). (5.14)
k=0

Note that

(b () = b (2))™ = (b(x) = b(2))™ = (b(x) = b(2) + Anb(z) — Apb(2))™ — (b(z) — b(2))™

This together with (5.10) implies
Vo(Ti ) (F) (@) = Vo (Ti) () ()]

< 12?()( /€+1<|£ e ((bn(2) = bn(2))™ = (b(x) = b(2))™) K (z, 2) f (2)d=

<3 ek ST el ARb@) Vo (T ) (Anb) = F)

k=1 £=0

Mg

p) 1/p

=1

=
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m k
<D ek D clAnb(@) Z Chr 0" (@) |V, (T ) (0 (ARD) " f) (). (5.15)

k=1  €=0 =0

It follows from (5.13)—(5.15) that

ARV, (T < ek bR (@) V(T ) (b An f) ()
k=0

+ZC ch|Ahb )| Zcmf [ (@) [V (T ) (0 (Anb) " f) (). (5.16)
k=1 £=0

By our assumptions, (5.16) and Minkowski’s inequality,
[ARVo(TE ) ()] e )

<Z mIIbIIZ’mkRn Vo (Ti) (05 AR )| Lo ()

m—k

k
A D bl D" D e il 7= Gl Vo (T ) (0 (A800)" )] o ey

1 £=0 n=0

Zc Ap DI G 165 A £ 1| 2 ()

+

Ms

ES
Il

m k m—k
+ 3 Apch, D Bl agany | BD D ey lIBIT 16 (ARD)* f o ny
k=1 £=0 n=0

< 27 A 7oy | 8 Fll 2y + 27 Al e (Zcmnbnm o Il o )

It follows that

A V m p (RN
GO = s 10T e

< 2" Ap||bll Py G (3 2) + 27 mA || f || o o) 101 T (g Bl gy < 000 (5.17)
where in the last inequality of (5.17) we have used the fact that G(f;p) < oo since f € WHP(R™).
Combining (5.17) with (5.1) and (5.11) yields V,(T%)(f) € WHP(R™).

Step 2.  Proof of (5.6). Observe that

k m—k
(@) = (Anble) = D ch(@ubla))bla) BT @) = 3 el (b)) b(@)"
=0 =0

These together with the sublinearity of V,(7Tk) imply
O~ @)V, (Tie) (0 A0 ) ()

m—k k
< ( T crnk|Ahb<x>”|b<x>|m’”) (chm«mb)bbkLAhfxx)). (5.18)
v=0

=0

In light of (5.16) and (5.18) we would have that for all x, h € R™,
Vo(T) () ()]
m m—k k
<3 (X el b ) (3 T (AT )
0

=0

>
>
-~
—~
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+ZC chlAhb ) Zcmf [ (@) [V (T ) (6" (Anb) ) (). (5.19)
k=1 £=0

Fixie{l,...,n}. When 1 < k <m and 1 < ¢ < k, by the L? boundedness and the sublinearity for
V,(Tk) and the fact that f;; — D;f in LP(R™) as k — oo, we have

Vo (Ti ) (Ane,b) 6" fri) || o)
< Ap b1l gy BN o ey [ P11 il Loy = O a8 B = 0 (5.20)

and

Vo (T ) (6" fi) = Vo(Tic) (0" Di f) | oy
< Vo (Tr) (OF (fni = Dif))ll Lo ey
<A Hb”L‘X’(R")Hfh i = Difllr@ny =0 ash—0. (5.21)

When 2 <k <m and 0 < u < m — k, it is easy to see that

IV (Ta) (0" (Ae,b)* ™ bni f) | o ()
Ap [0 (Ane; ) oni f | Lo ey

<
< Ap||b||”oc(Rn)||be-\(Rn)|h|k_1||f||Lp(Rn) —0 ash—0. (5.22)

By (5.4), we have
D ()oni () () = b () Dib() ()

as h — oo for almost every z € R™. By (5.5), we have

10 Dibfll Loy < bl 00 oy 101 A ey 1F 1l Lo )

which combining the dominated convergence theorem implies that b*by, ; f — b*D;bf in LP(R") as h — cc.
These together with the sublinearity and the LP boundedness for V,(7x) imply that

Vo (T )08 bn,i f) = Vo (T ) (6" Dib )| Lo mny < Apllb"nif — 0" Dibf|lLe@ny =0 ash—0  (5.23)
for 0 < o < m — 1. By the arguments similar to those used to derive (5.22),
Vo (Tic) 0" (Ane, )" )l Loy — 0 as h — 0 (5.24)

forl<k<mand1<</l<k-1.

Since f € WP(R) and V,(T2,)(f) € WIP(R™), we have (Vy(T) (f)ni — Di(Vo(Ti,)(f)) and
fri — D;f in LP(R™) when h — 0. These together with (5.20)-(5.24) and Remark 5.7 imply that
there exist a sequence {h;} of positive numbers satisfying lim; ,oh; = 0 and a measurable set E with
|R™\ E| = 0 such that for all z € E,

(1) V(T (i) = Di(Vp (T ) () () as j — o003

(i) [6(2)| < [[bll oo @ny, [Dibl(2) < [bllj@ny and bn, () = Dib(x) as j — oo;

(iii) Vo (Ti ) ((Apye;0) 0" fn, i) (x) = 0 as j — oo for 1 <k <mand 1 <o < k;

(iv) Vo(Tr) (08 fr, i) () = Vo (Ti) (X D; f) () as j — oo for 1 < k < m;

(V) Vo(Ti ) (0" (Ap,e,0) Lo, i f) (@) = 0 as j — oo for 2 <k <mand 0 < pp < m — k;

(Vi) Y, (Tic) (6bn, 1) () = Vo (Tic) (B Dibf) () a5 j — 0 for 0 < o <m — 1;

(vii) Vo (Tx ) (0" (A, e,b)F L]f)( )—>0asj—ooforl<k<mand1<l<k—1.
Hence, we get by (5.20) and the above (i)—(vii) that for any z € E,

IDi(Vo(Ti) () ()]
= | im (Vo (T&)(FDny (=)
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< I k m—k—v
< i 3 (52 el o i)

k
x ( ZczvprrK)<<Ahjeib>bbkﬂfhj7i><x>)

=0

*A&Zc S BT B )
pn=0

m k
k 4 Z
# i 3k 3 bl bl ool

m—k

X o k=h(y )|Vp(TK)(bN(Ahjeib)kfzf)(f)

n=

Z EmlDIT= Gy Vo (Ti) (0" Dif ) ()

=0

o

+m Z o117 el (Vo (T ) (0 Dib f) () + | Dibl(2) Vo (Tie ) (0 f) (<)),

This proves (5.6).
Step 3.  Proof of (5.7). By (5.5), (5.6), our assumptions and Minkowski’s inequality, we have

1DV (Ti) ()l Lo (rm)

ch 18117 b 1V (Ti) (0 Di f) | o

+m Z 1l @y (Vo (T ) B Dib )| o iny + DbV, (T ) (B )| £ ()

<4 2m||bHL°°(]R") D3 fll Lo gy + 2" mAp 1B 7 (g

b||A(Rn) I £l 2o ®ny- (5.25)
Combining (5.25) with (5.11) leads to (5.7). Then we finish the proof of Theorem 5.8. 0

As several applications of Theorem 5.2, we have the following corollaries.

Corollary 5.9. Let p > 2, m > 1, b € A(R") and V,(T},) be defined as in (1.4). Suppose that
K(z,y) = K(z — y) and K satisfies the conditions (1.5)— (1.8). Then for any 1 < p < oo, the operator
Vo(TiE,) is bounded on WHP(R™). To be precise, if f € WHP(R™), then for any i =1,...,n and almost
every x € R™,

Vo( T f) (@ Zcmubnmw V(T ) (b Di f) ()

tm Z et D17 s (Vo (Tie) (0 Db f ) (@) + | Db () V, (Tic) (b ) ().

As an application of the above estimate, we have
Vo (T ) llwre ey < 27mn|[V,o(Ti)| Lo ey — 2o o) [0l Xy 1 w00 () -

Corollary 5.10. Letm>=1, p>2,1<p<oo,be AR"™) and one of the following conditions hold:
) n=1and T =H
(i)n=1and T = Rib,
(iii) T=Ry,, 1<j<my
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(iv) T=Tg,, Qe HY(S"1) or Q€ sy FalS"h).
Then the map V,(T) : WHP(R™) — WP(R") is bounded. To be precise, if f € WHP(R™), we have

Ve (T (Dllwrp @) Smonpop.0 101 Ken) | Fllwre ey

Remark 5.11. (i) It should be pointed out that Corollary 5.9 follows from Theorems A and 5.8. The
corresponding results in Corollary 5.10 for the cases (i)—(iii) follow from Theorems A and 5.8.

(ii) It was known that V,(7q) is bounded on LP(R™) for all p € (1,00) under the condition that { €
HY(S" 1) or Q € N,o9 Fa(S™1). This together with Theorem 5.8 yields the conclusion of Corollary 5.10
for the case (iv).

a>2

Question 5.12. What happens when we consider the Calderén-Zygmund singular integrals of non-
convolution type? To be more precise, do the corresponding results in Theorems 5.2 and 5.8 and Corol-
laries 5.3 and 5.9 hold when K(xz,y) # K(z —y)?

Acknowledgements This work was supported by National Natural Science Foundation of China (Grant No.
11701333). The authors express their sincerely thanks to the referees for their valuable remarks and suggestions,

which made this paper more readable.

References

1 Akcoglu M, Jones R L, Schwartz P. Variation in probability, ergodic theory and analysis. Illinois J Math, 1998, 42:
154-177
Bourgain J. Pointwise ergodic theorems for arithmetic sets. Publ Math Inst Hautes Etudes Sci, 1989, 69: 5-45
Campbell J T, Jones R L, Reinhdd K, et al. Oscillation and variation for the Hilbert transform. Duke Math J, 2000,
105: 59-83
4 Campbell J T, Jones R L, Reinhdd K, et al. Oscillation and variation for singular integrals in higher dimensions.
Trans Amer Math Soc, 2003, 355: 2115-2137
5 Chen Y, Ding Y, Hong G, et al. Weighted jump and variational inequalities for rough operators. J Funct Anal, 2018,
274: 24462475
6 Chen Y, Ding Y, Hong G, et al. Variational inequalities for the commutators of rough operators with BMO functions.
Sci China Math, 2021, 64: 2437-2460
7 Chen Y, Ding Y, Wang X. Compactness of commutators for singular integrals on Morrey spaces. Canad J Math, 2012,
64: 257281
8 Clop A, Cruz V. Weighted estimates for Beltrami equations. Ann Acad Sci Fenn Math, 2013, 38: 91-113
9 Coifman R, Fefferman C. Weighted norm inequalities for maximal functions and singular integrals. Studia Math, 1974,
51: 241-250
10 Coifman R, Meyer Y. Commutateurs d’intégrales singulieres et opérateurs multilinéaires. Ann Inst Fourier Grenoble,
1978, 28: 177-202
11 Coifman R R, Rochberg R, Weiss G. Factorization theorems for Hardy spaces in several variables. Ann of Math (2),
1976, 103: 611-635
12 Cordes H O. On compactness of commutators of multiplications and convolutions, and boundedness of pseudodiffer-
ential operators. J Funct Anal, 1975, 18: 115-131
13 Crescimbeni R, Martin-reyes F J, Torre A L, et al. The p-variation of the Hermitian Riesz transform. Acta Math Sin
Engl Ser, 2010, 26: 1827-1838
14 Ding Y, Hong G, Liu H. Jump and variational inequalities for rough operators. J Fourier Anal Appl, 2017, 23: 679-711
15 Ding Y, Lu S, Yabuta K. On commutators of Marcinkiewicz integrals with rough kernel. J Math Anal Appl, 2002,
275: 60-68
16 Duoandikoetexa J, Rosenthal M. Extension and boundedness of operators on Morrey spaces from extrapolation tech-
niques and embeddings. J Geom Anal, 2018, 28: 3081-3108
17 Gilbarg D, Trudinger N S. Elliptic Partial Differential Equations of Second Order, 2nd ed. Berlin: Springer-Verlag,
1983
18 Gillespie T A, Torrea J L. Dimension free estimates for the oscillation of Riesz transforms. Israel J Math, 2004, 141:
125-144
19 Grafakos L. Modern Fourier Analysis, 2nd ed. Graduate Texts in Mathematics, vol. 249. New York: Springer, 2008
20 Grafakos L, Stefanov A. LP bounds for singular integrals and maximal singular integrals with rough kernels. Indiana
Univ Math J, 1998, 47: 455-469



1292 Liu F et al. Sci China Math  June 2022 Vol. 65 No.6

21 Guo W, Wen Y, Wu H, et al. On the compactness of oscillation and variation of commutators. Banach J Math Anal,

2021, 15: 37

22 Guo W, Zhao G. On relatively compact sets in quasi-Banach function spaces. Proc Amer Math Soc, 2020, 148:
3359-3373

23 Hajtasz P, Onninen J. On boundedness of maximal functions in Sobolev spaces. Ann Acad Sci Fenn Math, 2004, 29:
167-176

24 Hart J, Torres R H. John-Nirenberg inequalities and weight invariant BMO spaces. J Geom Anal, 2019, 29: 1608-1648

25 Ho K-P. Characterizations of BMO spaces by A, weights and p-convexity. Hiroshima Math J, 2011, 41: 153-165

26 Jones R L, Kaufman R, Rosenblatt J, et al. Oscillation in ergodic theory. Ergodic Theory Dynam Systems, 1998, 18:
889-935

27 Jones R L, Rosenblatt J, Wierdl M. Oscillation in ergodic theory: Higher dimensional results. Israel J Math, 2003,
135: 1-27

28 Jones R L, Seeger A, Wright J. Strong variational and jump inequalities in harmonic analysis. Trans Amer Math Soc,
2008, 360: 6711-6742

29 Kinnunen J. The Hardy-Littlewood maximal function of a Sobolev function. Israel J Math, 1997, 100: 117-124

30 Komori Y, Shirai S. Weighted Morrey spaces and a singular integral operator. Math Nachr, 2009, 282: 219-231

31 Krantz S G, Li S. Boundedness and compactness of integral operators on spaces of homogeneous type and applications,
II. J Math Anal Appl, 2001, 258: 642-657

32 Lépingle D. La variation d’ordre p des semi-martingales. Z Wahrsch Verw Gebiete, 1976, 36: 295-316

33 Liu F, Wu H. A criterion on oscillation and variation for the commutators of singular integral operators. Forum Math,
2015, 27: 77-97

34 Lu S, Ding Y, Yan D. Singular Integral and Related Topics. Singapore: World Scientific Publishing, 2007

35 Ma T, Torrea J, Xu Q. Weighted variation inequalities for differential operators and singular integrals. J Funct Anal,
2015, 268: 376-416

36 Ma T, Torrea J L, Xu Q H. Weighted variation inequalities for differential operators and singular integrals in higher
dimensions. Sci China Math, 2017, 60: 1419-1442

37 Mirek M, Stein E M, Trojan B. Z”(Zd)—estimates for discrete operators of Radon type: Variational estimates. Invent
Math, 2017, 209: 665-748

38 Mirek M, Trojan B, Zorin-Kranich P. Variational estimates for averages and truncated singular integrals along the
prime numbers. Trans Amer Math Soc, 2017, 69: 5403-5423

39 Morrey C B. On the solutions of quasi-linear elliptic partial differential equations. Trans Amer Math Soc, 1938, 43:
126-166

40 Nakamura S. Generalized weighted Morrey spaces and classical operators. Math Nachr, 2016, 289: 2235-2262

41 Nakamura S, Sawano Y, Tanaka H. The fractional operators on weighted Morrey spaces. J Geom Anal, 2018, 28:
1502-1524

42 Pisier G, Xu Q. The strong p-variation of martingales and orthogonal series. Probab Theory Related Fields, 1988, 77:
497-514

43 Stempak K, Torrea J L. Poisson integrals and Riesz transforms for Hermite function expansions with weights. J Funct
Anal, 2003, 202: 443-472

44 Uchiyama A. On the compactness of operators of Hankel type. Tohoku Math J (2), 1978, 30: 163-171

45 Yosida K. Functional Analysis, 6th ed. Classics in Mathematics. Berlin: Springer-Verlag, 1995

46 Zhang J, Wu H. Oscillation and variation inequalities for singular integrals and commutators on weighted Morrey
spaces. Front Math China, 2016, 11: 423447

47 Zhang J, Wu H. Weighted oscillation and variation inequalities for singular integrals and commutators satisfying
Hoérmander type conditions. Acta Math Sin Engl Ser, 2017, 33: 1397-1420



	Introduction
	Objectives of research
	Variation operators for singular integrals
	Variation operators for commutators of singular integrals
	Main motivations
	Outline of this paper

	Preliminaries
	Boundedness on weighted Morrey spaces
	A boundedness criterion on weighted Morrey spaces
	Some applications

	Compactness on weighted Lebesgue and Morrey spaces
	A compactness criterion on weighted Lebesgue and Morrey spaces
	Applications

	Boundedness on Sobolev spaces
	Boundedness for variation operators of singular integrals
	Boundedness for variation operators of commutators


